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'I AeyxcTOPOHHHe cneKTpartbHble OL!eHKH 
KBa3HnOTeHL!HartbHOH 3aAa4H WTypMa-flHYBH1111R 

I OCHOBe TeOpHH WTypMa-flHyBHrtrtR C~OpMyrtHpoBaH MeTOA 
IHR T04Hb1X ABYXCTOPOHHHX OL!eHOK cneKTpa rtHHeHHbiX 
:HJ.tHartbHbiX KpaeBbiX 3aAa4 BTOporo nopRAKa. nocTpOeHbl 
! . ' . ' 

Hble ABYXCTOpOHHHe cneKTpartbHble OL!eHKH AliA_ KBa3H-
1artbHOH KpaeBOH 3aAa4H, KOTOpble n03B011H11H nony4HTb 
iyHKL!HOHartbHYIO aaeHCHMOCTb 3HepreTH4ecKHX YPoBHeH 
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§1. <I>OPMYJlHPOBKA METO.QA 
.QBYXCTOPOHHHX CnEKTPAJlbHWX OUEHOK 

UenbiO HaCTORl!le.:1 pa6oTbl RBnReTcR npr.1MeHeHr.1e HeKOTOPbiX cTpo
.rHx TeopeM 1-13 Teopr-11-1 WTypMa-1lHYBH1111R 111 AitR nony4eHHR AByx
CTOpOHHHX OL!eHOK cneKTpa KBa3r.1nOTeHL!HaitbHOH KpaeBOH 3aAa4H, 
HCCiteAOBaHHOH B pafiOTax/2-5/, PaccMaTpHBaeMaR KBa3HnOTeHL!Haitb
HaR 3aAa4a WTypMa-Jlr.1YBH1111R A11R CBR3aHHbiX COCTORHHH ABYX CKa
IlRPH~X 4aCTHL! /KBapKOB/ OAHHaKOBOH Mace~ HMeeT BHA 

2 
d fy(x) f'(f+1) 2 
--2 - + 1- - 2 +A V(x,E)Ify(x)=O, 

dx x 
/1/ 

1 . 
V (x,E) = (1+X 2 )1/2( JC2 +E2 ) O~E 2 .s::1, 

fy(x) _ xf+1 
x·-+0 

X -f 121 
f 0 (x) -

( X--too 

-1 
3AeCb X=Pm - 6e3pa3MepHaR HMnyitbCHaR nepeMeHHaR. He OCTa-
HaBitHBaRCb Ha TeopeMe Cyl!leCTBOBaHHR A11R COfiCTBeHHbiX 3Ha4eHHH 
H C06CTBeHHbiX <I>YHKL!HH Ill, C<I>OPMYitHpyeM npr.1MeHHTe11bHO K KBa3r.1-
noTeHL!HartbHOH KpaeBOH 3aAa4e /1/-/2/ OAHY 1-13 TeopeM TeOpr-11-1 
WTypMa-Jlr.1yB~1111R/ 1 /, Ha OCHOBe KOTOpOH H C<!>OPMYilHPOBaH MeTOA 
ABYXCTOPOHHHX cneKTpaitbH~X OL!eHOK. 

TeopeMa. Ecnr-1 nonomHTeitbHYIO <I>YHKL!I-110 V(x,E) yeenH4HTb eo 
BCeH o6naCTH H3MeH~HHR nepeMeHHOH X H napaMeTpa E, TO nono
mHTeitbH~~ C06CTBeHH~e 3Ha4eHHR yMeHbWaTCA, a OTPHL!aTeitbH~e 
yBeitr.14aTCR. 

TaKI-1M o6pa30M, 4T06br npl-1MeHHTb AaHHYIO TeopeMy K KBa3Hno
TeHL!l-1anbHOH KpaeBOH 3aAa4e /1/-/2/, He06XOAHMO Ha~Tl-1 TaKJ.1e me 
<I>YHKL!l-11-1 V> (x,E) 1-1 V<(x,E ), AliA KOTOpbiX HepaBeHCTBa 

. • 1 
V>(x,Eh V(x,E) = --~--~ V< (x,E) /3/ 

(1+x2 )lt2 (x2 +E2) . 

Bbln011HR11HC b fibl BO BCeH 06ItaCTH H3MeHeHJ.1A 
"' napaMeTpa E ~ [0,1), a ypaeHeHHA 

nepeMeHHOH X. E- [ 0, oo ) 

2 
d fy (x) f(r +1) 2 
~- +I--- +A<VAx,E)Ife (x)= 0, 

dx x2 · · 

d2 r e(x) f( f+l) 2 
--- + 1- x2 +A> v >(x,E) If e(X)=O 
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C npemHHMH rpaHH4H~MH ycnOBH~MH /2/ pewanHCb 6~ B TepMit1HaX 
113BeCTH~X cne~HanbH~X ~YHK~HH /11n11 AOnycKanH 6bt 6onee npOCTOe, 
4eM HCXOAHOe ypaBHeHHe /1/, aHanHTH4eCKOe, aCHMnTOT~4eCKOe 
11n11 4HcneHHOe peweHHe/. Ecn11 peweHH~ TaKHM o6paaoM nony4eHHbtX 
KpaeB~X 3aAa4 /4/-/2/ 11 /5/-/2/ H3BeCTH~, TO MOmHO 3anHCaTb, 
OCHOB~Ba~Cb Ha H3nomeHHOH TeopeMe, ABYXCTOPOHHHe O~eHKH An~ 
C06CTBeHH~X 3Ha4eHHH HCXOAHOH KpaeBOH 3aAa4H /1/-/2/: 

2 2 2 
1·\I~IA I~IA>J. !61 

B cny4ae KpaeeoH 3aAa4H /1/-/2/ aHaKH MOAyneH a !61 MOmHO 
onycTHTb, noTOMY 4TO, KaK 6yAeT cneAOBaTb 113 AanbHeHwero, see 2 . 
co6cTBeHHbte 3Ha4eHH~ An (E) nonomHTenbHbt. 

B J<a4eCTBe annpOKCHMHPYIOliiHX ~YHK~HH Bbt6HpaeM 

! 
(X+E)-2 

, X <1, 
v< (x,E)= 

-3 1 X , X>. , 

V> (x,E) = l (x 2
tE2)-,1 x<l, 

x-3 ' ·X> 1, 

/7a/ 

/76/ 

/8a/ 

/86/ 

04eBHAHO, 4TO, so-nepBbiX, o6e 3TH ~YH.K~HH BCJOAY nonOlKHTenb
H~, KaK TOro Tpe6yiOT ycnOBH~ TeOpeMbl, a BO-BTOPblX, TaKOH BbJ60p 
annpOKCHMHPYIOliiHX ~YHK~HH npaBHnbHO BOCnpOH3BOAHT aCHMnTOTI1-
4eCKHe, npH X-> 0, oo , a TaKlKe aHanHTH4eCKHe CBOHCTBa T04HOH 
~YHK~It1H V(x,E);T04Ka X=O npH E f=O smn~eTcR He oco6oH, e TO 
epeMR KaK np111 E =0 B03Hit1KaeT perynRpHa~ oco6eHHOCTb np11 X= 0, . . 2 
4TO 11 o6ycnoen11eaeT noeeAeHHe cneKTpa A0 (E) npH Man~x E. 
8 CBR311 C ~YHK~HRMH /7/-/8/ He06XOAHMO OTMeTHTb, 4TO OCHOBHaR 
TeOpeMa, HCnOnbayeMaR B pa60Te, HMeeT MeCTO 11 AnR KyC04HO-
HenpepbiBHbiX annpOKCHMHPYIOI!IHX $yHK~HH It!, . 

§2. MMHOPAHTHOE CnEKTPAflbHOE YCflOBME . 
PacCMOTPHM BHa4ane KpaeeyJO 3aAa4y /4/-/2/ An~ MHHOpaHTHOH 

~YHK~HH v< (x,E). B HHTepeane [ 0,1] Kpaeea~ 3aAa4a An~ v< (x. E) 
C y4eTOM /7a/ HMeeT BHA 

2 2 
d Cf(X) +I- f(ft1) t .\< If (x)=O 

dx 2 x2 (xtE)2 f ' 191 
£+1 

nplt14eM fr (x) - x 
x ... o 

2 

\ 

i 
) 

,. 

Ecn11 e ypaeHeHHH /9/ CAenaTb aaMeHy nepeMeHHbtX X=- E z, 
TO B nony4eHHOM ypaBHeHHH nOACTaHOBKa 

f(z)= zP(z-1)q¢(z), 

rAe p 11 g YAOBneTBOp~IOT cneAYIOliiHM COOTHOWeHH~M: p(p-1)=f(f t1), 
q(q-1)=-A~ , npHBOAHT K rHnepreoMeTpH4eCKOMy ypaBHeHHIO An~ ¢(z). 

0KOH4aTenbHO peweHHe ypaeHeHH~ /9/, YAOBneTeop~JOlllee rpaHH4-· 
HOMY ycnOBHIO B Hyne, Bbtrn~AHT cneAyiOliiHM o6pa30M: 

ft1 q X 
ff(X)=X (xtE)F(a,b;2ft2;--), / 10/ 

E 

q= 12 tiv0 , a={ft1)ti(v
0
tv), 

·.,..---
b=Cft1)ti(vo-v}, v0 =yA~-1/4, /11/ 

v =VA~- (f t112) 2
, b = a(v ->-v). 

Mcnonbay~ Aanee HaeecTH~e ~pMyn~ AnR aHanHTH4ecKoro npo
AOnmeHHR rHnepreoMeTpH4eCKHX ~YHK~Hii/6,1/, nOJl)ltiHM HCXOAR 
113 /1Rf peweHHe, npHrOAHOe B OKpeCTHOCTH- T04KI--t CWHBaHHR X"= 1 
(O~E ~1): 

q f ±1-a E 
f e(X)=(XtE) ( ~) B(v}F(a,a-(2 f t1); 1+2iv ;-X)+ ( v ... -v). /12/ 

rAe 
B(v}=r(2f +2)r(-2iv)/r(f t1ti(v

0
-v))r(f t1-i(v

0
tv)), 

a 3Ha4eHHR OCTanbH~X napaMeTpOB AaH~ COOTHOWeHHRMH /11/. 
B ~1HTepeane [l,oo] KpaeeaR 3aAa4a AnR V<(x,E) /76/ coena-

AaeT c KpaeeoH 3aAa4eH AnR V>(x,E) /86/ 11 HMeeT BHA 
2 ( ) ,\2 

d f f x + I - f(f +1) + _< - I f (x) = 0, 
dx2 x2 x 3 f /13/ 

fe(x) - x 
-f 

x ... oo 

PeweHHe KpaeeoH 3aAa4H /13/ e~pamaeTcR 4epea ~HnHHAPH4ecKyJO 
~YHK(.4HIO: 

. 1/2 2.\< 
ff(X)=X J2ft1 (Vx ), /14/ 

npHpaBHHBa~ Tenepb norapH~MH4eCKHe npOH3BOAH~e peweHHH /12/ 
11 /14/ B T04Ke CWHBaHit1~ X= 1, nony4HM OKOH4aTenbHO cneAYIOlllee 
MHHOpaHTHOe CneKTpanbHOe ycnOBHe: 
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1 J' "'2"" - ,\ 2f+ 1 (2 ,\ <) <-;-J__;;_ __ ' 
2f+1 (2.\< ) 

- q 1 
- l+E + 2- q + 

a-f-1 . . 
+l-iv[B(v)E F_{a,a-(2 f+1); 1+2ii,;-E)- (v-.-v))+ 

a-f-1 a(a-2 e -1) 
+E[E B(v) F(1+a,a-2e;2+2iv;-E)+(v-.-v>llx 

1+2iv 

a-f-1 -1 
xlB(v)E F(a,a-(2f +1); 1+2iv :-E)+(P->-l')l. 1151 

B npeAelle E ... 0 H MallbiX v = V ~ -(f +1/2)2 c T04HOCTbiO AO 41leHos 
nopRAKa E H3 I 151 n011Y4HM 

OIT 
E < = exp I - + K < I , n = 1 , 2 , ... , 

n, Y,A 2 -(f+112)2. 
. < 

1161 

-1 . 2 
rAe K< =V argB(v) H He 3aBHCHT OT ,\<. 

§3. MAmOPAHTHOE _CnEKTPAflbHOE YCflOBHE 

Mamop~HTHaR KpaesaR 3aAa4a 151-121 a MHTepsa11e [0,1 I c y4e
TOM /8a/ HMeeT BHA 

2 2 
d fe(x) + 1- fU+.:2 + _L If Jx) =0, 

dx 2 x2 x2 + E 2 f' I 1 7 I 

( ) 
. f+l 

ff X - X 
x-+0 

PeweHHe KpaesoH 3aAa4H /17/ BblpamaeTCR 4epe3 rHnepreoMeT
PH4eCKYIO $yHK~HIO: 

x2 1+f · 
3 

2 
fe(x)=(- 2 ) ;z-F(a,a*; f + -

2
; - ~). 1181 

E E 
rAe 

1(o 1 1-_/2 2 
a = 2 L + 1f) + 2 1 v A> - ( e + 112) . 

CosepwaR Aallee no H3secTHbiM $QpMyllaM aHa11HTH4ecKoe npOAOilmeHHe 
rHnepreoMeTpH4ecKoro PRAa /181, n011Y4HM peweHHe, npHrOAHOe 
B OKpeCTHOCTH TO~H CWHBaHHR X =1: 

x2 __±!_ - a 1 E 2 
fe(x)=l(--) 2 B(a)F(a -a*;2a+-- f ·--)+· 1191 

· E2 ' 2 ' x2 

+(a-+a*)l, 

·4 

t/} 
\ l1 
r 
'I 

\ . 

i 

1\ 
~~ 

rAe B(a)=r(f+3/2)r(ed/2-2a)l r(a*)r(1+a*). 

KaK yme OTMe4allOCb a npeAbiAYllleM na_parpa$e> KpaesaR 3aAa4a 
AllR MamopaHTHoro cneKTpa a HHTepsa11e L1,oo) cosnaAaeT c Kpae
BOH 3aAa4eH AJ1R MHHOpaHTHOrO cneKTpa B 3TOM me HHTepsa11e. 
no3TOMY, npHpaBHHBaR 110rapH$MH4eCKHe npOH3BOAHble peweHHH /191 
H 114/ B T04Ke X= 1, n011Y4HM OKOH4aTellbHO ClleAYIOlllee MamopaHT
HOe cneKTpallbHOe YCilOBHe: 

1 
--A 2 > 

J;f+1(2A>) 

J2f +t<2A>) 

2a.:_(f+112) . 1 2 )-1 
=[E B(a)F(a,-a*;2a+ 2 -e; -E )+(a-•a*) x 

2a-(f + 1/2) . 1 2 
xlE . B(a)[(fd)F(a,-a*;2a+--f ;-E )-

2 

2 
-2aF(1 +a,-a*; 2a+112- f ;-E )+(a-> a*)l. 

1201 

B npeAelle E ... 0 c T04HOCT biO AO 4.iieHos nopRAKa E 111 

V .\ 2-( f +112)2 l-13 /201 n011y4aeM 

MallbiX 

> . ·. 

E n .> = exp 1- n" + ~ I 
v ,\;- (e + 112)2 

n = 1,2 ... , /211 

rAe 

K> = ( VA;- (f + 1/2) 
2 
)-

1 
arg B (a) 

H He 3aBHCHT OT ,\; 

§4. 3AKili04EHHE 

B 3aKJ1104eHHe o6CYAHM noJ1y4eHHble pe3yllbTaTbl. nocTpOeHHble 
BbiWe ABYXCTOpOHHHe O~eHKH cneKTpa KBa3HnOTeH~I-1allbHOH KpaeBOH 
3aAa41-1 111-121 Ha ocHose Teop1-11-1 UITypMa-fli-1YBI-11111R no3somliOT 
CAellaTb BWBOAW 0 TOM, 4TO: 11 CYUieCTByeT T04Ka cryllleHI-1R ypos-
HeH En(A) np1-1 E-·0 I$OPMY1lbl /161 1-1 /211/; 21 3aBI-1CI-1MOCTb 
En(.\) HeaHa111-1TI-14ecKaR, npl-14eM HeaHa111-1TI-14HOCTb 3KcnoHeH~I-1allb
Horo Tl-1na; 3/ B 0611aCTI-1 0::;:.\2 $, (f tl/2) 2 A1-1CKpeTHbiH CneKTp OTCyT
CTByeT, 

nocKOilbKY 3TI-1 pe3yllbTaTbl I-1MeiOT MeCTO KaK J\IlR MI-1HOpaHTHOro, 
TaK 1-1 AJ1R MamopaHTHOrO cneKTpOB B npeAeJle E.·• 0, TO BCileACTBI-1e 
OCHOBHOH TeopeMW, I-1CnOJ1b30BaHHOH B AaHHOH pa6oTe, bHI-1 AOilmHW 
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fibtTb cnpa8e,[IJ1118biMI1 11 AI1R TOLIHOrO cneKTpa K8a311nOTeHJ..111aJ1bHOH 
Kpae8ol1 sa,qaL111 /1/-/2/ 8 3TOM me npe,qene. 3anl1cbt8aR Tenepb 
COOTHOWeHI1e /6/ 8 3K8118aJ1effTHOM /Liepes En,> 11 En,< I 8H,qe: 

En,<2En~En,> 

r,qe-En < 11 En> ,qaHbt 8 ¢opMynax /16/ 11 /21/ COOT8eTCT8eHHo, 
nonyL111~, LITO ;OLIHbiH cneKTP 11cxo,qHol1 Kpae8oH sa,qaL111 /1/-/2/ 
8 npe,qene E ... 0 11MeeT 811,q 

En = exp 1- nrr + K I • 
yA2 -{e+l/2) 2 

n =1,2 ... , 

npi1LieM K< <K >K>. B C8R311 c /22/ oco6o no,qLiepKHeM, LITO 11C
xo,qHaR Kpae8aR sa,qaLia /1/-/2/ He MO>KeT fibiTb TOLIHO peweHa 

/22/ 

8 TepMHHax 1138ecTHbtX cne1..111a11bHbtX <I>YHKJ..IHH ,qame np11 MaJlbiX E, 
11 TOJlbKO TeXHI1Ka ,q8yXCTOPOHHI1X cneKTpaJlbHbiX OJ..IeHOK n0380J111Jla 
nOJ1YLII1Tb R8HY~ ¢YHKJ..1110HaJ1hHY~ 3aBI1C11MOCTb 3HepreTI1LieCKI1X 
YPOBHeH OT n Ill f /22/. 

3¢<f>eKTI1BHOCTb MeTo,qa ABYXCTOPOHHHX cneKTpaJlbHblX OJ..IeHOK 
n03BOJ1ReT Ha,qeRTbC.R', LITO OH MO>ReT fibtTb C ycneXOM t-~CnOI1b30BaH 
AflR npOBepKI1 TOLIHOCTI1 MHOri1X aCt-~MnTOTI1LieCKI1X MeTO,(IO~ 11 KaK 
ocHosa AilR nocne,qy1001ero npt-~MeHeHI1R Lll-!CileHHbtX MeTo,qoe. CylllecT
BYJOlllee MHOlKeCTBO XOpOWO 11CCJ1e,qoBaHHbiX cne1..111aJ1bHbiX <I>YHK1.111H IS, ?I 

n03BOJ1ReT TaKlKe Ha,qeRTbCR, LITO C nOMOlllb~ MeTo,qa ,(18YXCTOPOHH11X 
Ol.leHOK MO>KHO BO MHOrt-~X CJlyLiaRX nOI1YLI11Tb UeHHYIO cneKTpaJlbHY~ 
11H<f>OpMal.ll110 AI1R MHOri1X J111HeHHbiX ,ql1¢¢epeHUHaJ1bHbiX KpaeBbiX 3a,qaLI, 
LlaCTO B03HHKal00111X B TeopeTI1LieCKOH $11311Ke. 

AsTopy npi1RTHo Bbtpa311Tb ceo~ 6naro,qapHOCTb A.H.Tasxen11,qse 
11 A.T.<I>HI111nnoey sa 11HTepec K pa6oTe 11 nno,qoTBOPHble o6cylK,qeHI1R. 
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