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BBEllEHHE 

06Hapy*eHH~e 8 3KCnepHMeHTax no rny6oKoHeynpyroMy 83aHMO­
AeHCT8H~ nenTOH08 c aApOHaMH MacwTa6H~e aaKOHOMepHOCTH npH8enH 
K He06XOAHMOCTH H3y~eHH~ a8TOMOAenbH~X aCHMnTOTHK 8 K8aHT080H 
TeOpHH non~. Ha~<t6onee nont1o 3Ta npo6neMa ~<~ccneA08aHa 8 pa6o­
Tax 1 11 , rAe 6~nH HaHAeH~ A0CTaT04H~e H He06XOAHM~e An~ cy­
~eCT808aHH~ a8TOMOAenbHOH aCHMnTOTHKH ycn08H~, npeA~~8n~eM~e 
K cneKTpanbH~M ~YHKUH~M 8 npeACTa8neHH~<~ AocTa-neMaHa-llaHCOHa 
/Anll/ An~ MaTpH~H~X 3neMeHT08 KOMMyTaTopa TOK08: 

• 
00 2 00 

... 2 lit·; ... 2 
<pi[J(x). j(O))Ip >= Jd>.. JduD(x,>.. )e 'l'(u,>.. ) . 

0 0 

0AHHM H3 8a*H~X pe3ynbTaT08 3THX pa60T ~8HnOCb 060CH08aHHe 
83aHMOC8~3H a8TOMOAenbHOrO no8eAeHH~ H xapaKTepa CHHryn~pHOCTeH 
KOMMyTaTOpa nOKanbH~X TOK08 Ha C8eT080M KOHyce . B AanbHeHWeM 
8 pa6oTax 121cAenaHo HeTpH8HanbHOe o6o6~eHHe AaHH~x peaynbTaT08, 
YCTaHa8nH8a~~HX 83aHMHO OAH03Ha4HOe COOT8eTCT8He Me*AY a8TO­
MOAenbHOH aCHMnTOTHKOH ~OpM~aKTOp08 H CHHryn~pHOCT~MH KOMMyTa­
TOpa TOK08 Ha C8eT080M KOHyce. KpoMe TOrO, Ha OCH08e 88eAeH­
HOrO 8 3THX pa60TaX nOH~TH~ K8a3HaCHMnTOTHKH o6o6~eHHOH ~YHK­
UHH H Tay6ep08~X TeOpeM HaHAeH HaH60nee WHpQKHH Knacc a8TOMO­
AenbH~X cneKTpanbH~x ~YHKUHH 8 npeACTa8neHHH Ann. Hay~eHH~ 
MaCWTa6H~X C80HCT8 HHKn~3H8H~X npouecC08 8 06naCTH 8~COKHX 
3HeprHH H 6onbWHX nepe~a~ HMnynbca Ha ocH08e npeACTa8neHH~ 
Anll noc8~~eH~ pa6oT~ I S • 

0TMeTHM, 4TO cneKTpanbH~e ~YHKUHH npeACTa8neHH~ Anll, 8~­
~HcneHH~e 8 paMKaX TeOpHH 803My~eHH~ I 1, 1 t/ , OTHOC~TC~ K npo­
CTpaHCT8Y 06o~eHHbiX ~YHKUHH, 88eAeHH~X 8 pa60TaX l t,2 1

• B C8~-
3H C npo6neMO~ OnHCaHH~ HapyweHHbiX MaCWTa6HbiX 3aKOH08 npeA­
CTa8n~eT HHTepec H3y4eHHe C80HCT8 cneKTpanbH~X ~YHKUHH 8He TeO­
pHH 803My~eHH~. OnpeAeneHH~e 803MO*HOCTH 8 3TOM Hanpa8neHHH 
AaeT MeTOA CyMMHP08aHH~ TeX HnH HHbiX KnaCC08 AHarpaMM TeOpHH 
803My~eHH~ c noMO~b~ ypa8HeHH~ 6eTe-ConnHTepa. B nocneAHHe 
rOA~ 8 P~Ae MOAeneH 6blnH nony4eH~ T04H~e peweHH~ neCTHH4H~X 
ypa8HeHHH An~ MHHMOH ~acTH aMnnHTYAbl pacce~HH~ 8nepeA 8 rny-
6oKOHeynpyroH o6naCTH 141• 0AHaKO ypa8HeHHe An~ MHHMOH 4aCTH 
aMnnHTYAbl pacce~HH~ 8nepeA 8HpTyanbHOH 4aCTHUb1 C HMnynbCOM Q 
onpeAen~eT HeynpyrHH ~PM~aKTOP F(q, p) nHWb 8 o6nacTH q 2 < 0. 
4T06bl HaHTH cneKTpanbH~e ~YHKUHH npeAcTa8neHH~ Anll, COOT8eT­
CT8Y~He 3THM peweHH~M, He06XOAHMO 80CCTaH08HTb HX n08eAeHHe 
8 o6nacTH q 2> 0. 
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8 pa6oTaX / S/ 3Ha4eHH~ ~pM~aKTOPQB, Ha~AeHH~X B nec~HH4HOM 
npHOnHlt<eHHH B </> S- H </> 

4-MOAen~x, 6~H npoAOn>XeH~ B o6naCTb 
Q 2 >0 C nOMOlltbiO npeAflOlt<eHHOrO paHee MeTOAa 16 1 . C nOMOIJibiO ~p­
Myn~ 06pauteHH~ B o6eHX MOAen~X Ha~AeHO H H3y4eHO aCHMnTOTH4ec­
KOe noeeAeHHe eecoeo~ ~YHK~HH npeAcTaeneHH~ Ana. noKaaaHo, 4TO 
B MOAenH ¢ 4

, An~ KOTOpO~ MaCwTa6Ha~ HHBapHaHTHOCTb HapyweHa, 
cneKTpanb1a~ ~YHK~H~ IJI(u,.\2 ) npH A 2 ::: oo He ~aKTOPH3yeTC~ 1-1 ee 
pOCT no A CYUieCTBeHHO 3aBHCHT OT U . 

8 HaCTO~ute~ pa6oTe npeAflOlt<eH MeTOA B~BOAa HHTerpanbHOrO 
ypaBHeHH~ HenocpeACTBeHHO Afl~ cneKTpanbHO~ nnOTHOCTH npH4HH­
H~X pacnpeAeneHH~ B CKan~pHOH ¢ 3 - MOAenH. ~Me~ B BHAY, 4TO 
An~ paccMaTpHeaeMoro Knacca AHarpaMM TeopHH B03MYUieHHH cnpa­
eeAnHeo npeACTaeneHHe aeaepa-rHnb6epTa- CyAapwaHa /arC/ 11

•8 ' , 

~ 6yAeM HCXOAHTb H3 cneAYIOillero HHTerpanbHOrO npeACTaeneHH~ 
Afl~ OAH04aCTH4HOrO MaTpH4HOrO 3neMeHTa KOMMyTaTopa ABYX CKa­
n~pH~X TOKOB: 

. . 1 00 + 1 ia( p·x) 
<p i [J(X),J(O)] jp > • - . f doD(x,o ) J dae H(a,o). 

2m 0 -1 

Heo6XOAHMO OTMeTHTb, OAHaKO, 4TO npeACTaeneHHe nrc 6onee Y3KOe, 
4eM npeACTaeneHitle Ana, 1t1 ~ttcnonb3oeaHHe ero HaKnaA~eaeT onpe­
AeneHH~e orpaHitl4eHH~ Ha no8eAeHHe COOTBeTCT8YIOUIHX aMnnHTYA 
/eM., HanpHMep, 1 91 /. 

8 necTHH4HOM npH6nHl4<eHHH 8 cny4ae 6eaMacco8o~ o6MeHHOH 4ac­
TH~~ nony4eHHOe ltiHTerpanbHOe ypa8HeHHe peweHO T04HO. Ha~AeH~ 
8 aaMKHyToM BHAe cneKTpanbH~e ~YHK~HH npeAcTaeneHHH Arc 111 Ana, 
nony4eHO COOT8eTCTByiOutee ltiM pa3nOl4<eHHe KOMMyTaTopa TOKOB Ha 
C8eT080M KOHyce. 0TMeTHM, 4TO T04H~e ypaBHeHH~ An~ BeC08~X 
!I>YHK~ItiH npeAcTaeneHH~ AnA H3y4an~ttcb paHee 8 pa6oTax / 101 e KOH­
~PMHO HH8apHaHTHOH MOAenH. 

CneAyeT nOA4epKHYTb,4TO ltlccneAo8aHHe a8TOMOAenbHOro acHMnTo­
TH4ecKoro noeeAeHitl~ 8 MOAen~x TeopHH non~ Ha ocHo8e HHTerpanb­
H~x ypaeHeHHH An~ npH4ItiHH~x pacnpeAeneHHH HMeeT P~A npeltiMyuteCTB. 
rna8HOe 1-13 HltiX COCTOHT B TOM, 4TO TaKHe 061111-1e Tpe6o8aHH~ KBaH­
TOBO~ TeOpHH non~, KaK cneKTpanbHOCTb, noKanbHOCTb H npH4HH­
HOCTb, 8~palt<aiOTC~ 3AeCb B 8HAe onpeAeneHH~X rpaHH4H~X yCnO BHH 
Afl~ BeCOB~X $YHK~Itl~ npH4HHHOrO pacnpeAeneHH~, YAOBneTBOp~IOutHX 

HHTerpanbH~M HnH C80A~UIHXC~ K HHM AH~epeH~HanbH~M ypaBHeHH~M. 

1. 8~80a ~HTErPAnbHOfO YPA8HEH~H 

PaccMOTPHM HHTerpanbHOe ypa8HeHHe THna 6eTe-ConnHTepa An~ 
aMnnHTYA~ pacce~HH~ BnepeA BHpTyanbHOH 4aCTH~~ C HMnynbCOM Q : 

2 

T(q,p) = l:(q,p) __ 1· __ f dK I 1(q,k) T(k,p) 

(2")4 (m2-k2-id2 

:£ (q, p) = :£ 1 (q, p) + I 1 (p. -p) · /1.1/ 

T(q, p) = i Jd4x eiq· x < p j Tj(x) ,j(O)jp > , 

. . ss + (.) 
J (x) =-1 S . S = T(exp J .t(z)dz). 

8¢ (x) /1.2/ 

3AeCb :£ (q, p) 0003Ha4aeT 6ecKOHe4HYIO CyMMY ABYX4aCTH4HO HenpH­
BOAHM~X AHarpaMM ~eHHMaHa, 6yAeM npeAnonaraTb, 4TO An~ aMnnH­
TYA~ T (q ,p) 1-1 COOTBeTCTBYIOillero ~ypbe-o6paaa MaTpH4HOrO 3neMeH­
Ta KOMMyTaTopa TOKOB CnpaBeAnHBO npeACTaeneHitle arC 1 11: 

1 +1 "" 2 H(a,>.2 ) 
J f d>. 2 ' T(q,p) =-- da ,\2-(Q+ap) -i£ 

27T -1 0 /1.3/ 

W(q,p) = fd 4xe 1q· x<p j[j(x) ,j(O) ]jp> = 

+ 1 "" 2 2 . 2 2 
=fda fd>. H(a,>. )((q

0
+ ap

0
)8[(q + ap) ->. ). 

-1 0 
/1.4/ 

8 pa6oTe 181 noKa3aHO 1 4TO eenH4HHa :£(q, p) B n106oM KOHe4HOM 
nop~AKe TeopHH 803MYUieHH~ HMeeT npeACTaeneHHe ArC : 

1 +1 "" 2 Ho (a,,\2) 
I(q,p) =-fda fdA 

211 - 1 0 ,\2 -(Q+ap)2-i€ 
/1.5/ 

/CM. TaKlt<e npHn0)4(eHHe/ . 8 CHny CHMMeTpHH aMnnHTYA~ OTHOCHTenb­
HO 3aMeH~ p ... -p cneKTpanbH~e ~YHK~ItiH H H H o YA08neTeop~IOT 
CBO~CT8y 4eTHOCTH: 

H (-a,,\ 2 ) = H (a,>. 2 ), 
/1.6/ 

2) 2 H 0 (-a,>. = H0 (a,>. ). 
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noACTa8HM 8~pa~eHHe /1.3/ 8 HHTerpanbH~H 4neH ypa8HeHH.A /1.1 / 
H nepeCTa8HM nop.AAOK HHTerpHp08aHH.A C y4eTOM C8oHCT8a /1.6/ : 

i J dkl:1(q,k)T (k,p) 
--- 1 (211 )4 (m2-k2-id 2 "' ""'4,;"'" J da'd.\'

2
H(a',>..'2 ) x 

/1.71 
i dk l1 (q, k) 

xl--J -----------
(211)4 (m 2-k 2-id (>..' 2-(k + a'p) 2 -id 

i dk~t(q,k) 

- (211)4 J 

B~pa~eHHe 8 ~HrypH~X CK06Kax COOT8eTCT8yeT CyMMe 11 K8aApaTH~X 
AHarpaMM" /pHc. 1 I. B mo6oM KOHe4HOM nop.AAKe TeopHH 803MYuteHH.A 

1 \__/r __; 
:£., 

m1 lm + ,, lm p~rJ.'p 

M=J!ii' 

p' \ f, 
p' 

PHC. 1 

An.A AaHHO~ cyMM~ cnpaBeAnH80 npeACTa8neHHe nrc /eM. npHno~e­
HHe/. CneAOBaTenbHO, JanHweM e e 8 BHAe npeACTa8neHH.A 

1 + I oc d .\ 2 H I (a ,.\ 2 ; u , , >.. , 2 ) 
- f da f 2 211 -1 0 >.. 2 - (q •ua 'p ) - i t 

/ 1.8/ 

C noMOutb~ /1 .8/ 8~pa~eHH~ / 1.7/ nocne H3MeHeHH.A nop.AAKa HHTe­
rPHP08aHH.A MO~Ho nPHAaTb BHA npeACTa8neHH.A ArC: 

i dkl: 1 (q,k)T (k,p) l 11 d>.2 
- -- J ~ -- I d a I x 

(211 )
4 

(m2 -k 2-i cl 2 (2 rr ) 2-l .\ 2 -(Q + ap) 2 - i r 

4 

1 
X J ~, 

la l a ' 

/" dA ' 2 H 1 (a/ a ',>.. 2 ; a' ,>.. ' 2
) H(a ' , >.. ' 2) , 

0 

H3 ypa8HeHH.A /1 . 1/ H npeAnono~eHH.A o6 OAH03Ha4HOCTH npeA­
cTa8neHH.A /1.3/ Ha~AeM cneAY~ee HHTerpanbHOe ypa8HeHHe An.A 
cneKTpanbHO~ ~YHK~HH npeACTa8neHH.A ArC: 

1 , 00 

H (~,u)= Ho (~, o)+ 2: J ~~ £do'H 1 (a / a',>..
2
;a', >..'lH(a',>..' 2)./1 .9/ 

3AeCb 88eAeH~ 0603Ha4eHH.A ~= la l , U=A 2 , fl ' =la'l , u'=>..' 2
• 

3aMeTHM, 4TO ypa8HeHHe /1.9/ He803MO~HO nony4HTb Ha OCH08e 
ypa8HeHH.A nHWb An.A MHHMOH 4acTH aMnnHTYA~ pacce.AHHR 8nepeA. 
Ae~cT8HTenbHO, npH ~4HcneHHH MHHMOH 4aCTH ypa8HeHH.A /1.1/ 
4aCTb 4neH08, CYuteCT8eHH~X 8 06naCTH nonO~HTenbH~X q2, 06~4HO 
onycKaeTc.A. Y~e 8 4eT8epTOM nOP.AAKe TeopHH 803My~eHHR HTepa­
~HOHH~~ PRA ypaBHeHH.A An.A MHHMOH 4aCTH He coAeP~HT nepece4eH­
H~x ~eHHMaH08CKHX rpa~8 THna 6, yKa3aHH~X Ha PHC.2 /CM. npH­
no~eHHe /, 0HH cy~eCTBeHH~ AnR o6ecne4eHH.A npH4HHHOCTH BKnaAa 
OT K8aApaTH~X AHarpaMM 8 KOMMyTaTOp TOK08. 

+ + 

p p p 

a 6 

PHc.2 

2. nECTHH4HOE nPH6nHIEHHE 

B neCTHH4HOM npH6nH~eHHH HMeeM 

H 0 (,8,ol = 211g 28 (1- fJ)8(u -m~), 
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rAe m0 -Macca 06MeHHO~ 4aCTH~~.YA06HO nepeonpeAenHTb HCKOMY~ 
$yHK~H~: 

H (fJ, a) = H 
0 

(fJ, a) + 'II (fJ, a). /2. 1 I 

fleCTHH4HOe ypaBHeHHe AnA eenH4HH~ ljl COrnaCHO /1.9/ 3anHWeTCA 
B BHAe 

'll(fJ,a) : IJI0 (fj, a)+ -
1 

/ c1f,' tda' K (f3,a;fJ',a')'ll(fJ',a'). /2.2/ 
2rr f3 I-' 0 

HOCHTenb $YHK~HH lji ({J, a) COCpeAOT04eH Ha MHOll<eCTBe 

6 

f3,a ~ (O <f3~ 1. a 2::,(m o +v'f3 mg+(1-f3)(m2-f3p2) )
2

), 

'II 0 ({3, a) = g4 
H 1 (f:J, a ; f3' = 1 , a' = m 0~ 

l 2 2 I g4(1-f3) a 2 a -f -mo 
= - 0(a-(m 0 + t) ) . , 

8 TT f 
2 a a v' (a + f 2- ffi ~) 2 - 4 a f 2 

f 2 ={3mg+{1-f3)(m 2 -f3p 2 ), 

K(fJ ,a; f3',a') = g 2 H 1 ({3/{3', a; f3 ',a') 

g2({3'-{3) 

8rrf3 'L 2 l 2 2 I a 2 a- L -mo 
- e(a -(m0 +L) ) • 
da y'(a+ L 2-m~)2 -4aL2 

2 fJa'+(f3'-fJ)(m2-f3'fJp2) 
L = --------

{:3 ' /2.3/ 

BenH4HHa H 1({3,a ;f3',a')a necTHH4HOM npH6nHll<eHHH a cny4ae m 2> p2 

~4HCneHa e npHnOll<eHHH. HHTerpanbHOe ypaeHeHHe /2.2/ - ypaa­
HeHHe BonbTeppa, n03TOMy PAA He~MaHa AnA eenH4HH~ IJI ({3,a) 
AaeT peweHHe. npH $HKCHPOBaHHOM 3Ha4eHHH nepeMeHHO~ a peweHHe 
ypaeHeHHA COAePli<HT KOHe4HOe 4HCnO 4J1eHOB 0 (a) : 

1 <.[0- m o> 2 -(1- tJ) (m 2 -fJp 2) 1 
n < --ln[ 

2 
, {3 > 0. 

- ln4 mo fJ 

B cny4ae, KOrAa o6MeHHaA Macca m 0 '"' 0 , ypaeHeHHe /2. 2/ 3Ha-
4HTenbHO ynpo~aeTCA H npHHHMaeT BHA 

g 40(1 -fJ) 2 2 
'l' (fJ,a): 

2 2 
8(a-(1-f3)(m -{J p )) + 

8rr(m -f3p ) /2.4/ 

+L (}(1-fJ) / dfJ' (fJ'- {3) f~a'o(a '- afJ'-(fJ'- f3)(m2-fJ'f3p2) )'11({J :a ' ). 
(4rr) 2 {3a f3 ,8' 0 fJ 

nerKO yBHAeTb, 4TO peweHHe ypaBHeHHA /2.4/ HMeeT aSTOMOAenb­
H~~ xapaKTep: 

f ({3) 
'II ({:J, a) = 8 (1-{3)8(a - (1 -f3)(m 2 -~2)) , 

m 2_fJ p 2 
/2.5/ 

rAe $YHK~HA f (fJ) YAOaneTeopAeT HHTerpanbHOMy ypaeHeHH~ Bonb ­
Teppa BToporo POAa: 

r<f3) = ~ + L - 1 - / df3' <1:3 '-f3> r(f3'l . 
8rr (4rr) 2 1 -fJ f3 fJ' 2 (m 2-,B'p 2) 

/2.6/ 

YpaeHeHHe /2.~/ 3KBHeaneHTHO cneAy~e~ rpaHH4HO~ 3aAa4e: 

g2 f (f3) = 0. 
(1 -f3)f"({3)- 2f '(f3)- (4rr) 2 f3 ~m 2-f3p2) /2 . 7/ 

g 6 
f '({3 ., 1) = - 4( 4rr) 3 

g4 
s;;-. 

1 
/2.8/ f ({:3 = 1) 

(m 2_p2) 

nocne 3aMeH~ nepeMeHHO~ ypaeHeHHe / 2.7/ nepexOAHT a rHnep­
reoMeTpH4ecKoe ypaeHeHHe: 

x (1- x) ¢"(x) + 2(1- x) ¢'(x) + y¢(x) • 0, 
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rAe y 
g2 

(4") 2m2 

m2 
X ~ -

m 2_ p2 

1- f3 
f3 

PeweHHe ypaeHeHHA /2.7/, YAOBneTeopA~ee ycnoBHAM /2.8/, HMeeT 
cneAY~H~ BHA: 

~> 4 1 1 1 1 m2 1- A !(f3} ~-Si!- F(- +y -+y,--y-+y,2;- .~). 
877 2 4 2 4 m 2 -p 2 f3 

rAe F(a, b, c; z) - rHnepreoMeTpH4ecKaA IPYHKI.IHA. 
0KOH4aTenbHO AllA cneKTpanbHO~ IPYHKI.IHH 'P ({3, o) c y4eTOM 

/2.5/ H8XOAHM B~pa~eHHe B npOCTOM H 38MKHYTOM BHAe: 

g 48(1 -{3) 
'JI (f3,o) ~ 

2 2 
O(o- (1 -f3)(m 2-f3p2)) X 

877(m -f3p) 

1 _,-1-
x F{r+v-;r+y, 1 ~ . m2( 1-{3) ) . 

2- vT + y, 2,- (m2_p2) f3 

/2.9/ 

CornacHo /2.9/ cneKTpanbHaA ¢)yHK1.1HA 'l' (f3,o) o6naAaeT KBa3H­
acHMnTOTHKo~ 1 21 nOPAAKa /-1/ Ha 6ecKoHe4HOCTH. B cny4ae npeA­
CTaeneHHA ArC pe3ynbT8T~ pa6oT 11• 21 , CBA3~ea~He noeeAeHHe 
~pM¢)8KTOpa /1.4/ B 8BTOMOAeflbHO~ 06n8CTH C KB83HnpeAenOM 
cneKTpanbHO~ IPYHKI.IHH npeACTaeneHHA, HeCKOnbKo MeHA~TCA. ~MeeM 

v a + 1 

W(v,~)-(2) J df3Ha(tJ}fa+ 1 (f3-~), - 1 

Ha ({3) = q limH a({3, A 2 ) , 

Ha(f3,,\ 2) ~ f -a* H(/3, ,\ 2 ), 

B cny4ae /2.9/ nony4HM / 4 / 

- ... 

C a {x) = 

1 -
W(v, ~)- -~P(e-), 

2v 
<I> (~)~ f do'l' (~, o), 

0 

v ~ Q·P -. ... 2 

- ~ ... <w>, ~ ~- _q_ -=Const., 
2v 

- g4 1 1 1 
<~> <e->= _ F (-

2 
+v -;r +y, 

877 m2-~p2 
_!__ , 1 2 2 \ 4 +y, 2,- m _!..:::£) 

m 2_p 2 ~ • 

PeweHHe /2.9/ c y4eTOM /2.1/ npHBOAHT K cneAY~HM HHTerpanb­
H~M npeACTaeneHHAM AnA eenH4HH /1.3/ , /1.4/: 

8 

:I 

. 1 
) 

1 1 2 
T(q,p)=T0 (q,p)+-

2
-Jdf3 1 F{A,1-A,2;- m .J....=...&)x 
" o m2-f3p2 m2-p 2 f3 

X~ 1 + • 
1 I (1- f3)m 2_ f3p2 -q 2+ 2(q·p ){3 _ i ( 

W(q,p) = W
0
{q,p} + 

4 
+ _g_(((q0 +po>8((q +P) ~ 8(m 2- q2) -dq

0
) 8(q 2-m2)0(-(Q+P) 2)) x 

817 

1 m2 
X F(1 +A,2-A,2;- ---

/2.10/ 

(m2-p2)(rn2~2) (m 2...p2) 

4 
+ _g_ (((qo -p o> O((q-p) 2) O(m2 -q ~-dq o> O(q 2_m2) 0(- (q -p) 2)) x 

877 

x 
1 

F (1+A,2-A,2;- m
2

• (q- p)
2 

). 
(m 2_p2)(m2-q2) (m 1Lp2)(m 2_ q 2) 

3Aecb T 0 H W 0 - 6opHOBCKHe npH6nHll<eHHA AllA M8TPH4H~X 3neMeH-
1 1 

TOB /1 . 3/, /1.4/; A = 2+y4 +y . npH nony4eHHH /2.10/ M~ HC-

nOnb3088flH ~PMYfl~ npeo6pa30B8HHA AllA rHnepreoMeTpH4eCKHX 
IPYHKI.IH~. B o6nacTH (q+p) 2> 0, v> O ¢)ypbe-o6pa3 M8TPH4Horo 3ne­
MeHTa KOMMYT8TOpa TOKOB COBnaAaeT C MHHMO~ 48CTb~ 8MnnHTY~ 
pacceAHHA BnepeA, H M~ npHXOAHM K pe3yflbT8Ty pa6oT~ / S/ ; 

F(q,p = Fo (q, p)+~( O((q +p)~O(m2-q~ F(l + A.2-A,2;- m2 (q+p)2)+ 

8" (m2-p~(m2-q2) (m ~~ (m2-q~ 

+ 0(-{q -p) 2) ~q2-m~ F ( l +A, 2-A, 2;- m 2 • (q-p) 2)) . 

(m2-p2) (q2-rn2) (m2-p~ (m2-q2) 

9 



0TMeTHM, 4TO C80HCT8a 3TOrO ~pa*eHHR 8 pa3nH4H~X KHHeMaTH-
4eCKHX o6naCTRX 6blnH H3y4eHbl 8 pa6oTaX 1 4 •0/ . C nOMOIIlbiO 12.91 
HaHAeM TaK*e MaTpH4H~H 3neMeHT KOMMyTaTOpa TOK08: 

- 2g2 
W(x,p) =< pl[j(x),j(O)}Ip > = -. -D(x,O) cos(p-x) + 

I 

g 4 lda m2 1-a 
+ f-cos(ap·x) F(1 +A,2-A,2;- --) x 

8" 2(m2-p2) i 0 a m 2_p2 a 

12. 11 I 

__ xD(x,y(1-a)(m2-ap2)). 

3AeCb D (x, v ( 1-a)(m2~)) -nepecTaH0804HaR 4>YHKLIHA C8060AHblx noneH 

C MaCCOH y(1-a)(m2-ap2). noACTa8HM 8 12.111 H38eCTHOe pa3nO*eHHe 

a PAA 8enH4HHbl D(x , y (1-a)(m2-a~)H H3MeHHM nopRAOK HHTerpHpo8a­
HHA H CyMMHP08aHHA , 4TO cnpa8eAnH80 8 CHny pa8HOMepHOH CXOAH­
MOCTH PAAa C y4eTOM KOHe4HOH o6naCTH HHTerpaLIHH no nepeMeHHOH 
a . B pe3ynbTaTe nony4HM 

2 2 4 1 d 
W(x,p) =(~cos(p-x) + g f ~cos(ap-x)"x 

i 8"2(m1Lp2) i 0 a 
12. 12/ 

m2 1-a x F(1-+A,2-A,2; - -- )} D(x,O) -
(m2-p 2) a 

f (X o) O(x 2
) g4 00 

k: 0 C k (P·X) ( y X 2) k , 
8" 8"2(m 2_p2) i 

rAe 
(-1) k 1 da 

Ck(p.x) = f -cos(ap·x) x 
k! r(k + 1) 2 lr. 0 a 

/2 . 131 

x F(1 +A,2-A,2;- m
2 ~)(y(1-a)(m2-ap2))2+k 

(m Lp2) a 

nep8oe cnaraeMoe 8 BbiPa*eHHH 12 . 12/ onpeAenAeT 8eAY~IO aCHMnTo­
THKY KOMMyTaTOpa TOK08 8 OKpeCTHOCTH C8eTOBOrO KOHyca X 2 ::::0. 
04eBHAHO, 4TO PRA 12.12/ onpeAenAeT 1.1eny10 4>YHK1.1HIO no nepeMeHHOH 
z = y x 2. Ycno8He cxOAHMOCTH HHTerpano8 12. 11 I, 12. 13/ npH80-
AHT K orpaHH4eHHIO g 2< 32 "2m 2. 

B~4HCnHM Te nepb cneKTpanbHYIO 4>YHKLIHIO npeACTa8neHHR Afl.ll <l> 

AnA MaTPH4HOrO 3neMeHTa KOMMyTaTopa TOK08 12.111. noACTa8nRA 
/2.111 8 !l>OpMyny o6pa~eHHA, HaXOAHM 

10 

oo --oo 

<l> (p,.\ 2 )= ~ _a_ I0(.\2) f dx2 J0 (vx2.\2 ) f drrsin(r p) f (x
0

) W(x.p) = 
P a.\ 2 o o 

1 2 
=<l> 0 (p,.\ 2,a=l ) +C f ~F(l+A,2-A , 2;-

2
m 

2 
. l-a ).<t>

0
(p,A2 ,a), 

0 a m -p a 

g 2 
c = /2.14/ 

16"2(m2 -p2) 

3Aecb 4> 0 (p,A 2 ,a) - cneKTpanbHaA ~YHKLIHR npeAcTa8neHHA AocTa­
fleMaHa, COOT8eTCT8YIO~aR 60pHOBCKOMy npH6nH*eHHIO MaTpH4HOrO 
3neMeHTa KOMMyTaTopa 

2 2 --:2-- cos(ap. x) D(x, y (l-a )(m 2_ap2) ) . 
I 

BcneACTBHe orpaHH4eHHOH o6nacTH HHTerpaLIHH no nepeMeHHOH a 
H OTCYTCT8HA OC06eHHOCTeH y nOAbiHTerpanbHOH !l>YHKLIHH aCHMnTOTH-
4eCKHe CBOHCTBa HHTerpana 12. 111/ npH 60nbWOM A 2 -+oo OnpeAenR-
IOTCR noaeAeHHeM 4>YHKLIHH <1> 0 (p, A 2, a). CneAOBaTenbHO, npH 
A 2 .... oo <l> (p, A 2) o6naAaeT KBa3HaCHMnTOTH KOH nopAAKa -I 151, T. e. 

2 2 2- 4 · 2 
k<l> (p,A ·k)->~~<A ) 4g y p2o'(p2-p 2)+ g o(A > 

16" 2(m 2_p 2) 

k .... "" 

G(p ') 
(p 2) 3/ 2 

1 . 2 
G(p ') = c f ~ rc.!. - . I ..!_+ y _! + . /..!_ + y. 2· - m 1 -a) s '(a-p ') 

a 2 v 4 ' 2 v4 ' ' 2 2 ' 0 m - p a 

p'= p l y p 2. 

AeTop~ 6naroAaPAT H.H.6oronl06oea H A.A.floryH08a 3a o6cy*­
AeHHe H HHTepec K pa6oTe, a TaK*e 6.A.Ap6y3o8a , A.B.KHcene8a, 
H.B.KpacHHKo8a , B.E.Po4eaa, A.A.Xenaw8HnH, K.r.4eTblpKHHa, 
H.A.3nHaWBHnH , fl.A.Cnen4eHKO 3a nnOAOTBOpHble AHCKYCCHH. 

nP~nOl!!EH~E 

PacCMOTPHM 8KnaA 11K8aApaTH~x AHarpaMM11 8 MaTPH4H~H 3neMeHT 
npOH3BeAeHHR TOK08. ~MeeM 

11 



- c -c -<pI j 
1 

(x) j 
2
(0) IP > =-D m (x) I dx 'dy 'D m (x-x ')D m (-y ') D M (x~y') x 

0 1 2 

( 
ip(s ~y ') -lp(s '- y '). 

x e +e )-

-D: (x)Idx'dy'i5~ (-y') D~(x~y')D: (x-x')(eip(s'-y') 
0 2 1 

, ') -lp(s -y 
+ e -

- c c - lp(s '-y ' ) 
-Dm (x)Idx'dy'Dm (x-x')DM(x'-y')Dm (y')(e 

0 1 2 

-lp( s '-y') 
+ e ) . 

/n. 11 

3AeCb CHHrynRpH~e ¢yHK~HH onpeAeneH~ cornaCHO 1121. ¢opMyne 
/n. 1/ COOTBeTCTByeT CyMMa BKnaAOB OT pacce4eHH~ KBaApaTH~X 
AHarpaMM /pHc.2/, m

0
, M, m1 , m 2 - Mace~ e nponaraTopax, p 2 > 0 

eCTb Macca BHeWHHX KOH~OB. 
B cny4ae m1 =m 2 ~ m pacce4eHHR AHarpaMM~ 6 /pHc. 2/ He onpe­

AeneH~ KOppeKTHO, OHH COAep~aT CHHrynRpHOCTH THna 8(x) / x, 
COKpa~eHHR KOTOP~X npHBOART K HeeepHOMy pe3ynbTaTy. no3TOMY 
e 3TOM cny4ae cyMMa 6 /pHc.2/ onpeAenReTcR npeAenbH~M nepexo-
AOM m 

1 
... m 

2 
= m. HcXOAR H3 ¢opMyn~ /n. 1 I MaTPH4H~~ 3neMeHT 

KOMMyTaTopa TOKOB MOlKHO npHBeCTH K RBHO "npH4HHHOMY BHAY"· 
nerKo npocneAHTb, 4TO pacce4eHHR AHarpaMM~ a HnH 6 no OTAenb­
HOCTH He Aa~T npH4HHH~~ BKnaA B KOMMyTaTOp . nHWb B cny4ae 6e3-
MaCCOBOrO 06MeHa 4aCTb a onpeAenReT npH4HHH~~ BKnaA. 

PaccMOTPHM Tenepb aMnnHTYAY e npH6nHlKeHHH KBaApaTH~x AHar­
paMM: 

T(q,p) .. T1(q,p) + T
1 

(q,- p) = 

i dk 
=- ~(2) I 2 2 2 2 2 2 2 +jKpocc -4neH/. 

" (m -k -il) (m 0 - (q-k) -il)(M -(p+k) -i() 

C y4eTOM ¢opMyn~ ¢e~HMaHa HMeeM 
1 1 1 1 1 

T 
1 

(q,p) = ~ I da 1 I da 2 I du3 I da4 8(a 1 +a 2+a3 +a 4 -1) x 
(477) 0 0 0 0 

1 
X - -

[(a 1 + a 2)m 2+a3 m g +a 4 M 2_a3 (1-a3 )q 2-a4 (1-a 4)p 2 -2a3 a4(q·p)) 2 

12 

da (1 a 3 a4) 0(1 - a s-a 4) ,. 
1 1 4 2 2 

,. ~I daa I 2 m2+as(m~2)-+<IiM2-m~-ai1-a4)p -q2-2~q.p)) 
(477) 0 0 [a3(1-a3)) [ a3(1-a3) 1-a3 

1 1 ""1 1 2 0 - e 2-m~ 
= -- I da(l-a ) f do 8(o-(m0+f) ) · ---::---==~:::==::==: 

(4;r )2 0 0 lo-(q +ap)~il 12 f2y(o+f:Lm~2--4af2 
0 

;n.u 

3AeCb BBeAeH~ HOB~e nepeMeHH~e: 

a=a 4/ (1-a 3 ), 

0= 

m2 +asCm5-m2) +a4(M2-m2) -a4(1-a4)p2 a4 2 2 
---=------------ + ( ) p ' 

u 3 (1 -a 
3

) 1 - a 
3 

2 2 2 2.. a TaKlKe eeeAeHO o6o3Ha4eHHe f .. aM +(1-aXm - ap Jllocne HHTerpH-
poeaHHR no 4aCTRM B~pa~eHHe /n.2/ npHHHMaeT BHA npeACTaeneHHR 
~rc co cneKTpanbHo~ ~¢YHK~He~ 

2 2 
~ 

'V (a, o)= (1-~ _!!_ O(o -(m .Jf )2) o-f -mo • 
S;rf iJo ..;<o+ f2-m~)2 -4of2 /n. 31 

P 2 ~aM 2 • (1-a )(m 2 - ap 2). 

B~palKeHHe /n.3/ MOlKHO npeAcTaBHTb TaKlKe e BHAe 

1 a ~ 2 o • m ~ -P 
2 ~ 'V (a,cd = - - - --2 ll(o - (m 0 .. f) ) · ;n 4/ 

8" am 2 ?-. 2 2 . 
oy'(o+m o-f-1 -4moa 

BenH4HH~ /n.3/ H /n.4/ cneAyeT noHHMaTb e c~cne o6o6~eHH~x 
~YHK~H~ 13 . B cny4ae 6e3Maccoeoro o6MeHa, KOrAa m0 0, Ha~AeM 

(1-a) ( [ 2 2 2 'V (a,,)- -- 8 a- aM +(1 -a)(m -ap )]). 
8;rf2 
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