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3a nocneanee apeMH aocrnrnyr anaqurenhnwA nporpecc 
a nayqennn Ha KnaccnqecKoM ypoane nnrerpnpyeMwx 111 

n 6nnaKnx K nnM'
21

cncreM nennnei1HbiX an¢(JepenuuanhHLIX 
ypaanennA. 

B .·. 131 nepaoM cnyqae <t>aaaeeBLJM n corpyannKaMli ycnemno 
paapa6arwaaercH TaK•e crpornA KBaHroawA aapnanr cneK
rpanhnoro npeo6paaoaannH. 

B. aannoA pa6ore Mbl o6cyanM caoAcraa cncreMhJ Henn
neAnwx ypaanennA 

-iut +Uxx + 2(1ul2 + c lvl2)u =0, (I)· 

i v t + v XX + 2 ( I u I 2 
+ ( l v I 2 ) v = 0 . 

( c - 3H8KOB8H !flyHKUHH, c =± 1), 
K KoropoA cnoanrcH Moan¢nun~paannaH Moaenb Xa66apaa 
D KOHT.HHyanbHOM npu6nn•eHHH ( MOaenb nnHaHep-<f>eaHHit
Ha14i. Hn•e MJ,J noKa•eM, qro (I) Mo•er'.6biTh aarmca-
na B ¢opMe n3KCa i L t = f L, A] K8K anR ( = ·],' T8K 

H anH c = -1. B nepnoM cnyqae aaaaqa na· KnaccnqecKoM 
ypoane 6I>Jna pemeua Man~K~BbJM15 :Ha KnanroaoM - HHroM 161 

n KynnmoM /7:Mhi nccneayeM raK•e uaoronnqecKyJO crpyK
rypy Moaenn ( 1 ) • 

I. Lfl.'.06LJ Bbi/lenHTh nuyrpeHHIOJo crpyKrypy ucxoanoA 
Moaenu '.B HBHOM BH!le, BBB/lBM KOMllneKCHblii llBYXKOMllO

HBHTHLJA1, CT,on6eu 

'P = ( ti *(x:t) 
v(x,t) ) 

'IJit(X,t)) 
( q1

2 
(x, t) · 

llnpaKoncKn conp5DKeHHyJo nenuqu11y onpenennM cnenyJomnM 
o6paaoM: 

If' = IJI\0, 
rae 

XY 0 
= 

1 
0 ( 

0 ). 

061Je~~Htibl~ mYt'l'l'f'YT \ 
nnepsw ecr.~noamml_ 
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- 2 2 Bnot:ui nayrpeaaee npollaneaemw ('PIP ) = I 1P 1 I + t J 'P 
2 

I . 
narpaH)I{II8H Moaenu MmKHo nepenuca Th B BIIAe 

~=.L(q;a'P _.2_!_IJI)-(aif! alP )+('P'P)2 
2 at at ax ax (2) 

CucreMa ypanaeauii: (1} aanncbmaercSI npu 9TOI\I n enu
aoii: craaaapraofi ~opMe ypanaeHIISI lllpeauarepa c Ky6uqec
Koii: HeRIIHelrHOCTbiD 

iiPt+IPxx +2(1J1tp)tp =0. (3) 

Hac 6yaer uarepeconarh cnyqaf! t =- 1 , npll'leM nceraa 
MO)I{HO 6yJl€T BOCCT8HOBIITb T8K)I{B cnyqafi t = + 1. 

2. B repMuaax 1P u IP ypanaeaue {3) MO)I{HO aanucarh 
B ~opMe fl9Kca c noMO!llhiD oneparopon 

c-p 0 0) _ -- 0 'I' 
L = 0 1 + p . 0 iiJX +v' 1-p2 

( IJI 0 ) ' (4) 
0 0 1 + p 

A= pa + __ . _ 2 ( (l+p) 'P'I' ,/1-p2 ·lojix) 
X -v't-rf iiJI X -{1-p) tp ®tp · 

(5) 

3ro oauaqaer cymecrnonauue y oneparopa L ue aanucSI-

mero or npeMeau cneKrpa. A , L Y =Ay , y = y: . Co6crneu-(y) . 
,Y3 

Hhie tPYHKUUII y yaonnernopmor ypanuenuro 9Bonmunii iy = 
=A(y) +f(L) y , rne f(L) MmKeT 6bJTh Bbi6pana 1!3 coo6pa)l{e
aurr yno6crna 151• 

3. Ha BIIAa narpan~IIana cneayer, "'TO npeo6paaonanuSI , -
1P = R'l' , coxpaHSiromue nayrpeauee npouaneaeHIIe (tp 'l' ), SIB-
nSIIDTCSI npeo6paaonanuSIMU CHMMerpuu cucreMbi. B aeiicrnu
renbHbiX KoMnouenrax nuyrpenuee npouaneaeuue 

() 2 2 2 2 2 
'PIP= U0 + qJ -U1 -U 2 =u

11 
, (6) 

/1=0,1,2,3 

2 

" 

' l. 

r 

SIBnSieTCSI KB8Jlp8TOM AnUHbl BeKTOpa Up. B 'leTb!peXMepHbM 
"ncennoMHHKOBCKOM" npocrpaacrne c Merpn'leCKHM reaaopoM 

(1 0) -1 
g = 1 

Ill' 0 - 1 

Toraa "ncennonopeauencKue' npeo6paaonaHHSI
1 

coxpaHSIID
ufue anuay BeKropa (6) u t:WHHbi neKropon 

iTr *"' u2 u·2 "' '*lTI , "~'t"~'t == o+ 3 ="t't "~'t 

IP *IP - u2 + u 2 -'I' '*IP , 22-1 2-2 2' 
(7) 

6y AYT npeo6paaonaHHSIMlf CIIMMerpulf narpall)l{lfana (2). Y c
noBlfSI (7) SIBnSiroTCSI cneacrnueM U(1) 0U(1) CUMMerpuu uc
xoauoii: MOAenu. 

nnSI HaXO)KJleHUSI npeo6pa30B8HIISI R paCCMOTpiiM rpynny 
SL(2, C) KOMnneKCHbiX YHifMOAynSipHbJX Marpuu nroporo no
PSillKa 

a {3 
}' 0 ) . A= det A = ao - {3y = 1 . (8) 

flro6y10 Marpuuy BToporo nopSinKa MO)I{HO paanmKUTh no op-
roronanhnoii CIICTeMe MaTpiiU all . 

a 0 = I , a 1 = r 1 , a 2 =c r 
2 

, a 
3 

= ir 
3 

, 

I'lle T i - CT8HJlapTHI>le MaTpiiUhl Daynll. DocraBUM B COOT

BeTC rnue Ka)l<llOMY BeK ropy U11 'leTbipexMepuoro "ncenno
MHHKOBCKoro" npocrpaucrna "1arpuuy: 

(

Uo +iUa 3 
" "" U a = u = ""' 11 11 . 

fL=O Ul +IU2 

u1 -m2) 

Uo-iU3 . 

(9) 

06palllaSI (9), MO)I{IJO nony'lUTb KOMnOHeHThl BeKTOpa U 
. fl. no ~)opMyne 

1 . . . " . . 
U11 = 2Sp(Ua1L ), IL =0,1,2, 

1 ,.. 
U 3 = - - Sp (U a 

3 
) • 

2 

(I 0) 

3 



OrrpenenuT~Jib MaTpuuw (9) paseu KaanpaTy anuuw seKTopa 

u~ 
2 2 2 2 . 2 

det 0 = U 0 + U 3 - U 1 - U 2 = Up. (11) 

H ue nomKeH MeHSITbCSI rrpu rrpeo6pa3oBaHHSIX R • TaK KBK 

R ~ SL(2,C) ' 9TO 'ycnosue Bb!ITOJIHSIBTCSI. neik,TBHTBJibHO, 
ecnu 

U' = AUA+ { 12) 

TO 

detiJ ' = detlJ , 

u TeM. c.aMhiM UP 2 
= U;. Ecnu Tenepb Mhi BhiaenuM. H3 

rpynnhi, yHuMonynsrpHhiX MBTpuu noaKnacc, yaosneTBopSIJOIUHII 

ycnoBHSIM {7), To nony'IHM HCKOMhie npeo6pa30BBHH51, Bse

neM MBTpUUhl, COOTBBTCTBy!OIIIUe BBKTOpaM (7) 

U+=U0 a 0 +U3 a 3 , 

" U_=U1 a1 +U2a 2 , 

U ITOTpe6yeM, 'IT06bi npeo6pa30BBHHbiB ITO ( 12) MBTpUUbl 
UMBJIH TOT :lKe BHll! 

U~ =Uo a 0 + U3a 3 

fi: =U{a1 +U2a 2 

0Tcroaa cpa3y nonyqaeM, 'ITO UCKOMbie MB TpHUbi rrpe
o6pa30BBHUSI HMBIOT BHll: 

f3 . a 

R = < f-l·* a* ), detR = 1. (13) 

Tipou3seneuue· nsyx . .MaTpuu R1 R2 
BHna {13) uMeeT TOT )[{9 

sun. KpoMe Toro, cymecTsyeT o6paTHa51 MaTpnua 

-1 a* -{3 
R = ( {3* ). - a 

4 

', 

\!~ 1 

\:,} 

'~j 
~~ l') 

') 

TeM caMbiM MaTpHUbi R o6pa3yror TpexnapaMeTpuqec

Kyro rpyrrny, 51BJI51roiiiyroc 5I rronrpynnoii rpynnbi SL {2, C) 
11 pacrranammyrocSI ua np 51 Moe npoH3seneuue: 

U(1) 0 80(1,1) ®U(l)- SU(l,1). (14) 

Mo)[{HO Bhi6paTb cnenyromee napaMeTpH'IecKoe npencTaane
HHe MBTpHU (13) 

~ = chO e i¢ 

{3 = sh 0 e ir/; • (15) 

}j IIBBpiiBHTHOCT'b OTHOCHTBJibHO rpyiTITbl {1~,) llpHBOllHT K 

coxpaneunro Tpex TOKoB, aaa U3 KOTOpb!X coanaaaiOT c y:me 

IIBHllBHHbiMH OllHHM H3 BBTOpOB panee/7/ • nnSI llOJiy'IBHUSI 

TpBTbero' TOKB paCC~!OTpiiM HH'qllfHHTB3HMBJibUOe' npeo6pa30-
BBHHe C napa~Ie TpBMH fjJ := rj; = 0 , 0 = £ 

1 ( 
R = ( ( .1 ) • 

CooTBeTcTsyromee npeo6pa3osauue noneii .u *, v II MeeT 
BIIll 

u*'=U*+£V, 

v' = v + £u*, 

B KOMITOHBHTbl COXpBHSIIOIIIBf'OC51 ·TOKB aaJa =0. (a=0,1) 

J 0 = i(u*V*- uv), 

J =u*v* + u v- u*v* ..,.uv . l ' X X, X· '.X 

.(16) 

EcnH paccMoTpeTb 'IBCTHoe p~rneuue CHCTBMbi ( 1 ). 

~ uot: ,., u *· 
l v = 0 l u* = 0 

IIJIH _ 

V.· = V , 
{17) 

TO, HCITOJib3YR npeo6pa30BBHII51 R, MO)[{fiO ITOCTpOIITb UBilbiH 

Knacc pernenuii Tofi )[{B · cue TeMbi. H o . ( 17) 51BJISIJOTCSI perne

HII51MU OllHOKOMITOHBHTHOf'O HBJIIIHBHHOf'O ypBBHBHIISI illpeaun

repa, u TeM caMbiM secb Ha6op pernenufi nocnennero MO)[{fiO 

HCITOJib30BB Tb llJISI llOCTpOeHHSI pellleHH fi CHCTBMbl ( 1 ) • 
5 



_ -iOu 
B "'aCTHOCTIII nonaraSI , u*= ae sechax, unu 

·() 
v = be1 vth bx , nony"'IIM 

I 
iO 

u = a a e u sech ax 
-ie 

l
u=f-3be vthbx 

iO 
v ==abe v th bx 

(18) unu 

-ie 
v = f3 a e · usech ax 

II T.t:t. 

B pa6oTe l1l 6bWII Hai1neHhJ H nonpo6ao o6cy)l{nanucb 
Tp!I napb! HeTp!IB!IanbHhiX perneH!IM CHCTeM~I ( 1)! 

. -iO 1 c . c2 · · ·. 2 
~ U t = a e Sech K l e, (} l = -X - C1) t , (1) 1 = - -. K 1 

I) ~ 2 4 (19) 

v1 =bei
01

sechK 1e, Kt=a2-b2:.n, /;=x-;ct, 
• ' ,, > 

2) l··u 2~ ae -iOlth~<, 2e, '' fT2 = ~x -(<>~t, (1~2= ~2 
+2Ki c2o) 

·e. 
v - be 

1 2 thK t: • K 2 = b 2-a2> 0 2- 2"-' 2 

-iO 

f 
u 3 = ae nsechK

3
e, 

iOv 
V 2 = be th K S e , 

3) c c 2 2 2 0. =-X-(JJ.t c<> =--a +h 
1 2 l ' u 4 

w 
v 
~ +2b2 , 
4 

K~=a2+b2. (21) 

HeTpynao auneTb 1 'ITo pernenuSI (18) smnsuoTcg 'IaCTIII>IM 
cny"'aeM perneHHH (19) If (20) COOTB8TCTB8HIIO, 

lleiiCTBHTenbHO, Kf=a2-b2,-u2a 2-{-32a2= a 2 ananorH.tJHO 
K~= b2-a2= b2(a2-f32) = b2. . 

OnnaKo CMernaaawe pernenug auna (21) Y*e Henb351 no
ny"'I!Tb c noMOillbiD II3onpeo6pa3oB~HHSI.(13) H3 pe~eaun 
onnoKoMnoHeHTHhiX. ypaaaeaun S3 • 3To 03Ha"'aeT

1 
"'TO 

npeo6paaoaaaue ( 13) no3BOnSieT' nony"'HTb, HcxonSI H3 (18), 
B oTnH"'ue, HanpHMep1 oT npeo6pa3oaamll1 EeKnyJJna

1 
xoTSI 

n B~CbMa 6ora TbiH 1 HO ace *e nHrub nonKnacc pernenHI1 ( H3 
acero MH0*8CTBa perneHHH CHCT8Mhl ( 1). Tet-.1 He Meneel 
H3onpeo6paaoaaane· (13) MO)I<eT npuaecrn K BeCbMa ne
Tp!IBHanhHOMy pe3ynhTaTy. DpHMeitSISI.·ero' K (21 ), nerKo · 
nony'l!IM 

'l, 

6 .. · : i' 

\ 

,{ 

-~ . . -~ . 
u'3 =aae 1 °sechKt+/-3be' vthKe, 

, • R- · itl . ' c iO c (22) 
v = ,., a e u sech K "' 1- a be v th K c, • 

3 

KaK HI! cTpamro 11a nepBbiH B3rnSin 1 sTo 03Ha"'aeT, "'TP 
c8oeo6pa3uag· cynepno3UUIISI perneHHti TaK*e SIBJISieTCSI pe-. 
rnenuel\t cucTeMw HennnefiHhiX ypaaHeHufi, T.e. npeo6pa'3oaa
HIIe. ( 13). KaK 6br nuHeapnayer cucTeMy ( 1). 

Bbi"'I!Cmm no (22) "nnoTHOCTb .aepoSITHOCTII" 1 HairpuMep, 
I u~ !2

, HaxonuM 

!u;l 2 
= a

2.a 2 
sech2 

K (-, + .B2lf th 2 
K (-, + abaf3 sechK tthK tcos(K2 t), 

OCUIInnupyiDIUYID BO DpeMeHII lj:Jy HKUIIIO, COOTB8TC l'BYIDIUYID 
pemenuSIM 6noHHoro Tuna ( T.e. caSI3anHhiM coc.ToSIHUSIM). 
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