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li/ §1. B paMKax HHKn~3HBHoro noAXOAa 3a nocneAHee AeCRTHne-
THe 6~n H3y4eH PRA 3aKOHOMepHOCTe~ MHOmeCTBeHHOrO pomAeHHR 
aAPOHOB npH e~cOKHX 3HeprHRX. B 4aCTHOCTH, ycTaHosneHa Macw~ 
Ta6HaR HHBapHaHTHOCTb B rny60KOHeynpyrHX, HHKn~3HBH~X H nony-

12-51 
HHKn~3HBHbiX npo1.1eccax • H3y4eH~ 3<)><)>eKT~, conpoeomAa10114He 
o6paaosaHHe 4aCTHLI c 6onbWHMH nonepe4H~MH HMnynbcaMH /cM/

61 

H LIHTHPOBaHHY~ TaM nHTepaTypy/ H T.A. 0AHaKO cneAyeT o6paTHTb 
BHHMaHHe Ha TPYAHOCTH 06HapymeHHR KOppenRI.IH~, CBR3aHH~e 
C KJlaCTepH3ai.IHe~ BTOPH4HbiX 4aCTHI.I. He OCTaHaBnHBaRCb Ha o6cym
AeHHH nonbiTOK paapeweHHR 3TO~ npo6Jle~, OTMeTHM, 4TO npHMeHe
HHe ~AeH 06 ~CnOJlb30BaHHH KoppenRI.IHOHH~X <)>yHKLIH~ Hn~ HX HH
TerpanbHbiX aHanoroe, eocxoARIIIe~ ~ pa6oTaM H.H.Eioron~6oea 
B CTaTHCTH4eCKO~ ~H3HKe 171 ,MomeT BHeCTH onpeAeneHHY~ RCHOCTb 
e pa3peweHHe 3Toro eonpoca. 3aMeTHM TaKme, 4TO 3Ta HAeR TecHo 
CBR3aHa C 11 o6pbiBaHHeM11 CHCTeMbl 3at~ennR~III~XCR ypaBHeHH~ C t~enb~ 
npHBeAeHHR ee K pewaeMOMY B~AY, npH 3TOM CHCTeMa AOnmHa npH
o6peCTH onpeAeneHHbl~ <l>io13H4ecKH~ cM~cn /eM., Hanp. ,181 I. 

B paMKax MeToAa peHOPMrpynnbl 191 AJ'IR xapaKTepHCT~K HHKn~a~el 
Horo npo~ecca eo3HHKaeT CHCTeMa ypasHeHH~ THna ••aat~ennR~IJIHX
cR11 I 10 • 11 . B 4aCTHOCTH, 8 OAH03apRAHO~ MOAenH KBaHTOBOi1 TeOpHH 
nonR ypaBHeHHe AnR cpeAHe~ MHOmeCTBeHHOCTH1121 ,CoAepmaiJiee BTOPO~ 
MOMeHT /AHCnepCH~/ no MHOmeCTBeHHOCTH, npH peweHHH MomeT 6~Tb 
11o6opeaHo11 nHHeapHaat~Hei1 AHcnepcHH. B ABYxaapRAHO~ /MHoroaapRA
Hoi1/ MOAenH - aHanorH4Hble ypaBHeHHR AJ'IR CHCTeMbl acCOI.IHaTHBHbiX 
MHOmeCTBeHHOCT~i1 ABYX HnH 6onbwe COPTOB 4aCTHLI COAepmaT

1111
TaK

me KoppenRI.IHOHH~e MOMeHTbl BTOporo nopRAKa cneAY~Uiero BHAa: 

0 1m =<nl nm(p)>-<nl(p)><nmcP)> • 

rAe i ~ m , <nt (p)>- aCCOI.IHaTHBHaR MHOmeCTBeHHOCTb i -ro COpTa 
4aCTI-11.1. B npeAnonomeHHI-1 D tm= 0 np1-1 i ~ m peweHHe 3TO~ CHCTeM~ 
npHBOAHT K MynbTHnnHKaTHBHOMY aBTOMOAeJ1bHOMY COOTHOWeHH~ no 
MHOmeCTBeHHOCTRM pa3H~X COpTOB 4aCTHI.I. H3-3a CBO~CTBa MyllbTH
nnHKaTHBHOCTH B ycpeAHeHH~X no MHOmeCTBeHHOCTRM xapaKTepHCTHKaX 
HHKJ1~3HBH~X KaHaJlOB 11 naMRTb11 0 pomAeHHH CHCTeM pa3HOrO COpTa 
KaK 6bl 11CTHpaeTcR 11

• HanpHMep, accot~HaTHBHaR MHomecTseHHOCTb 
<n 1(nj ,p)> = <n1 (il) > He 3aBHCHT OT n j -MHOmeCTBeHHOCTH j-ro 

copTa 4aCTHLI. YnoMRHeM, 4To aHanH3 TaKoro poAa B3aHMOCBR3H MemAY 
aCCOI.II-IaTHBH~MH Hei1TpaJ1bHbiMH H aapRmeHHbiMH 4aCTHI.IaMH THna 
<nt (n~ ,p) >= f (nl ,p) B ':'PeAnonomeHI-!H pOmAeHHR ABYX COPTOB 

KnacTepoe npoeeAeH e pa6oT/ 
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Cne~yeT OTMeTHTb, 4TO 8~R8fleHHe 3~eKT08 KOppeflR4HH H KflaC
TepH3a4HH 8TOPH4H~X 4aCTH4 OC06eHHO aKTyanbHO 8 a~poH-R~epH~X 
MHO*eCT8eHH~X peaK4HRX 8 C8R3H C 803MO*HOCTbO perHCTPa4HH pa3-
H~X COPT08 4aCTH4 /HanpHMep, flH8HeB~X, cep~X H 4epH~X TpeK08/ 
8 <!>OT03MyflbCHRX. 

npe~CTaBflReT HHTepec paCCMOTpeTb Cfly4aH KOppeflR4HH aCC04Ha
THBH~X MHO*eCT8eHHOCTeH, KOr~a D i =0 npH i "m 8 paMKaX OT
Me4eHHOH B~We CHCTeM~ ypa8HeHHH /11'? , 8~TeKaiOIIlHX H3 MeTO~a 
peHOpMrpynn~ IS/ H npHH4Hna aBTOMO~eflbHOCTH114 ~ nocKOflbKy ~0 
HaCTOR~ero 8peMeHH He ycTaHOBfleH KpHTepHH /XOTR ~ 3KCnepHMeH
TaflbH~H/ B~6opa KOppeflR4HOHH~X acC04HaTHB~X MOMeHTOB Dim 
npH i"' m, npH 1106p~BaHHH11 CHCTe~ orpaHH4HMCR flHWb Coo6pa*e
HHRMH y~o6CTBa peweHHR CaMHX·ypa&HeHHH, npH 3TOM npHMeM cne
~IOIJlYO napaMeTpH3a4HO 

Dim = (1/a) <n1 (i)) > <n m(p) > /1/ 

~R acex i,m=l, ... , v, BKno4aR i "m. napaMeTp a Mo*eT onpe~e
nRTbCR H3 3KCnepHMeHTa /npH HaflH4HH COOTBeTCTBY~HX 3KCnepH
MeHTaflbH~X ~aHH~X/, 

· nepeH~eM Tenepb K OnHCaHHO HeKOTOP~X pe3yflbTaTOB HCCfle~oaa
HHR a~pOH-a~pOHH~X B3aHMO~eHCTBHH C noM~bO <I>OpMaflH3Ma pa-
60T /11,15/, 

do -+ da -+ 
§2. Ce4eHHR E-:;-(n1, ... ,nv ,p), E -:;(p) npo4eccoa a+ b -+ 

.... dp -+ dp 
-+C(p)+Dt.+ ... +Dv H a+b-+ c{p)+X, COOTBeTCTBeHHO, B npe~nono-
~HHH /1/, y~o&neTBOPROT aBTOMO~eflbHOMY COOTHOWeHHO 

v -+ v da -+ da a .&·-V+ 1 
(I. Ym<nJP)>) [ E-:;-(n 1, .... ~.p)/E -::;-1 = Cv <llv (z ) 

m=l dP dp v 
121 

no MaCWTa6HO-HHBapHaHTHOH nepeMeHHQH 
v v 

z =(I. ymnml I.y <n (p)>). 
v m=l m=l m m 

3~ecb 
a a-1 

<liv(zv)=(zv) exp[-azvl. 
a v a c v = ( n y ) r ( v) ( a 1 rca) ) . 

m=lm 

Ym - aHoManbHaR pa3MepHoCTb 
3Hnepa. 

m-ro nonR, r(m)- raMMa-<!>yHK4HR 

npH OTCyTCTBHH KOppeflR411H 
- -+ CHMOCTRX yDii =(1/a

1
) <n

1 
(p) >, 

2 

D1m=0 np11 i "' m H a flHHeHH~X 3aBH
KaK 6~n0 B~We OTMe4eHO, BMeCTO 

t 

I. 

,fl< 

{ ~'' 

" 

' .:~· 
ilfJ' 

:1.t 

1 

121 HMeeM 

v ... d a -+ d a v am am 
(Il<n (p)>)[E-:;-(nl' ... ,nv,p)/E-:;-1= ll C0 ell (z ), 
m=l m dp dp m=l 1 m 
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1 
= [ n

1 
I <n1 (p) > 1 . 

XapaKTepH~M o6~HM CBOHCTBOM COOTHOWeHHH /2/ H /3/ RBflReTCR 
TO, 4TO C HX nOM~bO MO*HO B~4HCflHTb Ce4eHHR nonyHHKfl03HBH~X 
a+ b-+ c(p) + nc

1 
+ n~+ ... + X /ycpe~HeHHbiX no HeHTpanbHbiM 

4aCTH4aM/, a TaK*e 11 KBa3HHHKfl03HBHbiX11 &+b-+ C(p)+Dr+D2+ ... +X 
lycpe~HeHHbiX no HeKOTOPbiM COpTaM 4aCTH4/ KaHanOB MHO*eCTBeHHOH 
peaK4HH. nocKonbKY nony4aeM~e npH 3TOM pe3ynbTaT~ no pac4eTy 
O~H04aCTH4HbiX ~H<!><I>epeH4HanbH~X Ce4eHHH B3aHMOn0~06Hb1 0 B ~anb
HeHweM ace ycpe~HeHH~e KaHanbl 6y~eM npHHHMaTb 3a 11 KBa3Hnony
HHKfl03HBH~e", ecnH o6 3TOM oco6o He 6y~eT oroaopeHo. 

PaccMOTPHM, HanpHMep, ce4eHHe npo4ecca a+p-+ c(p )+n 1 +X, 
npocyMMHpoaaHHoro no n2 •.••• nv MHO*eCTBeHHOCTRM. CooTHowe
HHe /2/ ~aeT 

E d~ cP) 
da -+ dp a a.-1 -azL 

E -(n 1,p) = r(v) C z e ~p(v-l,a,az ) , 
dp <nl(p)>+ ali> 0 1 1 

/4/ 

r~e z =n 11(<n (p)>+a
1
(p)), t/J(a,f3,x) - BbiPO*~eHHaR rHnepreoMeTpH-

1 1 v 
4eCKaR <I>YHK4HR, a {p) = I, ( Y, ly 

1
) <n ( p) > 

1 m=2 m m 
- B HeKOTOPOM CM~cne 

npHBe~eHHaR aCC04HaTHBHaR MHO*eCTBeHHOCTb flH~HpyO~HX a~pOHOB, 
3aMeTHM, 4TO HeTpy~HO npHBeCTH aHanorH4HOe B~pa*eHHe ~R Ce4e
HHR nonyHHKfl03HBHOH peaK4HH &+b ... c(p)+D~+X. 

CooTHoweHHe 141 oTnH4aeTcR oT ce4eHHR 3Toro *e npo4ecca 
cne~yiOIJlero BH~a: 

E-4-<P) 
d... n 

Ed': (n ,p)= P.... Ca<lla(---1:;-). 
dp 1 <n(p) > o 1 <nl(p)> /51 

nocne~Hee cne~CTBHe <!>OPMYfl~ /3/ COOTBeTCTByeT OTCYTCTBHO 
KOppeflR4HH Dim= 0 Me*~Y aCC04HaTHBHbiMH MHO*eCTBeHHOCTRMH 
npH i fom. 0TflH4He COCTOHT B 3aBHCHMOCTH <!>OPMYfl~ /4/ OT 4HCfla v 
KOppenHpOBaHH~X no~CHCTeM H cy~eCTBOBaHHH T, H, 11 C~BHra11 aCC04Ha
THBHOH MHO*eCTBeHHOCTH Ha BeflH4HHY a

1
{p), 3aBHCR~ero, B npHH-

4Hne, OT HMnynbca Bbl~eneHHOH 4aCTH4~ p . 
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I 

06a npeAeTaBneH~R /4/ ~ /5/ ~Me~T aBTOMOAenbH~H B~A 

E d: (n ,p) = A(p) F(~), 
dp 1 r(p) /6a/ 

w 6 /5/ 6 npeAeKa3aHH~I-1 B pa OTe , 1-1, TaKHM 0 pa30M, npoReHR~T e~en 

<IIYHK~HH A<i>), F(z1) 1-1 f(p). Xon:t ene~HI)IHLIHbiM eeoHeTBOM npeA~ 
eTaBneHHR /4/ ~BnReTeR npeAenbHOe noBeAeHHe 

du _. ... 
E-(n1 ,p)=A(p) 

dp /66/ 

[ .... .... 
npH yellOBHI-1 an « <n t(p )> + a 1 (p)) , noeneAHee MOM<eT ellyM<HTb 
KaLieeTBeHHbtM oJ"bReHeHHeM Taro 3KenepHMeHTaJ1bHOro l)laKTa, LITO 
eeLieHHe nonyHHK11~3HBHbiX npo~eeeoe np~-1 onpeAeneHHbiX KHHeMaTH
LieeKHX yeJlOBHRX He 3aBHeHT OT MHOM<eeTBeHHOeTH/1a/ 

§3. ~3YLII-1M Tenepb 3aBHeHMOeTb epeAHeH aeeo~HaTHBHOH MHQ
M<eeTBeHHOeTH i -ro THna LlaeTH~. C nOMO~b~ eOOTHOWeHHR 
/2/ nonyLiaeM 

... 
<n

1
(ni,p)> 

<n
1 
(p)>+a

1
(i)) 

rAe 
ni 

f z. dz (i, a-v+ 1( 
z. J J v-z z.) 
J J 

<l>a-v(z. 
v-1 1 

v 
zi = ,. .... ' 

<n l(p)>+ai(p) 
a! (p) m"'i;} y m I yl) < nm(p) >' 

mh 

":I.L I.L+V-1 
w..,(z) = z exp[ -az]'l' (v,/-(+v,az). 

171 

/8/ 

CooTHOWeHHe /7/ yKa3~eaeT, eo-nepeblx, Ha eHJlbHy~ KOppeJlR~I-1~ 

MeM<AY aeeO~HaTHBHbiMH MHOM<eeTBeHHOeTRMH pa3HOrO eopTa LlaeTH~ 

1-1, BO-BTOP~X, Ha MaewTa6Hy~ HHBapHaHTHOeTb OTHOWeHHR 
<n1( nd ,p )> /( <n1 ( p)>+a 1(p)) no nepeMeHHOH n. /(<n

1 
(i$) >+a (p) >. 

w 1 I 
noAO HOe eOOTHOWeHHe MeM<AY aeeO~HaTHBHOH MHOM<eeTBeHHOeTb~ HeHT-
paJlbHbiX LlaeTH~ <nt(nf , p) > H MH5'M<eeTBeHHOeTb~ nf 3aPRM<eHHbiX 
LlaeTH~ 6biJ10 npeAeKa3aHO 8 pa6oTe 131 H OeTaeTeR B eHne B 060HX 
enyLiaRX HenOJ1b30BaHHR npeAeTaeneHHH /2/ H /3/. KaK 6biJ10 OTMe
LieHO e~we, e enyLiae D1j =0 npH if. j, e noMo~b~ I 31 HeTPYAHo 
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.~ 
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:~ 

, 

noKa3aTb He3aBHeHMOeTb < n1 (nj ,p)> OT nj. TaKHM o6pa3oM, ~3aHMo
eBR3b /7/ RBJ1ReTeR eHJlbHbiM KpHTepHeM npoeepKH HeeneAYeMOH Kop
peJlR~HH MeM<AY aeeo~HaTHBHbiMH MHOM<eeTBeHHOeTRMH pa3HbiX eopTOB 
LlaeTH~ 8 eMbleJle noHeKa 3TOro 31)11)1eKTa B 3aBHeHMOeTRX MeM<AY HeHT
paJlbHbiMH H 3apRM<eHHbiMH aeeo~HHPOBaHH~MH LlaeTH~aMH. 

§4. npoBeAeM Tenepb aHallH3 KoppenR~HI-1 MeM<AY epeAHeH nonepeLI
HOH MaeeOH < m.L> y H npOAOllbHOH 6bleTpOTOH y Ha OeHOBe peweHHH 
AllR eeLieHHH HHKJ1~31-1BHOrO a+b ... C(p) +X H KBa3HHHKJ1~3HBHOro 
a+b ... c(p)+n 1+X npo~eeeoe, nonyLiaeMbiX e l)lopManH3Me pa6oT 111 •151 
~ enyLiae napaMeTpH3a~HH /1/. 

AJ1R eeLieHHR HHKJ1~31-1BHOrO npo~eeea HMeeM 

du .... du ... PPo -K 1 v pp 
E-d_. (p)=E--:;-(Po)(-2-) [1+-( I Y <n (po)>)ln...!.:!JL.2 ]~a /9/ 

p dp p a m= t m m p 
0 0 

... ... du ... 
rAe p0 - HeKoTopoe HaLianbHoe 3HaLieHHe HMnynbea p, E - ... -(p ) 

... . dp 0 
H <nm(p0)> - HaLianbHble 3HaLieHH1t eeLieHHR H aeeOI.IHaTHBHOH MHOM<eeT-
BeHHOeTH, eOOTBeTeTBeHHO, K - I)IH31-1LieeKaR pa3repHoeTb eeLieHHR. 

8 I.IHllHHAPHLieeKOH eHeTeMe KOOPAHHaT npH p = 0 HMeeM 
m E " 0 

PP2o =--='= ch(y - 71 ) , rAe TJ= ..Lln ° -Po . TorAa e noMO~b~ pe-
p m 2 E +p" 0 0 0 

WeHHR /9/ AnR epeAHe~ nonepeLIHOH Maeebl HMeeM 

A 
'I' (a, a, (K -3) u) 

<m > = + Y 'I' (a, a, ( K -2) u) 
/10/ 

rAe v 
a+ [I y <n cP

0
)>llnch(y-TJ) 

m=1 m m -..,-----.... --
Iy <n (~0 )> m=l m v m 

A=m( K--:3 a-1 
~). u 

EeTeeTBeHHO npeAnonoM<HTb, LITO I Ym < n (p0 )>»a. 
m=l m 

TorAa 

npH TJ=Y epeAHRR nonepeLIHaR Maeea npH K = 4 npHHHMaeT MHHHMaJlb
HOe 3HaLieHHe <m..L>y=m /eenH a<l, To <m.L>mln ·= m·2l-a /. 
A MaKeHMallbHOe 3HaLieHHe <m4. > ax= 2m AOCTHraeTeR, KOrAa 
IYI»TJ H, TaKHM o6pa3oM, AhR '1131)11)1eKTa LlaHKH 11 /eM. no 3TOMY 
noBOAY B /17/, Ha R3~Ke 3aBHei-1MOeTH <m.j. > OT y HMeeM eneAy~-
~~ KapTHHy /eM. pHeyHOK//. y 

AHanorHLIHoe noeeAeHHe Ha6n~AaeTeR np~-1 Henonb3oeaHHH peweHHH 
AJ1R eeLieHHH KBa3HHHKJ1~3HBHbiX npo~eeeoe B onpeAelleHHbiX yeJlOBHRX, 
HanpHMep, AJ1R eeLieHHR /4/ e npeAene an « ( ~ ( y 1 y ) < n (if)>, 

1 m= 1 m l m 
T.e. eenH enpaeeAJ1HBo npH6nHM<eHHe /66/. 
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§5. B saKn~4eH~e Ha ocHoee npoAenaHHoro aHan~sa c$QpMyn~
pyeM cneAYIOUI~e BbiBOAbl: 

1. ABTOMOAenbHOe COOTHOWeH~e /2/ ~n~ /3/, COOTBeTCTBy~ee 
Koppen~~~~ ~n~ ee OTCYTCTB~~ MemAY accO~~aT~BHbiM~ MHOmeCTBeH
HOCT~M~ pasHoro copTa 4acT~~. noseon~eT nony4~Tb ocHoBHble 
CBeAeH~~ 0 ce4eH~~X 11 KBa3~~ HKn~3~ BHbiX11 npo~eCCOB, 

2. 3aB~C~MOCTb /7/ MemAY acco~~aT~BHbiM~ MHOmeCTBeHHOCT~M~ 
pasHoro copTa 4acT~~ ~en~eTc~ eamHbiM K~Tep~eM o~eHK~ Koppe
~~~~~ MHOmeCTBeHHOCTeH aCCO~~~poBaHHbiX 4aCT~~ no OTHOWeH~~ 
K·no~CKaM 3TOrO 3~~eKTa B TaK~X COOTHOWeH~~X, KaK 3aB~C~MOCTb 
HeHTpanbHbiX aCCO~~~pOBaHHbiX 4aCT~~ OT sap~meHHbiX I 11,13/ , COOT
HOWeH~e nOA06~~ /4/ B KBa3~~HKn~3~BHbiX npo~eccax, 3aB~C~MOCTb 
/10/ nonepe4HOH MaCCbl OT npOAOnbHOH 6biCTpOTbl, TeM He MeHee, 
npoeepKa nocneAH~X COOTHOWeH~H Ha OCHOBe COOTBeTCTBY~~~X 
3Kcnep~MeHTanbHblx AaHHbiX, HecoMHeHHO, cnoco6cTeoeana 6bl Bbl~c
HeH~~ eonpocoe, ce~saHHbiX c Koppen~~~~M~ 4acT~~ pasHoro copTa. 

ABTOPbl Bblpama~T 6naroAaPHOCTb A.H.Taexen~A3e ~ B.A.MaTeeeey 
sa ~HTepec K pa6oTe ~ ~eHHble o6cymAeH~~. 
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