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BBEAEHHE 

0AHoH H3 xapaKTepH~X Oco6eHHOCTeH KBaHTOBOMeXaHH4eCKHX 3aAa4 
CO CKP~TOH CHMMeTpHeH ~Bn~eTC~ pa3AeneHHe nepeMeHH~X B ypaeHe
HHH WpeAHHrepa a HecKonbKHX cHcTeMax KOOPAHHaT. B peaynbTaTe 
B03HHKaeT HeCKOnbKO anbTepHaTHBH~X Ha6opOB BOnHOB~X ~YHK~HH. 
Ka*A~H 1-13 3THX Ha6opOB YA06eH B TOM HnH APYrOM KOHKpeTHOM cny-
4ae, H n03TOMy HY*HO yMeTb nepeXOAHTb OT OAHOrO Ha6opa K APY
rOMy. 

B cny4ae KynoHoecKoro non~ * nepeMeHH~e a ypaeHeHHH WpeAHH
repa pa3Aen~~TC~ 8 HeCKOnbKHX CHCTeMaX KOOPAHHaT / l / , 8 TOM 4HC
ne a napa6onH4eCKOH 1-1 c~epH4eCKOH. B AanbHei1weM Hac 6YAYT HHTe
pecoeaTb nocneAHHe ABe CHCTeM~. napa6onH4eCKHe eonHoe~e ¢YHK
~"'"' RBnR~TC~ C06CTBeHH~MH ~YHK~H~MH raMHnbTOHHaHa H Z -npOeK~HH 
onepaTopa MOMeHTa 1-1 eeKTopa PyHre-neH~a. a c¢epH4eCKHe onH
c~ea~T COCTORHHR C AaHH~M 3Ha4eHHeM 3HeprHH, Op6HTanbHOrO MO
MeHTa H a3HMyTanbHOrO KBaHTOBOrO 4HCna. 8 3TOM CM~Cne HMe~TC~ 
ABa Ha6opa, H npH AaHH~X E H mAn~ Ka*AOH H3 BOnHOB~X ~YHK~HH 
OAHOrO Ha6opa BTOpOH Ha6op cny*HT 6a3HCOM, nO KOTOpOMy OHa 
MO*eT 6~Tb paano*eHa. Paano*eHHe napa6onH4eCKHX eonHoe~x ~YHK
~Hi1 no c~epH4eCKOMY 6a3HCY Mbl 6yAeM Ha3~BaTb "np~MbiM11 npeo6pa-
30BaHHeM, pa3nO*eHHe C¢ePH4eCKHX BOnHOB~X ~yHX~HH no napa6onH-
4eCKOMy 6a3HCy- "o6paTH~M11 1 a K03<M!H~HeHT~ 3THX npeo6pa3oea
HHH - TpaHc~pMa~HOHH~MH K03¢¢H~HeHTaMH. 

TpaHc~pMa~HOHH~e K03¢¢H~HeHT~, ce~a~ea~He napa6onH4eCKHe 
H C~epH4eCKHe KynOHOBCKHe BOnHO~e ~YHK~HH AHCKpeTHOrO cneKTpa, 
6~nH e~4HcneH~ e pa6oTax 12·4/ . 

B pa6oTe 151 6~n paccMOTpeH PRA eonpocoe, ce~aaHH~x co CKp~
Toi1 CHMMeTpHeH 8 KynOHOBCKOM none H, 8 4aCTHOCTH, noKa3aHO, 
4TO a cny4ae pacce~HH~, KOrAa a Ka4ecTee napa6onH4ecKoi1 eonHo
eoi:1 ~YHK~HH B~6HpaeTCR pe3ep~pAOBCKaR BOnHOBa~ ~YHK~H~, TpaHc
~pMa~HOHH~e K03¢¢H~HeHT~ e~pa*a~TCR 4epea K03<M!H~HeHT~ Kne6-
wa-ropAaHa An~ o6o6uteHH~x "npeACTaeneHHH" rpynn~ SU(2), OTee-
4a~Hx OnpeAeneHH~M KOMnneKC~~M 3Ha4eHHRM Op6HTanbHOrO MOMeHTa**. 

*8 AanbHeHWeM HMeeTC~ 8 BHAY KynOHOBCKOe none npHTR*eHH~. 
Bee pe3ynbTaT~ 3anHC~Ba~TCR 8 KynOHOBCKOH CHCTeMe eAHHH~. 

**3aAa4a 0 8~4HCneHHH TpaHC~pMa~HOHH~X K03¢¢H~HeHTOB, Onpe
AenR~utHX npeo6pa30BaHHR Me*AY pa3nH4H~MH Ha6opaMH BOnHOB~X 
~YHK~HH, paccMaTpHeanacb H AfiR APYrHx KBaHToe~x CHCTeM, HaAe
neHH~x AHHaMH4eCKOH CHMMeTpHei:1 /6~/ . 
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B H8CTOA~eH CTaTbe pewaeTCA 3aAa4a o pasno*eHHH npOH3BOnb
HO~ /T.e. He 06A38 TenbHO pesep¢opAOBCKO~/ napa6onH4eCKO~ Ky
nOHOBCKOH BOnHOBOH ¢YHK~HH Henpep~BHOrO cneKTpa no COOT BeTCT
By~eMy C¢epH4eCKOMy 6a3HCy. npH T8KOH nOCT8HOBKe BOnpoca 
npHo6peTaeT CM~ cn H o6paTHoe npeo6pasoeaHHe. nony4eH~ ABa 
3KBHeaneHTH~x e~pa*eHHA AnA TpaHc¢opMa~HOHH~X K03¢¢H~HeHToe. 
nepeoe H3 HHX YA06HO npH KOHKpeTH~X 8~4HCneHHAX, BTOpoe OT
pa*aeT AHH8MH4eCKy~ CHMMeTpH~ KynOHOBCKOrO nOnA B Henpep~BHOM 
cneKTpe . noKa3aHo, 4TO TpaHc¢opMa~HOHH~e K03¢¢H~HeHT~ n pAMoro 
H o6paTHOrO npeo6pa30BaHHH npH noAXOAA~eM B~6ope ¢a3 BOnHOB~X 
¢YHK~HH ee~eCTBeHH~ H coenaAa~T. KaK npAMOe, TaK H o6pa THOe 
npeo6pa30B8HHA npH 8HanHTH4eCKOM npOAOn*eHHH nepeXOAAT B aHa
nOrH4H~e COOTHOWeHHA B AHCKpeTHOM cneKTpe. 

-- §1. B~4HCnEHHE TPAHC¢0PHAUHOHH~X K03¢¢HUHEHTOB 

B Henpep~BHOM cneKTpe op6HTanbH~H MOMeHT f npo6eraeT a ce 
~en04HCneHH~e 3Ha4eHHA, OrpaHH4eHH~e CHH3y HepaeeHCTBOM f >lm l. 
8 COOTBeTCTBHH C 3THM npAMOe npeo6pa30B8HHe HMeeT BHA -

.... t 
'l'k{J <e,TJ,¢) .. I w~~.13m 'l'._t (r, O,¢). 

m f= lml ~ m /I/ 

napaMeTp f3 ABnAeTcA co6cTBeHH~M 3Ha4eHHeM onepaTopa ~ A z , 
rAe Az- npoeK~H.R eeKTopa PyHre-fleH~a 

~ r 1 ~ ~ ~~ 
A = VI- 2 ([ p f ] - [t p ]) • 

KOMMYTHpy~aA C raMHnbTOHHaHOM H Z -npOeK~HeH Op6HTanbHOrO 
MOMeHTa. na paMeTp f3 HMeeT TaK*e CM~Cn KOHCT8HT~ P83AeneHHA 
e napa6onH4eCKHX KOOPAHHaTax 5 . BenH4HHa k onpeAenAeTcA KaK 
k = y2E, a BOnHOB~e ¢YHK~HH nOA4HHeHW YCnOBH.RM HOpMHPOBKH: 

l 

f'P k{3 ( e, !J, ¢) 'P * '{3' J ~ !J, ¢) dV = 2mS (k - k ')8 (f3-f3 ')o , , 
m k m mm 

f 'l'kfm(r ,0, cp) 'Pk'f'm,(r , 0, cp)dV = 2rro(k-k')off' o mm' 

H HMeOT BHA 

im¢ 
'P k{3m <e. TJ, ¢) , c~f3 f :{3<e>r k~-{3 (TJ)~ 

5 
npH peweHHH ypa eHeHHA WpeAHH repa B napa6onH4eCKHX KOOPAH- 0 

HaTaX /10/ 803HHKaOT ABe KOHCTaHT~ P83AeneHH.R, f3t H {3
2

, CBA-
38HH~e COOTHOWeHHeM f3 t + f3 2 = 1 0 napaMeTp~ {3 1 H {3 2 B~P8*80TCA 
4epes f3 cneAY~HM o6paaoM: f3 1='1a+f3, {3~Ya - {3. 

2 

m (-iu)ml/2 lh / 2F( lml + 1 - _i_ - !l!...; lml + 1; -ikx), 
t t f3 (x) = lml! e 2 2k It 

/Ia/ 

cm .. 11mlv' 1t rr/2klr<lml+ 1 __ i __ ..!§_>nlml+ 1 __ i_ ~>I 
k{J " e --r-- 2k It 2 2k + It ' 

11\t m(r' 0• ¢) .. N kf R kf (r) Y fm (O, ¢) • 

(-.2ikr) t 
/16/ 

Rke (r).. e 1kr F(f+1-i/k;2t+2; -2ikr), 
(22 + 1) ! 

Nkf •=if 2ke"12t ll\f+1-1/k)l. 

HopMHDOB04HaA nocTOAHHa.R C tf3 a3ATa H3 pafioT / 11 , 121, a c¢epH-
4eCKaA ¢YHK~HA e~6paHa 8 BHAe 1 131 

m- Imi im¢ 1 1 f-lml 
y (0,¢)=(-1) 2 e v'2f +1 (f+lml)! (sinO)-m d (cos20-tl, 

fm 2ft! 4w ( t- lml)l (dcoso)f-lml 
YMHO*H M o6e 48CTH npeo6pa3o8aHHA I 1 I Ha Y tm (0, ¢) H npoHHTer
pHpyeM no TenecHOMY yrny. Aanee , npeACTa BHM 8WDO*AeHHwe rHnep
reoMeTpH4eCKHe ¢YHK~HH, 8XOAA~e 8 napa6onH4eCKyO 80nHOBy~ 
¢YHK~H~ , 8 BHAe PAAOB 

0 0 oo (a ) a z 8 r<a + s) 
F (a , f3 , z) = I -({3) -

1
- , (a ) 

8 
• --=-----

8 =0 8 8. 

H nepeHAeM OT n apa60nH4eCKHX KOOPAHH8T 
BMeCTO npeo6pa30BaHHA /1/ 6yAeM HMeTb 

fm 
W k{J F( f + 1-1/k; 2f +2; -2ikr ) .. 

m c .. R ... ... ~~ 

K c¢epH4eCKHM. TorAa 

(2t + 1) I 

= 2f (lmll) 2 
--=.t:.. I I 
Nkf s=O t = O (lml + 1) 8 <lml+l) 1 81 t! 

rAe 

s+ lml 
2 om¢ 

(1 +cosO) Ytm (0,¢)e 1 dO, 
fro 1 t+~l 

Q 1 = -=- J(l -cosO) 
8 y 2w 

v = lml + 1 _ .!_ (.!... + {3), 
2 It 2 

u ~ lm I + 1 _ .!_ (.!.._ _ {3). 
2 k 2 

nocneAOBaTenbHoe HHTerpHp088HHe no 48CTAM y6e*AaeT 8 TOM, 
4TO C fm OTnH4HO OT HynA TOnbKO npH yCnOBHH 8 + t + lml - f > 0 

at -
H n03TOMY a ce 4neH~ PAA8 COAeP*aT r 8 HeOTPH~aTenbHoH CTe-
neHH, TaK 4TO e npeAene , KOrAa r .. O, nony4HM 
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Wfm_ (2f+ l) ! e:f3 fi ml (v)s (U)f- l ml -s 

1tf3 - 2i Clml !)2 Nltf 8 • 0 Clml+1) s Clml+1)f -1 ml-s 

f m 

tm I 
Qs,t- lm-s . /2/ 
s! ( t - lml -s) 1 

HHTerpan Q st npH t "' f - lml-s nepeXOAHT e 3aMKHyToe ewpaiKeHHe 
~ m- Imi 

fm L-a+ 2 2t+ t f1 2f 1 
Q • 1 1 = (- 1) · v + (f + lml)! (f - ImP ! 

s, r.- m -s (2f + 1)! 2 
noACTaBnRR ero e 4lOPMyny /2/ H y4HTb1BaR ecnoMoraTenbHble paeeH-
CTBa 

8 (u)f- l ml 
( ) = ( - 1) • ) 
u t- lml-s (1 +lml - t -u 

f ! 
Cl ml +1) t- l ml - a .. (-1) 8 

I mit(- t) 8 

Cf- lml -8) ! =(-l )a ( f- lml>! 

(-l + lml> a 

a TaKlKe cpaBHH BaR nony4eHHWH pesynbTaT c onpeAeneHHeM 

F Sa, {3, y I z ~ = I (a ) n ({3) n (y) n 

_ S 2 ~ o, B S n = O (u) (B) 
npHXOAHM K BbiBOAY, 4TO 0 0 

zn 

n! 

f + m-Imi em 
wfm = (-1) 2 ~ _2_ v 2f + 1 (f + lmpt .x 

1tf3 Nkf lmlt 2 (f- lm!}! 

t 
v, - t, - f + lml 

11 
~ 

x (u) F S • 
f- l ml s 2 lml+1, 1+ 1ml-f-u 

Me>KAY o6o6UieHHbiMH rHnepreoMeTpH4eCKHMH ~YHK~HRMH 
3

F 
2 

npH 
Z = 1 HMeeT MeCTO COOTHOWeHHe 1141 

F ~ 8, s',-N j l ~ = (t+8)N F ~ s,t'-s',-N i l ~ , 
3 2 ~ t', 1-N - t ~ {t)N 3 2 ~ t', t+s ~ 

nonb3YRCb KOTOpbiM nony4HM 

4 

t m-Imi em 
w fm : (-1) +- 2- ...21!_ _2- v 2 f + 1 

k{3 N kf lmlt 2 
(f +lml)! 

(f - lml} ! 
X 

lml +1 i 1 
r (f+ 1-i/k) ~ ----(- +{3). - f+lml. f+ lml +1 I 

X F 2 k 2 1 1 
r (J ml+ l-1/k) 3 2 

lm I + 1 , lml + 1 - i/k 

/3/ 

/ 4/ 

naA4epKHeM, 4TO AO CHX nap MW He nonb30BanHCb RBHWM BHAOM 
HOPMHPOB04HWX nocTORHHWX e ~~ H N kf · B 3TOM CMwcne 4lQpMyna 
/4/ cnpaBeAnHBa npH nofiOM cnoco6e HOpMHPOBKH BOnHOBbiX ~YHK~HH. 
B npHHRTOH HaMH HOPMHPOBKe 

m-lml iB l f'< lml +l _ _ 1_ -~)['(lm l + l __ i_+~)l 
fm 2 if +I ml e f 2 2k k 2 2k k 

W k{3 =(-1) -- X 

y'2771t lml ! 1\lml +1 -i/k) /5/ 

(2f+1)(f+lmi)! \ lmk+1 -~ <t + f3),f+lml+1, -f+ lml I 
x V sF 2 11 , 

(f- lml)! lm+ 1, lml+1-1/k 
rAe Bf - KynoHoecKaR ~a3a pacceRHHR, 

Be = argr(f +1 -ilk). 

§2. CBR3b TPAHC~OPMAUHOHH~X K03~HUHEHTOB 
C K03~HUHEHTAMH KflE6WA-rOPAAHA 

fm 
TpaHc¢opMa~HOHHwe K03~~HeHTW ~ MoryT 6b1Tb ewpaiKeHw 

TaKlKe 4epe3 K03~~HeHTW Krlefua-fOpA:ea, npOAOnllleHHWe no CBOHM 
HHAeKCaM 8 KOMnneKCHy~ o6naCTb. Bocnonb3yeMCR CneAY~eH ¢QpMy
noH, c aR3biBa~eH K03~tiHeHTW Kne6wa-ropAaHa c o6o6111eHHoH rHnep
reoMeTPH4e CKOH ~YHK~~iea:i sF 2 OT eAHHH4Haro apryMeHTa113/ : 

Y a:-G (a+a)t(c+y)I(2C+1) e C R. =(-1) B t:1 V X 

aa, b,_, y,a +,.., (a.-a) t(b-{3) !(b+tl)t(c-y) t(a+b+c+1) l(a+k) !(a-b+c) !0>-a+c) ! 

( b-)l(b -)1 F ~ . -a-b-c-1,-a + a, -c+y l 1 ~ . X &+ y . +C a . S 2 
-a-b + y, -b-c+a 

CornacHO /3/ npH 

N=c-y, t'=-a-b+y, t .. b +y-a +1, 

8 =-a+a, s'=-a -b-1 -c 

cnpaaeAnH BO paaeHCTBO 

F ~ -a-b-c - 1, -a +a, -c+y ~ (l>-&+e) I (b+ {3) I 1-a+a, C+y+1,-0+y I 
3 2 11 "' sF 11 · -a-b+y, -b-c+a (b-a+y)l {b +e-a)l 2 y -a-b,b-a+y+1 

0TC~Aa 

e cy = (- 1)a-a B V (2c+l)(l>-&+C)I{&+a)l(b+f3) 1(c+y) l x 
.aa, b{J y,a+f3 

(a-a)t(b-,s) !(c-y)l (&+b-e) 1 (a- b+e) I (a+ b+C+ 1) ! 

X 3 F2 
(&+b-y )l t -a+a, C+ y +1, -c +y 

(b-a+y)t y-a-b, b-a+ y + l 
1 1~. 
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noAcraen~~ e nocneAH~~ ¢opMyny 

c ~ f • 
a - b .. 

Y ~ lml • 

a = 

{3= 

JmJ +V -u 
2 

JmJ + u- v 
2 

H cpaeHHBa~ peaynbrar c /4/, HaXOAHM, 4TO 
m-Imi rn -------------

W~~ ~ (-l)v + -e-...;2 CkfJ v I 'O-v)r(l-u)f(f+l+i/k) 

Nkp r (JmJ+ l -v) r<lml+l -u) r'(i/k- f) 

C P, Jml 
x l ml -u - v lml +v-u .lml - u-v lml +u-v 

2 • 2 . 2 • 2 
Boc nonb3oea ewH c b Aan ee c eo~cTBOM / 131 

C cy ,. (-l ) a+b- cC cy 
aa, b{1 b{:J, aa 

nony4HM m+lml_ u-f 

X 

f 2 
wk~ ~<-1) 

...;"2c~1~ f<l-u ) f'(l - v)f(f +l+ i/k) 
_ ____:.::__...; '< 

Nkf r (JmJ+1-v) I' (jmJ+ 1-u)l'{i/k- f) 

r . l ml 
v Ciml -u- v 

2 

l ml+ u- v 

2 

lml -u- v 

2 

l ml+v -u 

2 

/6/ 

B pa6or e 
12

' 6 blno noKa 3aHo, 4TO e AHCKpeTHOM cneKrpe 3aAa4a 
0 HaXO~AeHHH npRMOrO npeo6pa3o BaH~~ C80AHTC~ K o0bi4HO~ npo~eAY
pe CnO~eHH~ A8YX MOMeHT08 ~ nOTOMy TpaHC¢opMaUHOHHble K03~H
u~eHTbl COBnaAa~T C COOT8eTCTBy~~M~ K03~¢HUHeHTaMH Kne6wa-rop
AaHa, ~opMyna /6/ o6o6~aer nocneAH~H peaynbTar Ha HenpepbiBHbiH 
CneKTp, rAe CaMH MOMeHTbl KOMnneKCHbl. AHanorH4Hbl~ ¢opMyne /6/ 
peaynbrar An~ peaep¢oPA08CKoro cny4a.R 6bln nony4eH 8 pa6ore 1 51 • 

§3. 0 6PATHOE n PE06PA30BAHHE 

napaMe Tp {~, 8006~e r080 PR, MO~eT npHHHMaT b H KOMnneKCHble 
3Ha4eHHR. HanpHMe p , AnA peaep¢oPA08CKOH eon H08oH ~YHKUHH 
{3~ 1/2- ik/ 2 . no3TOMy 3a8eAOMO He.RCHO, no KaKHM {:J cneAyeT HH
TerpHp0 8aTb 8 o6pa r HOM npeo6paaoeaHHH *. 

Pacc MOTpHM HHr e rpa n 

Q fl', ~ t W :~ W ~;• dfL --
5

Mb1 He 6yAeM 06CY*AaTb 3AeCb npo6neMy HOPMHP08KH 80nHOBbiX 
~YHK~H~ npH KOMnneKCHbiX (3. OrMeTHM TOnbKO, 4TO AnR pesep¢oPAOB
CKoro Cny4a.R {3 - f3'=(k - k')/ 2i H n03 TOMy 8 ycnOBHH HOPMHpOBKH 
AOCTaT04HO ~MeTb 8 -~yHKUHIO OT pa3HOCTH k-k '. 
6 

1 

' J 
) 

noACTaBHM 8 Hero BMeCTO W~# 8blpa~eHHe /5/ ~ nepe~AeM OT 
o6o6~eHHOH rHnepreOMeTpH4eCKO~ ~YHKUHH 3F2 K KOHe4HO~ CYMMe , 
4epe3 KoropyiO OHa 8blpa~aer c.R. TorAa, a a MeHRR TaK~e fJ Ha 

z ~ ...lf1__, nony4HM 
k 

Qff' ~ _1 ___ 1 _...; (2f+1)(2 f'+l )(f+ lm!>l(f '+J ml>t 

2nic (J mJ!)2 <e- JmJ)t (f'- lmJ)t 

/ (-t/' e i (8f-Sp·) x 

l '(Jml+l -i/k)rqml+1+i / k) 

f'-l ml 
X I 

s~o 

f-lml 1 1 (f'+lml+1)
8 

{- f'+l m!>
8 I------- --

t=o s! t ! <l ml +1)
8 

(Jml+ 1+i/k)
8 

( f + lml+ 1) 1 (- f + JmJ)
1 ----"---~B St ' 

(Jml +1) 1 ( Jml+ l- i/k)
1 rAe 

( . too ( lml+1 i JmJ+1 i B = -lk) f r --+- +S+ Z) f( - - +t-z) X 
8 t -loo 2 2k 2 2k 

X f'( l.!!!1..:t!. + ...!_ - Z) I'( l.!!!1..:t!. - _ i_ -+ Z) dz . 
2 2k 2 2k 

CornacHo neMMe 6apHca l l &/ 

1 too 
- f H a+s) H{3+s) r(y-s) r<o -s)ds = r<a+ylr(a +8) r<B+ r) r<8+8) 
2tri_loo na +f3 +y+8) • 

ecnH noniOCbl 8blpa~eH~R r<y-s) r<o-s) ne*ar cnpa8a or nyr~ HHTerp~
po8aH~R , a noniOcbl 8blpa~eHHR r<a + s) r ({3 +8) - cneea, npH4eM H~ 
OA~H H3 noniOCOB nepeo~ C080KynHOCT~ He C08naAaeT HH C OAHHM 
noniOCOM 8TOPO~ C080KynHOCT~. 8 HaWeM Cny4ae Tpe6o8aHHR 3TOH 
neMMbl co6niOAaiOTCR , H n03TOMy 

Qff' ., if (-i{et(op-Of')v (2f+1)(2t'+1Xf+lml)!(f'+lml)! x 

(2lml -+ 1) ! (f '-lmJ)I (f -lmJ)! 

f'-l ml 1 <f'+!mJ+t) 8 (- f+ lmi)8 f-lml 1 (f + lml -+1) 
1 
(-f+lmP (J ml+1-+-s) 

X ! - I -- t t 

s~os! (2l rnl +2) 8 t :o O t! (JmJd)
1

(2Jml+2+8)
1 

-. 

Bo cnonbayeMCR renepb reope MOH 3aan bwl0rua 1 161 

;; _l_ (a)P(b)P{-n)P = (o-a)
0

(c-b)
0 

P-op! (c) ( l+a+k-n ) (c) (c -a-b) 
p p n n 

noAcTa8nRR CIOAa 

a = ( + lml + 1 , 

b ~ lmJ+ l + 8, 
nony'*1M 

n • f - lml, 

c "' 2 Im I + 2 + s, 

f- lml 1 
I -

'"' 0 t ! 

( f+lml +l)r (-l+JmJ) 1 <Jml +l +s>t c (-i+J ml +l+s) f-lmf lml +l )t- lml 

<!m I + t) 1 (2Im! +2+s), <21ml +2+s>t- lml <- ot-l ml 
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B pesyllbTaTe Qft' npHo6peTaeT BHA 

QU'. (-l)lm~-i)t+l'et(cSf-Of')v' (U +1)(2f+l )( f+l mJ)! ( f '+ lmi)t x 

(f +lml+ l) l <f-lml)l(f'- lml}l 

x f~ml (f'+lmJ+1) 8 (-f'+Jml)8 

s=O (f+lml+2)
8 

f'(s+Jml+1- () 

TaK KaK Bmu• f'-lml, TO npH t '< lt,Ailfl 8cex s cnpa8eAJ1H80 Hepa
eeHCT80 B+ lmJ+I-f $.0H n03TOMy Q =0. 3TOT peSyllbTaT OCTaetl~fl 
8epHWM H npH l'> f, TaK KaK nepBOHa~allbHOe 8Wpa*eHHe Allfl Q 
CHMMeTpH~HO OTHOCHTellbHO SaMeHW f ~f', npH f=f' 8 CyMMe nO 8 

HY*HO y~HTW8aTb llHWb nocneAHHH 411eH c s•t'- lml . IlerKo y6eAHTb
Cfl, ~To Q ft' - 1. TaKHM o6pa3oM, 

.. fm f'm• 
. . f w t./3 w t./3 d/3 - 8 tt , • 17 I -

,3aMeTHM e~e, ~TO ~pMy~a /3/ no3B011fleT y6eAHTbCfl 8 B~eCTBeH
HOCTH K03~H~HeHTOB W p , TaK ~TO 8 /7 I MO*HO H He nHcaTb 
KOMnneKCHOrO COnpfl*eHH~. 

TorAa Allfl o6paTHOro npeo6pasoeaHHfl HMeeM: 
.. t 

'P kfm (r, O, rp ) = -~ W kif¥ k/3m ({, "'• cp)d/3' 18! 

rAe HHTerpHp08aHHe 8eAeTCfl no ae~eCT8eHHoM OCH. 

§4. nEPEXOn K nHCKPETHOMY CnEKTPY 

noKa*eM, ~TO ~PMY11W /1/ H /8/ nepeXOAfiT 8 H38eCTHWe pe-
3YilbTaTW AHCKpeTHOrO CneKTpa / 2 / , noACTaBHM /la/, / 16/ H /4/ 
8 npeo6pasoeaHHe /1/ H n~pei':1AeM K npeAenY 

-- i 
k ~ iJkl · h/2IEI • -, 

n 
.1!!!1.±.!. - J... (.!.. + f3 ) .. - n.. .l.!!!1..!1. - 1.. (.!.. - f3 ) .. - n 

2 It 2 ·-r 2 It 2 2 ' 
rAe Dt H n 2 - ~e11we HeOTpH~aTeJlbHWe ~HCila H 0 =n

1
+n

2
+ 1mJ + 1. 

TorAa, y~HTWBafl pa8eHCTBO 

_r_( _t+_1_-_n.:....) -<- 1/- l ml r<n-lml> 
I\lm I + 1-n) f' (n- t) 

H nepeXOAfl K HOPMHP08aHHWM BOilHOBWM ~YHK~HfiM AHCKpeTHOrO cneKT
pa 

lji ( f, 'f7,cp)•y'2 v' Cnt +lmj)l (n2 +lm l>l (e/nYml/2 ('f// n)l ml/2 x 
0

t
0 2l ml n 2 n 11n 21 lml l Jml! /9/ 

-<{+'f/}/2n e1m¢ 
xe ---==: F (-n1 ;lml +1; {In) F(-n 2 ;lml +1; 'f// n) , 

y'2rt 

• 

f .p (r, O, rp) =~ v' (n + 0 ! (2r/ n) e -r/ n 
X 

nfm n2 (n-f-1} ! (2f +1}1 /10/ 

x F ( -n + f + l; 2f+2;2r/ n}Yfm (O, rp), 

nony~HM 

- n-1 -fm -
'P (e_ TJ, ¢) : :£ W IJinfm (r, 0, ¢) ' 

0 1°2 m f=lrn l 0 1°2 
/11/ 

rAe 
m+lml 

- lm ~n-lml-1) ! t (2t+l}(f +J ml)(n 1 +Jmj)! (n 2 + lm I) I ~ ~ 
W ~ (-1} s · X 

0
1°2 lml! (n + f)! n 1! n2 1(f-jmj)!(n-f-1) ! /12/ 

~ - f+ lml ,f+lml+l. -n t 
X F I . ll • 

3 2 ml +1, lml +l-n 
m+ lrnl 

t ---
Ko3~H~HeHTW W n~n 

2 
c TO~HOCTbiO AO MHO*HTellR C-1) 2 co8na-

AaiOT C TeMH, KOTOpwe npHBeAeHW B pa60Te / 3 / . 3 Ta pa3HH~a 06yC1108-
11eHa TeM, ~TO C~epH~eCKHe ~YHK~HH, HCnollb3yeMble 8 pa6oTe / 3 / , 

OTilH~aiOTCfl OT HaWHX ~a308WM MHO*HTeJleM. 
AHanorH~HWM o6pa30M nerKo noKa3aTb, 4TO e npeAene AHCKpeT

Horo cneKTpa npeo6pa30BaHHe /6/ npHHHMaeT 8HA /11/ c K03~H-
~HeHTOM n _ f+ rn-1 rn1 

- tm 2 2 c e, 1 rnl 
W • (-1) n- 1 l ml+nt-n2 n-1 lrnl+n:rnt • DJD2 · -2-, 2 . - 2- , 2 

PaCCMOTpHM Tenepb o6paTHOe npeo6pa308aHHe /8/. nepeXOAfl OT 
nepeMeHHOH HHTerpHp08aHHfl {3 K 

z = _ I m I + 1 + i..<.!.. + f3 >. 
2 k 2 

nony~HM 
1-li t I 

- E - T+k' ~ ~ 'P (r (} -J.. ) _ kfrn 1 f -f+lml, f+lml+l -z 
kfm ' •'+' - • -- F ' 1 

f'( lml +t-r> 217i _ lml+ t _!.,: 2 lml +1, lm+l-i/ k I x 
2 k 

x iJik ({ , TJ ,¢) L k (z)d /3 , 
/ 13/ 

zrn m 

rAe 
m+l ml 
---r-

E = (-1) _1_ ...; (21' +l )(f+lml)l , 
kfm r<f +l+i/ k) lml! 2(f-lml> 

L krn (z) = f'{-z) f (i ml +1 +Z) f (iml + 1 _ _L + Z) 1'(.!.- z) , 
k k 
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IJI kfm (r , 8, ¢)= (-2ikr)f lkr e 
(2£+ 1) I 

F( f +1-i/ k; 2f +2; -2ikr) Yfm (8,¢), 

- lml 
IJI kzm(~•'l•¢) • (-ik() 2 

.1.!!!l 
(-ik'l) 2 

lml! 

(+TJ 
lk-2-

e 6 tm¢ 

v~ 

x F(-z; lml+1; -ik~) F( I m l + 1 _ _!_+z; lml+l; -ik77). 
k 

X 

Oco6eHHOCTH noA~HTerpanbHoro e~pa*eHHR 8 / 13/ no nepeMeHHOH z 
coenaAaiOT c oco6eHHOCTRMH !I>YHK~HH Lkm(z) H H3o6pa*eH~ 8Mec
Te C KOHTYPOM HHTerpHp08aHHR Ha PHC . 1. npH H3MeHeHHH napaMeT
pa k MeHReTcR nono*eHHe nonl0co8,~AR~HXCR 8 8epxHeH nony
nnocKOCTH, H ¢opMa KOHTypa /nocneAHee HMeeT MeCTO, ecnH napa
MeTp k npH06peTaeT MHHMyiO 4aCTb/, 

YcTpeMHM Tenepb k ... i lk , , npH 3TOM 8epXHHe noniOc~ 11RryT 
Ha 8e~eCT 8eHHYIO OCb , CABHHY8WHCb 8npa80 OTHOCHTe!lbHO COOT8eT
CT 8YIO~HX HH*HHX n0!110C08 Ha OAHO H TO *e paCCTORHHe 1/lk l. 
npH Ma!l~X 1/lk l no!lO*eHHe n0!110C08 THna e H3o6pa*eHO Ha 
PHC. 2, EC11H 1/lk l > (l ml +1) / 2 , TO 6nH*aHW HH cne8a K KOHTYPY nO!liOC 
~ 8 npH CTpeMneHHH K Be~eCT8eHHOH OCH fiyAeT HMeTb TeHAeH
~HIO nepece4b KOHTyp, H 4T06~ H36e*aTb 803HHKa~eH npH 3TOM 
~HKTH8HOH paCXOAHMOC TH HHTerpana, He06XOAHMO CaM KOHTyp Ae
¢opMHp08aTb. Ha PHC.3 H306pa*eHa CHTya~HR, COOT8eTCT8y~aR 
cny4al0, KOrAa 1/TkT>iml + 1. 

B AH CKpeTHOM cneKTpe 1/lkl= n~lm l+l, TaK 4TO n- 1m1-1non10coe 
THna • npH CTpeMneHHH K 8e~eCT8eHHOH OCH 6yAYT npH611H*aTbCR 
K non10caM, pacnono*eHH~M 8 T04Kax z =1,2, ... n-lml-1,11, aa*a8 KOH
Typ, nHwaiOT Hac 803MO*HOCTH ero Ae¢oPMI1POBaTb * . CaM HHTerpan 
npH 3TOM CTaH0 8HTCR paCXOAR~HMCR, 3Ta pa CXOAHMOCTb KOMneHCHpy
eTCR COOTBeTCT8YIO~eH pa cXOAHMOCTbiO 8 raMMa-~yHK~H11, CTOR~eH 
nepeA HHTerpa!lOM 8 8~pa*eHHH /13/. neHCT8HTe11bHO, nO!lO*HM 
k •i/ n + (, 8~4HC11HM HHTerpan, 3aMKHy8 KOHTyp Ha 6eCKOHe4HOCTH, 
a 3aTeM ycTpeMHM t K HY!110. B~4eT~ a T04Kax z = lml + 1 , lml + 2 ..... 
pa8H~ HY1110 , TaK KaK 8 npeAene f ... O 3THM T04KaM COOT8eTCT8YIOT 
non10c~ 8Toporo nopRAKa. Ha OTpea Ke n - lml ~ z~ I m I HaXOARTCR 
npOCT~e nO!liOC~, 8~4eT~ 8 KOTOP~X KOHe4H~ H TaK*e He AaiOT 8K.!1a
Aa 8 8b1Pa*eHHe / 13/: npH t ... 0 npeAbiHTerpanbHaR raMMa-~yHK~HR 
CTpeMHT CR K 6 ecKOHe4HOCTH. OcTaiOTCR npocTble non10c~ , pacnono*eH-

* n pOHCXOAH T TaK Ha3~BaeM~H "nHH411 KOHTypa. 11eTOA 11AeHTH~
Ka~HH OC06eHH0CTeH ~YHK~HH, 3aAaHHbiX 8 8HAe 11HTerpan08, no 
H38eCTH~M CHHrynRpHOCTRM nOAbiHTerpa!lbHOrO ~pa*eHHR B C80e 
8peMR WHPOKO HCn0!1 b30 8aJlCR np11 HCC!leAOBaHHH aHaJIHTH4eCKHX 
CBO~CT8 ~eHHMaH08CKHX HHTerpaJl08 H 113110*eH B MOHOrpa~H / 1? / 

10 

~· noniOC~ H KOHTYP 
HHTerpHp08aHHR ~YHK~HH 
Lkm ( z) npH k > 0, 

® @ 

' 

0 

-I•H · 

PHc.2. Pacnono*eHHe no
r;;;coe ~YHK~HH L km (z) H 
KOHTypa HHTerpHp08aHHR 
8 nnOCKOCTH Z npH 

_1_ < .Lm.L±....! 
lkl 2 

~-J. ------- - .1 

c. 

J""c 

• 

l~, .. l: • " 
l. 2 

2. 

, ... ~ 

........... 
.1(j ... , 

... . .. 

0 

• " 
3 <t 

)> R c ~ 

® 

llc ~ 

@ 

1• 1?1 
( 

~c I! 

PHc.3. nono*eHHe non10co8 !I>YHK~HH Lk (z) H KOHTypa 
----- m 

1 
HHTerpHpo8aHHR npH -- > I m I +1. 

l k l -

H~e Ha OTpesKe O.$z;5n- lm l-1 . 

nonb3YRCb pa8eHCT80M 

Y4HT~BaR' 4TO Res r ( z) 
z~-n 

lim r<-N+id = (- 1)n-lmi-1-N r<n- lml> 
( ... o r<lm I + 1-n-id r<N+1) 

(-1) n 

n l 
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H nepeXOAR K HOpMHpOBaHH~M Ha eAHHHUY BOnHOB~M ~YHKUHRM AHCKpeT
HOrO cneKTpa /10/"' /11/, nony4HM 

_ n-lml-t_ fm _ 
II' D (r.O,¢) = I w II' <e,TJ,¢). 

nLm nt= O n 1n2 n 1n2m 
- fm 

3AeCb TpaHC~OpMaUHOHH~e K03~~HUHeHT~ W n1n2 OnpeAenRIOTCR ~p-
MynO~ /12/. M~ npHXOAHM K B~BOAYt 4TO KaK npRMOe, TaK H OOpaT
HOe npeo6pa30BaHHR npH aHanHTH4eCKOM npOAOn~eHHH H3 06naCTH 
nono~HTenbH~X 3HeprH~ s o6nacTb E<O nepexOART s aHanorH4H~e 
npeo6pa30BaHHP., HMeiO~He MeCTO B AHCKpeTHOM cneKTpe. 

B aaKnJ04eHHe HaM npHRTHO s~paaHTb rny6oKyiO 6naroAaPHOCTb 
B.A.Me~epRKosy "' A.H.CHcaKRHY aa npeAocTaaneHHYIO soaMO~HOCTb 
pa60T~ HaA CTaTbe~ B na6opaTOPHH TeopeTH4eCKO~ ~H3HKH OHRH. 

M~ TaK~e HcKpeHHe npH3HaTenbH~ C.H.BHHHUKOMy, H.B.KoMapoay, 
A.B.MaTseeHKO, n.H.noHOMapesy H r.T.TopOCRHY aa MHOr04HCneHH~e 
none3H~e o6cy~AeHHR. 
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