
X.HaMcpaii 

.___._ ..... H . • CTlfJECKAfl MOtftEJib 

A:.,y::o::,·~~ffit~ 
J];BJ1}KEHHSI 

Ofi'bBAMHBHHbll 
MHCTMTYT • 
AA8PHbiX 

MCC18AOB3HMR 

AY6H8 

PERHTMBHCTCKHX qACTJ1U 

". 

I~ 'f • ... . ........ 



6 paMKaX CTOX8CTH4eCKOH TeOpHH, OCH088HHOH Ha rHnOTe3e 
0 CTOX8CTH4HOCTH npOCTp8HCT88, H8MH 6wna H3y4eHa AHH8MHKa 48C
TH~ 111 H nony4eHW HeKOTOpwe HenHHeHHWe ypa8HeHHA A8H*eHHA CTO
X8CTH4eCKHX 48CTH~ /2/ ,HaMH T8K*e 6wn npeAnO*eH MeTOA penATHBH-
3B~HH ABHHOH cxeMW onHcaHHA npo~eccoa 8 cToxacTH4eCKOM npocT
paHCT8e, n0380nA~HH 38nHC8Tb ypaBHeHHA ABHllleHHA 4BCTH~W 
8 K08apH8HTHOM 8HAe. 3TH ypaBHeHHA C08nBA8~T C ypa8HeHHAMH 
flepa-napKa / S/ , ray3ppa-PYA>KH3PO / 4 / H BH*be / 6 / . 

B ABHHOH pa6oTe ~ paccMOTPHM npo6neMy cToxacTH4ecKoro no-
8eAeHHA ABYX TO*AeCT8eHHWX H KOppenHp08BHHWX penATH8HCTCKHX 
CKanApHWX 4aCTH~, nOCKOnbKY 3TOT 80npoc npeACTa8nAeT HHTepec 
C ~H3H4eCKOH T04KH 3peHHA, Hawe HCCneA08BHHe OCH08aHO Ha ypa8-

HeHHAX CMOnyxo8cKoro AllA nnoTHOCTH 8 epoATHOCTH p (x ~, x ~, 8 1 , s 2 ) 
H8XO*AeHHA nep80H 48CTH~W 8 T04Ke X~, a 8TOpOH - 8 T04Ke X~ 
8 MOMeHTbl 11 8peMeHH11 8

1 
H 8 2 H HX OTHOCHTenbHbiX CKOpoCTeH 

V~(X~,X~ ,8 1 ,8 2 ) H V~(~,X~,8t,8i!) COOTBeTCTBeHHO. 3AeCb 
8- HeKOTOPWH HH88PHBHTHWH napaMeTp /co6CT BeHHOe 8peMA/, HH
TepnpeTa~H~ KOTOpOrO MO*HO H8HTH 8 pa60TBX / 1,&/ , PaHee MW 
npeAnOnaranH, 4TO npOH3BOAHY~ no 8 MO*HO nOHHM8Tb KaK npOH3-
80AHY~ no Hanpa8neHH~ HeKOToporo npoH3 80n bHoro 8eKTopa v~. 
6 48CTHOM cny4ae, KOrAa 8 K84eCT8e BeKTOpa vP. 8W6HpaeTCA CKO
pOCTb 48CTH~bl, 8enH4HH8 8 MOllleT 6WTb HHTepnpeTHp08BHa KaK co6-
CT8eHHOe apeMA 48CTH~W. 6onee nOAP06HO 3TOT eonpoc o6CY*Aan
CA B / 1/ , 

npeA110llleHH8A H8MH paHee penATHBHCTCKaA CTOXaCTH4eCKBA MO
Aenb OCH08W8anacb Ha cneAy~eH rHnoTe3e: 

1, ~H3H4eCKHe BenH4HHW paCCM8TPH8B~TCA KaK ~YHK~HH KOMnneKC
HOrO apeMeHH t + lr 8 npeAene r -+ 0. 

2. npeAnonaraeTCA, 4TO CTOX8CTH4eCKOe ABH*eHHe 48CTH~bl npo
HCXOAHT 8 eBKJ1HA080M npOCTPBHCT8e (X, r ), a He 8 npOCTpaHCTBe 
(X, t) MHHKOBCKOrO. 

B paMKax TeOpHH cny4aHHWX npo~eccoa 3TO 03Ha4aeT, 4TO 6nY*
AaHHe npoHcxoAHT a eaKnHA080M npocTpaHcT8e E4 (x, r ). 06ocHoaaHHe 
88liiHOCTH MeTOAB CA8Hra BpeMeHH t-+ t + ir 8 K8aHT080H TeOpHH 
nonA H KB8HT080H MeXaHHKe MOliiHO HaHTH 8 pa6oTaX Ane6aCTP08a
E~HM08a / 7/ H A3BHACOHa / 8/ /eM. TaK*e pa6oTy / 9/ I. 

AnA npAMOrO o6o6~eHHA pe3ynbT8T08, nony4eHHWX 8 OAH04BCTH4-
HOH MOAenH / l~ Ha A8YX4aCTH4HWH cny48H MaTeM8TH4eCKH 6onee 
YA06HbiM OKa3anOCb BBeAeHHe BOCbMHMepHOrO KOH~Hrypa4HOHHOrO 
npocTpaHCT8a, paCCMOTpeHHOro 8 pa60Te / 10/,6 3TOM npocTp8HCT8e 
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nono*eHHe ABYX 4aCTHU H HX OTHOCHTenbH~e CKOpOCTH onpeAenH~TCH 
BOC bMHKOMnOHeHTH~MH BeKTOpaMH X I H VI (i .. 1, ... ,8) COOTBeTCTBeHHO, 
rAe 

I i I ll v i J __j "' "I X I a x , x } , lv (X ,81,s2) 1. =1V .v iAr-0 3 1-1 .... ,8 1 2 JL,v-0 , ... ,3 1•1, ... ,8 ..... 

3AeCb x ll1 1-1 X~ - BeKTOp~ KOOPAHHaT Ka*AOH 4aCTHU~. MeTpH4eCKHH 
TeH30p gij B 3TOM npOCTpaHCTBe onpeAenReTCR, KaK 1-1 B I 10 / : 

f 
1 0 0 0 0 0 0 0 
0 - 1 0 0 0 0 0 0 
0 0 -1 0 0 0 0 0 
0 0 0 - 1 0 0 0 0 

glj'"' I 0 0 0 0 1 0 0 0 
0 0 0 0 0 -1 0 0 
0 0 0 0 0 0 - 1 0 
0 0 0 0 0 0 0 -1 

np~-t 3TOM 

2 I I j 2 2 
X • X 1X -g 1JX X - (:r. 1 ) +(:r. 2 ) • 

Ecnl-1 X~ (s 1) H :r.;(s 2 ) - TpaeKTOPHH KaliCAOH 4aCTHUbl, TO B BOCbMI-1-
MepHOM npocTpaHCTBe o6~aH HX TpaeKTOPHR 6yAeT X J (s 

1
, s 

2
) . 

TaK *e KaK H B Tpex-, 4e TblpeXMepHOM cny4aRX, Mbl BBeAeM 
ABYX4aCTH 4Hb1H aHanor 1J1 ( X J, 8 1 , 8 ~ , 6& 

1 
, 6s 

2 
) OAH04aCTI-14HbiX 

BepORTHOCTeH nepeXO,QOB IJI (x, t, 6t) H 1J1 ( :r.ll , 8, 68) , HCnOnb30-
BaHHbiX e 11,31 • EcnH ABe 4aCTHUbl HeKoppenHpo&aHbl, TO eenH4HHY 
IJI ( Xj, S 1 • S 2 , 6s t• 1\s 2 ) MOliCHO <PaKTOPH30BaT b : 

'I' j v v (X ,s1 ,8 2 • 6s1 , 6s 2 ) - '1' 1(:r. 1 ,s 1 , 681) '1'
2

(:r.
2

,s
2

,6s
2
). 

Mbl 6y,QeM Bb16~-tpaTb Kan~-t6poaKy 6s 1 -6e 2 =6s. Tor.Qa ypaeHeHHe THna 
CMOnyxoscKoro Af1R p(X J , 8

1
,8

2
) npHHHMaeT BHA 

(X I + 8 I _ I 1 1 5 5 
p ,8 1 _6s, 8 2 ±6s)- f d YEp(X +y ,X +iYE,X +iYE,s1 ,e

2
)x 

x 'P±(X
1 
+YI, X 1 +iYi, X 6 +iY~ , 81'8

2
, 68, Y~), /1/ 

2 

rAe XI H yi /1 .. 2,3,4,6,7,8/ 0603Ha4a~T npoCTpaHCTBeHHY~ 4aCTb 
BeK TOpOB X I H yl COOT BeTCTBeHHO, + I I 

npHHH MaR 80 BHHMaHHe H BH~H BHA 1J1- (X + Y , ... , y k> : 
1 I 2 

-4 (Y - y ± ) ] 
'I'± .. (4"0 ±68) exp [ - 4D ±6s 

/2/ 

I . 1 . 5 I 
Y± =(± tv ± 6s, ± tv ±6s, v±6s) 

~ nony4aeM H3 /1/ cneAY~~~-te AH¢$epeHu~-tanbH~e ypaeHeH~-tR: 

_j£_+...2e.._+a 1 (pv~) - D+op -o. as 1 as 2 

ap ap a (p v 1, + o o P - o . -- + -- + I -' -as , as 2 

/3a/ 

I I a
1 

.. a;ax , -a
1
a -=o- o

1
+o

2 

3.Qecb Mbl nono*l-11111 D _ -D + .. D , D - K03¢$HUHeHT AHI!J4ly3HH, 
a senH4HHa v l (v .:_ ) Ha3weaeT CR cKopoCTb~ enepeA /Ha3a.Q/ . nepe-
XOAR K nepeMeHHWM 

v I • ..!.. (v I + V I ) u I • _!_ (v I -v I) 
2 + -· 2+-

H CKna,QbiBaR /Bbi4HTaH/ ypa BHeHHR /3a/, n011Y4HM 

_jp_ + _j£_ + a I (p V I ) .., 0 , 
as 1 as 2 /36/ 

ul = -D a 1 ln p, 

rAe VI_ 06W4HaR /perynRpHaR/, U I- CTOXaCTH4eCKaR CKOPOCTH 
ABYX4aCTH4HOH CHCTeMbl, 

B HaweH cxeMe , KaK 1-1 paHbwe 1 11 ,coxpaHeH~-te Maccbl /nnoTHOCTH 
sepORTHOCTH, YMHO*eHHOH Ha 06DeM/ 03Ha4aeT OTCYTCTBHe yTe4KH 
Maccbl 4epe3 no6we rHnepnosepxHOCTI-1, xapaKTepH3Y~~-tecR aeKTopa 
M~-t V~ H V~,l-1 TeM CaMbiM Mbl npHHHMaeM <P~-t3~-t4eCKy~ r~-tnOTe3y, 4TO 
nonHoe 4~-tcno 4aCTHU / T.e. napa a peanbHOM npocTpaHcTee-epeMe
H~-t/ coxpaHReTCR. Tor.Qa MW MO*eM 3an~-tcaTb 

3 



.. 
vl _. .. .. - ~yO+ .!e_+~=(dp·V 1 ) +(d p •V2 )- ax~ l y l- ,8

2
1 as as 2 1 

ap 
--- + a-x 1 

a v2 a + _P_yo + ~ .. 0 
ax~ 2 v 1 - .e: ax 2 

(,8 ~ =V~/ c 2 , i = 1,2) 

H npH 3TOM Hawe ypaBHeHHe Henpep~BHOCTH B KOH~HrypaUHOHHOM 
npOCTpaHCTBe npHHHMaeT BHA 

a I (p v I ) '* 0 /~/ 

HnH B TepMHHaX nepeMeHH~X ul H yi 

1 . 
-u v

1
+Da 1 v

1
=0. /51 

B cny4ae ABYX4aCTH4HOH cHcTeMW, cneAY~ Kepwoy 121 , M~ MO*eM 
COCT<lBHTb ypaBHeHH1i THna /1/ Af11i cpeAHHX CKOpOCTeH V I(XJ ,B , 8) 

I j + 1 2 B Hei<OTOpOM BHeWHeM none F ± (X , 8
1 

, 8
2 

) : -

I (Xl A A ) 1 f{ 1 I I 1 1 5 . I) v± .s 1 HuS, s 2 +ws • N± v±(X -cY ,X + iYE,X +1YE,sl's2) + 

!ls I I I 1 1 5 6 
+ c~F±(X - cY ,X + iYE,X +1YE,s

1
,s

2
)] x 

+I I 1 . 15 5 I 
x'P - (X -cY, X +tYE,X + 1YE,8 1 ,8 2 ,!ls, YE) x 

I I 1 1 6 5 8 
xp(X -cY , X +iYE , X +iYE, s1 ,s2 )d YE, 

r Ae 

8 ± I 111 I I I N± • fd YE 'I' (X -cY ,X +iYE, ... ,YE)p(X -€Y , ... , 8 2 ) 

- HOpMHPOB04H~e MHO*HTenHj M- HeKOTOpa1i ~eKTHBHaR Macca 
HaweH ABYX4aCTH4HOH CHCTeMW; 

( - ~ -~ 

4 

All~ v+1 , 

Afl1i vi • 

/6/ 

) 

, J 

) 

B HaweM cny4ae ypaaHeHH1i /6/ npHBOA1iT K AH~epeHUHanbH~M ypas
HeHHR M: 

au i au I 
+ + J I i 2 j I 1 

---- + ---- +u+aj u + "' F+ / M ±D(Du a j u+ + D u +). 171 as 1 as 2 - - - - -

CKnaA~BaR ypaaHeHHR /7/, nony4aeM 

D v 1 -0 u 1 
• -

1-(F 1 + F 1 ) • F I / M 
e • 2M + - • /8/ 

a a 1 o =--+--+v a 1 , 
e as. as2 

i D 
8 

= u a 1 + Do. 

YpaeHeHHe /8/ BMeCTe c ypaeHeHHeM Henpep~BHOCTH /~/ npeAcTaa
nR~T C060H KOBapHaHTH~H aHanor OAH04aCTH4HOrO cny4aR I l l AnR 
ABYX4aCTH4HOH CHCTe~. 0TMeTHM, 4TO neBaR 4aCTb ypaBHeHH1i /8/ 
T04HO coanaAaeT c e~pa*eHHeM Af11i "ycKopeHHR11

, nony4eHH~M Ky~a 

po neTpOHH H BH*be l lO I Ha OCHOBe HeKOTOP~X npeAnono*eHHH B paM
KaX MaTeMant4eCKOro nOAXOAa HenbCOHa 1 21 H ry3ppa- PyA*M3PO 1 41• 

CeR3aHHaR napa HenHHeHH~x AH~epeHuHanbH~x ypaaHeHHH /5/ 
H /8/ MO*eT 6~Tb nHHeapHSO BaHa, ecnH MW nonO*HM 

v t = .!.. at¢>, 
m 

KaK H B npeAWAY~HX pa6oTaX 1 1•2•101 , rAe </>(X j ,s
1

,s 
2

) 
BaR ~YHKUH1i, OnpeAen1ieMa1i paBeHCT~OM 

J mc2 xi </> (X ,81's 2 ) = -
2
-(s 1 + 8 2 )+S( ). 

/9/ 

- ~aso-

/10/ 

Hcnonb3y1i BWpa*eHHR /36/ , /9/ H /10/, Ha OCHOBe ypaBHeHHH /~/ 
H /8/ MW nony4aeM ypaeHeHHe THna raMHnbTOHa-RKOOH l lO I 

(a 1 a 1 
- a 1 Sa 1 

S/ h - 2m 2 c 2/ h 2 ) R = 0 /11/ 

AflR ABYX4aCTH4HOH CHCTeMW B cny4ae, KOrAa OTCYTCTByeT BHeWHRR 
CHna, F 1

!!; 0. 3Aecb Mbl nono*HnH 

R =p ~ 
' 

D = 1i 
2m' 

• 

Hs ypaeHeHHR /11/ ewTeKaeT ypaeHeHHe Henpep~BHOCTH cneA~~ero 
BHAa: 

2a 1 R a 1 s + R a 1 a
1 s - o . 
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HaKOHe~, Mbl l-IMe eM cllOpMallbHOe ypaeHeHI-l e AflFI eenH4HHbl 1/1 ,. R cxp (iS/ h): 

( o - 2m 2c 2 /fl 2 ) !/J = 0 . /12/ 

B HepenfiTI-IBHCTCKOM npeAene ypaeHeHHe /12/ npHBOAHT K o6bi4HOMY 
ABYX4aCTH4HOMy ypaBHeHHIO UlpeAHHrepa AflFI 1/1 (x 1• X 2• t) c R(xl,x2,t) exp(iS/fi). 
KOTOpoe pacnaAaeTCFI Ha ABa ypaBHeHI-IFI: 

ap ... v ls ... v2s 
- + V

1
(P--) + V

2
(P--) = 0, at m m 

rAe 

p = R2 = 1/1 *1/1 • 
... 2 ... 2 as ( v 1S) (y2 s) 

--+---+ + Q = O. 
at m 

3AeCb 
h 2 2 2 

Q = - -( V 1R/ R +V 2R/ R ) 
2m 

- HeKOTOpbl~ noTeH~Hall, ~ ero 06b14HO Ha3b1BaiOT He/lOKa/lbHbiM KBaH
TOBbiM nOTeH~I-la/lOM ABYX Tell /C M., HanpHMep, 1 10 1

/. 

B saK/1104eHHe OTMeTI-IM, 4TO 4lH3H4eCKHe cneACTBH FI nony4eHHbiX 
BbiWe pe3yllbTaTOB 6blllH ofiCY*AeHbl B / 10 / 
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