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B pa6oTe/I/- nocTpoeua-Kaau'ioBa.R TeopuJI6e3MaccoBo- _ 
ro DODJI B c4JepB'IeCKOM MBpe ~e CHTTepa. C ~pyroii CTOpOHbl, 

, . B pa6oTe /2/ DOKa3aHO, KaK DOCTpOBTb TaKyiO TeOpHIO B MHpe 
:c MeTpBKoii ds ' 2=B2ds 2, ecnu oua y>Ke nocTpoeua B MHpe 
c MeTpBKoii d s 2 • OcuoBbiBa.Rcb ua :nux pe3yn&TaTax H npu
'MeH.R.R 061JlBe npBH~BDbl KBaHTOBOH CTaTHCTHKH/3/, Mbl no
CTpOBM 3~ecb CTaTHCTH'IeCKYJO MO~enb c4JepH'IecKoro MHpa· 
Cl»p~JiMaua, reo:MeTpB'IeCKBe csoiicTaa KOToporo onpe~ens
ro1-9{4lu3H'IecKBMB ·cBOHCTBaMB ra3-a, o6pa30BaHHoro 6e3-
MaCCOBbiMB CKan.RpHbiMB 'laCT~aMB. - · 

.. . B- cnyqae 6e3MaCCOBbiX. CKan.RpHbiX~ .:iacTH~ noneBOH 
onepaTop ¢ n_ MBpe c MeTpBKoii 'd~ 2= g dxa dx f3 no~-
'IBH.ReTcs ypaBHeHHIO/l/ · . -- ' a{J. 

~ ¢ + -k.R¢ ~- o-.:· ~-

/1/ 

Teu3~p' 3Heptuu-uMnyn&c~-HMeeT BH~/1/ 
can-.· 1 · · . 2 

T = T:. - - (R + V v·· -g o)¢ 
/l v ll v . .. 6 . ·. ll "~ ll v /LV 

/2/ 

1 can=..!.. (¢ ¢ '+¢ ¢ )-
4
1 0 ¢ 2S·,, 

/LV 2 /LV. V/l r" 

Cne~. :3To;6 TeH3~;ac:'-T. = g /LV T ll~ pa:Ou.ReTc.R uynro. 
. B pa6oTe/~/ ~oKa3auo, 'ITO onepaTop ¢.'~ B -I~ .RBn.R

eTc.R noneBbiM onepaTopoM B MBpe c MeTpHKOH ds' =B 2ds 2• 
ou' DO~'IBH.ReT~Ji ypasue~~IO o<p, + tR.' ¢ '. = 0' •.. Teu'3op 
3uepr:uu-uMnyn~ca Til~ , nocTpoeuu&Iii· B3 ¢ '= B - 1¢ · ·.B . 

. • g (w = B 2 
g ·TaK · >Ke. _KaK nocTp?eH T /LV H3 ¢ · B 

g /LV , pasuWeTc.R . 

T • = a:-2 T ... 
ll" ll" 

/3/ 

3 



PaccMOTPHM TenepL CTaTH'IecxHii c«l>epuqecxHii MHP c 
MeTpHKOH 

ds2 = r2 [dO 2 -w. (~ ! e- 2
, ~ 3 )d~ i d~ k], /4/ 

Jk . 

r.tt.e 0 - _BpeMJI; ~I, ~ 2,~ 3 - ;KOOp,ttHHaTLI Ha e,ttHHH'IHOH 
c«l>epe S 3 B 'leTLipexMepuoM eBKJIH.ttOBOM npocTpaucTBe E4 ; 
r = const -. pa,ttuyc. C«l>epy S 3 MO)I(HO 3a,ttaTL _ypaBue-

HHJIMH 
. I 2 3. . 

•. « =m (~ .• ~ .~ ), a= 1,2~3,4, 
. a. a . • 

r.tte « a - . .tteKapTOBLI KOOp,ttHHaTLI B E 4 ; 

KOOPAHHaT 1; 1 ,~ ~~ 3 ua S3 Taxue, .~no 
m - "«tiyinmu:H a 

4 
!mm =1. 
a=l a . a 

Ko34>«l>H~HeHTLI MeTpuqecxoii «l>opMLI ua ~3 paBHLI: 

4 am 
w =!--a 

am a 

jk a=l ae j a~ k 

,lJ;am.me 3HaK CYMMLI no nOBTOpJIIOIJUIMCJI HH,tteKCaM THna 

a, b MLI 6y,tteM onycxaTL, no,ttpa3yMeBaJI, 'ITO noHHM Be,tteT~ 
CJI CYMMHpOBaHHe B npe,tteJiaX OT 1 ):tO 4. 

C«l>epuqecxuii MHP Cl>pH,ttMaua oTJIH'IaeTcJI oT cTaTH'Iecxo
ro c«i>epH'IeCKOrO MHpa JIHWL KOH«i>OPMHLIM MHO)I(HTeJieM 
B 2( 0) . B MeTpHKe 

. k 
ds' 

2
= B

2
(0)r

2
[d0

2
-w.k (~ 1 .~ 2.~3 )d~ 1 d~ ] . /5/ 

J . 

B 'laCTHOCTH, _npu B = 1/cosO 3TO MeTpHKa c«l>ep:Hqecxoro 
MHpa ,tte CHTTepa. 

Kax y>Ke . roBopunocL, KBaHToBaJI ~yopHJI cxanJipuoro 
no:lu B MHpe .tte CHTTepa nocTpoeua ,: ( Y'IHTLIBaJI TaK>Ke 
npHBe,tteHHLIH BLime pe3yJILTaT pa6oTLI 1, 3anHWeM onepa
Top nonJI cp B CTaTH'IeCKOM MHpe H onepaTOp nOJI.K cp, B MH-
pe. Cl>pH,ttMaHa CJie,ttyroUUIM ofipa30M: . 

- + I - - + 
¢=vh <¢- +¢ >-· ¢'=B- vh<¢ +¢ .>. /6/ 

r.tt_e 

4 

I· 

: "":=:.... .. ~ . 

') .~ 

\ . 

\. 
r 
I. 

1 .00 p . ~-i(p+l) iJ 
¢~· = -- I. 2T e ·. C m •.. m. 

2TTr· p=O a1 ••• ap al · -~P 
,. 

¢+ ~ _1~ I 2..;. i(p+l)O 

211r p=O e 

+ c 
a I ••• a P. 

m ••• m 
a I ap 

c: ~ ... a p - KOMnOHeHTLI CHMMeTpH'IeCKOrO TeH3opa · 
B 1!4 C HyJieBLIM CJie,ttOM no, nape HH,tteKCOB, TaK 'ITO 

C ~ ... a p « al ••• • « ap . JIBJIJieTCJI ·rapMOHH'IeCK!M. nOJIHHOMOM · 
B E

4
• 3TH.KOMnoueHTLI onepaTopuLie, H Ca 1 ••• ap , 3p

MHTOBCKH conpJI>KeHLI p (:a j ... a .· . 0HH JIBJIJIIOTCJI_ onepa~ 
TopaMH po:lK,tteHHJI H yuii'ITO>KeHHJI.facT~ H no,tt'IHHJIIDTCJI cne.-: . . ~ . ' . :· . ~ 

.ttYIOIItHM KOMMyTaD;HOHHLIM COOTHOWeHHJIM:. 

[Cal .•• ap 
+ 

ch h 1 =0, [C I ••• q - ai ..• a . . p 

+ c b b ] =0, I··:. _q ·. ~- .. 
1 . ~·.- /7/. 

[C C + · .] 
a ••• a b ••• b 

I p I q 
=0 0 a ·b ••• b pq a ••• ' I p I . p 

,lJ;nJI .ttBYX BeKTOpOB ~a· H "Jb H3 E 4 HMe~~ ·;c 

p . ·.· -
2 cc ••• .rx: 0 . ."J b .. ••• ."3 b -

ai ap ai •.• ap,bi ••• bp .I P 

= xPyP sin.(p+l) y. 
/8/ 

stny· 
r.tte 

x = ..r;;--;:-, y =v~, xycosy= .rx: :\f • 
a a a a a a 

TeM caMLIM CHMBon· o ai •.• a:-; hi ... b · O,ttH03Ha'IHO 
onpe,tteJIJieTCJI. 3TOT CHMBOJI flbJiyqaeTC~ H3 npOH3Be,tteHHJI 

:a a lbl··· 0 a J> . : CHMMeTpH3auueii no HH,tteKcaM a I.;. a p 
,. . H BLI'IHTaHHe;] CJie,tta no nape HH,tteKCOB. ,lJ;o6aBHM eme, 'ITO 

npH p =0 (CC+] = 1. ... 
OnepaT~P 'IHCJia qacT~ N H raMHJILTOHHaH H .· lie 

3aBHCJIT OT KOH«i>OpMHOrO MHO:lKHTenJI B/2 / • 0HH paBHJIIOTCJI 

N 
00· + 
·!ca· ··a Cai•···ap• p=O I •••. p 

. /9/ : . ~; .. -
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H = he i (p +1 )C+ C . . /10/ 
r p=0 . a 1 ••• a p a1 ... ap 

BaxyyMHoe cocToJIHHe TaiOKe·He 3aBHCHT oT B .. 
· Mw XOTHM TenepL Y.z:tOBneTBOPHTL ypaBHeHHJIM 3iHmTeii-

ua 

·R, 1R'' 
Q-- g Q 

Up · 2 Up 
B"y < • T , Q ·: > , -a- . up c /11/ 

r.z:te g ~{3 - _MeTpHqecKHH TeH30p B /5/, ,Z:{BOeToqHe 03Ha
qaeT HOpManLHOe DpOH3Be,Z:teHHe ODepaTOpOB po~eHHJI H 
YHHqTo)l(eHHJI qacTH.U. 3:Uai<oM < > o6o3HaqaroTcJI cTaTHc
THqecxlie cpe.z:tHHe. ,lJ;nJI nro6oro onepaTopa A 

A Sp A exp I - ..!!:i:N I . 
<>=--- -

Sp exp 1- .!!_-_~I 
. 8 . 

r.z:te. N · H H - .onepaTOphl /9/ H /10/, /l - XHMHqecKHH 
noTeunuan, 8 - TeMnepaTypa ra3a. Cpe.z:tuee OT Teu3opa 
3HeprHH-HMDynLca nonJI eCTL TeH30p 3HeprHH-HMnynLCa 
ra3a. 

llocxonLxy cne.z:t T' paBHJieTcJI uynro, To B cuny ypaB
HeHHii 3ii:HmTeiiua H cxanJip R' .z:toH)I(eH paBHJITLCJI uynro. · 

d
2
B 

H3 :.JToro ycnoBHJI nonyqaeM - + B =0. Mw y.z:toBneT:-
d o2. . 

pHM ycnoBHIO R '= 0 6e3 orpauuqeHHJI o611UIOCTH, nonara.H 
B =COSo. HTax, ccfJepuqecKHii MHP 4»pH.z:tMaHa, onpe.z:teneu 
C TOqHOCTLIO ,!:{0 KOHCTaHThl r·: 

ds' 2= r 2 cos2 0[d0 2 -w.k d~j d~k ]. 
. J 

,lJ;nJI 3TOH MeTpHKH 

3 R' R' .=- 2 ' ok 
00 cos 0 

1 
0, Rjk ="'"' cos 20 

Cornacuo )Ke /3/ 
1 . 

<: T 'Q ·: > = -. --:,-;;-< ': T Q ·: > . 
Up COS \7 Up · 

6 

'/12/ 

wjk 

1 
1 

f 
I 

I • 

' 

TaKHM o6pa3oM, ypaBHeHHJI 3iiHmTeiiua /11/ uaxna.z:tWBaJOT 
ua TeH30p :.JHepruu-u.MnynLca cne.z:tYJOIItHe ycnoBHJI: 

3 
<··T ..... > 3c. 

• 00 •· = -:---, 
817y 

<": T ok ': .> ·= 0, 

c3 
<'·T '·>=- w 

• jk • 817y jk 

/13/ 

'.· 
Hao6opoT, npH :.JTHX ycnoBHJix ypaBHeHHJI 3ii~mTeiiua /H/ 
y.z:toBneTBopJIIOTC~. HaM ocTanocL, cne.z:toBaTenLHO, npoBe
PHTL, qTo · TeH3op :.JHepruu-HMnynLca/2/, nocTPoe:Uuwii: H3. 
onepaTopa nonJI ¢ • B · cTa;uqecxoM ccfJepaqecxoM MHpe 
y.z:toBneTBopJieT :.JTHM ycnoBHJIM. Tax xax 

H = rc -J · T · dn · . • 00 •. u ,-

1 2 3 
r.z:te dn = ,;w d~ d~ d~ 
Ha S3 H . Jd0= 2172, TO 

- :.JneMeHT nnoiita.z:tH I o6'LeMai 
B cuny nepBoro ycnoBHJI ):{OH)I(HO 

BhiDOnHJITLCJI paBeHCTBO 
4 

· - 317 c; 
<H>~--r. 

4y 

,lJ;anLme MW .z:toKa)l(eM, qTo 

<":T 00 _:>=const, <·:T0 k ·:>=0 

H qTo 

-3< :Tjk':>=<:Too:·.>wjk. 

/14/ 

/15/ 

. /16/ 

Docne :.JToro MO)I(HO 6y.z:teT yTBep)I(AaTL, qTo e.z:tHHCTBeHuoe . 
. Tpe6oBaHHe, .KOTOpOe npe,Z:t'LJIBnJIIOT ypaBHeHHJI 3iiHWTeii:Ha 

K pa.z:tHYCY r, eCTL /14/ .•. 
llpe)I(Ae Bcero .z:tOKa)l(eM, qTo 

+ 
<C C >=0, <C 

a
1 
... a P b

1 
••• b q · · a

1 

+ >= 0, 
cb •••• bq /17/ ••• a 

p 

+ . 
<C C . >=o o . .. · ·· A 1 , 

a 
1 

••• a h
1 

••• b pq a 
1 

••• a ; b
1 

••• b p+ 
p q p . p 
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,• 

r,D;e A, 
p+1 

1 
he· · , ' . fl 

exp{ - (p+1)- - J ~1 
r® ' e 

/18/ 

~nJI ,IJ;OKa3aTenhCTBa Bb16epeM opTOHOpMHpoBaHHbiH 6a3HC 

a 
Qa ..• a 

1 p 

2 
, a= 1, ... , (p+ 1) 

B npOCTpaHCTBe KOMnneKCH03Ha'IHbiX CHMMeTpH'IHbiX TeH-

30pOB Q .. , C HyneBhiM cne,D;OM no nape HH,D;eKCOB. 
a ,,,,a 

1 p 
fio onpe,D;eneHHIO 

Qa 
a1 ••• a 

p 

r 
Q* =0 

a
1 

... ap ar /19/ 

Pa3no>KHM no Bb16paHHOMY 6a3HCY H3y'laeMhie onepaTopbl 

2 
(p+l) d 

c = :£ Q .c , 
a ••• a 1 a 1 ••• a pa 

1 p a= {> 
2 + (p+l) a 

c = ! Q * 
a ••• a a- 1 a 1 ••• a 

1 p - p 

C nOMO~biO /19/ nonyqaeM 

C = Q*r C 

c+ 
pa 

/20/ 

" 

pr a 1 .•• ap ~ ... ap ,_.;:.· 

/21/ 
C + =Q r C + 

pr a 1 ... ap ~ ... ap 

CornacHO /7 I 3TH onepaTOpbl no,D;'IHHJIIOTCJI KaHOHH'IeCKHM 

nepeCTaHOBO'IHbiM COOTHOWeHHJIM 

+ + 
[C C, 1 =0, [C C ] =0, 

pa qr - pa qr + 

[CpaCq~ ]_ = opq oar 

/22/ 

8 

., 

.#~-

.... _;' 

TaK, _KaK, ,IJ;llJI nro6oro CHMMeTpH'IHOrO TeH30pa C .HyneBbiM 

cne,D;oMnonape HHAeKCOB 

0 Q =Q . 
a 1 ••• a ;b

1 
••• b b

1
· ••• b 'll

1 
••• a 

p . p ·p p 
/23/ 

KpoMe ,Toro, HMeeM 

(p+l)2+ 

C =~C C . 
a

1 
••• a a ,;,a -_ 1_pa pa 

p I p a'- , 

c +. /24/ 

Cne,D;oBaTenhHO, KaK 3TO H3BeCTHO H3 KBaHTOBOH cTaTHCTH

KH /3/, · 

<C C >=0, 
pa qr 

+ + <C C >=0, 
pa qr 

< C + C >=o o A 
pa qr pq ar. p+l ' 

/25/ 

rAe A p+I ecTh /18/. , . 
C,D;enaeM 3,D;eCb He6onhWOe OTCTynneHHe, nOCKOllhKY Mbl 

y)Ke Tenepb MO)KeM Bblpa3HTh 'IHcno qacTJm N H 3HeprHIO E : 

. - 00 2 
N =<N >= ~ q A- , 

q=l' q 

/26/ 

he oo. 3 . 
E =<H> =- ~ q A, 

r . q=l q 
/27/ 

r,D;e, HanOMHHM, 

A = 1 
q 

exp { .!!..<:.L - .E:. J - 1 
r e e 

/28/ 

H3 cllopMynhl /27 I H ycnoBHJI /14/ nonyqaeM 

3 3 00 

~ r2 = ~ q3A 
,4yh q=l q /29/ 

.9 
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TaKHM o6pa30M, BeJIHqHHbl r , 11 , e , N CBH3aHbl ,D;BYMH 
. ypaBHeHHHMH, 1261 H 1291. ,._ 

. )J;oxa:lKe~, uaxouen, pa:BeucTBa 1111. H3 119/ B: ·123/ 
·HaXO,D;HM, qTO 

( 1)2 

-~ Q~ •.• a 
tr= I I P 

'Q * u b . =0 a ••• a ; h_ , ••• b· 
hi ••• p I p I p 

130/ 

0Tcro.n;a H H3 1251 H 1201 · .uenocpe.n;cTaeuuo cne.u;yroT 
paBeHCTBa 1111. 

OcuoBbiBaacb .Ha .n;oKa3aHHbiX paaeHCTBaX I 17 I H yqHTbl- ; 
aaa 161 H 18/, ueTpy.u;uo no,u;cqHTaTb 

G(N,M)=<:~(N)~(M):> 

/31/ 

!i_ I A. si.nqy cosq{OI -02 ), 
2 2 2 q=I q stn y 

11 r ·, 

1 2 '3 
r.u;e N H M - ~HPOBble ToqKH c KOOPAHHaTaMH ei , ~. , ~ '·, ~ 
H 0 

2 
, 77I , 772,773 , y - paCCTOHHHe /yron/ Me)K,D;y .Toqxa

MH C KOOPAHHaTaMH ~I ,~ 2,~ 3 H 71 1, 71 2, 71 3 Ha c4lepe 
S

3
.Pacnonaraa 3THM pe3yllbTaTOM, y:lKe ueTPYAHO HaUTH. 

<·:T R:>. HMeeM: ,, a,_, 
h Oo) ' 

=lim G(M,N) = --"22 ~ qAq=const. 
N ·+M 2 11 r q=l 

<:~ 2: > 

IlonoMy /eM. /2/ I 

<. ..• T ...... - < . A A ' .• > 1 <. A 2 .• > R • a{3 • ' .- • 'f' a 'f' {3 • - 6 . 'f' • a{3 • 

Tax xax 

TO 

10 

R =0 0{3 , R = -2w , 
jk jk 

/32/ 

/33/' 

,• 

? 

,>' .. '-• .;:~ 

. ' 

... 

'· 

<'~ T .• > = < .• . A A . .• > 
' . 0 {3 • ' • 'f' 0 'f'{3 • ' , ,· ' 

<:T. ':>=<·:~ ~ ·:>+ 31 <':~2·:>w.k. 
'k . k J J J ' 

,D;an&me, 

2 
<:~ ~ ·: > = fim a 'G(M,N), 
• · 0 · 0 N->M a e a e 

1 2 

T.e • 

<':T ·: >= ~ -~ q 3A = const. 
00 2' 2 2 q=l q 

11 r 

1341 

1351 

1361 

1371 

TaKHM o6pa3oM, nepaoe H3 ycnoBHB 1151 BblllOJIHHeTca. 
Ho nocxon&Ky · 

lim ':-: _L G(M ,N) =0, 1381 
e.....e ae 1 2 I 

TO BblllOJIHHeTCH H BTOpoe H3 3THX ycnOBHB. 
. Ilo.n;cqHTaeM Tenepb 

2 

<·: ~ . ~ '·: > = f.im . a. 'G ( M , N) = 
. i k N->M a~ J a 77 k 

,00 h --- :I A fi 
2112 r2 q=l q 77->~ 

a2 
. k 

a~ 1 a., 

.sinqy 

siny. 

/39/ 

IloCKOllbKY, s~nq y . HBllHeTCH llOllHHOMOM OT r=cosy=mana 
SlO y 

I 
lnonHHOMOM rereu6~y3pa G q-I I, TO nro6aa npoH3Bo.n;-_ 
nag no r OT 3TOB 4>YHKUHH cymecTByeT. HaM noTpe6yroTCH 
TOllbKO nepaag H BTOpaa npOH3BOAHble: 

2 a sinqy. d 
. k =(-

.a~1 a'tJ siny dr 

sinqy 

siny 
). :---~~ . + 

a~Ja71k 

II 



... ,.· 
' 

' 2 

+ ( d sinq:£: 

d? siny 

lloJTOMY 

,_.•-

•' 

) ar. ar . 
ag J a;;r 

/40/ 

d sinq y 1 2 - -. -I '=- q(q -1). 
d [ Slll y y=O 3 . · 

/41/ 

liJ pe3yJlbTaTOB /41/ H /32/ H !llopMYJlhi /35/ HaXO.I(HM 

h "" .3 
. '' ~ 

<:T.k:> ,.., -6 22 I q Aq WJ'k. 
J rr r q=l 

/42/ 

CpaBHHBaR JTY.Il!OPMYJIY c !llopMynoa /37/, BH.I(BM, qTo 
, BhlllOJlHReTCR. H llOCJie,nHee YCJIOBHe /16/. , 

B JaKnwqeHHe aaTop BhiPa*aeT rny6oKyw 6naro,nap· 
HOCTb H.H.liorOJII060BY /MJI./ 3a ueHHble COBeThi H 06Cy>K~ 
,neHBR. 
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