
1 

06hBAMH8RH II 
MHCTMT YT 
RA8PHbJX 

MCC18AOB3HMM 

AY6Ha 

-( 

II g- g 0 

P2-80-342 

' B.B.HecTepeHKO 

.0 rEOMETPMqECKO~ MHTEPITPETAQHH ... 
c;, YP ABHEIUUI t /) w = e ~ - e -2 'of ,. ~ T,11 T .22 

· Haopaa11eHo B " Letters i n Mathemat ical Phys lcs11 

1980 



8 P.RAe pa6oT 1
1·5/ OTMe4anaCb CB.R3 b MeM<AY HeflHHeHHbiMH ypaa

HeHH.RMH, HHTerpHpyeMbiMH MeTOAOM 06paTHOH 3aAa4H pacce.RHH.R, 
H BHyTpeHHeH reOMeTpHeH noaepXHOCTeH eBKnHAOBa HflH nceBAOea
KnHAOBa npocTpaHcTaa. TaK, HanpHMep, ecnH nHHeHHbiH 3neMeHT Ha 
eBKnHAOBOH C<))epe t 2.., 1, f = r(u 1, U 2 ) B3.RT B BHAe 

ds 2 =- sin2 g (du1) 2 + cos 2--}(du 2) 2 , /1/ 

TO <l>YHKLIH.R O(u 1 , u2) A0flM<Ha YAOBneTBOp.RTb ypaBHeHHIO CHHyc-rop
AOHa 16 1 : 

0, 11 - (), 22 • sin 0. /2/ 

OpTOHOPMHpoaaHHbiH noABHM<HbiH 6aaHc Ha c<1>epe .. .. 
.. r,t .. r ,2 
e .. ---,0..--- , e - (} 1 

sin "'f 2 
cosT 

.,... 1 2 
o r (u ,u >, i = 1•2 

i)ul 
/3/ 

nOA4HH.ReTC.R ypaBHeHH.RM 
a .. 
ea 

"" j ;; "' 1,2; a, b "' 1 ,2,3 . /4/ 
-- z 
auJ ab b' 

rAe 
0,2 

-eini. -~ 0 0 0 2 2 2 

cul = 
0,2 

0 0 
"" I! -

(} ,l 
0 -<:OS 

0 /51 ab -2-
ab -y- . 

sini. 
2 

0 0 0 cosi. 
2 

0 

Hcnonb3y.R cnHHOpHoe npeACTaaneHHe rpynnbl apa~eHHH 0(3) H nepe
XOA.R K HOBbiM nepeMeHHbiM 

Mbl MOM<eM nOCTpOHTb Ha OCHOBe /4/ HOBble CnHHOPHble ypaBHeHH.R /?,8/: 
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a~ s J . 
-- = 1~ Olt(O;A)okc/1, J=1,2, 
auJ k=1 

171 

rAe c/1 = c/l(u 1,u2)- ABYXKOMnOHeHTHaJl Cni1HOpHaJl $yHKU11Jl, 

n ~ = ~ A_ cos : , A+ sin ~ , -20 ,2 ~ , 

n: = ~-,\ + cos : ' -,\-sin : ' -28.1 I. 1 
A± = (A ± "f" )/ 4, 

ok - MaTpHU~ naynl1. YcnOBI1Jl COBMeCTHOCTI1 ypaaHeHI1H /7/ AaOT 
ypaBHeHI1e CI1Hyc-ropAOHa /2/, a aeni1411HY A MO*HO paccMaTpHBaTb 
KaK cneKTpanbH~H napaMeTp 191 • 

PaccMOTPHM a¢¢HHHyO c¢epy a TpexMepHOM YHI1MOAYnRpHOM a$
$HHHOM npOCTpaHCTBe / 10·13/ , BBeAeM OCHOBH~e A11«tl¢epeHUHanbH~e 
«tllP~ 3ToH nosepXHOCTI1: nep ByO KBaApaTH4HyO 

2 . J 
<1> = ~ g IJ du 

1 
du /8/ 

l,j "'1 

11 BTOpyC Ky6H4eCKyO «tllPMY 

2 I j k 
IV = ~ T !Jit du du du • 

l,j,lt = 1 
191 

TeH30p~ glj 11 T ijk CHMMeTpi14H~ no CB011M HHAeKCaM 11 CBJl3aH~ 

COOTHOWeHI1eM anOnJlpHOCTH: 

ij 
g T IJk"' 0 . /10/ 

Ha a¢¢11HHOH noeepxHOCTI1 ~u 1,u 2) nOABH*H~H TpexrpaHHHK 
o6pa3oBaH ABYMJl KaCaTenbH~MI1 BeKTOpaMH r 1 (u 1, u 2) 11 t 2 (u 1 • u 2) 

.. 1 2 , • 
11 a$$HHHOH HOPManbo N(u ,u ) . H3MeHeHI1e 3Toro TpexrpaHHI1Ka 
np~o~ ero ABH*eHI111 no nosepXHOCTH on11c~ saeT CJl ypaeHeHI1JlMI1 raycca: 

.... 8 4 ... 

V . r I .. T 1. r + g lj N J • J , 8 
/11/ 

"' BeHHrapTeHa: 

~ 8 .. 
N 

1 
= A 

1 
r • I 12/ , ,s 

noAHJlTI1e 11 onycKaHHe 11HAeKCOB npOI13BOAI1TCR C nOM~bO TeH30pa 
g IJ ; V j 03Ha4aeT KOBapl1aHTHOe A11$«tlepeHUHPOBaHHe no 0THO-
WeHI10 K TeH30py g lj ; eeni1411Hbl A IJ onpeAenJlOTCR «tllpMyno.:i 

8 
A IJ = V s T IJ - H g iJ , /13/ 

rAe 2H =-A~ . 

2 

,. 

CornacHo TeopeMe PoAOHa 1 1 21 AH¢¢epeHU11anbH~e «tllP~ /8/ 11 /9/, 
CBJl3aHH~e COOTHOWeHI1eM anonJlpHOCTI1 /10/, OnpeAenROT nOBepx
HOCTb C T04HOCTbO AO YHI1MOAYnRpH~X a«tl¢11HH~X npeo6pa3oBaHI1H, 
ecn11 B~nonHeH~ ycnOBI1Jl COBMe CTHOCTI1 ypasHeHI1H /11/ 11 /12/ . 

A¢¢11HHaJl c«tlepa aaAaeTcR ycnOBI1JlMI1 / 18/ 

H = const , K "' det II A : II = H 
2 

. /14/ 

8~6epeM Ha C$epe 1130MeTPI14eCKy~ CI1CTeMy KOOPA11HaT, B KOTOPOH 

gu=-g22=e <~> , g 12"' 0. /15/ 

Ha ycnOBI1H anonJlpHOCTH /10/ cneAYeT, 4TO ace KOMnoHeHT~ TeH
aopa T ljk B~Pa*aOTCJl 4epe3 ABe aeni1411H~ , KOTOp~e M~ o603Ha-
4HM 1.1epea A 11 B : 

T111 =T221=A, T 222=T 112 • B. /16/ 

AnJl HaWI1X ueneH HaM 6yAeT AOCTaT04HO C411TaTb A 11 8 KOHCTaHTaMI1: 

B11A 

rAe 

1 1 A= 2 , 8=0, H =- 2 ' 

B paccMaTpl1eaeMOM cny1.1ae ypaeHeHI1R /10/ 11 /11/ npi1HI1MaoT 

iJ 
au j 

n 1= 

n2 .. 

u:) o' ( 
¢> 

, 1 ~+A+ e~ 

<1>,2 
-2- A e~ 

A+ e -2</> 

~-A e~ 
2 

<1>, 1 A e-4> 
-2-+ + 

.. 
r, 1

) 

~·2 • 

<~>, 2 · ~-2-- + A_ e ~ 

<1>,1 
--2- -A e~ 

-A_e -2¢ 

¢ 1 ---J. 
~ -A e~ 

2 + 

<1>,2 
-2-+A e ~ 

-A e - 2¢ A e - 2¢ 
- + 

1 1 
A± = 4 (A ± T). 

/17/ 

e<l> 

0 

0 

I 
/18/ 

I 

0 

-e ¢> 

0 
I 
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B ypaeHeH~Rx /17/ y~e coeepweHa 3aMeHa /6/, a pe3ynbTaTe 4ero 
B MaTp~u~ nJ B /18/ Bowen cneKTpaflbH~~ napaMeTp A, Ycnoe~e 
COBMeCTHOCT~ AflR /17/ 

n 1 -n 2 -rn 2 n 1 1 ,2 t 1 ' t 
/19/ 

KaK HeTPYAHO npoeep~Tb, AaeT 

¢, 11- ¢, 
22 

= e ¢ - e -P4>. /20/ 

B pa6oTe 1141 AflR 3Toro ypaeHeH~A 6~no nocTpoeHo npeACTaene
H~e naKCa B MaTp~uax 3x3 MeTOAOM, 0Tfl~4H~M OT npeAflO~eHHOrO 
3AeCb. nnR COOTBeTCTBY~~e~ AByMepHO~ noneBO~ TeOp~~ 6~na Ha~

AeHa T04HaA S -MaTp~ua 115! YpaaHeHI1e /20/ paccMaTp~eanocb TaK
~e e pa6oTax 1 16,171 • 

noH~311Tb pa3MepHOCTb MaTp~4HWX ypaBHeHH~ /17/ aHanori14H0 
TOMy, KaK 3TO 6~n0 CAeflaHO B~We AflA ypaSHeH~R CI1Hyc-ropAOHa 
/nepeXOA OT /4/ K /7//, Henb3R, TaK KaK rpynna YH~MOAYflAPH~X 
a~~HH~X npeo6pa30BaH~H B TpeXMepHOM a~HHOM npOCTpaHCTBe 
He HMeeT MaTp~4H~X npeACTaeneH~H MeHbWe~ pa3MepHOCT~, 4eM Tp~. 

B 3aKn~4eH~e OTMeTHM cneAY~ee: e reoMeTpH~ a~~HHOH c~e~ 
HMeeT MeCTO o6~ee ypaeHeHHe: 

olnJ "'6(H+J), /21/ 

rAe o - Koeap~aHTH~~ onepaTOP nannaca-6enbTpaMI1 AnA TeH30pa 

g lj ; J ~ ~ T ljk T ljk - HHBapHaHT n11Ka. HeTPYAHO npoeepi1Tb' 

4TO B 1130MeTp~4eCKOH CHCTeMe KOOPA~HaT /15/ ypaBHeHI1e /21/ 
CBOAHTCR K /20/. Ecn~ ~e B3ATb APyry~ C~CTeMy KOOPAHHaT Ha 
a~~HHOH C~epe, TO ~3 /21/ nony411M HOBOe ypaBHeHHe, 0Tfli14HOe 
OT /20/. ~ AflA 3TOrO ypaBHeH~A H3flO~eHH~M B~We MeTOAOM MO~HO 
6yAeT nOCTp011Tb npeACTaaneHHe naKca B MaTp114aX 3x3. 
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