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YpasneHHJI 3neKTpo.z:umaMBKH, KaK 3~o npHH.RTO B cos
peMeHHLIX B3HO:>KeHHJIX TeOpBH llOH.R, OllHCLIBaiOT COBMeCT
HOe llOBe.D;eHHe 3HeKTPOM:arHBTHOrO H 3HeKTpOHHO-D03HTpOH
HOrO noneii. Ha o61Illiii cnyqa~ pnManosoii- reo:MeTpBH 
npocTpaHCTBeHHO-BpeMeHHOrO MHpa ypaBHeHH.R 3HeKTpo
.D;HHaMHKH 6LinH o6o61IleHLI B 1929 ro.D;y B.«l>oKoM /1 I. MLI 
B3naraeM 3.D;ecL pe3ynLTaTLI «l>oKa, onupa.acL ua TeopHIO 
CllHHOpOB 3.KapTaHa /Z~ 
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Cpe.D;H pHMaHOBLIX MHpos uecoMHeHHLiii HHTepec npe.D;
cTasn.aiOT o6a MHpa .I(e CHTTepa,. D<?CKonLKY _OHH, ilap.a.D;y 
C nnOCKHM MHpOM, .D;OllYCKaiOT 10-napa-MeT-pH<fecKyrorpyriny 
H3oMeTpHii. B ca.a3H c 3THM o6cTo.aTenl.ctuoM: u)yqeuue 
ypasueuuii a ToMnoii 4JH3HKH s MH_pax .D;e CHTTepa 6Lino 
Ha'laTO B 1935 ro,IJ;y fl.)J;HpaKOM / 3/. MLI ·paccMaTpHBa~M 
3.D;eCL OC060 O.D;HH H3 MHpOB .D;e CHTTepa, a HMeHHO, Clpe
putieCKHH MHp. C«lJepH'IecKHii MHP MO:>KHo npe.D;cTaBHTL B BH.D;e 
O.D;HODOHOCTHOrO rHnep6onOH.D;a B 5-MepHOMllpOCTpaHCTBe. 
Ha csoeo6pa·3uyio reoMe-Tpuro o.D;nononocfuofo runep6ono-
H.D;a yKa3LIBan ellle B 1887 ro.D;Y A.IlyauKape /4~ -

B c«iJepH'IeCKOM MHpe Ta HHH HHa.R «iJH3H'IeCKa.R CHCH!Ma 
_ OKa3LIBaeTC.R KaK 6LI D<?MellleHHOH B c«iJepH'IeCKHH JIUUIK. 
TaKHM o6pa30M, MLI npHXO.D;HM K HOBOMY MeTO.D;Y H3y'leHHJI 
JIBneHHH B nnocKmd MHpe - MeTO.D;y HHBapHaHTJioro JIUUIKa. 
K HCKYCCTBeHHOMY npHeMy DOMell\eHH.R H3y'laeM:oii CHCTe'MLI 
B Ky6u'leCKHii .RlllHK uepe.D;Ho npu6eraiOT .ziiiJI ioro', 'IT06LI OT 
onepaTopos c uenpepLIBHLIM cneKTpoM nepeiiTH K onepaTo::: 
paM c .D;HcKpeTHLn.t crieKTpoM. _llpu. :iToM BBH.D;Y ycnosuii 
nepHO.D;H'IHOCTJi, HaKna.D;LIBaeMLIX Ha noneBLie «iJYHKIUIH, BMe
IOT .D;eno c 3,;,MepHLIM TOPOM, noKi:ui:LuaJI reoMeTpHJI.KOTO
poro ·ociaeTCJI eBKnH.D;OBoii. BecL )Ke _ ~BP OKa3LIBaeTCJI 
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DpJIMbiM npOH3Be,D;eHHeM 3TOrO TOpa Ha BpeMeHHyro OCL. 
TaKoii MHP ,D;onycKaeT acero RHIIIL 4-napaMeTpH'IeCKyro 
rpynny H30MeTpHii. B MeTo,D;e :>Ke HHBapHaHTHoro JIUUIKa 
rpynna H30MeTpHH, KaK y)Ke rOBOpHROCL, HMeeT ,D;eCJITL 
napaMeTpOB. MO)KHO Ha,D;eJITLCJI, 'ITO TaKOH, HHBapHaHTHbiH, 
MeTO,Il; DOMeUleHHJI CHCTeMbl B JIUUIK fi03BORHT nony'IHTL 
HOBble pe3ynLTaTbl. 0TMeTHM, HaKOHe:U, 'ITO MeTO,Il; HHBa
pHaHTHOrO JllllHKa B KBaHTOBOH TeOpHH CKanJlpHoro H CDH
HOpHoro noneii 6bln Bbi,D;BHHYT B pa6oTax /S,6, 7/. 

1. YpaeHeHue ,lfupaKa 

YpaBHeHHe ,li;HpaKa ,D;nJI ·cnHHopuoro non11 rjJ B pHMaHo-
BOM MHpe HMeeT BHA /I ,2,8,9 I . . 

H v (iii Dv .+ : Av) rjJ 
4 -

+ mcH · rjJ = 0, /1/ 

r,D;e •m - .Macca, e - .3ap.ll,D; 3ReKTpOHa, c - _CKOpOCTL CBeTa, 
ii - .nocToHHHa·a IInaHKa, A v- BeKTopublii noTeHnuan· 3neKT
poMarHHTHoro non11. CnHiiopuoe H 3neKTpoMarHHTHoe non.11 

OTHeCeHbl K Of.TOHOpMHpOBaHHoMy 6aJHCy e /H ,D;yanLHOMY 
6a3Hcy £ I /1 • 7/. CHMaon · D v 03Ha'laeT KoBapHaHTHyro 
npOH3BO,D;HyiO. ,lJ;n.11 CDHHOpHoro DORJI r/J 

rjJ · = D rjJ = . e rjJ + Q . rjJ •~ 
v v v. v /2/ 

r.qe ev - .6a3HCHble BeKTOpHble·nonJI, QV - CDHHOpHaJI CBJI-
3HOCTL 

n· 
v 

1 4 (1) a,B'vii aH .8, '/3/ 

(i)a,8v·- .K~3cll4JHUHeHTbl BpaUleHHJI 6~3HCa e /Ko3$$HUHeHTLI 
CBJI3HOCTH B 3To:M 6a3Hce/, H- MaTpH:Ubl ,li;HpaKa, y,D;oaneT-
BOPHIOU{He ycnoBHJIM · ,, 

HaHb+ H~bHa = 2'1Ja'b, H 0 HrH 2 H 3 11 4 = i, ~ · /4/ 

7]"ab -· reH3op, ja,D;aBaeMbiH KBa,D;pilTH'IHOH $opMOH' 
· · 7Jabfaf h=_(fo)2 +(fl) 2+(£2)2+(£3)2 +{£4)2. 

4 

C noMOUlLIO TJ ab H o6paTHoro K HeMy TeH30P.a, 17ab onycKa
IOTCJI H llO,Il;HHMaiOTCJI HH,D;eKCbl, TaK H a =7] ab H b. rpeqecf-;.· 

KHe HH,D;eKCbl npo6era19T 3ua'leHHJI OT 0 ,ll;O 3, naTHHCKHe ~-
OT 0 )l:o 4... . ' 

113 /4/ cne,D;yeT, 'ITO nro6a11 KBa,D;paTHaJI MaTpHna K 
'leTaepToro nopH,D;Ka paJnaraeTCJI B ~ cyMMy cKanHpiloii, 
BeKTOpHOH, 6HBeKTOpHOH, 3-BeKTOpHOH H 4-BeKTOpHOH 

MaTpHU: 

K= K + 
( 0) 

K a H +- . l K a ,8[ H a H ] + 
( 1) a 2 ( 2) ,8 

l 
+6 

af3Jl • · l - af3JlV · 
K [Ha H,aH 11 ]+ 24 (~). [HaH,aH 11 Hv], 
(3) 

r,D;e K - CKamip, K a ·;..·-- BeKTOp, Kaf3 - 6uaeKTOP H T.,D;., 
(0) (I) (2). 

KBa,!],paTHLie CK06KH 03~'1aiDT anLTepHHpOBaHHOe npOH3Be
,[l,eHHe MaTpHu. <l»aKTH'IeCKH Mbl HMeeM JJ.eno c anre6poii 
KnH$4Jop,D;a. Ha JIBnJIIOTC.Il reuepa TOpaMB anre6pbl Knu$
$op,!],a. KBaJJ.paTuyio MaTpHey K 'leTaepToronop.H,D;KaMO)KHO 
npe,!],CTaBHTL B BH,[I,e CYMMbl CKanHpHOH, BeKTOpHOH H 6H-

. BeKTOpHOH MaTpHU B 5-MepHOM .npocTpaHCTBe: 

K = K 
( 0) 

+ Ka II 
( 1) a 

1 ab ·· + - K ( H H b]. 
2 (2) a 

HaM DOTpe6yiDTCJI BLITeKaiOIUHe H3 '/4/ C,BOHCTBa MaT~ 
PH:U H '! . 

H a( H PH q] =( H aH P H q] + 7J ap H q - 7J aq H P /5/ 

_ [H aH b][HpHq]-[H PH q][HaHb]2 27Jbp[H~~Hq]

~-····· !§.!•: 
-2 ap{HbHcj] + 2 ·bq[HpHal-'2 aq(H:p·H·b~J'. -

. 7] . . 7] .· ,. . . TJ ., . . 

Conpa)KeHHblii cnHHop iJi=r/J*H 0 YJJ.OBneTaopJJ:eT ypaBHe:
HHID ,, 
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-iii .. ~ Hv . v 
i - v ' - 4 

+ - 1/J H Av + m c 1/J H . 
c 0 /7/ 

r.u.e 

- -
1/J = D 1/J v v = e . v 1/J -.t/Jnv. . /8/ 

H3 /1/ H /7 I cne.u.yeT, 'iTo .u.aaepreHIUUI BeKTopa ToKa 
J paBHJieTcJI uymo: 

Jf3= eif;Hf3t/J D{3Jf3 = 0. /9/ 

2. YpaeHeHUJI MaKcee/1/la 

B o6LQeM cnyqae paMaHOBhiX MHpoa ypaaueuu.a MaK
caenna · B mo6oM opTorouanLHOM · 6a3uce 3anHchlaaroTc.a 
B BH,ne 

. ., 

D ·a F af3 = J f3 

D a F {iJL + D {3 FJL a+ D fl F af3 = 0, 

r,ne J {-3;. BeJ<TOp TOJ<a /9/, 

D Faf3 
J1 

af3 a v f3 f3 a v 
eflF + w 11 vF + wflVF 

D 11 F af3 = e fl F af3 - w; a F v f3- w :{3 F av 

/10/ 

/11/ 

- KOBapHaHTHhie. DpOH3BO.U.Hhie 6iiBeJ<TOpa :meJ<TpOMarHHT
Ho.ro nonJI F. 

BeKTOp~hlii DOTeHIUian Aa, BX<?.U..HIIUIH B ypal:lHeHHe ,L{a
paKa, onpe.u.en.aeTc.a TaJ<, 'iT06hl aBTOMaTH'iecJ<u y.u.oaneT
BopJinHCL ypaBHeHHJI /11/: 

"F ~ {," =: ri~ A ~- D f3 A a • /12/··" 

&-: . 

TaK KaK 

. D _a D f3 A a = D {3D a A ~ - R ~ A a 

r.u.e R ~- TeH30p PH'i'IH, TO cornacuo /10/ 
a a · 

D A f3 + R {3 A a - ~ f3 ( D a A. ) = J f3 • 

af3 
3.u.ecL D= 71 Da DW IIpHHHMa.a ycno~ae Jlopeu:u:a 

D- a 
a A 

nonyqaeM 

0 , 

OA{J+R~Aa=J/i' 

B c!lJepaqecJ<oM· MHpe TeH3op PH'i'iH paauxeTc.a 

(.( 3 (.( 
n,-3=---;:z 8 r1· 

1 

/13/ 

/14/ 

/15/ 

/16/ 

YcnOBHe Jlopeuu,a COBMeCTHO C CHCTeMOH ypaBHeHHH 
/1/, /15/. )J,eiicTBHTenLuo, .u.n.a mo6oro aeJ<Topuoro non.a 
A a BhlllOnH.HeTC.H TO)K.IJ.e CTBO. 

a {1 · ,a . ·· D ( D A(.() = D ( 0 A {3 + R {JA (.() . 

B cuny ypaaueHHii /15/ u cne.u.cTBH.a/9/ H3 ypaaueuu.a /1/ 
HaXO.IJ.HM, 'iTO 

~ !l 
t~ ( n ll :\ • ) • _ = . u . -/17/ 

IIycTL Tenepb Bhl6paua ueJ<oTopa.a npocTpaHCTBeuuo-no.u.o_6-
ua.a runepnoaepxuocTL ~, pa3,nen.a~a.a MHP ua .u.ae ~acTH :
npome.u.mee .u 6y.u.yLQee l noaepxuocTL Komu/. · Ha TaJ<oii. 
run·epnoaepxuocTu· ycnoau.a Komu MO)J<HO Bhi6HpaTL npou3-
aonLHO. IIonara.a ua ~ .u.uaepreHIUIIO D a A a H uopManL
HYIO 1< 2 npou3ao.u.uyw ... oT .u.uaepreHUHH paBHLIMH uynro, 
uaxo.u.uM, 'iTO a· cuny ypaaueHH.a /17/ ~ycnoaae. Jlopeu:u;a 
aLmonu.aeTc.a ao seeM >ieTLipexMepuoM·Mupe. · 

BeJ<TopuLiii noTeHIUian onpe.u.en.aeTc.a ycnoaueM /12/ 
c TO'iHOCT:blO .u.o rpa.IJ.HeHTa oT npoa3aonLHOii cx~uiJipHoii 

1 



J 

• 
cilYHKnHH ¢. YcnoaHe Jlopeuna nHUib B HeKoTopoii Mepe 
orpaHH<mBaeT 3TOT -llPOH3BOn: cilYHKIUUI cp .D;OIDKHa no.u;<m
HjiTLCji ypaaHeHHro o ¢ = 0. B cornacHH c 3THM uaxo.D;HTCj{ 
KanH6poBO'IHaj{ HHBapHaHTHOCTL cHcTeMLI ypaBHeHHii MaK
caenna- ,lJ;HpaKa: e cnH A f3, · t/1 - peweHHe cHcTeMLI ypaa
HeHHii /1/, /13/ , TO H 

A' = Af3+ D {3¢, t/J'·= t/J exp l ie ¢! 
f3 - he 

peweuHe Toii )Ke cHcTeMLI. To )Ke caMoe MO)KHO cKa-
3aTL H 0 .CHCTeMe /1/, /15/, HO TOHLKO, e CnH tJ cp = 0 • 

3. Cn~HopHa.JI rftopMa ypaeHeHuii MaKceeAAa 

IlpH HCCne.D;OBaHHH ypaBHeHHii /10/, /11/ BeCLMa y.u;o6-
HOH oKa3LIBaeTcg cnHHopuag cllopMa 3THX ypaaueHHii, npe.u;
noJKeHHag a /IO, 11/. a HMeHHo: 

.H
11

D
11

F = J, /18/ 

-r.u;e J c= H ala·- BeKTopuag, F = ~ F a{3 H a H {3- 6HBeKTopuag 
MaTpHJU>I, D 11 - KOBapHaHTHag npOH3BO.D;HaH, .D;eHCTBHe KOTO
poii Ha mo6oii 3neMeHT K fa TOM 'IRene H Ha 6HBeKTOPHLiii 
3neMeHT F I anre6pLI KnHcllcllop.u;a onpe.u;ens:eTcs: qepe3 
CllHHOPHYIO CBH3HOCTL /3/ cne.D;YIO.InHM o6pa30M: 

D K = e K + Q K- KQ. v 11 11 11 
/19/ 

CnHuopuas: cllopMa ypaaHeHHii MaKcaenna BLij{BnHeT rny6oKyro 
ponL anre6pLI KnHcWJop.u;a B 3neKTPOAHHaMHKe H no3BongeT 
npHMeHHTL ·K ypaaHeHHj{M MaKcaenna cnHHopuyro TeXHHKY, 
pa3BHTYIO .D;HH ypaBHeHHii ,lJ;HpaKa. 

,lJ;oKa)KeM,· 'ITO ypaBHeHH·e /18/ '3KBHBaneHTHO nape 
ypaBueHHii /10/, /11/. ,lJ.eiicTBHTenLHo,' cornacuo /5/, 

a af3 
HeF=eF H + a a f3 - 1

-(e Ff3. + ef3F + e F';...)x 
6 a IL IL a IL af:J 

x [ HaHf3HIL], 

8. 

r 

a cornacuo /6/, . IL af3· . . 
Q 11 F- Ffl 11 = cu 11 aF [HILH,B].. 

CHOBa npHMeHHH cilOPMYJIY /5/, nony~aeM. 

H 11 (0
11
F- Ffl

11
) = cu:11 F 11 f3ur:~:...· cuf3a_Fvf3H 

1-' .v a 

x F (H{3H ILH
11

]. 
av 

06'be.D;HHHH o6a pe 3YHLTa Ta, HaXO.D;HM 

a 
CU r:l X 

1-' IL . 

v a{3 1 
H D 11 F = (DaF ) Hf3+ 6(DaFt3p.+ Df3Fp.·a+ Dp.Faf3)x. 

x ( H a H f3H IL]. 

TaK Kai< BeKTOpHbiH H TPHBeKTOpHLiii ,3neMeHTLI anre6pLI 
KnucWJop.u;a nuueii:Ho He3aBHCHMLI, -ro oTcro.u;a cne.u;yeT .u;o
Ka3LIBaeMas: 3KBHBaneHTHOCTL O.D;HOrO ypaBHeHHg /18/ nape 
ypaaueHHii /10/ ," /11/. · · - " 

· . . a· · · a - · .- · 
06o3Ha<mM .u;anee, A= H _A a ; D = H Da; Y'IHTLIBas: 

nepaoe H3 CBOHCTB /4/ MaTpHU ,lJ;Hpai<a, HaXO.D;HM~ .'ITO 
F =DA-Da A a. 3To paaeHCTBO 3KBHBaneHTHO /12/. YcnoBHe 
Jlopeuna MO)KHO 3anHcaTL, cne.u;oaaTenLHO, B BH.D;e F= DA. 
lf3yqaeMas: · cHcTeMa ypaaueHHii BLirmi.ziHT TenepL cne.u;yro
IUHM o6pa3oM: 

DF = J fypaaueHHe MaKcBenna/ 

DA F fypaBueHHe Jlopeuna/ /20/ 

-iiiDt/J=( _!_A+mc ll~ t/JfypaBHeHHe ·,lJ.HpaKa/.' . 
c .. 

; A. Ilepexoo. K.-6aaucy dx ::...: ··-J -· .•• ~ ... 

CcllepH'IeCKHii MHP npe.u;cTasngeTcs: B BH.D;e 4-yepuoro 
o.D;HondnocTHoro rHnep6on.oH.u;a -- ;,; 

1] ab X ax b = r 2 
.. J. ._,.-;: {. "" ~ ~ .;, :'.,;. /2}/.." 

,-,g· 
'". ~ -t 
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B 5-~epHOM IlllOCKOM MHpe; KaK H B /16/' 3AeCL r - pa,IUiyc 
MHpa. YpasueHHJI :meKTPO.IUIHaMHKH B. ccllepuqecKoM MHpe 
YA06HO HJY'IaTL B O,IJ;HOpO,D;HLIX' KOOp,IUIHaTax X a, rrepeXO.IVI 
OT 6a3HCa fa, f // d r K 6aJucy dx a. TaKoii rrepexoi o6'LJIC
ueu B. pa6oTe 6 • IIpHBeAeM HY)KHLie coeAeHHJI HJ :noB: 
pa60TLI. :.: 

a a h · b ~ 
HMeeM .f = L b dx , dx a= L b f , rAe L H L -

rrpJIMoe H o6paTuoe rrpeo6paJoBaHHJI Jlopeuua B 5-MepuoM 
MHpe. CIIHHOpLI 1/J H ifj OT 6aJHCa f K 6a3HCY dx rrpeo6-
pa3yiOTCJI C IIOMOIULIO MaTpHULJ S: 

t/1' = Stf;, ""0' = (-l) P ;j;S -I 
TaKOH, 'ITO 

"" (-l)Ps._1 llaS L abH b' (-1) PSH a S-1= L ~H b' 

(.:..l)PStta·s~1 = Lballb' (-1)pS-
1

HaS =L:Hb 

rAe ( -l) P ~ det ( L ~) · Ilpu :>KenaHHH MO)KHO H36e:>KaTL 
oTpa_:>Keuaii, T.e. orpaHH'IHTLCJI cnyqae~ p =0. Crrauopua.11 
CB.Il3HOCTb /3/ B c!lJepH'IeCKO!'-f MHpe paBH.IleTC.Il 

nJF ~ 1 4 
S e .S - - II H ·• 

v 2r v 

BeKTop a 6aoeKTop oT 6aJaca f K 6aJacy d x rrpeo6paJy
eTC.Il cneAYIOl.UHM o6pa30M: 

A' 
a 

L 11 A ' 
= a /1 F'.b = L

11 
LvbF 

a a 11 v 

IIpH 3TOM IIOllY'IaiOTC.Il ecTeCTBeHHLie ycnOBH.Il 

x a A' = 0, X a F' b = 0 
a a 

OpTOrOHanbHOCTH · 3THX 06'LeKTOB K pa,IUiycy-BeKTOPY X 

Ecnu 

A'= HaA, 
a 

F' - - 1- F':·.;, H a,H ,b. ··x: - ·x aH ·' 
- 2 ab ' - a' 

TO, KaK HeTpy,D;HO y_6e,IUITbCJI, 

10 
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·J 
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! 

A' = (-1) PSAS -l, F' SF S :-1 

' 

YcnoBHJI :>Ke opTorouanLHOCTH JarrumyTcJI cneAYIOIIUIM o6-
pa3oM: 

A'X + XA'. = 0, F'X - ·xF' = o. 
~anee, 4 -J. · 1, -1 a 

r(-1) P SH S =X, r(-l)PSH S ev= II rna 

rAe rna- reu~paTopLI :Kou!lJopMHLIX rrpeo6paJoBaHHii rurrep-
6onoHAa /21/; a HMeHHo: 

a X X 
b a __ a __ 

axh 
rn = r --- -a 

KpoMe Toro, 

_.! H a m 
r 

ax a 

a 

r 

a b 
! II ' II m ab ' 
2 

r~e rn ab - reuepaTOpbl HJOMeTpH'IeCKHX· 
rarrep6onoaAa /21/, a HMeHHo: 

iJ a. 
m ah - -·--- - X ---

h iJ x a X a J h 
• ( X 

BeKTOP TOKa B 6aJace dx paBH.IleTC.Il 

1'-~t'X 1 ' · a · · r lfJ ' a. ~~ ' 

:/22/' 

/23/ 

rrpeo6paJooauau 

/24/ 

rAe xa =maX, if;'= 1/J*'Ho. KaKHBeKTOp.HblHIIOTeHUHan, 
OH opTorouaneH K pa,IJ;Hycy-BeKTOPY X : X a J:, ~- 0. Ha-
KOHeU, ·IIpHBeAeM ABa. TO)I{AeCTBa 

Xl\1 + MX 0 

(!\1 + 2) (l M) a m rna 

-rAe 
1 .•. ·- b 

\I = - II . II m ab 
2 

OrrepaTop ., 
l. . ah m b 
_ m a" 
2 

a m m 
a 

2. 

/25/ 

·j26/ 

/27/ 

.. '/28/ 

n 
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.llBn1IeTCH HH'lJeM HHbiM, I<ai< CI<anHpHbiM ~anaM6epTHaHOM Ha 
rHnep6onoH~e /21/. 

OcHOBhiBaHCL Ha npHBe~eHHhiX pe3ynLTaTax, HeTpy~Ho 
~OKa3aTL, 'ITO 

(-l) P XS(DF) S - 1
= MF ', XS(DA) S-

1 
= (M + l) A', 

/29/ 
(-1) P XSD!/1 = M¢' 

Ilocne 3TOrO, onycxag B OKOH'IaTenLHbiX <i>opMynax WTpHXH 
Ha~ BenH'lJHHaMH B 6a3HCe dx, npeo6pa3yeM CHCTeMy 
ypaBHeHHB /20/ I< cne~ylOilleMy BH~y: 

MF XJ /ypaBHeHHe Maxcaenna/, 

(M + l) A = XF jypaBHeHHe nopeHuaj, /30/ 

-ill M t/J = ( ~ XA + m.cr) t/1 
c . 

jypaBHeHHe ,lJ;HpaKa/. 

K ypaaHeHH.llM /30/ Ha~o ~o6aBHTL ycnoBHH opToroHanL~ 
HOCTH K pa,w~ycy-aeKTopy x 6HBeKTopa F H aexTopa A : 

FX - XF = AX + XA = 0 , /31/ 

a TaK)Ke BLipa)KeHHe ~g TOKa 

J .!... H a ( t/1 .X a t/1) • 
r 

/32/ 

,lJ;ng TOI<a /32/ ycnoBHe OpToroHanLHOCTH I< Bei<TOpy \: 

JX + XJ = 0 

BblllOllHHeTCH aBTOMaTH'lJeCI<H, Tal< KaK X am =. 0, . . a- . 

5. HccAeooeaHue ycAoeuii opmozoH~AbHocmu 
x paouycy-eeKmopy x 

/33/ 

,lJ;oKa)KeM, 'ITO H3 ypaBHeHHH Maxcaenna /30f. cnekyeT 
ypaBHeHHe 
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( M ·t l) ( FX - XF) = 0 , /34/ 

a H3 ypaBHeHHH nopeHua /30/ -" ypaBHeHHe 

( M + 2) ( AX + XA) = X ( FX - XI</ : /35/ 

,D;eiicrsHTtmLHO, ,ting mo6oro 3neMeHTa K anre6pLI 
KnH<l><i>op~a HMeeM: 

1 a b 
MKX = (MK) X +·2" H H KmabX. 

IIpHMeHHH To~ecTao/25/,nony'laeM 

M(FX - XF) = (MF) X + X(MF) + 1
2 

HaH hFm X, 
ab 

M (AX + XA) = ( MA) X - X( MA) + ]_ H aH b A m bX • 
2 a 

Tax KaK ~ ab X = x a H b - x b H. a , 1'0 

]_ H a H h K m h X = ._! XH b KH i - _ _! H a XK H , 
2 a 2 b 2 a 

a TaK KaK H a X + XH a = 2x a, TO 

~ HaHbKm
8
bX = XH 8 KHa- KX. 

-

a[Hb c]H [ b' c] /a b h Y'IHTbiBaH, 'ITO H H a = H H , ';H H H a =-3H , 
HaXOMM 

!.. HaHbFm b X 
2 a 

XF- FX _!_ HaHb Am- X 
' 2 ab 

=- 3XA - AX. 

TaxHM o6pa3oM nony'laeM ~a TO:>~CAecTBa. 

(M + 1) (FX - XF) = (MF) X + X(MF) , 

( M + 2) ( AX· + XA) = ( MA) X + AX ...: ' X ( MA) _.:..: XA ~ 
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BcneACTBne ypauneHHH MaKcnenna 1301, H3 nepuoro To:>K
Ae CTBa H H3 pauencTBa 1331, nonyqaeM ypauneHHe 1341. · 
BcneACTBHe :>Ke ypauueniu: Jlope'uua 1301, H3 BToporo To:>K
AeCTBa nonyqaeM ypaaueHHe 1351. 

HTaK, MaTpnua FX - XF noAqnuxeTcH ypaaneHHIO 
~npaKa jc MaccoBLIM. napaMeTpoM_ ~ = i I. BLI6epeM ue
KOTopyro nonepxnocTL Kown, nanpnMep~ ropnoanny rnnep-
6onou.zta 1211. Ilono:>KBM na neB: FX - XF '"' 0. B TaKOM 
cnyqae, KaK AOKa3aHo B /9 I , FX - XF = 0 no aceM 
c!IJepnqecKoM MBpe. TenepL B. MaTpuua -AX + XA 6yAeT 
no,Z:\'-IHH.IITLC.II ypaBHeHHIO ~BpaKa lc MaCCOBLIM napaMeT
pOM ni = 2i I, u no onionieHBro-K neil Mo:>Klio noBTOpBTL·Te 
:>Ke paccy:>KAeHHH. TaK KaK ,1:\aHHLie Kowu MO:>KHO BLI6npaTL 
DpOH3BOnLHO·, TO :no ,Z:\OKa3LIBaeT, '-ITO ycnOBH.II 1311 He 
npOTBBOpe'-laT ypaBHCHHHM 1301. 

6. HcKAIO'leHue 6ueeKmopa F e 6a3uce dx 

PaccMoTpBM TenepL, KaK BCKniO'-IaeTcH 6uneKTop F B3 
CBCTCMLI ypaBHeHHH 130/. IJO,Z:\CTaM.R.II F H3 ypaBHCHHJI 
Jlopenua B ypannenue MaKcnenna, nonyqaeM: 
r-2 XMX(M-t l)A=-i\Hi\l+l)A =r 2.1. 

3,1:\eCL MLI y'-IHTLmaeM paBeHCTBO X 2 
=r 

2 
H TO:>K,Z:\CCTBO /25/. 

06paTHMCJI TenepL K TO:>K,Z:\CCTBY /261. TaK KaK (1\-1+2)(1-1\1)- 2~ 
= -I\I(I\1+1),To 

" (mama- 2):\. = r-.J. 136/ 

~anee, Ha OCHOBaHHH TO:>K,Z:\CCTBa 1231, 3allHWCM ypaBHCHHC 
Jlopenua a BBAe 

r F = II 8 e A == P a A + 
2
1 ( e A b - e b A ) [ II a II b]. . a a a a 

. X * -· ·- - . - - - .. 
r,Z:\e o603Ha1.feHO r ~ == m a- _l! .-· IIocKOnLKY F~- 6iiae'k-

- r TOp, TO BCKTOpHLIB UOTCHUBan ,1:\0n:>KeH YAO~neTBOpHTL ypau-
HCHBIO ~: . 

--* HnTepecno, '-ITO -mf;: HBnHeTcK onepaTopoM Kon
$opMnoro MOMeHTa · CKan.llpHOH qacTHULI _ B c!IJepH'-ICCKOM 
MBpe /5/. 
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(m a- X a) A = 0. 
r a 137/ 

EuneKTop F . ace ell\e BXOAHT B Y<?nOBBH opToronanLHOCTB 
1311, OAUaKo, cornacno 1351, ecnn AX + XA = 0, , TOn 
FX - XF = o . Tenep:b ·6uneKTop F ucKmoqen nonnocTLIO.- · 

~oKa:>KeM, naKoneu, '-ITO neKTopnwii noTenuuan YAOB
neTBOpHeT ypaBHeHBIO 1371, KOnL cKopo on YAOBnCTB(lpHeT 
ypaBHeHBIO /361 B ycnOBBIO opToronanLHOCTB X a A a = 0 • 
~eiicTBBTenLHo, HCTPYAHO npouepHTL, '-ITO B mo6oM cnyqae 

(mam ){xcA) = xc(mam )A + 2rmcA- 4xcAc. 
a c a ·c c 

,. . 
IIpu6era.11 K ypaBHCHHIO 1361 H yqnTLJBaH, _'-ITO x .I ,. = 0, 
HaXO,Z:\HM c x c 

m am ( x A ) == 2 r( m c - -) A 
a c · r c 

3TO H ,Z:\OKa3LIBaCT npBBC,Z:\CHHOe BLHIIC YTBep:>K,Z:\CHHC •. 
HTaK, MLI npHIIillH K . cne,Z:\yiOIL\eH' CHCTCMC ypaBHCHHH 

3nCKTpO,Z:\HHaMHKH B c$epH'-I.CCKOM MHpe: 

a a .-
X A a = 0, ( m m a - 2) A b == er 0 X b t/1 : , 

~ X) t/1 
r 

-iii ( II a m 
a 

IIon_yiteHBaH cncT_eMa 
pilaHTHa: ecnn A b , ~~ -

A , \ 1 "' ,, 
b= !b+-;mb"'' lf1 

er a 
(cii·Aa+ mcX).lf, 

1381 

ypaBHCHHH KannopOBO'-IHO .. HHBa
peweUHe cncTeMLI /381, To n 

ie ·· 'F · -

== 1/1 exp I --· ¢ I ' 
_"tie- ._ 

peWCHHC TOH :>Ke CHCTCMLI, KOnb CKOpO m 3 m ¢=-0-. 
- - . a -

-7. IlpeoeAbHMii nepexoo K nAocKoM~-~·tuPY. 
·- .. - - - . . . - . 4 

PaccMoTpBM Manyro OKpepTH_oc:rL TO'-IKH .x~=O, x ':", r 
B ycTpeMBM r K· 6ecKOHC'-IHOCTB~-- IIepBLie qnenw,pa3no:>Ke-
HBH no CTCOCH.IIM r CYTL: ~· ·•·- ·<-

a 
X x a X 

4 r, 

<':_:.·. 

,- . ~ : .· :'; • I "(. 

m ~ ~--a-_-_,-~;--.m .::;_-xa~~~-' 
.a . ' ' a X a . . 4 '·· a X a ·-

IS 
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m am - 2 
a 

2 
2 . a 

r a ax a X 
a 

TaKHM o6pa3oM, B iipe~ene r·4 "" ypaaHeHHH /38/ HenocpeJ(
cTBeHHO nepexo~HT B cne~yromHe ypaBHeHHH ~nH nnocKoro 
MHpa 

A = 0 . 4 

a 
A- {3= e t/J H f3 t/1 

ax a a X /39/ a 

a a : e a . 4) ;. - i1i H -- t/1 = (- H A + · mcH t/J. a X a c a 

llonyqaromeecH H3 /38/ cne~cTBHe /37/ B npe~ene 
nepexo~HT B He.3aBHCHMoe · OT /39/ ycnoBHe JiopeHu:a 

r --} oo 

aAa 
= 0. 

ax a 
/40/ 
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