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3umm'!ry 

The method of investigating the Chew~Low equations suggested ear

lier is applied to the crossing-symmetry matrix A(l,l).It is based1 

on the use of a number of notions from the theory of differential 

equations, such as stationary point, invariant manifold,etc. The 

vicinities of the stationary points of a syatem of autonomous non

linear difference equations fer this me.trix are considered. They 

a~e studied on the basis of an abelian one-parameter group of 

co~tinuous transformations which is associated with the initial 

difference equations. The detailed quantitative picture of invariant 

curves can be obtained from group differential equations. In the 

vicinity of a degenerate staFonary point (X=Y=l, §3), being of 

most physical interest, the first formal integral of group diffe

rential equations is found. The invariant curves can approach the 

dP.generate stationary point only along definite directions. This 

directions are indicated by some invariant curves on Fig.l, which 

separate sets of curves with different properties. 
"'· 

':'he structure of hyperbolic stationary points .,.·-•. · f) and 

( X" ; -1 ) is clarified and the appropriate invariant curves passing 

through these points are plotted on Fig.l. The geometrical interpre

tation of invariant curves on the phase plane makes the following 

statement obvious: 

Solutions with the norn term. and correct threshold behavior 

are absent. 

©1974 06•e0uHeHHWll UHCllU•Y• 110epHMX UCCAeOosaHUll ,Qy6Ha 

'!") 

'{? 

• § I. B B e n e H H e 

B pa6oTe /I/ xpaeBM s~11a Ha MaTpH11HYe aJieMeHTY $ -MaTpH

UN, 8KBHB8JleHTHWI ypaBHeHWIM lly-Jloy, 6s.na CBe,neHa K CBCTeMe aBTO

HOMHllX HeJIHHelma: pa3HOCTHliX ypaBHeHd, ,tUlll 8H8JIB38 KOTOpol BBCl>Ma 

D.llO,nOTBOpHliMH OK838JIHCI> UOHRTHll T011KH noxoa H HHBapHaHTHOrO MHoro

o6paal!ll. 

HcCJie,noBaHHe, npoBe~eHHoe B /I/ .tUlll Tpe~ol MaTp~ lJy-

Hoy, npHMeBBMO, B 118CTHOCTH, H K M8.Tp111Ite nepexpeCTHOI CHMMeTpHH 

A(I,I) 
.. i s 

3 -1 3 

A(1.1)= II-} !. 5' 

~ 6 
i i i 
3 -;: b 

UeJI1>1> HacTOJmtel pa6oTY RBmieTCJI JIOKaJI:E.Hlil xoJIH11ecTBeHHHM aHa

JIH3 pemem CHCTeMli YpaBHem, BXO,IUllllHX B TO'llKH :t;IOKOJI (§ 2), .IJ)ll! 

&Toi MSTp~. OcHomme pesynTaTY aH8JIB38 co~e})38.TCJI B § 3,4. B 

§ 5 c,neJiaHli HeKOTOplile 3aKJlll11eHWI 0 noBe~eHHH TpaeKTOpHft Ha Beel 

lf>asoBoA nJIOCKOCTH. IlpHJioaeHHe co~epllHT CJie~CTBWI yCJIOBHI KpoccHHr

CHMMeTpHR 11Jf1I rpymIOBGX .lllf@)epe~x ypaBHeHHl/I/. 

§ 2. HCXOJIH!ie ypaBHeHWI. To'IKH noxoa 

He.mmelHHe pasHoCTHHe ypaBHeHHR: Ha MaTplNHl:le aJieMeHTY 

$ -MaTPBIUi HMem BJl,Jl. 

>.c.J•i):: i/JL· S.(..r) CI) 
' 'J J 

~.(w) ~ (i-iJJ-= 1. · • • (2) 

B npoeKTHBHliX KOOp,IllllHaTax 

X (w>= 5d,.!J 
>'L (uf) 

3 

Yew> = s~ ,,.,, 
~z (uf) 

(3) 



IlOJJY'ISeM 

X(.S+i)= -2X(w>+5YcwJ•3 
ZX<..r1 d0Yc..r1-6 

X(w)X(i-wJ=i 

-v-(. A) -ZX(.J>+5Y(...fJ+3 
11 w+:i = (4) 

2.X <u! J • Y<"'' + 3 

Y{w)Y(i-w)= i. 
(5) 

YpaBHeHHJI (4) HMeJOT TpH pa3JIH'IHlie TO'IRH IlOKOJI. 0.ztHa KS HHX, 

X"'Y"'1, 
oco6eHHO BaJ1tHa, nocKOJibKY B Hee ,nOJtmm BXO~Tb pemeHHll, o6.JI8,I(al)-

utHe npaBH.IIJ>HHM noporoBHM noBe,neHHeM /I/. 

.IT.Be ,npyrKe TO'IRK noKOJI 

X = 1-:J"/5 = 
2. -Xo 

X = T-+ 3 Vs=xo 
2. 

y,noBJieTBOpRJOT COOTHOmeHHllM 
2. 

Y=-i 

Y=-1 

(6) 

X -1X + 1 .. 0 'Xo~o• 1 • (7) 

Hu:e TO'IRH (6) 6y,neM HaSHBaTb ce,IJ)IOBliMH TO'llKSMH noKOR (CM. § 4). 

§ 3. To'llRB. noKOJI X = Y = 1 

C~e,nyR pa6oTe /I/, BH.IJ;eJIHM CHMM0'1'pH11HH0 H aHTHCHMMeTpH'llHlie 

'llSC'l'H~ ~i.(u/) 
~ 

~{w>• S~(.J'>ll i 
i 

iS 

+ t Sa (w> 11-5 
3 

-2. ~ 

+ ~'!("'' u -1 I\ 

S1 fw> • St(-w) 

H paCCMOTPHM nepeMeHHHe 

'X ('1.l') = 'i (t4) 
SJ.(..;) 

5 2 (w)= S
2

(-b!'J 'f(t.!)=-1t(-u!) 

:f(.J): $z(..f> 
SJ. (tJ) , 

4 

(8) 

CBSIS8HHY8 c ~ (3) npoeKTlllBHHM npeodpa80B8HH0M 

X _ ~ -h:. + T :t y = i + Zx + t y 

1-z.~-l:.:1 i-2.:ic-.!!I i i . 

(9) 

Ms (9) BBJtllO, '1'1'0 B nepeMeRiiHX x,:J Toqxa IlOKOJI COBn~eT c 

Ha'll8JIOM KOOp,11,HHaT. IlepemmreM CBCT0MY ypaBHeHd (4)-(5) B HOBHX 

nepeMeHHHX 

:c': #f(:rc,~) 

!4' .. R.£,.,!1> 

'X.• .x (_,.f) 

~= ~ (..1) 

li(~,!j):a x. +?Ix•+ t1~-f !1 .. 

1 +h + t:~ + !:<.z.-!x.1-f :t& 

Rcx.';1) = -~ +2x .. +'2.z:J - f_~_2 __ 

i+~1 .. ~1 ·!~ .. -1:rc~-f ~ .. 
I 

X-=~(uf+1) 

';1
1

= ';IC..f·d) 

:t: {...r) = -r (- 1.11) 

';l(ul): !l{-ul). 

(IO) 

(II) 

By,neM pacCMaTpDaTl> ypaBH0HJm (IO) Kim npeodpaso!18HHe lJJJOCKOCTB X,!f 

( 
I I 

-X.dl > = T(:c,!I). (!2) 

Kaz,JtoJt TO'llX0 0Rp0CTBOCTB Ha'llSJJa KOOp.IJ,BHaT COOTB8TCTBYJJ'l' .D;Be 

KpHBHe, BHB8plI8HTHY8 OTBOCBTeJll>HO '110THYX OTeneael npeodpa80BaHHR 

T , B TO BpeMR Ka.It ae11eTm1e cTeneHH T nepeBO.nflT 011/:fY RPHBYll 

B .Jq>YrYD. MHa11e roBOJlll, no.n ,nelcTBBeM npeo6pasoB8HB'SI T Toqxa 

OKpecTHOCTB Ha'll8JJB KOOp.ItBHaT ~BBZercs • nepecKS.KJIB8R c O,nHOI KpHBOI 

Ha p;pyryr/I/. 
K.u.1taH BS KpHBHX y,noBJieTBOpll0T ~(fxPepe~HOMY ypaBH0HHll: 

Pt-.c,';S)dx - Ql"1'J)d~-=O, (!3) 

B KOTOpoM ~ p B Q npe~cT8JWDl'l'Cll CTeneHHHMH pll.nSMH, 

CXO~Cll a6COJ11l'l'HO B paBHOM0pRO B H0KO'l'Opol OKpeCTHOCTH Ha11a.na 

KOOp,IJ,HHS'l' 

5 



P(-x,~) = -bx'J + 4~s- x;/-1.5x";J. + 1.t x:i 'l + q. (:e,Y) 

D171 <.t)=-X.z._f:11
2

- 1!Jx
2
11+f!>1./+ S-x"'+ Z'l-S"x.

2.,'_;;S'u\ 0 (:S:'/11) (!4) 
't \., 14 i 4 {I 4 1. 6 <I i 8 .J 1. 9Z. J ~ <I • 

0 
20 

3~ec:& H Hue ., (x,:f) oaHaqaeT 'llJ.!eHY h - no:pll.1U<8. H BHme no ~ H 

)} . 
B IlpHJIOJKeHHH ~0Ra3HBall'l'C$1 CJie,eyD!lHe CBOitCTBa 3THX ~ 

P(x,';J)=-P(-x,.::J.) 

Q ex, !I) -= Q ( -:r, 'J), 
(!5) 

HBJIR'.IWUleCH CJie~CTBHeM YCJIOBH.f.! nepeRpecTHoA CHMMeTpHH. H'wlte orpaHH

'IHMCH HayqeHHeM pemeHm!: YpaBHeHJJ1i (!3). BXO,ItmllHX B Ha'JaJIO ROOp,nH

HaT, TaK RaR TOJil>RO OHH npe~CTaBJllDlT ~3H'leCRHe peweHRR:. Tax ze 

RaR B CJiyqae TpeXplUUIOit MaTPHUN qy-.Jioy, ,nJIH MaTPHUN A(I,I) CyuleCT

ByeT TpH HanpaBJieHHH (HCKJIIO'IHTeJil>Hble HanpaBJieHM),B~OJil> ROTOpbIX 

TpaeRTOpHH MOryT BXO,nHTl> B TO'JRY nOROJI 

~ =o 
;J-="!:2.~. 

C IlOMOm:&JO IlO~CTaHOBKH 

:X:=.!J=O 

.... 
-x.:(.l\+&'l)} 

'.J.=-(C+2L.)"'r 
6=/~;\io 

(!6) 

(!7) 

ypaaHeHHe (!3) npHBO~HTCH K maBeCTHOMY ypaaHeHHJO EpHo H Eyxef2/ 
d .., ., 

) J. '1. = -Ii 'l + 010 \ +- L.., Q ..... )- ~ . 
t M+~~z 

(!8) 

.llJIR: H3y'i8HHH pemeHHA ypaaHeHHH (!3), BXO,wnnHX B TO'IKY IlOROJI B~OJII> 

HanpaB.71eHHA (!6), y~o6HO Bhl6paT1> napaMeTp!il no~CTaHOBKH (!7) TaR, 

~T06H COOTBeTCTByJlllaR: KpHBaH B nepeMeHHblX ~I i BXO~a B Ha'Ja

JIO KOOp~aT 1-.,. l = 0 • 

6 

Ji ' 

IlpocTe:ltmm!: :sap.HaHT TaKOit no~CTaHOBKH ,nJIH HanpaBJieHim ':J = 0 

X=)-

... 'f =- 'Z.....,. 

c yqeTOM (!4) npHBO~T ypa.BHeHHe (!3) K ypaBHeHHD (!8) cne.I(ylCJllero 

B~a 

d ~ 2 3~ a 1.~- ~ 
} ..J. =s-z-4}-36} +60).2-yl-z- z: z + 05 (vt,2>. cr9> 

"} 

OTcyTCTBHe B npaBoii qacTH (!9) K~paTH'IHHX, paBHO Ka:K qJ1eHOB .mo6oit 

qeTHoA CTeneHH no).~ CBll38HO co CBORCTBOM (!5) ypaaHeHH.f.! (!3). 

TOT qJaRT. 'ITO B ypaBHeHJm (!9) ROaqxpmUfeHT ,,, = 5' ecTl> neJIOe 

IlOJIOlltJl!TeJil>HOe 'IHCJIO, noaBOJIR:eT yTBeplll,ll;aT:&/21, 'ITO o6mee peweHHe 

3TOrO ypaBHeHJm, BXO;nmnee B Ha'JaJIO ROOp~aT ). - 2"' o, ~aeTCR 

CXO;nmllHMCff pll.IlOM 
2.i• 1 

'l = L.. o<.~ • .1. 1' 
i~o 

Koa<fxI>HUHeHTbl aToro pll.Ila c< :1. H o<. z.. o~a.KOBhl .n.iur acex pemeHHil, 

o<.3 npOH3BOJil>HO, a OCTaJI:&Hble K03<Pl>HllH8HTbl 0~03Ha'JHO Bhlpru!GllOTCH 

qepea D(. 3 • TaKHM o6paaoM,o6mee pemeHHe ypaBHeHH.f.! (!9), axo.DJ1mee 

B TO'JRY )- ... n :. 0 ' HMeeT B~ 
L 2: .. 1 

'Z.= 't + e"t' ..... L °"~·1 ce>1-, c20> 
i?;o-3 

r~e L = o<J • Koa<Pl>HllHeHTH ex., ( ~~~) rrpH a~aHHOM C Haxo.IVITCR 

rro~cTaHOBKOtt (20) B (!9). B nepeMeHHblX x,1 aTo ~aeT o6mee pe

weHHe ypa.BHeHIDI (!3), BXO~ee B TO'IKY IlOKOJI B~OJII> OCH a6CUHOC 

~ 2l 

.!J= .x.. + e:c" ~ L cx~<e> x 

-~~ 
CeMencTBO KpHBHX (2!) co~e~T HaBeCTHOe pemeHHe /

3/ 
2.. 

~=x, 

7 

(21) 

(22) 

I~~~-----------------------------



COOTBeTCTBYJClllee 3Ha~eHHJ> C= o 
o<.,(o>=O. 

PaccMOTpBM Tenep:& HanpaBJieHM 

_!1=±2.x. 

• TaKHM oc:lpaaoM, 

(23) 

(24) 

.Il.nR: H3~0HIDI RpHBHX, BXO,lllllllKX B aaqaJio ROOp,mniaT B,D;OJll> 3THX HanpaB

JieHd, BHc:lepeM na~eTpH no,n;cTaHOBKJiI (l?) CJie,n;yDllJiIM oc:lpaaOM: 

~ =). 

:J = (z:t 2.)), 

IIOCJie qero H3 ypaBHeHKR: (13) IlOJIY11HM ypa.BHeHHe (I8) c ./, =-5/3. :3TO 

3HaqeHJiie ROa~eHTa /, npHBO,D;HT 121 K CYllteCTBOBaHHll, e,n;HHCTBeH

HOCTII H rOJIOMOp<JllOCTH perueHKR: (18),BXO.wmlero B aaqaJio ROop,mmaT. 

B nepeMeHHHx x.J aTH cBoiicTBa nepeHOCR:TCR: Ha pemeHM ypaBHeHM 

(13), BXO,n;muHe B TO~ IlOROJI B,l!;OJID HanpaBJieHd (24). HeTpy,n;HO 

y6e,n;HTl>CR: B TOM, qTQ COOTBeTCTByDllHMJiI RpHBHM1iI JmJllDlTCR: C8MH Ilpm'!Ne 

-(24). :3TOT pesyJIDTaT BHTeKaeT H3 ,n;pyroii <Jx>pMY COOTHOme:emt (9) 

..... 

I I -1.+2::e-f.!f 
~-Z.:e =-l:J+Z:c..) ------=-----

i+~:e+ ~"+i:ic'--ix . .,_f.,~ 
'1-" 2. z .J 4<1 

H 1+'.i.~+ T:I-
' ' ) !> 2. U +z~ :-(j-2:t: I~ + £.z"-i::c:J -;;~ 

,., i +/i;c.• ?;)'. a. z. ~ 

(25) 

Ilo1<a:ceM, qTo (21) H (24) MOltHO 06'!.e,n;HHJiIT:& B 0,n;HO ceMeiiCTBO RpHBHX, 

T.e. IIOCTpOHT:& oc:llllHA HHTerpaJI ypaBH0HHll (13). c 3TO! QeJI:bll c:ly,n;eM 

BCK8.T:& perueHHe (13) B Blil,IJ;e 

,.,':J.- ::cz. = Eo ! <:x2
1!J1 . c. - t,w.t. (26) 

TaK8JI cTpyRTYPa oc:l~ero pemeHHll, Bxo~ero B Haqa.no Roop,mmaT, npe,n;

nOJiaraeTCR: COOTHOmeH.l!liMH (15), (21) H (23). By,n;eM HCRaT:b ~(~~~) 

• 

,, 

B Blil,IJ;e cTeneHHoro pll.Wi, onpe,n;eJiltll ero xoaiflii~HeHThl Ha ~epeH

WlaJI:&Horo ypaBHeHM (13). B peaynTaTe nOJIY'll{M 
3 

~ex",!#)= [<'/-q:c.."-,.,c~~~)L (27) 

r.ne 'f (x.'1 ~) ecT:& cTeneHHoii p11.1t 

• S" 8 2. 6, 2. 
'f(x,'J)= i- 3!1+ 3.x. + 69..!J +q(.><,!I) 

OKoHqaTeJIDHO no.nyqaeM JiIS (26) B (27) oc:luld BHTerpaJI B Blil,IJ;e 
!j-xz. 

[( 
z. z. If 2 :t~ = Lo . 

~ -~x. ) (x,:fJJ 
(28) 

neiiCTBHTeJIDHO, ROH0'11HH0 C.
0 

npHBO.Ir,llT K ceMeiiCTBY KpHBHX (21) C 

C = - 6~ C
0

, C29) 

B TO BpeMll RaR 3HaqeHHe c. = 00 ,n;aeT B CHJIY 'f (o,o) :/ 0 RPHBYJI 

,!:t-i.-4xt.= o .. 

pacn~ Ha npm'!Ne (24). 

BepHeMCJI Tenep:& K ypaBH0HmIM {IO)-{II). lfa JiISJIOJEeHHOrO paaee 

cJie.nyeT, qTo npeo6paso:saH14e T ycTaHaBJIHBaeT cooTBeTCTBHe M~ 

napaMH RpHBHX ceMeiiCTBa (27). B qacTHOCTB, llpm'IN0 (24) COOTBeTCTByJlT 

,n;pyr ,n;pyry (CM. (25)). PaccMOTpHM .D;Be xpMBHe, cMsa.HHble npeoc:lpaso

BaHHeM T HS ce11eAcT:ea. (21), KOTOp!ie sa,n;amCJ1 nocTOliHHliMB CL H 

C2. H HM011T BH,D; 

JI-= f1 (::ea) 'J-= f2(:it.
2
). 

:3TH RpHBHe ,D;OJJJKHH y,n;oBJieTBOpR'.Tl> COOTHOWeHHllM 

t [ J4{~,tdx2 1)] = R (1,\t(.x2

>) 

°"
1 

[ rtzcx, ~z. coc .. »] = R (x, 1z ex.·~. 

Ilo.n;c'l'a.HOBKa B ypaBHeHM (30) paSJIOJteHd (2I) ,n;aeT 

9 

(30) 

I~--~----------------------------



c =- c . 
~ ~ 

0Tcm.tr.a, corJIB.CHO (29), IlOJIY11aeM, 'llTO KpHBble (28) HHB8.pB8.H'l'HH OTHO

CHTeJll>HO npeo6pasOBaHWI T , eCJIK C'llHTaT!i C0 ~el uf , 

06Jia.I1,aD11eA CBOACTBOM 

C
0

(uf+1) = - L
0 

(u!J. (3I) 

KpoMe Toro, B CHJJY COOTHOWeHHI (II) H '116THOCTH JieBoA qacTH (lloptllYJlll 

(28) no .:x <Jiymuum e. (w J 11eTHa no uf 

C.(w>-= C.(-urJ. (32) 

TaKHM o6pasoM, B6nsH T01UUJ noI<OR: x =JI= o TpaeI<TOpHll, 

BXONDQall B STY TO'lfKY, HMeeT BH,D; (28) c ~eA C0 = C. (il), y~oBJieT
BOJllllllllett Y~OBHllM (3I) H '(32). 

§ 4. Ce.IL!IOB§e TO'llKH noKOR: 

PaccMOTpHM TO'lfl<Y nOKOH (xo,-f} • ,IJ,na STOro D ypaBH6HHllX 

(4)-(5) nepe~eM K nepeMeHHHM '£ HY 

X :c ... '£ 
= :l + 2. 'f 

y .. Y-1 
Y+ i ~ (33) 

B KOTOpLIX TO'llKa (:t., -1) HMeeT HyJI6Bble KOOp.D,HHaTH 'f = y = 0 .... 
B HOBblX nepeMeHHblX ypaBHeHWI (4)-(5) npHHHMallT B~ 

'£'= 

"[': 

:x. 'f - ~ ... \ y + 1-2.i:. '£"' 
0 9 .9 :I 

~-Z.. i+!t.:to'f"Lr 1+ Tv- -9- :x. 

-k 1 +. ;,c. lf 

x. )!" i +'If+ ~Y(i-'f) 
9 

(34) 

'{-='i'(uf) 

"f = "'[ ("' ) 

I 
'f .. 'f (..S+ 1) 'P(w)V(1-z.J)=i (35) 

Y'-=- Y (...J+i) "i(..rJ + Y(t-tJ>-= 0 · 

10 

I 
I 

l 
j 
I 
I 

j 

I 

l 
I 

I. 
·~ 

PaSJIOllHM npaBble 'tfaCTH ypaBHeHd (34) B ~ no CTeneHJIM 'i Hy 

'f' = :r. '£ - x:..,+ 'J. ':( + 2-: %0 'f y + x~- .i 'i' ~ + v o:t ( 'f, •n 

'f'-=-~-flf+ a~- 1 'flf'+ "~~.Y~+Y·01('f,'i'). 
(36) 

\ \ -~ 
Co6cTBeHHl:ile sHa11eHH11 A..1 = Xo H A:t"' x. JIHHei1Horo npH6.1IH1teHH11 

npeo6paso:eaHHfl (36) 
I ::Co+~ 

'f= :r. 'l - g-'f 
l -7'~ 

):" = x. 1£ 

y~oBJieTBOJlllllT y~oBIOl 

0"' 1:1 .(. 1. " ).2. . 

B aToM CJIY11aef 4/ TO'llKa noROJI 'l· Y= o ananorH'IHa ce,ll)loBoft TO'tfKe 

B TeOpHH .ztH4xl>epe~HHX ypaBHeHHtt/5/, B 'laCTHOCTH, CYl!leCTByeT 

poBHO ne HHB8.pHaHTHLte KpHBble, npoXOMUIHe qepes STY TO'lfKY· YKasaH

HYD ananorHm MOJEHO c~eJiaT!i MaKc~aJI!iHO noJIHoA, eCJIH 'AOnycTHT!i npa

BOMepHOCT!i nepexo~a OT paSHOCTHHX ypaBHeHHtt (36) K rpynnoBblM ~~ 

~epeHQHaJI!iHHM ypamteHHHM. HHJKe 6y~eM C11HTaT1i TaKoft nepeXO'A, o6ocHo

BaHHHH l1.1lli TO'llUI ::X.=~=1. ' cnpaBe'AJIHBblM H l1.1lli TO'tfeK (6). 

CJle)zyH penenTaM pa60TH /II, IlOJIY'IHM ~peHwra.JU>HOe ypaB

HeHHe (ananor ypaBHeHWI (I3)) 

p (If, 'If, l:o) dlf - Q (''f, v,x.) J1i = 0, (37) 

r~e 

p ( '#, 't",;to) ._. L :Co [- ~ "t' + '£ l'- '11·2:Co1(2.-t Y C. ('fl 'If )1 
2. ~ (~) 

• ~ [ 'i-ZJf. • 5('l-bc.) ! ~ ~ Q{'l,'1,:('. 0)= 1.,:t. lf• ~1:t' + 'iY•-lf+l"02('f,liJ. z"J. ~Z. ZlJ. , 

HS KOTOporo Bl'J'AHO' 'ITO TO'IRa noKOH c KOOp.D,HHaTaMH )' = 1_' = 0 eCT!i 

ce,ll)lo. ~ (~) Y.ltOBJieTBOpHM YCJlOBHHM 

II 

'~----------------------------------



P(lf
1 
'f,~0)= P('f

1
-1f1 Xo) 

Q ( 'I' I "If I x:.) = - Q ( 'f, -Y, XO) I (39) 

r~e xo~t/r. cor.na.CHO (7). CooTHOmeHRf! (39)TaK ze KaK (I5),RB

J1flDTCR CJie~CTBHeM YCAOBHR KpOCCHHr-cRMMeTpHH (CM. IlpHJIOJEeHHe). 

Ha.ll:~eM TpaeKTOpRH ypa.BHeHRf! (36), BXO~e B TO'lfl<Y IlOKOR 

(HaqaJio KOOp~HaT). Rim O;zr;HOH HS H:ffX 

y~.o (40) 

MOJKHO ycTaHOBHTb Henocpe~CTB0HHO HS ypa.BHeHIDi: (37)-(38), a TaxJte 

HS npeo6paaOBaHM (34). J4lyryll TpaeKTOpHll, BXO.nmeyll B HaqaJIO KOOp

~HaT, npe~CTaBHM B BH.ne ps1.1ta 
L 

'f: ""S" A_.y c__, .. I 
;:,.i 

KOSqxpHUl{eHTH KOToporo HaxO,nRTCR HS ypaBH0HRf! (37) wm HS HCXO;zr;HYX 

pasHOCTHbIX ypa.BHeHIDi: (36). B pesyAbTaTe noJIYl!HM 

'f f - 'l.:c. T- "l.f' ,_ ( • ) 
=-3&'f + JH i + 0~ 'i . (41) 

Bee CKaSaHHOe B STOM naparpaqie 0 TOqJte (::ro,-f) TpHBHaJlbHOI SB.Me

HOH x.- :X. nepeHocHTCR Ha TO'lfl<Y noKOR ( x., - i) . 
....... 
§ 5. 061!lIDl; Bgn; TpaeKTOpmi: Ha !f@.SOBOI TIAOCKOCTH 

PaCCMOTpHM qasOBYIJ TIAOCKOCTb (p•c. I) HCXO;zr;HOI CHCTeMH ypaB

HeHHH (4)-(5). HHBapHaHTHaJI KpHBaJI (22) B nepeMeHHhlX (3) HMeeT 

BH.n 

y = 3-X 
3X-i. 

(22•) 

IlpaMHe ~ = ± 2x (cM. (24)) no~ ~ei\cTBHeM npeo6pasoBaHH!i (9) nepe-
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><j~ 

I >< 
('t) Cf) 

• :>-o 

>- "' 

>< 

~ . 
·>I ....... 

.. 
I II 

I 

A: >! 
I ~ ' I ' ' ' ' - .... -. 

"": 

~ 
I 'J -4 .. ·I °" "'!'I ~':' 

I 
I 
I ":' A',,, ~ I 
I .. 
I 

I 

' >-4 
I 

"'("' 

' 
P~m. I. 
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XO,nfl:T COOTBeTCTBeHHO B npmllble 

Y=X H Y= 1, (24') 

B TO BpeMR: Rrut pemeHHe (40), corJiaCHO COOTHOmeHRIIM (33t eCTb 

IlpHMM 

Y=-i· (40') 

3aMeTHM, 'ITO,B OTJm'IJHe OT (22'), (24') H (40'),:mrna.pHaHTHM KpHBaa: 

(41) H3BeCTHa Jmillb JIOKaJlbHO B OKpeCTHOCTH Toqex (6). 

To'IJRa (Xs ,YB) ' COOTBeTCTByll!lM "6opHOBCKOMY 'IJI0HY" A1lfl 

Ma.TpHW>t A(l,I), Krut HeTpy.D;Ho BH,I(eTb H3 pa.3JIOllteHHII (8) HMeeT Koop-
' 

,nHHa.Tbl 
XB = z. y =-1 

~ I 

TO eCTb JieltHT Ha HHBapHaHTHOH RpHBOH (40•), He npoxo;wi:mett qepea 

TO'IBY IlOKOJI X = y = 1 , 
TrutHM o6pa.30M, He CYllleCTByeT pemeHHn CTaTH'leCK.HX ypaBHeHHH 

,nJISI: Ma.Tp.lt!UN A(I,I) c "6opHOBCKHM qJieHOM" Pl npa.BWibHHM noporoBHM 

noBe.neHHeM. 

..... 

14 

II p H JI 0 lit e H H e 

noKaJteM Cilpa.Be,IJ.IDIBOCTb COOTHOWeHPIH (15) H (39), PaCCMOTpHM 

CHaqBJia (15) H BOCilOJll>3yeMCJI peayAbTa.TaMH pa60Tbl/I/, r.ne 6HJIO no

Ka3a.HO, 'ITO c qeTHHMH CTeneHHMH npeo6pa30Ba.HRR: (12) MOlllliO CBR:3a.Tb 

a6eAeBy o.D;Honapa.MeTpH'lecKyD rpynny HenpepHBHHX npeo6paaoBaH~ G . 
3JieMeHT aToft rpynnH 

-~ 

2 '"'> e G 11 (o<).,. ~ (-o() I (A.I) 

( ( (a<) '"'' .nettcTBYJI Ha TO'llcy' :x' 'i ) • nepeBO,IJ;HT ee B TO'IJKY x I 'j ) 
(.CJ IOiJ 

9(o1)(x,~)= (x J 'J ). (A.2) 

<liyHKllHH Pcx.,'IJ H Q{:;e,!f) B ypa.BHeHHH (13) onpe.neMmCJI cJie

.nynnHM o6paaoM: 

dx(")I = q(x,:iJ 
do( "'-"0 

,.,, p 
J~ I ~ <~~~>. 
"'"' o( ~ 0 

(A. 3) 

,Uii.rr MBJIHX o<. H3 (A.2) H (A.3) IlOAY'laeM 

<J(.i)(r,'J> = (x. ~o1Q1x,:tJ, ~~"'Pt:{:,.~>). (A.4) 

Tenepb 3aMeTHM, qTo npeo6pa30BaHHe, o6paTHOe (IO),B COOTBeTCTBHH 

c yCAOBRR:MH KpoccHHr-cHMMeTpHH (II) HMeeT BH.n 
-I. 

:r=F(x
0

,'j
1

J 

_4_ I I 

~:-1( (X,~) 

S" z 
-l ~-,:C2.+tXJ +4':J 

F(JC,:t)= J. H.,.i.:x:'..!x..:1-f:/ 
.1-'1x+"f., z z 

-1 z. ~- ~ 
O -'j+Zc -2.x~-7i)f 
I\ l "'1 ~) = ------=----==----

. i- LL:c. + ~" +- i.i.\ .ix.., - ~ ".,_ 
'J~ 2. z -J qd 

BBO,nfl: npeo6paaomurne HHBepcHH OTHOCHTeJlbHO OCH ;f 

I!! (~, ';j) = (-.x, 'J) 
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K cpaBHil:BaB: (A. 5) c (IO), llOJly'laeM CJ1e.JJYD1tee CBOICTBO npeoOpasoBa

HWI (!2) 
-i _/. 

I:t T I:i = T, (A.7) 

OTKY.ita c yqeTOM (A.I) HMeeM 

-f 
} 9{"') 1 =· ')(-ol), (A.8) 

:I J • 

.UeUCTBYR o6eBMR ~CTRMK paBeHCTBa (A.8) Ha TO'lllty f:x,:t) H HCllOJll>

sys (A. 4) c (A.6). IlOJIY1DIM A1lll MBJJYX c( 

( x - o( Q (-%.,'S) ' 'j+"' P(-x.,}I.)) = ( ~ - ""(} (~, 'J) I :t- elf(>£,)~, 

qTO H ~aeT COOTHOmeHHll (!5). 

06paTKMCSI Tenep:& K npeo6pa30BaHHll (34), A1lll ROToporo BBe~eM 

oOosHaqeHHe 
('f', T 1 

)=- 'f'{xo) ((f, '!t). 

KoMOmmpya (34) K (35), UOJIYllHM npeo6paso:emme, oOpaTHoe (34) 
_ \D' i".•·ltv' 1-z;(' • .,'1/'"' 'f : ~. L + -,..-- - -,--

i - i.-z. y' + l·~il. l.f'1:l' 
s 9 (A.9) 

,/ - I 
,,. - -,. .' 1. + :t. 'f 
1 "' ~o '.t --------

.... , i+'I'- z~.-1'£'(1.-'f) 
9 

BBO.ltll a.HaJIOrHlUIO (A.6) npeo6pa30BaHHe JJHBepco OTHOCHTeJIJ.110 OCJI 

I., ( "I '.i) = ( If, - 't), 

H3 (A.9) H (34) ~eM 
-{ -t 

I., T<~o) r., .. T lXo), 

OTKY~ nocpe~CTBOM Tex ze paccyJr,IteHHI, KOTOpse Be.JJHCI> npH 'AOKasa

TeJI:&CTBe (!4), np14XO~ R COO'l'HOID8HHJU4 (39). 

.. 
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