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1. BBE.QEHHE 

Paaei1TI1e .KBaHToeoi1 MexaHI1K11 11 ee npi1IlO>KeHI1H Tpe6yeT coa.cia

HI1R MeTOAOB 11CCI1eAOBaHI1R see 6o11ee CilO>KH~x oobeKTOB. 0AHOKa
Hai1 bHble 11 OAHOMepHble 3aAa411 nOCTeneHHO BbiT~CHRIGTCR fibiCTpo
paCTYIJieH MaCCOH MHOrOKaHailbHbiX 11 MHOrOMepH~X; AI1R YT04HeHI1R 
Oni1CaHI1R 3<)><)>eKTI1BHOrO noTeH~I1ailbHOro B3ai1MOAeHCTBI1R COCTaBHbiX 
CI1CTeM HY>KHO nepeXOA11Tb OT IlOKailbHbiX K HeilOKailbHbiM CI1IlaM. 

PeaKo eoapacTa~lllaR np11 3TOM TPYAOeMKOCTb pac4eToe AeilaeT 
oco6eHHO aKTyail bHbiM noi1CK CI1y4aee, AOnycKa~IJII1X peweHI1R B a~a
I111TI14eCKOM B11Ae lnpOCTbiX T04HO pewaeMbiX MOAeileiil. 

HaeecTHo, 4TO WI1POKI1i1 Kilacc aHai111TI14ecK11x peweH11H AilR OAHO
MepHbiX, OAHOKaHailbHbiX ypaeHeHI1H llJpeAI1Hrepa · C IlOKailbHbiM B3ai1MO

AeHCTBI1eM MO>KHO nOI1Y411Tb C noMOIJib~ annapaTa o6paTHOH 3aAa411 
pacceRHI1R lnoTeH~I1ai1bl 6aprMaHoecKoro Tl1nal. 3To npol1cXOAI1T, 
KOrAa dKa3biBaeTCR BblpO>KAeHHbiM RAPO Q 11HTerpaJ1bHoro ypaBHe-
HI1R rei1b¢aHAa-I1eBI1TaHa-Map4eHKO * 11,41 lriJMI: 

K(x,y) +Q(x,y) +fK(x,z)Q(z,y)dz= 0. 11/ 

CooTeeTCT~Y~IJII1H ¢opMai1113M c ¢11KCI1poeaHH~M 3Ha4eHHeM op611-
Tai1bHoro MOMeHTa 113flO>KeH e/4/; CI1y4ai1 <)>11KCI1pOBaHHOH 3Heprl111 
E =const paccMoTpeH e /5/ /noTeH~11ailbl Mai1Rpoea-6aprMaHal; 

KilaCC 6aprMaHOBCK11X noTeH~I1ai10B KOHe4Horo paA11YCa AeHCTBI1R 
6bii1 noJ1y4eH B /5/. HeKOTOPble npi1IlO>KeHI1R 3TI1X MOAeileH K npi16I111-

>KeHHOMY BOCCTaHOBI1eHI1~ noTeH~I1ai10B, AeHCTBY~I1X Me>KAY HYKI10-
HaMI1 11 RAPaMI1 I p - n ·; p- a ; p- 12 C ; a-a ; 16 0-23Si ; 1B()_1B4w; 
40Ar- 238 U 1, paccMoTpeHbl e pa6oTax 16·1°~ Ba>KHY~ porib 11rpa~T 
6aprMaHOBCKI1e rioteH~I1ailbt 11 B <)>113'11Ke cCJI111TOHOB lpeweHI1e He/111-
HeHH~X ypaBHeH11HI· 1111 • 

·s AaHHoi1 pa6oTe npeAJ1araeTCR ycoeepweHcTeoeaHI1e MeToAa on

peAei1eHI1R MaTpl1~ B3ai1MOAeHCTBI1R l6aprMaHOBCKoro nma/, 3a~en-:
I1R~IJII1X nap~l1ai1bHble ypaeHeHI1R lllpeA11Hrepa e MHoroKaHailbHbiX aa- · 

Aa4aX 1§21. EiilaroAaPR noJ1y4eHHOMy ynpOIJieHI1~, OKa3biBaeTCR 113-

* i:r I 11 Q onpeAeilReTCR cneKTpai1 bHbiM11 AaHH~MI1 lnapaMeTpaMI1 

pacceRH~RI, a no K fiaXOART noTeH~I1ai1 V(x) =-2K '{x,x). npeAe~bl .. 
11HTerpl1poeaHI1R e I 1/ Bbt611pa~'rcR no:..paaHoMy e 3aBI1CI1MOCJI1 oT ' 
KOHKpeTHOH 3aAa411 13•4/. . . 

' 0'::>R.'i2~u'.:i:iaJtl tllle'ruii'Yil' ~--~ 
i tmGpUt:~:t: ~Cf.na,n~oo:I:JO 
I EW16Jlb'iOTEKA ... 
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JU1WHeH np01.1e,qypa o6opa4~t~BaH~t~R MaTPI-11.1, lt!MeiOlJlHX paHr, paBHbll1 
41-1Cny KaHanoB, KOTOpyiO paHbWe ll·S/ Tpe6oeanOCb BblnOnHRTb. 
CylJleCTBYIOT nH 6aprMaHoecK~tte noTeHI.I~ttanbr e MHoroMepHOM cny4ae? 
YcTaHoeneHo, 4TO CYlJleCTBoBaHHIO TaKHX noTeHI.IHanoe e Knacce 
noKanbHbiX B3aHMO,qeHCTBHH npenRTCTBYIOT CBR3itt Ha ,qaHHble pac
CeRHHR, B03HHKaiOlJlHe· 1-13-3a HeCOOTBeTcniHR 4Hcna He3aBHCHMbiX 
nepeMeHHbiX B V(r) ITPI-1 Koop,qHHaTbl; r, e, ¢ I H B MaTPitll.le 
pacceRHitiR S lnRTb nepeMeHHbiX npH OTCYTCTBitiH npOCTpaHCTBeHHOH 
CHMMeTpHH B V: 3HeprHR Itt no ,qea yrna ,qilR HanpaeneHHH na,qeHHR 
H pacceRHitiR BOnHI. 3Ta nepeonpe,qeneHHOCTb o6paTHOH 3a,qa4H CKO
BbiBaeT CB06o,qy Bb16opa CIJOPMbl R,qpa Q ypaBHeHHR fJlM: B 06lJleM 
cny4ae HCKnl04aeTCR cenapa6enbHhiH e~tt,q Q, 

nbiTaTbCR nOCTpOHTb MHOrOMepHble nOTeHI.IHanbl 6aprMaHOBCKOrO 
T~ttna y,qo6Ho c noMOlJlbiO ypaeHeHHH o6paTHOH 3a,qa4H, npe,qno)l{eHHbiX 
KeeM H Mo3ecoM ,qnR c~ttn, He.rioKanbHbiX no 4aCTH nepeMeHHbiX IKaK 
MaTPHI.Ia 3al.lenneH~t~R KaHanoe "HenoKanbHa" no ~t~H,qeKcaMI. 

2. CBfi3AHHbiE KAHAJlbl 

11HTepec K MHOrOKaHanbHbiM 6aprMaHOBCKHM noTeHI.IHanaM YCHnHBa
eTCR TeM CIJaKTOM, 4TO .6e3 HHX Knacc 3a,qa4, ,qonycKaiOlJlHX peweHHe 
e· 3aMKHYTOM aHanHTH4eCKOM BH,qe, ,qilR CHCTeM CBR3aHHbiX ypaBHeHHH 
121 3Ha4HTenbHO 6e,qHee, 4eM npH e,qHHCTBeHHOM KaHane, 

K TOMy )l{e npe,qnaraeMble HH)I{e CIJOPMYilbl 04eHb cna6o .ycnO)I{HR
IOTCR C POCTOM 4Hcna Y4HTbiBaeMbiX KaHanoB N. HanpHMep, npH non
HOCTbiO CIJaKTOpH30BaHHOM Q ypaeHeHHe o6paTHOH 3a,qa4H CBO,qHT.CR 
K o,qHoMy anre6paHyecKoMy ypaeHeHHIO He3aBHCHMO oT N. YpaeHeHHe 
,qBH)I{eHHR B cny4ae HeCKOn bKYIX Ka.HanoB: 

-t/J ~a' (r) + }; V aa' (r) tP a 'a (r) = Ea tP aa (r) 
0 a' 0 0 121 

RBnReTCR MaTpH4HbiM 0606l!leHHeM 06bi4HOro napi.IHanbHOrO ypaBHeHHR 
lllpe,q~t~Hrepa: IIV aa, II - MaTPHI.Ia B3aHMo,qel1cTBHR, a HH,qeKc a 

0 
e MaTPHI.Ie peweHHH llt/J aa •II OTBe4aeT o,qHoMy H3 nonHero Ha6opa 

w 0 w 
nHHeHHo-He3aBHCHMbiX rpaHH4HbiX ycnoBHH, 

noTeHI.IHanbHbJe MaTPHI.Ibl 6aprMaHa !IV aa, II nony4aiOTCR np~tt ce
napa6enH3ai.IHH R,qpa IIQ ,(r,r ')II MaT pH 4Horo aHanora ypaeHeHHR 
fllM 111 *. aa 

*He cne,qyeT nyTaTb cenapa6enbHOCTb R,qep Q loTBe4aiOlJlHX no
KanbHbiM c11naMI 11 HenoKanbHbiX noTeHI.IHanoe V. Cenapa6enbHble 
B3aHMO,qeHCTBYIR B MHOroKaHanbHOM cny4ae paccMaTpi1BanHCb 3y6a
peBbiM /13/, 

2 

Oco6eHHO y,qo6Ho cenapa6enH3oBaTb Q e ctJopMan~tt3Me R -MaTpH
I.Ibl pacceRHitiR, r,qe cneKTpanbHaR CIJYHKI.IHR CTpOHTCR l-13 npOH3Be,qe
HHH nap1.1Hai1bHbiX aMnnHTy,q npHBe,qeHHbiX WHPHH /• 
--- a 

. .\ .\ 
dp , (E) = }; o(E-E, ) y y , 

aa ,\ " a a 
131 

pe30HaHCOB (E =E,\), 4eHy COOTBe:CTByeT lSI 

0 0 0 

Q ,(r,r')=};f¢ (E,r)d(p (E)-p (E))¢*,(E,r')= 
aa ps ap ps ps sa 

oo o ,\ .\ o o o o .\ 141 
= }; I }; .¢ (E, , r) y • }; y ¢ * , (E, , r ') -}; ¢ (E , , r) y x 

,\ p ap " p s sa " ap " p 

o,\ o o oo A ,\* o,\ o ,\* 
x };y ¢*,(E,,r'H=};Ia (r)·a ,(r')-a (r)·a ,(r')l, 
sssa" ,\a a a a 

r,qe E,.\ - nono)l{eHHR pe3oHaHcoe R -MaTPHI.Ibli ¢a{3- peweHHR cl1c
TeMbl /21, a HOnHKOM noMe4eHbl CHMBOnbl, OTHOCRlJlHeCR K cny4al0 
YICXO,qHoro ~3aHMOJieHCTBHR -{) ( 06bi4HO nonaraiOT V , = 0, 
np~tt 3TOM ¢af3 =¢aa o af3). ,\ aa 

Bo3bMeM B 13/ napaMeTpbl I y a I oTnH4HbiMH oT cooTBeTCT-
BYIOlJlHX aenH4HH I y ~ I TOnbKO npH KOHe4HOM 4Hcne 3Ha4eHHH .\. 
Tor,qa o,qHHaKoBble no a6coniOTHOH eenH4HHe 4neHbl, exo,qRlJlHe 
B Bblpa)l{eHHe B <!>H rypHbiX CK06Kax C pa3HbiMH 3HaKaMH, B3aHMHO 
yHH4To)l{aiOTCR H nony4HTCR Bblpa)l{eHHe ,qnR Q , (r, r '), cenapa6enb-

, aa , B 
HOe KaK no KOOp,qHHaTaM f H r , TaK H no HH,qeKCaM a, a • a)I{HO, 
4TO 3TO HMeeT MeCTO H B cny4ae HeHyneeoro HCXO,qHOrO noTeHI.IHa
na V ;t 0. 

3aMeTHM, 4TO ceo6o,qa Bbl6opa napaMeTpoe E.\ ; Y,\ a MHoroKaHanb
HOM cny4ae CBR3aHa C TeM, 4TO COBna,qaeT 4HCno nepeMeHHbiX R -
MaTpHI.Ibl pacceRHHR 

y.\ y.\, 
R (E) = }; _a __ a_ 

aa' .\ E-E.\ 
151 

H noTeHI.IHanbHOH MaTPHI.Ibl V , (r). 3,qecb Mbl HMeeM ,qeno c 11Heno
Kanb.HOCTbl011 B3aHMO,qeHCTBYIRaano HH,qeKcaM KaHanoe, 8 MHOrOMepHOH 
3a,qa4e eei 6y,qeT COOTBeTCTBOBaTb HenoKanbHOCTb CHn no 4aCTH 
npOCTpaHCTBeHHbiX nepeMeHHbiX, 

npocTeHWHH cny4aH nonHOH ¢aKTOpH3ai.IHH R,qpa Q I Et,Cnl1 BKnl04e-
HI1e e3ai1Mo,qe~cTBI1R He ~eHReT Ha6opa napa~eTpoe IE.\1 ceo6o,q-
Horo ,qBI1)1{eHI1R, TO cpaf3(E,\,O)zO 11 np11 E,\;tE,\ B03MO)I{H0 HapyweHI1e 
rpaHI14HOrO ycnOBI1R B f= 01 · 

o A1 .\1 
Q ,(r , r ') = }; ¢ (E>.. , r) y • }; y 

aa p ap .,. p s s 

0 

¢ :a,(E,\1 'r ') = 
- .\ 1 • .\i ') = a (r) .. a , (r • 

a a 
161 

3 



MaTpH4HOe ypaBHeHHe rflM C RAPOM /6/ CBOAHTCR K OAHOMy anr~6-
paH4eCKOMy ypaBHeHHIO, ,[le.:1CTBHTenbHO, BMeCTe C RAPOM Q ,(r,r') 
cenapa6enHsyeTCR H MaTPHLI a K aa, (r, r '): 00 

0 0 

K ,(r,r')=I fcp (E,r)d(p (E)-p (E))¢* ,(E,r') 
aa ps ap ps ps sa 

oo >.. >.. o o o >.. 17 I 
=I l I¢ (E, ,r)y • I y ¢ ~,(E>.. ,r')-I ¢apCE>.. ,r) Yp x 

)\ P ap . 1\. p 8 s s p . 

0 0 0 00 >.. >..* >.. >..* x;y:cp8~,(E>..,r')l"' r lAa(r)·aa,(r')-Ba(r)·ba'(r')l=> /B/ 

>.. >..* 
=> Aa 1(r) ~aa) (r') 

AnR Q H3 /6/, 
noACTaBnRR Kaa'(r,r') H Qaa,(r,r') B BHAe /6/ H /8/ B YRaB

HeHHe rnM, nony4aeM OAHO anre6paH4eCKOe ypaBHeHHe AnR A>..1(r). 
o o a H3 KOToporo HaXOAHM /6yAeM nonaraTb V ,(r>r ) =0; ¢ , =¢ • 8 ,/: 

>.. >.. >.. 
aa aa aa aa 

A/(r) =a/(r). P 1 (r) /9/ 

p>..l (r) = 1 
ro o 

1 - I Y. ~ f ¢ ~ , (E, r')dr ' 
a, a r a a 1\.1 

/10/ 

>.. 
BalKHO, 4TO BenH4HHa P 1 He 3aBHCHT OT KaHanOBbiX HHAeKCOB 
H 4epea Hee Bb~alKaJOTCR see KoMnoHeHTbl. eeKTopa A>..l . 

BenH4HHbl A 1 (r) ·cor nacHo /8/ onpeAenRJOT MaTPHLIY K ,(r,r '), 
a aa 

a nocneAHRR, e ceo10 o4epeAb, AaeT V , (r) : 
· aa 

. >..1 >..1 o 
K , (r, r ')=A (r) y , ¢ *, , (E, , r ') ; aa a a aa 1\. /11/ 

2r0. 
V ,(r) ~1[¢ (E, ,r)y>..ty\b* (E ,r)]/[1-I yxl f ¢ 2 !E ,r')dr']l. 
aa dr aa 1\. a a' a'a' >.. 1 . a"" a"r a"a' >..

1 
/lZ/ 

C noMolllbJO K ,(r,r'),npeACTaBnRJOU!e.:1 RAPO TaK Ha3biBa.eMoro onepaTopa 
06061l!eHHOro a~ABHra, HaXOAHM PEdlJeHHe cpaa O (E, r) no H3BeCTH0.:1. 
(jlyHKLIHH CBOfiOAHOro ABHlKeHHR cp aa

0
(E,r): 

. 0 . )\ 0 >.. >.. ro 0 0 

cpaa (E,r)=cpaa(E, r)Baa -P 
1

(r) cpa~(E>.. ,r)ya ),a 1 f cp;_..a (E>.. ,r')cpa a (E,r')dr'. 
0 0 ·· 1 0 r vO 1 0 0 

; 113/ 8 fionee Ofill!eM cny4ae, KOrAa B Q H.K OCTaeTCR.M (jlaKTOPH30BaH-
HbiX 4neHoB, B BeKTOpax a(r) • A( r) H b(r) ' B(r) nORBnReTCR 

AononHHTenbHbl.:1 BeKTOPHbiH HHAeKc, np66eraJOU!H.:1 M 3Ha4eHHH, a pA 
CTaHOBHTCR MaTPHLieH MxM, o6paTHOH K MaTPHI.Ie, COCTasneHH0.:1 
113 113SeCTHbiX senH411H (l.}z.ba) -Ko3(jlcf>I11.1HeHTOS AnR Aa 11 Ba. 

. 4 

i tl 
I~) 

\.t • ·t 

il 
. II 

/.,, 

.llnR KOMnaKTHOCTH aanHCH MOlKHO AnR senH4HH Aa H Ba (a 11 b ) 
. a a SSeCTH eAHHOe fiyKBeHHOe Ofi03Ha4eHI1e, H cnon b3YR YKB3aHHbiH 

AOnOnHHTenbHbiH HHAeKc TaKlKe 11 AnR HX OTnH411R. TorAa MHOro-
4neHHble (jlopMynbl fiYAYT npoCTbiM MaTpH4HbiM OfiOfill!eHHeM OAH04neH
HbiX, npH 3TOM, KaK H SbiWe, He TpefiyeTCR o6opa4H BaTb MaTPI1Libl 
no HHAeKcaM KaHanos 6naroAaPR cenapa6enbHOCTH no HHM RAPa Q, 
4To CYI!IeCTSeHHo ynpolllaeT peweHI1e no cpasHeHHJO c 12,3/, 

8 Knacce MaTPI1LI S3aHMOAeHCTSHR HMeJOTCR 11npo3pa4Hble11 V , (r) , 
* aa KOTOpble He AaJOT 0TpalKeHI1R HH npH KaKHX 3HeprHRX , XOTR na-

AaJOUjaR SOnHa MOlKeT CHnbHO S03MYI!IaTbCR S ofinaCTH, rAe V ,;o-{0, 
H . aa pa3MeWHBBRCb no SCeM KaHanaM. BXOAHTb TBKHe noTeHLIHBnbHble 

MBTPHLibl YA06Hee s nOAXOAe Map4eHKo, rAe RAPO Q onpeAenReTCR 
no S -MBTPHI.Ie H napaM~TpaM CSR3BHHWX COCTORHHH. 

OTn~~~~~~=H~~ey~HP:H~n~=:~;=~~~~Xn~oy~~;~H~T~ O~H~~:~C~l~ 
K pa6oTe131 a 

ABTOPbl SblpalKaJOT 6na roABPHOCT b H. B. AMHpxaHoey, E. 6aH ry 11 

E. X. XpHCTosy sa l.leHHble yKa3aHHR no TeMe AaHHo.:1 pa6oTbl. 
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