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Beeoenue 

Xopowo H3BeCTHhl npeHMymecT~a KBa3HilOTeHnHanLHOro 
MeTo,u;a JloryHona H Tanxena,u;3e/l/ n 3a,u;a11e o CBJI3aHHOM 
COCTORHBH JJ.BYX 'laCTHU 12 / no cpanHeHHIO c .11.pyrHMH no,u;­
xo,u;aMH. 3TOT MeTOJJ. Il03BOnJieT COBMentaTL npOCTOTy H 
HarnJIJJ.HOCTL TpexMepHoro /OJJ.HOBpeMeHHOro/ onecaHHJI He­
penJITHBHCTCKOH KBaHTOBOH MexaHHKH /ypaBHeHHJI illpe,ZJ;HH­
repa/ C KOBapHaHTHhlM .annapaTOM KBaIITOBOH TeOpBH noml 
/diyHKUHH rpeHa B ,u;uarpaMM «l>eHHMaHa/ /3/ . Kna3Hno­
TeHneanLuoe ypanHeHHe 6Mno c ycnexoM npuMeHeHo ,u;nJI 
Bhl'IBCneHHJI TOHKOH H cnepxTOHKOH CTPYKTYPhl BOJJ.Opo,u;o­
no,u;o6HhlX aTOMOB /2/. 

KBa3BilOTeHnBanLHhlH MCTOJJ. YHHBepcaneu B CHMMeTpH­
'ICH B onucanuu o6enx 11acTun'. linaro,u;apJI 3TOMY 011 npu­
MeHHM ,u;nJI paCCMOTpeHBJI n106oii CBC Te MM qacTBU C npOH3 -
BOnLHhlMD MaccaMB. B uepemlTBBBCTCKOM npe,u;ene KBa3H­
IlOTCHUHanLHOC ypan11e11ue nepexo.r:(HT a 06M1111oe ypanuenue 
illpe,u;uurepa. O,u;uaKo H3BecTHO / 4/, 'ITO onepanuJI npupan­
uenaueJI npeMeH ue no3aonJ1eT, noo6me ronop,i, nony11HTL 
ypanHeuue ,UupaKa ,u;nJI o.u;Hoii H3 11acTHU, Kor,u;a Macca 
,u;pyroH ycTpeMUIICTCR K 6eCKOHC'IHOCTH. 3To npoHCXOJJ.HT 
u3-3a HanH'IHR nHWHHX nono>KHTenLHO-'laCTOTHhlX, npoeK­
UBOHHhlX onepaTopoB B npaBOH 11acTH ypaBHCHHJI. B TO >Ke 
BpCMJI npe paCCMOTpeuue TaKHX BOJJ.Opo,u;ono,u;o6HhlX aTOMOB, 
B KOTOphlX ,i,u;po o6na,u;aeT 6onLWHM 3apJIJJ.OM B 6onLWOH 
Maccoii, 6MnaeT y,u;o6110 nocnonL30BaTLCJI n Ka11ecTne ucxo,u;­
Horo npn6nn>KeHB'1 TO'IHhlMB peweHHJIMH ypaBHCHHJI ,UiipaKa 
C KynoHOBCKBM IlOTeunuanoM. 

TaKoro po,u;a MeTo,u; no,u; Ha3nauaeM "Mo.u;enu 34><iieKTHB-
11oro noTennuana" 6Mn npe,u;no>KeH rpoT11eM u Heuuu / 5/. 
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0,nHaKo, KaK OTMet.JaIOT caMH aBTOphl pa6oThl/S/, B paMKaX 
nx cxeMLI He ccpopMynnpoaaHhl nocne,noaaTenLHO ypaaHeHHH 
,nnH CBH3aHHLIX COCTOHHHH H npone,nypa IlOCTpoeHHH onepa­
Topa IlOTeHnnana /HMeHHO Il03TOMy HCilOilL30BaH TepMHH 
Mo,nenL/. AHanornquoe ypaaHeune paccMaTpnaanocL rpoc­
coM /6/. 

B HaCTOHmeii pa6oTe Mhl noKa:>KeM, KaK a paMKaX K_BaH­
TOBOH TeopHH nonH, HCilOilL3YH H,IJ;eH KBa3HilOTeHnnanLHOrO 
no,nxo.na JioryHoaa H Taaxenn,n3e, MO:>KHO nocTpoHTL caMo· 
cornacoaaHHhlii TpexMepHhlii cpopManH3M, npnao,nHµuiii K 
MO.IJ;HcpH.UHPOBaHHOMY ypaBHeHHIO ,IJ;npaKa. 

1. Pe.11.RmueucmcKa.R eo.1111oea.R fPYHKIJUJI 

PacCMOTPHM ,nayxapeMeHHYIO BOilHOBYIO cpyHK.UHIO CBH· 
3aHHOro COCTOHHHH ,nayx qacTH.U C MaccaMH ml H m2 H 
CITHHOM 1/2: 

'I' B ( x 
1 

, x 
2 

) == < 0 I T ! t/1 1 ( x 1 ) t/1 2 ( x2 ) l j B > , /1.1/ 

r.ne tjJ1 2 (x1} - reii3eu6eproBCKHe onepaTophl B3aHMo,neiicT­
ayromnx n.9neii :meKTpoua H npoTOHa COOTBeTCTBeHHO; I B > == 
==IM, J , P 8 > - aeKTop CBH3aHHoro cocTOHHHH c onpe,ne -
neuHoii Maccoii, cnHHOM H HMnynLcoM; E 

8 
== v' M 2 + pi . 

BMeCTO Toro, '-IT06hl,_cne,nyH 06hlt.JHOMY KBa3HilOTeH­
nnanLHOMY MeTo,ny, npnpaBHHTb apeMeHHhle apryMeHThl. one -
pa TOP OB t/J l H rµ 2 , ycTpeMHM t 2 . K 6e CKOHe'-IHOCTH H ne -
peii,neM K npe,neny. ,D;nH o6ecnet.JeHHH penHTHBHCTCKOHKo­
BapHaHTHOCTH 3TOT npe,nenLHhlH nepexo.n MO:>KHO coaepwa TL 
B CHCTeMe neHTpa. Mace, a npH nepexo.ne K npOH3BOilbHOH. 
CHCTeMe, r.ne nonHhlH t.JeThlpexHMnynLC CBH3aHHOro COCTOH • 
HHH eCTLPB, ua,no IlOTpe6oaaTb, '-IT06 K 6eCKOHe'-IHOCTH CTpe­
MHnacL aenH'-IHHa p 8 • :x 2 /M, KoTopaH nrpaeT ponL "co6cT­
ae1rnoro apeMeun". 

KaK H3BeCTHO 17 1, a npe,nene npu t ➔ ±oo /3,necL npe,nen 
noHHMaeTcH a CMhlcne cna6oii cxo,nHMOCTH/ onepaTophl 
B3aHMO,neiiCTBYlOIUHX noneii, 0 KOTOPhlX Mhl HHt.Jero He 3Ha­
eM, KpOMe O.IJ;HOBpeMeHHhlX nepecTaHOBO'-IHhlX COOTHOWeHHH, 
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coana,naroT c onepaTopaMH acHMITTOTH'-Iecirnx noneii nnn 
TaK Ha3hlBaeMhlMH ( (out) )- H ((in)) • onepaTopaMH, KOTOpble 
y,noaneTBOpHIOT nepecTaHOBO'-IHblM COOTHOWeHH.flM H .nucpcpe­
peunuanLHbIM ypaBHeHH.flM TeOpHH CB06o,nHbIX noneii /B Ha­
WeM cnyqae - ~mo6o.nuoMy ypaaueumo ,D;upaKa/. 

TaKHM o6pa30M, Mbl MO:>KeM B onpe,neneHHH /l.l/tfr2(x2) 
3aMeHHTL Ha 

VJ ;ut ( X )==-
1 .:..J d 4 ko(k 2 -m 2 )0(k 0

) X 
3 2 

. ( 211) 

/1.2/ 
>. 'k \ + 

x I !u {k) a >.ut {k) e -i x2 +v""(k) b \out (k) e ih2!, 
11. 2 2 /\ 

r.ne u,\ (k) H v.A (k)- peweun.a ypaaHeum1 ,D;npaKa c nono:>KnTenL­
Hoii H OTpunaTenLHOH qacTOTOH H IlOJIHpH3anneii ,\, HOPMH· 
poBaHHble YCJIOBHeM ~ u == - -; v == 2 m 

2 
; 

IIo,ncTaBHM pa3no:>Keuue /1.2/ a paaeucTBo /1.1/, yqu­
TLIBaJI, '-ITO TenepL~ B CHJIY onpe,neneHHH T -npOH3Be,neHHJI, 
onepaTop tjJ 2ut ( x 2) 6y,neT CTOHTL cneaa OT rµ 

1 
(x

1 
).B pe-

3YJILTaTe ,nnJI aonuoaoii cpyHK.UHH /I.I/ nonyt.JHM cne,nyromee 
Bblpa:>KeHHe: 

( 1 • 4 2 2 -ik".2 ,\ 
tpu x1,x2)==--3Jd.,ko(k -m )0(k 0 )e }: u (k) x 

( 211) 2 >.. 

X <k' A Irµ ( X ) I B>. 
I I /1.3/ 

B .naJILHeiiweM HaM 6y,neT y,no6uee pa6oTaTb c BOJIHOBOH 
cpyHK.UHeii B HMITYJILCHOM npe,ncTaBJieHHH 

, , ➔ ipl xl +ip2x2,.., 4 . 4 . 
(211)4 o4<pl+p2-P )xB(p1,p2)=fe 1£irlxl'x2)d xld x2 

/1.4/ 

HcnonL3YJI TpaHCil.fl.UHOHHYIO HHBapnaHTHOCTb, Haii,neM 

➔ 2 2 . ,\ ➔ I 
xs<P1•P2)==211o(p -m )0(p 0

) Iu (p )<p ,A tfal (0) IB>. 
2 2 2,\ 2 2 

/1.5/ 
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I 

3aBHCHMOCTh X B OT 3HeprHH npoTOHa .naeTCH MHO)KHTeJieM 
2110( p2-in 2 ) 0 ( p 02 ) ' no1<a3hIBalO~HM, 'ITO npoTOH Haxo-

2 2 ~ B . ~ ,IJ;HTC.fl Ha MaCCOBOH noaepXHOCTH. ,naJihHeHWeM 3TOT 
MHO>KHTeJib Mhl 6y,neM onyc1<aTh,•IlOMHH, 'ITO 

0 (➔ ) ➔ 2 2 
P2 =f2 Pz =+v'p2+ m2 • /1.6/ 

KpoMe Toro, BOJIHOBYIO cl>YHKU,HIOy,no6HO .cnpoenupoBaTb 
Ha no,nnpocTpaHCTBO IlOJIO>KHTeJibHO-qacTOTHhlX COCTOHHHH 
npoToHa 

211o(p:-m:r0(p~ )'P
8

(p
1
,p

2
) 

/1.7/ 

1 

2m 2 v' 2£ 2 (p 2) 

A ➔ 
u (p

2
)xB(pl,p2) 

'I' (p ,p2) B I <p 2 , A I 1/'i ( 0) I B > • 

y'2f 2 lp 2) . /1.8/ 

1 

IIepeii.neM Teneph I< nepeMeHHhlM IlOJIHOro H OTHOCHTeJibHOro 
HMilYJihCa: 

pl = T/ J p + p 

P =r, P-p 
2 2 

p =p1+P2 
/1.9/ 

p = T/ 2P1 -r,I P2 

p2 = m 2 
2 2 

3,nech T/ I H T/ 2 CBJr3aHhl YCJIOBHeM T/1 +TJ2 = 1. B qaCTHOCTH, 
HX MO)ICHO Bhl6pa Th a BH,IJ;e 

M2-m 2+m2 
L_! 

2M 2 T/ I 

T/ 2 

2 2- 2 
M +m 2 -m 1 

2M
2 
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Tor.na (p-P)= ~ (pi-m~•Ha MaCCOBOH noaepXHOCTH Pi=m{, 

( P • p) = 0 - BeI<TOp p nepeXO,IJ;HT B 'leThlpexBeI<TOp OTHO­
CHTeJihHoro HMnynLca ro.nunra H BaHTMaHa. BonHoay10 
cl>YHI<UHIO /1.8/, 3aBHCH~YIO OT HOBhlX nepeMeHHhlX, 6y,neM 
o6o3Ha'laTh 'Pp (p). 

PaccMOTPHM TpaHccl>opMaUHOHHhle CBOHCTBa BOJIHOBOH 
cl>YHI<D;HH /1.8/ npH npeo6pa30BaHHHX JlopeHu;a. IIyCTh A -
npeo6pa3oaaHHe JlopeHu;a, nepeao,nH~ee 4-aeI<Top IM, O I a 
IE ( P), PI. Tor.na ae1<Tophl cocTonHHH 1<aHOHH'lec1<oro 6a-
3Hca H one pa TOP IlOJI.fl, BXO,IJ;H~e B BOJIHODYIO c},yHI<UHIO / 1.8/' 
npeo6pa3y10Tc.11 no c},opMyJiaM /3, 7 / · 

<p I u(A) = 0~12 CR; ) <;-=i p I, 
2 P2 2 

/1.11/ ➔ ➔ 

U(A) iP>=IO>, 
-1 

U (A) i/J(O) U(A) = S
1

(A) i/J 1 (0), 

r.ne U(A) - onepaTop 6ec1<0He'IHOMepHoro npe,ncTaaneHH.11 
rpynnhl JlopeHu;a; S 1 (A) - MaTpuu;a ciIHHOpHoro npe.n­
CTaaneuu.11 rpyn~bl JlopeHu;a; 0 1/2(R) - MaTpHD;a I<OHe'IHoro 
Bpa~eHHJI, a BHrHepOBCI<Oe apa~eHHe 

w L-1 A RA = L A-1 
p2 p2 p2 

Ha ocnoaauuu c},opMyJI /1.11/ nonyqaeM 3a1<OH npeo6pa-
3OBaHHJI BOJIHOBOB c},yHI<UHH /1.8/ 

➔ ➔ ➔ ➔ 

V 2f 2 ( p 2) 'JI p ( p) = < p 2 I "'I ( 0) I p > 

1/2 W --::r-' ➔ 
D 

2 
( RA ) S 1 ( A ) < A p I 1/1 ( O) I O > = / 1.12/ 

P
2 

2 l 

1/2 W j --+ -➔ 
=D2 (RA )Sl(A)2f (A-Ip )'JI (A-lp) 

P
2 

. 2 2 M 
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J. ,l(eyx<1acmu<111aJ1 rPYHKf4UJI I'puua 

B cne,nyIOUleM pa3,nene Mbl IlOCTpOllM ypaeHeHHe, KOTOpo­
MY 11O,IJ;'IHH.HeTC.H BOJIHOBa.H 4>YHKUH.H / 1. 7 /. C 3TOH nenbIO, 
cne,ny.H KBa3HilOTeHn;HaJibHOMY MeTo,ny B KBaHTOBOH Teopnn 
IlOJI.H /1 /, ·eee,neM ,neyxqacTH'IHYJO 4>YHKUHIO rpnHa / 3, 7 / 

- -
G ( x 1 ' x 2 ; y I 'y 2 ) = -i <O I Tl IP 1 ( xl) IP/ x2) IP 1 ( y 1) IP 2 ( y 2) } \ 0 > • 

/2.1/ 
HcnonL3Y.H npneM, onncaHHhlii B pa3,nene 1, nepeii,neM K 

npe.neny x~ ➔ oo, y~ ➔- 00 • B pe3yJILTaTe nonrrnM: 

'G ( x 1 , x 2; YI , Y 2) =-i <O I IP 2out ( x 2) T { VJ I ( x 1 ) ~ 1 ( y 1 ) I j ~n ( Y 2 ) \ 0 

/2.2/ 

Ilocne IlO,IJ;CTaHOBKH CIO,IJ;a Bblpa~eHH.H / 1.3/ ,IJ;JI.H VJ ~ut(x2) n 
aHanorn11Horo Bblpa:>KeHH.H ,nn.H VJ Jn ( y 2 ) no.n HHTerpanoM 
nony'IHM MaTpH'IHbIH 3JieMeHT T -npOH3Be,neHH.H 
< p 2 \ TI VJ i ( x 1 ) f 1 (y 1) llqi;KOTOphlii npn noMOlllH 0 -4>ynKnnii 
n rronnoro na6opa cTannonapHbIX cocTO.HHHii MO:>KHO 3anncaTL 
B BH,IJ;e: 

<p2ITI VJ1(xl) ~l(yl)llcr2> = /2.3/ 

➔ -
= - i 0 ( x 0 -y O ) 2 < p 

2 
I i/J 1 ( x 1 ) I n > < n I VJ 1 ( Y 1 ) I q 2 > + 

l l n 

+i0(y 0 -x0 ) 2<p If (y) ln><nli/Jl(xl)lq2? 
l 1 n 2 1 l 

Terrepb y,no6nee rrepeiiTH e · HMIIYJibCHOe rrpocTpaHCTBO: 

(217) 4 8 4(:P-~)G(p ,p; q ,q) = 
1 2 I 2 

iplxl+ip2x2-iqlyl-iq2y2 G(x.,x ;y1,Y2) X =fe l 2 /2.4/ 

4 d 4 d4 d 4 d x 1 x 2 y 1 Y2 

8 

MHO:>KHTeJIH 2 17 0 ( p ;-m ~ ) 0 ( p 02 ) H 2 17 0 ( q ;-m ; ) 0 ( q 02 ) ' 
KOTOpble IIPH 3TOM IlO.HBj{TC.H, orryCTHM, IIOMH.H, 'l{TO 

0 - ( ➔ ) - - ,➔ 2 2 P2-£2 P2 -+yp2+m2, qo =£ (q) =+,Jq➔ 2+m 2 
2 2 2 2 2· 

KpoMe Toro, crrpoennpyeM 4>YHKUHIO rpnna na 11O,nrrpocTpan­
cTBO IIOJIO:>KHTeJibHO- 'laCTOTHbIX COCTO.HHHH qacTHIJ;bl 2 , 
TaK :>Ke' KaK Mbl IIOCTYIIHJill C BOJIHOBOH 4>YHKIJ;Heii. B .nanL­
neiiweM 11O.n 'G Mbl 6y,neM IIOHHMaTb 4>YHKUHIO 

- ➔ 

G(+)= u2(p2) 

v2f. 2 (p➔2) 

➔ 

u 2<q2) 
'G -:::::::::::::::::==­

,J 2£ 2 ( q 2> 

Hcrronb3Y.H_ TpaHCJIJIIJ;HOHHYIO llHBapaanTHOCTb H llHTe­
rpaJibHOe rrpe,ncTaenenne 0 -4>yHKQHH, HeTpy,nno IIOJIY'IHTb 
CIIeKTpaJibHOe npe,ncTaBJieHHe li>YHKIJ;HH rpnHa B HMIIYJibCHOM 
rrpocTpaHCTBe /B rrepeMeHHbIX /1.9//: 

➔ ➔ m 1 , I(p,q,P,E') I(p,q,!P,E') 
G(p,q,J) = ---:========f dE {----+----!, 

2,/t (p )t (q➔) E-E'+iO E+E'- iO 
.2 2 2 2 ,, 

r.ne 

➔ ... 3 
I(p,q,P,E)=(217) io(E-E )x n 

n 

xo 3 (p +p -P )<p Iv, (O)ln><nli (O)jq > 
1 2 n 2 1 I 2 

i(p,;,J, E) =(217)
3 

io(E-E) x 
n n 

a ➔➔➔➔ - ➔ 
x o ( p - q + P ) < p l tp (0) l n ><n l if, (0) I q > 

2 1 n 2 1 1 2 

/2.5/ 

/2.5a/ 

/2.56/ 
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,D;onycTHM, 'ITO cpe.n;H Ha6opa ! n> ecTL CB.113aHHOe co-

2 ➔ 2 
CTO.IIHHe I B > c 3HeprHeii E 8= v'M +P 8 ,M.<m 1 +m 2 • B 3TOM 
cnyqae, 1<a1< cne.u;yeT H3 cneKTpanLHoro npe.n;cTaBneHH.11 
/2.5/, cpyHKU.H.11 rpHHa HMeeT nomoc B TO'II<e. E = E 8 , 
H B6nH3H Hero nocne BBe.n;eHH.11 :nepeMeHHLIX /1.9/ 

➔ - ➔ 
➔ ➔ 'l'p(p)0'l'p(q) 

G ( P, q' p) = __a:; ___ ...::__ __ 

2E 8(E-E 8 ) /2.6/ 

lfa 3Toro npe.n;cTaBJieHHH cne.u;yeT, 'ITO ecnH MLI Haii.n;eM 
ueo.n;uopo.n;Hoe ypaeueHBe' KOTOpOMY y.n;oBneTBOpHeT cpyHKll,BH 
rpuua, TO COOTBeTCTBYIOl.qeMy O,ll;HOpO,D;HOMY ypaBHeHBIO 6y­
.n;eT y.n;oBneTBOPHTL BonuoeaH cpyHKll,BH. 

3. Moou¢u11upoeaHHoe ypaeHeHue ,l(upaKa 

Onpe.u;enBM TenepL V one pa Top KBa3BilOTeH11,Bana 

-1 -I 
G = G0 - V, /3.1/ 

r.u;e G O - cpyHKll,BH rpuua .n;nH CB06o.n;HLIX HeB3aBMO,D;eiicT­
BYI01.QBX qacTBll,. IIo.n;cTaBnHH onpe.u;eneHBe /3.1/ e O'leBB,D;-

G-1 
uoe TO>K,D;eCTBO G = 1, nony'IBM 

( G 01 - V)G = 1 • /3.2/ 

3.u;ecL no.u; 1 IlOHBMaeTC.11 COOTBeTCTBYI01.QBH e.n;BHB'IHLiii 
onepaTop. 3To B ecTL Heo.u;uopo.n;Hoe ypaeueHBe .u;n.11 cpyHKU.BB 
rpuHa. 3na'IBT, B cuny nocne.u;uero yTBepJK,D;eHBH pa3.n;ena 2, 
BOnHOBaH cpyHKll,BH /1.7/ 6y.n;eT y.u;oeneTBOpHTL O,ll;HOpo.n;HoMy 
ypaBHeHBIO: 

G~lq,B = V'l'B. /3.3/ 

YMHO>KeHHe B 3TBX cpopMynax IlOHBMaeTCH B onepaTOPHOM 
CMLICne Kai< BHTerpBpoeauBe no npocTpaHCTBY TpexMepHLIX 
BMnynLCOB. 
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l 
:} 
I 'l !I_ 
! , 
i ,' 
f 
I 

'I 

l 
,, 
'~ 
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\ 
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Haii.n;eM .IIBHLiii BH.n; onepaTopa 'G 0 • ,D;n.11 3Toro BocnonL- . 
3yeMC.II cneKTpanLHLIM npe.n;cTaBneHHeM /2.5/. IIo.n;cTaBHM 
B /2.5/ HBHLIH BH,ll; /1.2/ onepaTOPOB CB06o.n;HLIX noneii t/J1 (0) 
H t/11 (0) , JICHO, 'ITO BI<na.u;, OTilH'IHLIH OT HynH, .u;a.n;yT 
TonLKo .u;eyxqacTH'IHLie cocTO.IIHHH I n > = 111, A 1 ; k 2, A 2 > • 

IIocne Hecno:>KHLIX BL11<na.n;o1< MLI npH.n;eM I< cne.n;yroi.qeMy 
pe3ynLTaTy: 

G ( 3 3 ➔ ➔ l 
0 = 21r) o (p -q )----

2 2 2f
1

(p
1

) 
X 

;\ ➔ -A ➔ A ➔ -\ ➔ ) I u ( p ) X u (p ) Iv (-p
1

) ©v -p
1 A I I A 

I, /3.4/ XI + 
El-fl (pl) El+fl (pl) 

E I = E - f 2 ( p 2) ' 

KaK B3BeCTHO / 3< B BCilOilL3yeMoii 3,D;eCL HOpMBpOBKe 
2 uA ( P I } ~ u A ( P I ) = )'O f I ( P I ) - Y P I + m I 
>.. 
t vA(-p1) Ci'>;A(-pl) = y0£1 (pl) -ypl- ml 

Il03TOMY' npBBO,ll;H o6a cnaraeMLIX B /3 .4/ I< 061.qeMy 3Ha­
MeHa Tenro, nony'IBM . 

' ➔ ➔ 3 3 ➔ ➔ 

G
0 

(p,q, P)=(21r) o (p - q ) x 
2 2 

3 3 ➔ ➔ ➔ ➔ 

(27T) 0 (p2-q2) yoE1-YP1+m1 
/3.5/ = X 

" E2-f2(p) 
P1 - m I I I 

A O ➔ ➔ 
p =E y -p Y• 

I I I 

3TOT pe3ynLTaT MO>KHO 6Lmo 6LI nony'IHTL, HCXO,ll;.11 H3 
.u;pyrux coo6pa>KeHHH. ,D;nH HeB3aBMO,D;eiicTBYIOlll,HX qacTBll, 
MaTpB'IHLIH 3neMeHT B neeoii qacTB /2.3/ pacna.u;aeTc.11 Ha 
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npoH3Be,n;eHHe <p2 , Al <f 2, a> x <0l11t/I1 (x1)'Pi(yi)}I0>.IlepBbIH co­
MHO>KHTenL B can; Bb16paHHOH HOPMHPOBKH BeKTOpOB co­
CTO.HHHH paBell (211) 2E (p ) 8 3 (p-q ),a ·BTOpoii npe.n;cTaBnJieT 

2 2 2 'X , 

co6oii OAHO'laCTH'IIIYIO cpyHKUHIO rpaua. HeTpy.n;Ho HaiiTH 
-1 

o6paTHLiii onepaTop Go : 

-} ➔ ➔ p 3 ~'\ ➔ ➔ A 
'G O (p , q, ) = ( 2 11) lF ( p 2 - q 2 ) ( p 1 - m 1 ) , /3.6/ 

HnH, B nepeMeHHblX /1.9/ 
-} ➔ ➔ 3 3 ➔ ➔ A A 

G 0 (p, q, P) =(211) 8 (p-q) (77 1 :P+p-m) /3.7/ 

IIo.n;cTaBn.11.11 Bhlpa:meaae /3.7/ B ypaBHeHHe /3.3/, no­
ny'IHM B pe3ynLTaTe HCKOMOe ypaBHeHHe .n;n.H BOnHOBOH 
cpyHKUHH: 

(771P + p - mi} 'PpCp) = - 1 - JV(p,q) 'P p(q) d3 q. /3.8/ 
( 211) 3 

IloKa>KeM TenepL, 'ITO npH m2 ➔ 00 3TO ypaBHeHHe nepe -
XOAHT B ypaBHeHHe ,nupaKa An.JI qacTHUbl I BO BHemHeM 
none. Ilpe,IlenbHblH ~epexo~ ~y.n;eM COBepwaTb B CHCTCMC 
ueaTpa Mace, rAe P = 0, P = M. _ 

KaK cne,IlyeT H3 paBeHCTB /I.IO/, B npe.n;ene npH m2 ➔ oo 

H M - m 2 = const , 77 1 ➔ 0 , T/ 2 ➔ 1 H 

P = Pl = P - P 2 = { M - m 2 , p I , 
Cne.n;oBa TenLHo, 

A 

P A OE ➔ ➔ 771 +p-m =y 1-yp-m 
/3.9/ 

E 1=M-m2, 

T.e. B neBOH qaCTH /3.8/ 6y.n;eT CTO.HTb o6bl'IHblH .nupaKOB­
CKHH onepaTop: 

f y O E 1 - y p - m 1 I 'I' 0 (p) = ~ f V ( p , q) 'PO ( q) d 3 
q. /3. Io/ 

(211) 

TaKHM o6pa30M, Mbl noKa3anH, 'ITO B npa6nH>KCHHH m2➔ 00 

nocTpOCHHOe HaMH ypaBIICHHe nepexo.IJ;HT B ypaBHCHHe ,na­
paKa ,n;n.H qacTIIUbl BO BHCWHCM none, KOTOpoe onpe.nen.HeTC.H 
Bbl6opoM onepaTopa KBa3HnOTCHUHana V. 3TOT pe3ynLTaT 
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\!(i 
'1 

t\ u 
( 

.HBn.HeTC.H cneuHq>H'ICCKHM cne,IlCTBHCM pa3BHToro HaMH Me -
TOAa /CM. BBe,n;eHHe/. 

4. KeaaunomeHijUaA 6 npu6AUJICeHUU O0HO(POmOHHOZO 
o6MeHa 

MbI onpe.n;enHnH KBa3HnOTeHuHan V npH noMOII\H cooT­
HOWeHH.H /3.1/. qaCTO 6blBaeT y.n;o6Ho Bblpa:>KaTb onepaTop 
KBa3HnOTCHUHana qepe3 aMnnHTYAY pacce.HHH.H T BHe Mac­
COBOH noBepXHOCTH, onpe.n;eneHHYIO cne.n;yIOII\HM o6pa3oM: 

G=Go+GoT'G. /4.1/ 

Tor,Ila BMCCTO paBCHCTBa /3.1/ nony'IHM 3KBHBaneHTHOC 
onpeAeneaae 

V = T( 1 +'G
0
T)-l • /4.2/ 

O6bl'IHO 3TO onpe,IleneHHe ucnonL3yeTC.H B BHAC pa3nO>KCHH.ll 
no TCOPHH B03MYII\CHHH 

V = V ( 1) + y-( 2) -t, ... ; T = T ( 1) + T ( 2) + ••• 

V(l)=T(l) V( 2) =T( 2) - T(l)G
0

T(l). /4.3/ 

B aaweM cnyqae MO>KHO BOCnonL30BaTbC.H MCTOAOM 
nocTpoeHH.H aMnnHTYAbI T C noMOII\blO 3neMCHTOB MaTpHUbl 
pacce.llHH.H Ha MaCCOBOH noBepXH0CTH /l, 2/. IlpH'ICM, KaK 
u cpyHKUHIO rpaHa, ee Ha.iio cnpoeuapoBaTL Ha nono>KHTenLHo-
qacTOTHble C0CT0.IIHH.11 npoT0Ha: 

(+) -;i(p2) 
T =-==== T 

..j2E2<P2) 

u ( Cf2) 

V2 E2 (q2) 
/4.4/ 

B HH3WCM nop.H.IJ;Ke TC0PHH B03MYII\CHHH B3aHMO.IJ;CHCTBHe 
3neKTP0Ha C npoTOH0M OnHCblBaeTC.H O.IJ;HOq>OTOHHblM o6Me -
HOM, KOTOpblii M0>KHO npe,ncTaBHTb B BH.IJ;e .naarpaMMbI·puc. 1. 
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q, ~- / p, 

q2 P2 

Puc. 1 

Cornacuo paBeHCTBaM /4.3/ H /4.4/, KBa3unoTeHUBaJI B 
nepBOM npH6JIB:>KeHHH paBeH 

➔ ➔ 

V (l) = e 2 u 2 ( P2) ( 2) u2{q2) 
Dµv (k) < I) y 

Yv ➔ µ ➔ 

v' 2f 2 ( p 2) v2t:2(q2) 

k=p -q =q -p =10,p-qJ. 
2 2 I I 

. /4.5/ 

14 

,I 

<l>OTOHHLIH nponaraTOp D µv( k )" y.IJ;06HO BLI6paTL B TaK 
Ha3LIBaeMoii: KYJIOHOBCKOH KaJIH6pOBKe: 

D oo (k) = _l. ij 1 k i k j 
D (k) =--(o .. - ➔ 2 ) ➔ 2' . k2 l) k k 

0 oi=Dio=O. 

➔ ➔ 
➔ ➔ ap 

u2(p)=v'f2(p)+m2 ;-, fw, 
c2 (p + m2 

HcnoJIL3YJI JIBHLIH BH,IJ; cnBuopoB u 2 (p) G 
1 

npoB3Be,IJ;eM B paBeHCTBe /4.5/ pa3nomeuue no ➔ 2 / 2 H 
. P2 m 2 

OCTaBHM JIHWL qJieHLI nepBoro nopJl,D;Ka no 3TOMY napaMeTpy: 

v<n"" _ _=.:1<1 _ k2 
> o> + <p2+ii2>rln 

k2 2 Yo + 8m
2 

2m 2 

➔ ➔ ... • /4.6/ 
a [p xq ) ' [ ... ➔k] ➔ (I)' 

. 2 2 2 (1) a 2 X y 
+ I -----=--- ------ l 4 2 Yo - i ' m

2 
2m 2 

r.IJ;e 
➔(I) ... ➔ 

y < I) = y< 1 > _ ( y k) k ➔ ➔ l .,. ylk=O. 
k2 

IloCKOJILKY B pa3JIO:>KeHBB yqaCTBylOT qJieHLI, JIBHeii:HLie 

no L, cnaraeMLie, KBa,IJ;paTBqHLie no 3TOMY napaMeTpy, 
m 

oT6pocHM. qneH - 1- [; 
2 

x kJy< I) npHBO,IJ;BT K cBepxToH-
2m 2 

KOMY pacIQenneHHIO ypoBHeii:, a TaK KaK MLI 3TOT 3ci>4>eKT 
ceii:qac He paccMaTJlBBaeM, ero TO:>Ke MO:>KHO onycTBTL. 
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~To6hl oneHHTL cnaraeMoe (p2 +q lB._(l), 3aMeTHM, 'ITO 
2m 2_ . -

1 

<p2> m r i 
ero cpe.u.Hee 3Ha'ieHHe nop.s:.u.Ka - ~ - a 2 (a"" 

137
-

m2 m2. 

IlOCTOJIHHa.S: TOHKO:ii CTPYKTYPhl/. IlOCKOilLKy OHO BXO,llHT 
B Bhlpa)KeHHe ,llilH KBa3HilOTeHnuana YMHO)KeHHhlM Ha Ky­
IlOHOBCKHH qneH e2 /k2 , cpe,llHee 3Ha'ieHHe KOTOporo no Teo­
peMe BHpHana. HMeeT nop.S:JJ.OK m1 a 2 , TO npHBOJJ.HT K 

• m1 
nonpaaKaM nop.s:.u.Ka m 

1 
( ~ a 4 • IIonpaBKaMH TaKoro no -

PHJJ.Ka Mhl 6y.u.eM B .u.anLHeHWeM npeHe6peraTL. B pe3ynL­
TaTe onepaTop OJ).HO~OTOHHOro KBa3HilOTeHnHana B yKa3aH­

HOM Bhlllle npH6IlH)KeHHH CBOJJ.HTCJI K 06hlKHOBeHHOMY Kyno­
HOBCKOMy noTeHnHany: 

" 

v< 0 <k) = e
2 r4l> _ < k) ---Ve k2 

5. Ilpu6AuJtCeuuoe peweuue MoowpurJupoeauuozo 
ypaeueuu.Jl ,4upaKa 

3anHWeM ypaBHeHHe /3.10/ a CHCTeMe neHTpa Mace 

2 ➔ 2 ➔➔ ➔ 
{yO(M-vm2+p )-yp-ml}lpo(p) = 

1 
(211)3 f Ve (p - q) q,o (~) d 3q 

/5.1/ 

B aTOMe BOJJ.Opo.u.a npOTOH MO)KHO paccMaTpHBaTL KaK 
Hepen.S:THBHCTCKYIO 'iaCTHny, TaK KaK cpe.u.11ee 3Ha'ieHHe HM­
nynLca HaMHOrO MeHLWe ero MaCChl 
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Ilo3TOMY C TOH )Ke TO'iHOCTLIO, C KOTOpo:ii 6hln onpe.u.eneH 
IlOTeHnHan B npaaoii 'iaCTH ypaBHeHHH, KBa.u.paTHhlll KopeHL 
B neaoii qaCTH MO)KHO pa3Il0)KHTL B p.s:.u., OCTaBHB TOilhKO 
nepahle .u.na 'ineHa. Tor.u.a ypaBHeHHe /5.1/ 3anHweTCJI 
B BH,l).e: 

➔ 2 
lyo(M-m2 p . ➔➔ }m ( ➔ --) - Y p - ffi T ➔ p) 

2m 1 O 
2 

/5.2/ , 
1 

(2")af Ve (p-q) 'Po (q) daq 

,D;n.s: peweHHH 3Toro ypaBHeHHJI BOCilOilL3yeMCH TeopHeii 
B03Myi:neHHH. OnepaTopoM B03Myi:neHHJI 6y.u.eM C'iHTaTL 

yo P2 . 
( - --- ) • HeB03Myi:neHHoe ypaBHeHHe /B npe.u.ene npH 

2 m 2 

m2➔ 00 H M-m2 = const/ COBila,l).aeT C ypaBHeHHeM ,lJ;HpaKa 
.u.n.s: 'iaCTHnLI BO BHewHeM KYilOHOBCKOM none. Ero peweHHJI 
xopowo H3BeCTHLI /Bl, a JJ.IlH ypOBHeii 3HeprHH OHO npHBOJJ.HT 
K cne.u.yromeMy pe3ynLTaTy: 

r.u.e 

f(n,j) 

l\1-m 2 =m 1 f, 

1 

v 1 + [ a 12 
n-(j+l) +v'(j+.l.)2 

2 2 
2 -a 

/5.3/ 

IIonpaBKa nepBoro nopHJJ.Ka K 3HeprHH paBHa cpe.u.HeMy 3Ha • 
'ieHHIO onepaTopa B03Myi:neHHH. ,D;m1 cpe.u.Hero 3Ha'ieHHH 
KBa.u.paTa OTHOCHTeilLHOro HMnynLca H3BeCTHO cne.u.y10i:nee 
HepenHTHBHCTCKOe Bhlpa)KeHHe: 

<p2>=-2m 1 W, W = M-m 1 -m 2 • /5.4/ 
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Ha OCHOBaHHH paaeHCTB /5.2/, /5.3/ H /5.4/ HMeeM: .. 
m 1 

m 1 + W + 2""m;W = m 1 £, /5.5/ 

OTKYAa HCTPYAHO nonyqHTL 3aBHCHMOCTL 3HeprHH CBJ13H 
w OT Mace qaCTH:Q H KBaHTOBLIX qffcen: 

w = µ(£-1). /5.6/ 
m m 

rAe µ = 1 2 - IlPHBCACHHaJI Macca. TaKHM o6pa30M, 
m 1 + m2 

a HaWeM npH6HH>KCHHH Mac ca a TOMa BOAOPOAa 

m1 m2 rn2 
M = rn 1 +m 2+----[ f(n,j)-I}+O(..:.::.l.a4) • /5.7/ 

m1+rn2 m2 

AHanorHq11aJ1 3aBHCBMOCTL 6Lma HaHACHa B pa60Te/5/ 60-
nee cno>KHLIM cnoco6oM. 

ABTOpLI BLipa>KaroT 6naroAapuocTL H.H.6oronro6oay, 
A.A.Jloryuoay, P .M .MypaAHHY, H. T. TOAOPOBY, A.H. Taa­
xenHA3e 3a none3HLie 06cy)K)leHHJ1. 
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