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1. BBEAEHHE 

8 nocneAH~e rOA~ Ha OCHOBe o6~~X np~H~~noe KBaHTOBO~ Teop~~ 

nonR 6~11 npoBeAeH aHal1~3 CBO~CTB MaCWTaOHbiX ~HBap~aHTHOCTe~ 
rny6oKoHeynpyr~x. 3KCKI1103~BHbiX ~ ~HKJ1103~BHbiX npo~eccoe ' 1·21

• 

11HKJ1103~BHble npo~eCCbl C OAHO~ ~Jl~ ABYMR Bb1AeJ1eHHbl~ 4aCTH~aM~ C 
onpeAeneHHbiM~ ~MnynbcaMH ynpo~aiOT eecbMa cno~HYIO 3aAa4y ~3y4c
HHR MHO~CCTBCHHbiX npo~eCCOB, nOCKOJlbKY B HHX y4HTb1BaeTCR BKJ1aA 
ecex MHoro4aCT~4HbiX KaHanoe, cneAOBaTeJ1bHO, c03AaercR ycpeAHeH
HOe npeACTaBJ1CHHC 0 AHHaMHKe MHO~CCTBCHHOrO npo~ecca. 60J1bWOC 
BH~MaH~e ra~e YAenReTCR H3y4eH~IO Macwra6Ho-HHeapHaHTHbiX 3aKo
HOMepHocreH B nony~HKJ1103HBHbiX peaK~HfiX C 3aAaHH0~ TOnOJ10rHe~ 
n3ap 3apR~CHHbiX 4aCTH~ C ~el1bl0 O~eHK~ BKnaAOB pa311H4HbiX MHO
~eCTBeHHOCTC~ a HafiniOAaeMbte 3¢<1lcKTbl. B HaCTOR~ee epeMR ycra
HoeneHo, 4TO MHOrHe MacwrafiHO-HHBcJp~aHTHble 3aKOHOMCPHOCT~, lia-
6J110AaCMble B aAPOH-aAPOHHbiX MHO~eCTBCHH~X npo~eccax /HanpHMep, 
cooTHOWeHHe KH0 131

, n~HeHHaR 3ae~CHMOCTb A~cnepc~~ or cpeAHe~ 
MHO~eCTBeHHOCT~ 14 1 , KOppeJlfl~~~ Me~AY He~rpanbHbl~ H aapR~CHHbi
MH aAPOHaMH AaHHOrO THna ~ T.A./, xapaKTCPHbl TaK~C ~ AJlR rny-
60KOHeynpyroro pacceRH~R nenroHOB Ha aApoHax I~Apax/ 5 . Ka-
4ecreeHHoe o6ofiCHeHHe 3TOrO RBJ1eHHR H3J1araeTCfl H~~e C nOMO~biO 
MHOr03aPRAHaH MOAel1~ KBaHTOBO~ Teop~~ nonA Ha OCHOBC MCTOAa 
peHOpM-rpynnbl / 6-8/ ~ np~H~~na MaKC~MaJlbHOH aBTOMOAel1bHOCT~ g . 

B 4aCTHOCT~, HaMH ~ccneAyeTCR rny6oKOHeynpyroe pacceRH~ e nen
TOHOB Ha aAPOHaX, KOrAa B KOHe4HOM COCTORH~~. HaPRAY C nenro
HOM, perHCTP~PYIOTCR C~CTeMbl aAPOHOB pa3HOrO Copra C AaHHbiM~ 
MHo~ecreeHHOCTRM~. B3a~MOAet:icre~e nenroHa c aAPOHOM 6yAeM y4~
Tb1BaTb B H~3WeM nopRAKC no 3J1CKTPOMarH~THOMy B3a~MOAC~CTB~I0 1 

/COOTBeTCTByiCl~yiO K~HeMaT~Ky CM. B 10 •12 /. 

B rnyBoKOHeynpyr~x npo~eccax AJ1R K03¢~~~eHTOB raK Ha3b1Bae-
Moro paano~eHHR B~nbCOHa npo~3BeAeH~R oneparopoe l3 npH-
MeHRn~cb B OCHOBHOM ~3BeCTHble MCTOAbl PCHOpM-rpynnbl /CM. 0~30-
Pbl 12•14 • l5 I. Oneparopy peHopw rpynnbl, KaK npaeHno~ Ao6aenRIOT 
4aCTHyiO npoH3BOAHYIO no KHHeMaTH4eCKO~ nepeMeHHO~ q I 4 - ne

peAaHH~t:i 4-HMnynbC OT nenTOHOB K aAPOHaM/ . no3TOMy B COOT
BCTCTBYIO~HX PCWCHHRX ¢Hryp~pyeT napaMeTp T = ln(Q 2 / Q~) , rAC 

* 11HKJ1103HBHOe 3J1CKTpopO~AeH~e Ha RApax, KOrAa per~CTp~py
eTCR nenroH ~ (A-1)-¢parMeHT Ha4anbHoro RAPa, ~3y4anocb a pa-
6ore ' 11 ' 
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Q 
2 ~ -<I 2, G 1~ -q ~· CTpyKTYPH~>~e (l>yHKU~<H1 rny6oKoHeynpyroro pacce

RH~R nenTOHOB Ha aAPOHaX, B006~e rOBOpR, 3aB~CRT OT HeCKOilbK~X 
nepeMeHHbiX, ~ ypaeHeH~R peHOPM-rpynn~>~, npHcnoco6neHHble He no
cpeACTBeHHO K H~M, ClleAyeT MOAH~UHPOBaTb TaK, 4T06bl OH~ co
Aep~anH 4aCTHble npOH3BOAHble no eceM K~HeMaT~4ecK~M nepeMeHHbiM. 
•13 3T~X COOfipa~eHH.:\ B HaWeM paCCMOTpeH~~ r 6yAeT ~MeTb B~A 

qllq~ .. -+ 
r = ln 1 

, rAe q b- HeKoTopoe Ha4a!lbHOe 3Ha4eH~e q. 
q b 

B pasAene 2 HaCTOR~e.:\ pa6oT~ noKasaHo, 4TO Ha ocHoee HeKo
TOPbtX npeAnO!lO~eH~i:\ 0 KOppe!lRI..I~H Me~AY aAPOHaMH CTpyKTYPHble 
¢lYHKUHH 3KCKill03~BHbiX KaHallOB YAOBileTBOPRIOT aBTOMOAellbHOMY CO
OTHOWeH~IO no MHO~eCTBeHHOCTAM per~CTp~pyeMbiX aAPOHOB pa3HOrO 
COPTa. npeAflO~eH MeTOA OnpeAe!leH~A CTPYKTYPHbiX ¢lyHKU~H nony
~HKill03~BHbiX KaHallOB no 3apR~eHHbiM 4aCTHUaM peaKUHH, H nOKa3aHa 
B MOA~~l.IHPOBaHHOM B~Ae cnpaBeAflHBOCTb MaCWTa6HO-HHBapHaHTHOrO 
cooTHOWeH~R, paccMoTpeHHoro e pa6oTe ' 16 ' . TyT ~e B~>~BeAeHa Kop
penRU~R Me~AY HeHTPallbHbiMH H 3apR~eHHbiM~ 4aCT~UaM~ onpeAe!leH
HOrO T~na. 

no!ly4eHHble B pa3Aene 3 COOTHOWeHHA Me~AY A~~epeHUHallbHbiMH 
Ce4eHHAM~ rny60KOHeynpyroro 3KCKill03~BHOrO H nonyHHKill03HBHOrO 
pacceRHHA nenTOHOB Ha 4aCTHUaX HOCAT O~HH xapaKTep AflA CH!lb
HbiX, 31leKTPOMarHHTHbiX ~ cna61>1x esa~MOAeHCTB~H. B npeAflo~eHHOM 
paCCMOTpeH~~ 06Cy~AeHbl TaKl'<e HeKOTOpbte CMe~Hble BOnpOCbl /THna 
10MaCwTa6Hm1 ~HBapHaHTHOCT~ B CpeAHeM" ' 23 / . 

2. MACWTA6HO-HHBAPHAHTH~E COOTHOmEHH~ no MHO~ECTBEHHOCT~M 
B YCnOBH~X OTCYTCTBH~ KOPPEn~UHH ME~~y ~POHAMH 
PA3HOrO THnA 

PaccMOTP"'~M pasno>KeH~e aAPOHHoro TeHsopa 
pyroro pacceRHI-'IR nenToHa P(k) Ha aApoHe a 

w
11

v rny6oKOHeyn
no 3KCK11l031-1BHbiM 

KaHanaM peaKUH"'~ P(k) + a ... f '(k ') + n 1 + ... + n ,. 

2 

w 
Ill 

4 .!_ I (21T) 
8 17 n 1, ... , nv 

3-+ 
d P n 1 

f II 3 
"t•"·•ll11 (2rr) E 01 

x ,sl 4 ) (P . + q - I p -1 p ) x 
a n 1 n I Dv D V 

x <a J ll I n 1 , .... n I'> < n 1 .... , n v J v I a > . 

3 (21T) E n
1
, 

3-+ 
d P nv 

X 

/ 1/ 

CTpyKTYPHble ¢YHKUHH W 1, W 1 (n 1 ••••• n 1. ) H Yr (n·tap ~wp 
1 1 • ••·• n ,. 

HHKill03HBHoro r(k) t a• l" (k '} • X, 3 KCKI1103~BHoro f(k) + a 

... P' (k ') + n 1 + ... + n 
1 

1-1 nony1-1 HK!ll03~ BHOro P (k) ~a ... f '(k ') + n-;ap+ ••• +n3;P +X 
K<J .~anos csRsaHbt Me~AY co6o.:; cneAY~"'~M o6pa30M: 

~ W i (n 
1 

, .... 11
1

, ) , 

0 1 ·• • n I ' 

/2a/ w1 

W ( w p 1ap) 
1 11 1 .... , 11 1 · (n 1 , ... , n

1
, ). /26/ ~ w 

0 
II 1 '"' n I ' 

B ¢lopMynax I 1 I 1-1 /2/ p a - ~MnynbC aAPOHa MI-1WeHH; k 1-1 k' -
1-'!MnynbCbl Ha4allbHOro r 1-1 KOHe4HOro P' nenTOHOB; "1''"' "v -
MHO>KeCTBeHHOCTH pO~AeHHbiX aAPOHHbiX C~CTeM; n ? (n ".Hlp ) - 4HCI10 

- I I · J . Jl He~<npanbHbiX sapRJKeHHbiX 4aCT~4 J -Toro T~na; J = , ... , v 
i -~HAeKc pasno>KeH~A no rpaA~eHTHO-~Heap~aHTHbiM CTPYKTypaM. 

HccneAyeM cTpyKTYPH~>~e ¢>YHK1..1~~ W(n 1 , ••• , n v> ~ \\ i MeTOAOM 
peHOpM-rpynnbl. AnA npocTOTbl ~31lO>KeH~R orpaH~41-1MCA MOAellbiO 
ABYX3aPRAHOro Me30H-HYKilOHHOrO B3ai-1MOAeHCTB~A C narpaHJKI-1aHOM 

- 4 
g NI!Jy5t/J </:J ... gr. ~) ' 

CooTBeTCTBy~ee peHopM-rpynnoeoe ypaeHeHI-'Ie HMeeT BI-'IA 

DW i (niT,nN) ~ 1} 17 0 IT~ 2 } N·nN)W
1 

(n iT .n N). /3/ 

rAe Y IT ';:! }' N- aHOMallbHble pa3MepHOCT~ Me30HHbiX H HYKllOHHbiX 
none~; D - onepaTop peHopM-rpynnbl, COAepJKa~l-11'1 ece 4aCTHble 
npOI-13BOAHble no BHYTPeHHI-'IM napaMeTpaM TeOPI-1H /no MaccaM, sapR
AaM 1-1 J1 I; nIT 1-1 n N- 41-'!Cno BTOP~-'~4Hbtx MesoHos 1-1 HYKilOHOB, 
BKill04aR Ha4allbHbiH aAPOH; ll - Macca HOPMI-'IpOBKI-1. 

npeAnO!lOlKI-1M, 4TO CTpyKTypHbl e <I>YHK1..11-1H 3aBI-1CAT OT nepeAaHHOro 
4-~Mnynbca q*, ..., eocnonbsyeMCR npi-'IHU"'~nOM MaKCI-'!ManbHO~ aeTo
MOAellbHOCTI-1 19 ' , COrllaCHO KOTOPOMY npH MaCWTa6HOM paCTR>KeHI-1~ 
WKallbl HMnyllbCOB q/' -+Aq I' CTpyKTypHble ¢lyHKLII-11-1 npeo6pa3ylOTCA KaK 
OAHOPOAHble ¢lyHK41-1H 

~ -1\.1 .. p. 
W . (n , n N, ,\ q, 1-1 ) = ,\ W (n , n N, q, --) 

1 17 1 T1 )\ 

~3~4eCKOH paSMepHOCTI-1 ~ 

"' B na6opaToPHOH c1-1cT e Me KOMno He HTbl ~Mnynbca q ·100 
= 

( q ·~·i> . 0, 0. q·~•· ) CBR3aHbl c n ep e MeHHbiMI-1 q 2 , 1• = P a · q 

HOWeHI-'IAMH m ·Q 'laU = I m q .nio ,-: \ 112 -m2 q 2 
a 0 ' a 3 a 

/4/ 

COOT-

3 



A~~epeHU~PYR e~pa*eH~e /4/ no A ~ noACTaenRA A =1 , nony-
4aeM 

(qll_J_ift-')-) W. (n ,nN,Q,Jl) = - K.Vi.(n ,nN,Q,Jl). /')/ 
OQ Jl rJJl I " I I " 

CocTaBnAA n~Hei:iHy~ KoM6HHauH~ ypasHeHHi:i /3/ 1-1 /5/, HMeeM 
CJleAy~ee ypasHe HH e T~na 0BCRHH~KOBa-KannaHa-C~MaH4HKa / ? / : 

a ~ .. .. 
(qll-- -D')W1 (n17 ,nN,q) =-K;(y

17
n 17 ,2y NnN)W

1
(n

17
,nN, q) , /6/ 

rJ Q II 

rAe K .' = K + K . , K,. y n + 2 y . n - nonHaR ~ aHoManbHaR pa3MepHoc-
l 1 "" NN .. ~ a~ 

T~ CTPYKTYPH~X 4>YHKUI-1H W1 (n17 ,nN' q ) ; D' ,.,JJ--0 
a11 

PeweH~e ypaeHeHHR /6/ ~MeeT B~A / l9 / 

W1(n 17 ,nN'q),.. W1 (n 17 ,nN'qb)exp[-K;(y17 n
17

,2yNnN) r]. 171 

KaK 6~110 OT Me4eHO BO BBeAeHHH , peweH~e /7/ 3aB~C~T OT napa
MeTpa r ~ ln(q ll q ~ / q ~) , onpeAeneHHOro H3 ypasHeH~~ dqll/ dr = q ll 
c Ha4anbH~M 3Ha4eHHeM q f'b. Ycnoe~MCR, 4TO see sen~4~H~ c 

q (W. (n ,n ,q) , W (q ) H T.A. 6yAeM npHHHMaTb 3a Ha4aflb-
b I T1 N b i b 

H~e 3Ha4eH~R. 

npoaHaJ1H3HpyeM Tenepb ypaBHeH~A, on~C~Ba~~He CTpyKTYPH~e 
4>YHKUH~ /2a/ 1-1 aCCOUHaT~BH~e MHO~eCTBeHHOCTH: 

<nJ (q) > ~ n J w 1 (n "'n N, q) I w 1 (c}> . 
n17nN 

3aMeTHM, 4TO cornacHo peweHI-1~ /7/ een~4~H~ <n J (Q) " 
BHCRT OT HHAeKCa i = 1, 2 ... CTpyKTypH~X 4>YHKUHH. 

CyMM~PYA /6/ no n 17 ~ n N' nony4aeM ypasHeH~R AJ1R 
3an~C~BaeM HX B B~Ae xapaKTep~CT~4eCKHX ypaBHeHHH: 

d . .... ~ ~ ..... 
-W (q) = -K'(y < n (q) > , 2 y <n (q)>) W. (q) 
d r I I 17 17 N N 1 

!8! 

He 3a-

w (q). 
I 

191 

AnR accou~aTHBH~X MHO~eCTBeHHOCTeH /8/ HMeeM ypaeHeHHR 
d :t. 2 

- <n 17 (QJ>= -y D -2y D , / lOa/ 
d r n " N 11N 

d .. 2 
- < nN(q ) > "'- 2y NDN -y11D11N' /106/ d r 

4 

rAe D i =J< n~(q) > - <n .( t}) 2 
J J 

- A~CnepC~R MHO*eCTBeHHOCT~, 

DJk= < nink> - <n/q) >< uk (q) - KOppenRU~OHH~i:i MOMeHT np~ j ,.k. 
H~*e M~ npoBeAeM B~4~CneH~A B yCnOB~AX OTCYTCTB~R KoppenA

U~~ Me~AY aAPOHaM~ pa3Horo copTa D17 N = 0. KoppenAu~~ Me~AY n 17 

~ nN Tpeny~T cneu~anbHoro aHan~3a, ~ M~ HaAeeMcA sepHyTbCA e 
AaJlbHei:iweM K ~X paCCMOTPeH~~-

B~pa~eH~e /10/, e cny4ae KOrAa nr. ~ nN He Koppen~poeaH~, 
MO~Ho 3an~caTb s B~Ae ypaeHeH~~ renn-MaHHa-noy b. AnA ·· n r.(Q)/ 
3TO ypaBHeH~e ~MeeT B~A 

... , 
< n_ (qk d < n17"> 

·! ~ .DT --' . r. 
'17 /11/ 

<n (qb)" 17 
17 

HHTerp~poBaHHe COOTHOWeH~R /11/ np~ Jl~Hei:iHO~ 3aB~C~MOCT~ 
A~ cnepc~-1~ D 17 OT .. , n 

71 
(q) 

D =P. (<n (~'>-u ) 
71 t.~ 11 11 n ' /12/ 

rAe a , ~ - napaMeTp~. onpeAenAeM~e Ha ocHoee aHan~3a con n 
OTBeTcT ey~~Hx 3Kcnep~MeHTanbH~x AaHH~x. AaeT 

• D 17(q'b) - II 1T 

'- n ((i) > = u ~ 
17 " 

/ 13a/ 
1 I /) 

17 
}' 

17 
( ' II 

11 
(Q .. h) - u 

11
) r 

0TMeTHM, 4TO B H·aCTOR~ee BPe MR ~Me~TCR yKa3aHI-1R ·20' 0 BblnOn
HeHH~ cooTHOWeHHR I 12/ s aAPOH-aAPOHH~x B3ai-1MOAei:icT B~Rx. AHano-
ri-14H~M cnoco6oM A11R "" n N (Q) nony4aeM cneAy~ee peweH~e: 

-· • n N(q,tJ) - 11 N 

< nN(q) > =uN+ --------- - ----- /13ei/ 2 • 
1 I 2{3 NY N( .. n N (q h) >-a N) 1 

noACTaBnRR COOTHOWeH~R I 13/ 84 ypaBHeHHe /9/ 1-1 HHTerp~pyA no 
r , AJlR CTPYKTYPHOH 4>YHKUHH \\ 1 (q) nony4aeM 

W i (~~ Vi i (q:) expJ - ~>. ;<}
17 

u
17

, 2}Na N);-

1 2 .. 1 2 ... 
- -ln [1+{3 y k n (q ) -a ),] - -lnll +2/) y (<n (q )>-a )r]J. 

/)2 17 11 11 b n ~ 2 N N N b N 

17 N /14/ 

5 



0THOWeHHe CTpyKTypHbiX ¢yHK~I-11::j 1-13 /7/ 1-1 /14/, lo1CnOilb3}'.A <llap
Myllbl /13/, MO*HO 3anlo1Cc3Tb 8 ClleA~~eM 81-1Ae: 

.. .. [ , .. I ..., ) 
Wi(n",nN,q)/ Wi (Q) = y;i(n",nN,qb), Wi (qb) x 

.. 2 .... 2 
<n"(qb) > -a" li/:3 71 < nN(qb) > -aN 1 '{:3N 

x f ] x[ I x 

< n"(Q) > -a" < nN(q) > -aN 

1 n 71 - a 71 1 n N-aN 
X exp(-K(--

< n (~>-a ' {i2 I + 
{3 2 < n (<i) > -a 

17 11 ;r N N N 

/15/ 

1 n 71 - a 
17 1 0 N-uN 

)] . +II. ( --
' --f3 2 < n (q ) > - a (3 2 < n (q .. ) > - a 

17 17 b 17 N N b N 

~3 3TI-1X O~OWeHHi:1 HenocpeACTBeHHO BbiTeKaeT COOTHOWe HHe 

rAe 

F ( z 'z ) I F (z ll 'z b) = r F (z ) F ( z b) ) • 
77 N 1T N rr N ;; N rr rr rr TT 

Y ( F N (z N)' F N (z~ )J • 

F (z .z ) n ( <. n (~ " -a H < n ((j} -,.. -a) 
rrN rr N rr rr N N 

W i (n 17 • n N' q) 

\\i (q) 

117·19 ' OyHKUMI-1 F (z ) MMe~T BMA 
J J 

Fj (z J ) ... z < ; ltJ~ -l exp[-(l/ {3:) zi J; z . 
J 

n j - a j 

< n . (q) "> -a . 
J J 

/16/ 

/17/ 

TaKHM o6pa30M, <llYHKUHR F
17
N( z

17
, z N) MO*eT 6b1Tb npeACTaeneHa e 

BMAe 

F"N ( z
17

,zN) = C
17

CNF 
17

(Z
71

) .FN(zN ) . /18/ 

6 

rAe 

•> 

" 1 ,~~J 
c - ( 1 ~ ~) 

J J 

CooTHoweHHe /18/ 

•) 

r c 1 11 ~ l ; l ' ( x) - raMMa-<!)yHKUH.A 3i:inepa. 

nOKc33 ~1 Bc3eT, 4TO B onpeAelleHHbiX YCI10BI-1.AX, 
B OTCyTCTBHe KOppell.AUI-11-1 Me *AY c3APOHc31~ pa3HOrO BMAa 1-1 I11-1Hei:1Hb1X 
3aeHCI-1MOCTRX I 12/ AM cnepc 1-1i:1 D 1 OT · n i (q') , MacwTa6HO-HHBa
pt1c3HTHart <)lyHK~HR F,

7
N( z 71 • ?. N) o onaAae T ceot1cTBOM MYilbTHnllHKa

THBHOCTM no MHO*eCTBeHHOCTFIM p e rM CTpMpyeMWX aAPOHOB. B Cl-1/ly 
3TOrO CBOi:iCTBa c3CCOUMc3TMBHc3FI MHO*e CTBeHHOCTb 

· nrr(nN,q) ~ n ·7 \'. t ( n rr 'n N 'q') 
n iT 

, . Vv (II , 11 N, Q ) 
- 1 i7 llrr 

npl-1 <)li-1KCi1POBc3HHOM .. 41-1Cile ll N c3APOHOB He 3aBI-1CI-1T OT n N, T. e. 
n 71 (nN ,Q) > - ·. n " (q) . 

npl-1 BKI1~4eHHI-1 I-130TOnl-14 e CKOi:1 CTPYKTYPbl B ypaeHeHHe peHOpM
rpynnt.~ /3/ MHO*eCTBeHHOCTI-1 aAPOHOB 6YAYT CKilc3Ab1Bc3TbCFI M3 4MCell 

v ( ,., Jap o 3ap ) 
Hei-1TPc31lbHbiX 1-1 3c3PR*eHHbiX 4c3CTI-1U 0 17 = 11 17+ 11 17 , ON = ON +ON • 

C TpyKTyPHble ¢yHK~I-11-1 no 11y1-1 HK/1~31-1 BHbiX KaHallOB peaKUHM (n ;ap, n ~ap 

3c3PR*eHHbiX 4c3CT1-1U ) BbiBOAFITCFI 1-13 COOTBeTCTBY~~HX <)lyHKUMi:i 3KC-
'J;tp lilp • 

KJ1~31-18Hb1X K<'l tra , IOB (n .7 • II N 3 c3PR*e HHbiX 1-1 n ~ . 11 N HeMTpaJlb-

HbiX 4c3CTI-1U B KOHe4HOM COC TOFIHHM ) B pe3yJ1bTaTe MX CYMMMP0Bc3HMFI 

0 no n 
17 

M n N . 

nepeXOAFI OT CYMMMpOBa HMFI n o II ~ M n ~ 
onpeAelleHMM /26/ M nOJ1b3yFICb COOTHOWeHMeM 

K MHTerpMpOBc3HI-1~ B 
/18/, nony4aeM cTpyK-

TypHble «!JyHKUMM nonyMHKJ1103MBHbiX Ka HaJlOB peaKUMM B CJleAy~~eM 

BMAe: 

\Y i (n ;ap, n :~tp. q) = W 
1 

(tV 
z Jii p 

1T 

"" 
<lz 71 1 dz :-<F rrN(z " .z N). /19/ 

z Jap 
N 

0TMeTMM, 4TO Bblpa*eHMe /19/ COrllaCyeTC.A C npeACKa3aHMeM IG 

0 CaMOnOAOfHOi:i CTpyKType Ce4 e HM i:1 /3AeC b CTpyKTYDHbiX <IJYHKUMi:i/ 
nonyM HKI1~3MBHbiX KaHanoe pea KUMM. Co rna cHO ' 16 aeTOMOAenbHOe 

COOTHOWeHMe 

< n( q) > «1 (n 'lap. q) v; 1 cti> F (n Jap · n(tV ) / 20/ 
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nony4aercR c noM~b~ cneAy~e~ ~YHKU~~= 

- Htp ... ... - 3ap 
1 

, ... 
\\ 1 (n . q) = A 1 (q)F (n , ... n(q) >), 

rAe 

w<~> = l: w(n 3ap. ;>. 
n·mp 1211 

CoorHoweH~e 1191 noKaa~eaer, 4TO ~YHKU~~ Ai 
per~crpau~~ ABYX c~creM aAPOHOB ~Me~r B~A 

~ F e cny4ae 

.. .. 2 2 3ap . 2 · 2 :Jap 
A 1 ~ W 1 (q), F = C

77
CN·T'(l l {3

77
,(11{3

17
)z

17 
)x r (l l{:lN,(li~N) zN ). 

n 3ap -a 
, ·lap J J 

3AeCb I (x, y) - HenonHa.A raMMa-~yHKU~R 3~nepa; z 1 ~ --..:\----. -
< n ('LI > -a. 

3ap 'J'IP J J 
11Hrerp~py.A I 191 no n , , n N• , AJl.A crpyKTYPHbiX ~YHKU~~ 

1211 nony4aeM 

\\
1 

(;)=(· n 11 (<i) -a 77 )knN(Q) >-aN ) ·W 1 (Q).c 17 CN I' (llfJ;) l'(ll~.l221 

CocraenRR Bblpa~eH~e 1201 c noMo~b~ 1191 H 1221, M~ B~AHM, 
4TO CaMOnOAOOHOC COOTHOWCHHC 1201 no MHO~CCTBeHHOCT~ aap.A~eH
HbiX 4aCT~U npHOOpe raer MOA~m~U~POBaHHbl~ BHA: 

(< n (Q} "-a H< n (q) · - a ) W (n:wp n 'lap"" q)l iV (q_,) 
77 rt N N i 11 ' N ' i 

- I ' ' 2 = f ' (z'lnp "lap (1 (1" ,(1/fj2)z:ntp) 
77N '

71 
• Z N } ~ 11 

17 

r<1 0 rJ 
i7 

r r •ap > 
J'( l /fl w(li/JN ~~--- ./23/ 

!~{If) 
N 

noKa~eM Tenepb, 4TO TaK~M ~e cnOCO~OM MO~HO Ofib.ACH~Tb Kop
pen.AU~~ Me~AY aCCOU~aT~BHOH MHO~eCTBeHHOCTb~ He~TpanbHbiX 4aCT~U 

11 < (11 3 np_ q) 
J J 

H MHO~eCTBCHHOCTb~ aap.A~CHHbiX 4aCTHU 

nepeXOAR B onpeAeneH~~ 

8 

11 I I(> 
J 

~ 

i 
~ 

... ... .. 
< n ? (n~aP,q)>= l: n . W.(n

71
,nN,q) l I W

1
(n

77
,nN,q) 

J J o 0 o J 1 no no 
n", N rr' N 

1241 

OT CyMM~POBaH~.A K ~HTCrp~poeaH~~ ~ np~MCH.A.A 1181, nony4aCM 

( o ( 3ap .. ) ) <n J n j , q >-a j = 

np~ (11,8 2 )z :Jap >> 1 
j j 

(< nj (q) > -aJ. )f(11,82J'(ll{:l~)z3.ap) .,a2 
J J J 

----~--=----=-------=--_::._______: · I 2 51 
r(l l{:l f, (11,8 ~) z3tP) 

~3 1251 CnCAYCT n~HC~Ha.A 3aB~CHMOCTb 

o 3ap ... :Jap 
< n

1
(n

1 
,q)>=A 1+B 1 n 1 

1261 

An.A o6e~x C~CTCM aAPOHOB. 3AeCb 

A
1
=aj, B

1
=1 

0TMCT~M, 4TO AJl.A CPCAH~X MHO~CCTBeHHOCTe~ HC~TpanbH~X 4aC
T~U nHHC~Ha.A aae~CHMOCTb OT n 1fP T~na ~261 3KCnep~MCHTanbHO 
ycTaHOBneHa B W~POKOM HHTepean~ Ha4anbH~ 3Hepr~H An.A MHOr~x 
B~AOB 4aCTHU 15·211 • 

0TMCTHM TaK~e OAHO CJ~CCTBCHHOC paan~4~e B noBeAeH~~ CTpyK
TYPHbiX ~YHKU~~ W 1 (n 77 ,q), W1 (q) , W 1 (n;:ap ,q) H W tJq). 11a 
PCWCHH.A 171 BbiTCKaeT CnCAY~~ee nOBCACHHC AnR \\ t (n 17 ,q) : 

rAe 

· > ... 2 2 - KI2 -K 
W1 (n 77 ,q)=W1 (n 71 ,q h ) ·(q l q t) [ch(y-rr)J 

1 qo +qa 
v- -ln--
. 2 q0-q3 

TJ _.!...In - 2 " )' n n n 

1271 

.. 1 ~ 0 . 

B peayn brare CyMM~poeaH~.A no n 77 , cornacHo 1141, np~xoA~M K 
norap~~MI-14eCKOMy 11~CKalKeH~I011 CTeneHHOro noBCACH~.A B CTPYKTyp -

• I 2 HbiX ~yHKU~Rx Y. 1 (q). CreneH~ een~4~Hbl q l ql¥-1 qb ~ norap~~Ma 

ln(qllqlfl ' q~) onpeAen.A~TC.A c noM~b~ napaMerpoe a 17 ~ 1 ' ,8!. 

B ac~MnTOT~4eCKOM pe~~Me, 0 11 =tl 11 < n11 (Q) >, a 77 = 0 , ~MeeM n~w b 
norap~~M~4CCKy~ 3aB~C~MOCTb OT q: 
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.... ... 2 .... 11 h !? -1 ,.~; 
W1(q) - W1 (qt)(l •y rr·f3

17
(< n

17
(q 11 ) · -a 17)ln(q q 11 q 1) 1 

Cpa8H~8a~ c 3T~~ 8~Pa*eH~eM (f>yHKU~~ W1 (q) , 8~A~M, ~TO ~3-
3a MHO)t{~Ten~ ( ·! n 77 (q) " -a 17 ) CTeneHb norap~(f>Ma yMeHbwaeTC~ Ha 

eA~H~UY· K aHanor~~HoMy 
TYPHblX (f>yHKU~i:1 W

1 
(n 77 .Q) 

8W80AY no~XOA~M np~ cpa8HeH~~ CTPYK-
- J<lp ... ~wi(n 17 ,q), C8A3aHHblX COOTHOWeH~-

eM 

- l'lp ... .... ... 
W.(n ',q) ::. (, n"(q) · -a

77
)W (n_,q) 

1 17 , I tr 

np~ (1 f! 2) z 'Jflp .>> 1 
TT TT 

~ 'Hlp :::1117. 
n " 

0TMeT~M TaK*e, 4TO 8011~3~ Ha~aJ1bHOrO ~Mnyf1bCa 

q!l q b 
I' r = ln << 1, 

2 
q h 

Q- Q b' KOrAa 

2 ... 2 -> 
ln (1 + )' "f1 rr (< nIT ( q b) , - a 17 ) r) - r.,. ~~" ( •'Jl;r ( q b ) > - a rr) r • 

CTPYKTYPHble (f>yHKU~~ 8Cex OTMe~eHHbiX BbiWe KaHa/108 annpOKC~M~py
~TC~ 8 B~Ae /7/, /27/ C COOT8eTCT8Y~~M~ nOKa3aTeJ1AM~ CTeneH~. 

AnA A~<ll<~JepeHu~al1bHbi X ce~eH~i:1 3TO np~BOA~T K HeKOTOPblM a8TOMo

Ael1bHbtM COOTHOWeH~~M T~na 11MaCWTa6HO~ ~H8ap~aHTHOCT~ 8 CpeA
HeM11 ' 22 , OOU\~M A/1~ 3KCK11~3~8HWX, nony~HKI1103~BHbiX ~ ~HK/1103~8-
HblX KaHa/108 peaKU~~ /eM. 06 3TOM 8 KOHUe pa3AeJla 3/. 

3. HACWTA6HO-HHBAPHAHTH~E COOTHOWEHHR 
AnR AH<Il<llEPEHUHAnbH~X CE4EHH~. 
rnY60KOHEYnPYrHE HE~TPHHH~E nPOUECC~ 

B cny~ae pacce~H~A Hei:1Tp~Ho /aHT~He~TP~Ho/ Ha Henon~P~3o-
8aHHO~ M~WeH~ Ce~eH~e 8~Pa*aeTC~ TpeM~ CTpyKTYPHblM~ (f>yHKU~AM~ 

C (f>~3~~eCKI1MI1 pa3MepHOCT~MI1 K 1 = 0, K 2 ~ K 3 = 2. 3TI1 (f>yHKUI1~ 
YA08J1eT80P~IOT, KaK 6blf10 noKa3aHO 8blWe, MaCwTa6H0-11H8ap~aHTHblM 
COOTHOWeH~~M /18/ 11 /23/. no3TOMY no 8CeM ynO~HyT~M ~We Ka-

HaJlaM peaKUI111 OTHOWeHI1~ cTpyKTYP~X (f>yHKU~~ WI ~ W 3 K W 2 
pa8H~ APYr Aoyry: 

10 

W1(3) (n;r .n N,q ), W 2 (n, ,n N • q) .. 

"' y.7 (n 1ap 11 :1ap ... q) IW (n "lap 0 3ap q ... ) 
1 ( 3) IT ' N ' 2 IT ' N ' 

~ w 1( 3) (q) w 2 (q) ~ w 1(3) (Q) ."~ 2 (q, 
' 12 ' B8eAeM Tenepb 8 pacCMOTpeHI1e ce~eHI1~ 

2 -1 
" S ~iT . m a . ( ~· + q '2) [ ( 1 -

1 2 
m r-Q 2 )W 2 - W ) a 1 • 

( 2 • -1 [ 1 
(f R = IT· m a 1 + q 2) W 

1 
+ __ 

2m
3 

I~ -q2 W3J, 
m2 

a 

u L "' n • m (J .. q 2 '2) -I I W - _ 1 - j....!..!... _ q 2 w J 
a I 2m J m2 3 

3 

/28/ 

COOTBeTCTBY~I1e CKal1~PHOi:1, npasoi:\ ~ 11eBO~ noJl~PI13aUI1AM nenTOH-
ITL 

•o ro TOKa. 0THoweH~~ L 
2 

~ 
1'7){ii1 LI aS 

r~~HO /28/, YAOBJ1eTBOP~IOT COOTHOWeH~AM 

R ~ 

L(n 17 .n N,q) ·~ L(n '~lp . n ~1P,q) L(q) L(cD. 

-> J<lp 'lap .. .. · .... 
R ( n 17 , n N . q)"' R ( n 17 , n N , q ) - R ( q) ~ R ( q) . 

aHano-

/29a/ 

/296/ 

H3 BblPa*eH~~ /28/ ~ /29/ BbtTeKaeT cneAYIOl!la~ B3a~MOCB~3b 
Me*AY Al1<!>¢epeHul1aJlbHbiM ce~eHI1eM rny6oKoHED'npyroro pacceAHI>1~ 

He~TPI1HO /aHTI>1Hei:1Tpi>1HO/ Ha aAPOHaX 
do I (I ' ) 

11 " s' 
du v(l ') ~· (1') 

, d a 
--=---(n " . n N ) ,. --::---
dq 2 d v dq 2 d 1 

uR (n n• 11 N) 

u R 

W i (n ", n N , q) 
\1.' I <<V 

dq 2d~ 

us (n ,.nN) 

as 

aL(n",nN) 

oL 

a 
L' 

(1 

R 

/30/ 
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~~ryp~pyow~e 3ACCb ce4eH~A onpcAeneH~ c noMO~b~ crpyKryp H~x 

~YHK~~11 W1 (u17 ,nN,q) ~ \\
1

(q) . AHa non14HOe cnorHoweH~e MOlKHO 

nony4~Tb np~ ~cnonb3oBaH~~ ct>YHK~~~ Vl-
1
. (n 2np, n 3Nap. q) ~ W 

•• 1 

nony~HKfi~3~8H~X KaHufiOB peaK~~~. YMHOlKaR 3T~ COOTHOWCH~A, 8 
48CTHOCT~, £11-IPalKE'H~e 1301, Ha 8Cfii14~HY \•u 17 ((i) '-a 17 )(. nN(li) -t;N)' 

AnA Al1~$epcH~~anbH~x Cc4eHI1~ rny6oKoHeynpyroro pacc eA HI1A HeAr
PI1HO laHTI1He~TPI1Hol Ha 4acr11~ax nony 4aeM Macwra6Ho-~Heap~aHr
Hble COOTHOWCHl-IA 1181 11 1231 8 3KCKfi!03~8HbiX 11 nonyi1HKfi~31o1BH~X 
KaHaJlax peaK~I-11-1. 

nplo1BCACHHOC paCCMOTpeH~e, KaK 6~n0 OTMe4CH0 BO BBCACHI11o1 1 

pacnpocrpnH.AeTCR Ha At-~~epeH~I-1an b Hbre ce4CHI1A a,~:~poH-aAPOHHbiX 

npoueccoe l!l adl•c(q)in 17 inN.a4-b·-<'(q)·n;ap~n-t1P ... :x, a r aKH<e 

Ha cc4eH~A rny6oKOHeynpyroro 3neKTPOPOlKAeHI-1.A 1-1 ¢oronorno~eH~R. 

Bblni-1WeM 3ACCb PCWCHI1A Afi.A A1-1!t>¢epeHLII-1afibHOro CC4CHio1R 3KCKnro-
31-1BHoro KaHn/1 ·1 peaKIII-11-1 a-+ b • c(q) • (u_-1): 

cla - dv -+ I' h 
q cl3q(nr.,q)~q d3q' (n,..qiJ)(q Q/, 

•> Q ._)_,_I" 
L a, /31/ 

r11e " -1 _(n -12) 1 " = 4. BI-1AHO, 4TO 1311 OTni148CTCA OT COOT -
., ;: .t -

BCTC TBYIOUlero 8~palKCHio1R /71 AnA CTpyKTYPHOH ~YHKL111~ Vl
1 

(n 
11

• (!) 
$113~4CCKOH Pn3MCPHOCTb~ "

1 
'"a 1-1 3Ha4eHI1eM KBaApara nepeAaH

Horo lo1 MnynbCa. ABTOMOACfibH~e COOTHOWCHI-1R 1181 ~ 123/ lo1MCnT 
MCCTO 11 Afi.A n/lPOH-a,t:~pOHHbiX 3KCKfii03~BHbiX a • b-> c(Ci.J +( ll - 1) ~ 

.. Ttp l!l 17 
nonyi-1HKni0311BH~x a -1 h .. c(q) + (n 17-l) ' -1 X peaKLI~A · . ~ J;lp 

B6nlo131o1 Ha4anbHOro lo1 Mnynbca CC4CH~A peaKLII-1~ a -1 b >I'(Q)4 (n-1) oX 
t-1 D I b • C(0 -1 X CTaHOBRTCA OAHOPOAH~MI-1 ct>yH KLIIo1AMio1 CO Cr eneHR MI-1 
OAHOP0AHOCTI1 COOTBCTCT BCHHO -K-" - v {-J 2( ll (q1) -II ) 11 a ' r. ;; ;r J n 

-}' (u +2)-K -y <· n (q' 1' ·-u ).nonb3Y RCb napaMerplo138LII-1eA 1177 ann( r. (q q C} ,.. II h 2) 
, , l 

l ch..,:ch(y- 'I) lo1 ycn0811AMI-1 HOpM1o1pOBOK 
q b . 

cl a .. d;lq 
jq -::; (n _, q) -- - n (1 

dq " (( n n r. 

I I 
a .. 

( o ( (} ];)JI :-\ ( Q 
q dq (n n , Q J ~ 

idi' 

n ·7 a n·~;tp 

J 
~ d o .. d 3q 

q - .. -(q) -- =. n a 
clq Q TT Ill 

HeTPYAHO nony4~Tb cneAYOWI-1e COOTHOWCH~R 19 ( 8biO~C~Ba eM 3ACCb 
~X TOfibKO AfiR Ce4CH~H 131~: 

t 

ll TTO nTT 

12 

2 2 
exp [ -(y- -...y->) <(y-<y .) '•

0 
l 

~(n )= n 
dy 7T 2 \ 2rr <{y- <y > ) > n17 

132a/ 

1 da(n ) 
--..:.:.."-- . 

n a d( 2 - -<-, -2- expf -( 7<( 2> l 
,.... n" n" ' /3261 

r,~:~e 

7T "" 

1 Qo + G3 1 m.L + Q.l. 
y = -2 ln , ( = -

2 
ln , m l = -J q 2 _ q 2 , 

q o-q 3 m l- q.J.. o 3 

1 
<Y> =TJ=-ln 

2 

b b 2.. 
---,<(2> 1 

I( -1 K 

q o+qa • < (y- <y >) > "" 
q8- q g 2( I(+ I( ) "" a 

AHa110rlo14Hble COOTHOWeHH.A HMe~T MeCTO IIJ1R 8enlo14~H 

1 q o~(n3ap .. 
a n~ap d 3 Q " ,q ) • 

1 - - q o da :t 
<n">atn d s q ( QJ 

H3 3Tio1X COOTHOWeHHH B npeAe ne Y -+Q 
3

1 q , ( -+Q.Li q cneAYIOT 
c!>opMy11bl, 8b1TeKaiOUIHe TaKlKe 1-13 CTaTHCTio14eCKOH MO,qe111-1 / 24/ · 

1 

n3ap a 33p 

" n" 

1 

n3ap a 3ap 

"" 

da(n 3ap) 
__!!_ -

dq 3 

exp l -(q3 - <q ~>) I 2<(q 3 - <q3 >) \Jap] 
- --.!!ll_ 

-J 2rrdq 3 - < q 3 >)2 > 3Up 

"" da~ap 

dq .L 
2 I 2 > l _ exp [-q.L <q .l 'Jap 

"" <q .L > 3ap 

"" 
3Aecb Ha~ npeAcTa811ReTc.A YA06Hb!M nonb308aTbCR nepeMeHHOH 

a 

(q 3 - < qs >) 122 2s1 
------:-~2:'- 8MeCTO OPHHATOH ' Q 3/< q S" . 3aMeTio1M, 4TO 
<(qs -<q 3>) -> 

¢oPMY11bl /321 HMeiOT MCCTO npH CTeneHHOM y6bleaHHio1 Ce4eHHA 8 8HAe 
/311 8 0011aCTio1 Q -Qb 1-1 OH I-1 ,I:IOn)I(Hbl 111o1CKa)l(aTbCR 11 110rapH~MH4eCKOH 
nonpa8KOH 8 0011Y~HKI1~31o18HOM lo1 lo1HKI1103H8HOM KaHa11aX peaK41o11o1 np1o1 
q » qb. 

A8TOPbl 8blpa)l(a~r r11y6oKy~ 611aro ,qapHOCTb H.C.AMar11o6e111-1, 
T.H.Kona11e.:1wBH11H, B.r.MaxaHbK08y, A.H.Ta8xe111o1,q3e, ~.B.WHpKo8y 
3a no,q,~:~ep*KY, B.P.rapce8aHHW8HnH, B.K.MHTPIOWKHHy, A.B.Pa/IIOWKH 
Hy, A.H.CHCaK.AHy, n.A.C11en4eHKO, A.A.Xenaw BI-1111-1 3a 4eHHble o6-
CY)I(,I:IeHio1R. 
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