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1. BBE,l(EHHE 

BeKTOpHbie H aKCHaJibHbie TOI_<H .1: a . . H. J:a· -'.fl. -
0,1,2,3, a·.= 0,1,2 ... ,8, .rrpeo6pa3yiOmHecH KaK HOHeThi 
rpyiillhl YHHTa{moii CHMMeTpHH· SU(3), HrpaiOT Ba)KHYID ponh 
B tiJHJHKe :meMenrapHhiX. qac.THU. B paMKax MOAeJIH KBapKoB 
3TH~ 'TOKH Bblpa)Ka~TCH q~pe·3 KBa~TOBaifHhie .IIOJIH·f~B-apKOB 
t/J (x) CJieAYIOinHM o6pa30M: ·. : . . 

' . ..... ... 

· v · · .- -: .\a · 
J (x)= t/J(x)y . - t/J(x). 

fla . fl 2 . . 

~ 

J -.; 
\'" '! 

, ~:- '' 
A .:.:.. ·.··,.\·a·· · 

J (x) = 11/J(x)y y- -. \k(x), 
fla. .· . fl. 5 2 . ' 

/1/ 

rAe. ~0 = 1, ,.\I, ... , ·As - MaTpHI.I,bl renJI·MaHHa. }b KaHO~. 
HHqeCKHX aHTHKOMMyTal.I,HOHHbiX COOTHOI11eHHH-AJIH tP (x) .em~'~' . . " •. . 
nye:r, qro npocrpancrneHHhie7 ·HHTerpaJihi. or . npeMeHHhiX 

KOMllOHeHT TOKOB . ~.;..· -

v ·· • ...... v· ·~, 
Q = J dx J (x) 

oa oa 

.: .. , 'A • --> A . • · 
.·Q =f dxJ .· (x). 

oa·. · oa . ···· 

/2/ ,. 

o6pa3yror anre6py JIH . U (3) xU (3) .-. IIonyqHB:KoM:~yrauli
OHHhie COOTHOI11eHHH AJIH Q V . . H . Q A . B <MOAeJIH KBapKOB, · . · oa .. oa · .. · , 
renn- MaHH /I/ npenJIQ)KHJI paccMaTpHBaTh. HX. KaK HeKo-. 
.rophilt ocno·n~oii: nocTynar·reopHH ne.Janucn~o~o--i- roro,· cy:-
• • • .<'< ~~ ~: ' S · '-·, ; 5- - ' ' • •' r' - • 

mecTBYIOT KBapKH HJIH HeT. -~ 
• ~ . • • . • -· • •• • . • .. 1 
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HapH.n;y c npocTpaHCTBeHHLIMH HHTerpanaMH OTBpeMeH
HLIX KOMllOHeHT. TOKOB Q :a H. Q!a <l>eHHMaHH, renn
MaHH H Uaeiir 12 1 3aTeM npe.n;nmKHJIH paccMaTpHBaTL TaK)Ke 
HHTerpaJILI OT npOCTpaHCTBeHHLIX KOMllOHeHT TOKOB 

v v 
Q . · ; I d x J. (x) 

ta • ta 

A .... A 
Q. ;fdxJ.·{x) 

1a Ia 

/3/ 

V A 
H noKa3anK, 'ITO onepaTopLI Q oa H Q ia · y.n;oaneTBOPHI{)T 
KOMMyTaUHOHHLIM cooTHoweHI_IHM anre6p~1 JIH U (6), .·a Q}l;~ H 
Qta , BMecTe B3HTLie, o6pa3yiOT ,anre6py JIH U(6) x U{6) . 
IIpe.n;nonaraH, .'~TO fHJIL6epToao npocTpaHCTB9, cocToHmee 
H3 O,!J;HO'IaCTH'IHLIX BeKTOpOB COCTOHHHB, peaJIH3yeT npe.n;
CTaBJieHHe /npHBO,!I;llMOe, aoo6me roaopH/ .no.n;anre6pLI 
SU (6) X SU {6) . 3TOB anrefipLI, OHH llLITaJIHCL OfibHCHHTL 

KmiccmlmKaumo a.n;poHoa no MYJILTHnneTaM rpyn'riLI SU(6) 
6e3 aae.n;eHHH rpynnLI CHMMeTpHH SU(6) KaK o6be,D;HHeHHe 
cnHHOBoii rpynnLI SU (2) . c YHHTapHoii rpynno:H SU (3) /3-6/. 
3Ta H.n;eH nony'IHJia .n;anLHeiiwee pa3BHTHe B pa6oTax ,lJ;aweHa 
H renn- MaHHa, JIH H . .n;p. /7:-IO/. liLIJIO noKa3aHo, B 'laCTHOC
TH, <ITo MHorHe pe3yJILTaTLI cxeMLI CHMMeTpHH SU(6) HB

JIHIOTC.H cne.n;cniHHMH npe.n;nono)KeHHii tenn· MaHHa, <I>eiiHMa
Ha, I(aeiira H ,lJ;aweHa o6 anre6pe HHTerpanoa TOKOB H e·e 
npe.n;cTaaneHHii B rHJIL6epTOBLIX no.n;npocTpaHCTBax o.n;Ho- · 
'laCTH'IHLIX BeKTOpOB COCTOHHHH. . 

O.n;HaKo, . KaK 6Lmo noKa3aHo a /II ,I2 / ~ npe.n;cTaaneHHe 
anrefipLI HHTerpaJIOB TOKOB B ,D;eBCTBHTeJILHOCTH HeJIL3H 
peaJIH30BaTI. B rHJIL6epTOBOM llpOCTpaHCTBe O,!J;HO'IaCTH'IHLIX 
BeKTOpOB COCTOHHH.H, TaK KaK ,!I;JIH :noro Tpe6yeTCH, 'IT06LI 
BCe reHepaTOpLI :noii: a.JirefipLI KOMMYTHpOBaJIH C raMHJILTO
HHaHOM. Y ClleXH HaCLIIUeHHH KOMMyTaTOpOB O,!I;HO'IaCTH'IHhiMH 

COCTOHHHHMH 06bHCHHIOTC:H TeM, 'ITO B llO,!I;XO,!J;HI.qeH CHCTeMe 
OTC'IeTa BKJia,D;OM MHOrO'IaCTH'IHLIX COCTOHHHB B Ma;;p'}'IHLIB 
:meMeHT .ztaHHOrO KOMMyTaTopa MO)KHO npeHe6pe'IL 13 ~ 
· ·. B HacToH~.qeii pa6oTe MLI paccMaTpHaaeM .n;pyroii MeTo.n; 
peanH3aUHH npe.n;cTaaneHHii no.n;anre6pLI SU(6) x SU(6) 

. .n;aHHoii anre6pLI U(6) xU{6), Kor.n;a npe.n;cTaaneHH.H peanH-
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· 3YIOT~H. B JIHHeBHLIX npocTpaHCTBaX aCHMllTOTHiJ:eCKHXiflO
JieBhiX onepaTopoa. 3TH npe.n;craaneHii.R.~ HBJIHIOTC.H o6o6-
meHH.HMH npHcoe.n;HHeHHoro 'ripe.n;cTaam!HHH • p~ccMaT.~ 
pHaaeMOB anre6pLI JIH SU ( 6) ~Si.J(6) H ,peaJIH3YIOTCH B ·BH,i(e~ 
o.n;HoapeMeHHLix · KOMMyTauHO,HHLix cooTHoweHHii :Me)K.n;y re
HepaTopaMH Q ':. H Qt

8 
· H aCHMllTOTHiJ:eCKHM.HllOlleBLIMH 

onepaTopaMH. TaKHM nyreM MLI npHxo.n;HM .K cxeMe i<naccH
I}JHKaUHH a,tipOHOB, KOTOpaH ~03BOJIHeT · 06bHCHHTb cymeCTBO
BaHHe H3BeCTHLIX SU (6) . MYllLTHllJieTOB. liy.n;eT llOKa3aHO, 
'ITO rio cpaBHeHHIO C o6LI'IHOB cxeMoif SU (6.) .IJ;Oll)KHO. 6LITL 
y.n;aoeH:He Me30HHLIX MYJI.LTHnneTOB. KpoMe Toro, Hap~.n;y 

c.· :MynLTHnneTaMH THna SU(6) cymecTBYIOT npe.n;cTaaneHHH,. 
He H:M'emmHe.aHanora a· o6LI'IHoii cxeMe SU(6) H .cooTBeT
CTBYIOIUHe CBH3aHHLIM cocTOHHHHM KBapKoB H. aHTHKBapKoB. 
C OTJIH'IHLIMH OT HYJIH op6HTanLHLIMH MOMeHTaMH. .• 

.··. l . . . ··.:- . 

2. KBAPKOBbiH MYHb THllHET 

Oi'MeTHM CJie.n;yiO~.qee COOTBeTCTBHe Me)K.n;y onepaTopaMH 
Q! , Qif. H MaTpHUaMH-r(mepaTopaMH. anre6pLI JIH 
~} . 

Q V .-+ 1 X As 
oa -2 

A A a 
Q i~ :,_.... oi . x 2 /4/ 

BciO.n;y B .n;aJILHeiiweM MLI' 6y.n;eM·paccMaTpHBaTL ace one
paTopLI. Q Va , Q:a npH O.IJ;HOM H TOM )Ke BpeMeHH x 0 ~0 . 
Pa.n;H y.n;offcTBa HHOr.n;a 6y.n;eM o6o3Ha'larL Q:~ · H Qi~ · ·'fepe3 

G 1 , Q!a: H Q~ q~pe3 Gf ! 1 x'J\. 8 /~ HaixA.8 /2'1e_Pe3 
S1 .OHH y.n;oaneTBOpHIOT KOMMyTaUHOHHLIM. coo:rHoweHHHM 

BH.n;a: 
'· 

L ·~ 

. ' 

.~ 

[ (il · ~ 'GJ] =if IJK 'G K 

['G1
5
;G J] =·ifuic G~ /5/ ....... 

5 5] "f ·. G5 [G 1 ,GJ =l IJK··- K '.:·, 

·~:-

H 

!.'; 

5 
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. [S1 ,SJ ] =ifiJKSK /5' / 

r.n;e. f IJK - <;;TPYKTYPHbre I<OHCTll,.HTbi anre6pbr lJ (6) . ITo.n;
qepKHeM, 'ITO KOMMyTaiJ;HOHHbie COOTHOIIIeHHH /5/ nepBOHa
qanLHO · 6~>rnn nony<JeHI>r Iia ·acnoae /1/, a JaTeM 6~>rnn. 
paccMoTpeHbi I<a:K Hei<oTopoe npe.n;nono>Kenne o6r:u;ero xa-
paKtepa. · • 

llpe.n;cTaaneHHH anre6pbl .llH /5/ 6y.n;eM peann3oaaTb 
He a rnn~>GepToaoM npocrp~HcTae. aeKTopoa cocTOHHHH 
a.n;pOHOB, a B BHJ(e OJ(HOBpeMeHHbiX KOMMyTaiJ;HOHHbiX COOT
HOWeHHH Me>K.n;y reHepa TopaMH 'GI ,'GIS H noneBbiMH one
paTopa:Mu. llo.n;o6ni>iii MeTo.n; peannJai.(Jiu 61>rn npHMeHeH 
panee BaiiH6eproM /l 4/, Orneae:u;KnM/IS/ it: .n;p. npu HJy<Jenuu 
Knpani>noii CHMMeTpHH ~U (2) x SU {2), · YHHTapHoii CHMMeT
PHH SU {3) H KHpanbHOH. CHMMeTpHH SU (3) X SU (3) • . 

B Ka<JeCTBe HarJ.IHJ(HOro npHMepa paCCMOTpHM CHa<Jana 
cnyqaif CBOfiOJ(HbiX KBapKOB, npH'IeM Bei<TOpHble H aKCHanb
Hbie TOKH HMeiOT BHJ( /1/. llerKO npoaepHTb TOrJ(a, 'ITO 
HMeiOT MeCTO cne.n;yiOU{He OJ(HOBpe_MeHHbie KOMMyTaiJ;HOHHble 
COOTHOWeHHH: 

V ... Aa .-+ A -+ Aa :!\ 
[Q08 , 'P (O,x)]=-T!fr{O,x), [Q

18
,!fr(O,x)=-!

1
(8)y!fr(O,x, 

A . Aa .· 
[Q 08 • !fr<o."in=. -ir~®2 !fr(O,x>. /6/ 

V -+ . • • Aa -+ 
[ Q 1 , 1/I (0 ,x H= ...:.1 }' ! 

1 
€) - !fr (O,x), 

a 5 2 

. r.n;e !i.=iyo Yi Ys·. 
0603Ha'laH MaTpHIJ;hl 'A a 

2 
A .. 

a 
H !i(2) 2 qepe3 ri 

nepennmeM /6/ a 6onee KoM:naKTHOM an.n;e: 

[G~ ,!fr{O,X}=-r1 !fr(O,x), [G
1

5 
,!fr(O,x)]=-iy

5
fi tfr,(O,"i).f7/ 

CooTnomeHH.Ii TaKoro po.n;a. 6brnH paccMoTpeHhi panee B pa-

6 

'-' fioTe Ji6J. 0TMeTHM, 'ITO MaTpHI.(b;· r
1 

.TaK>Ke y.n;oaneTBO
pHIOT KOMMyTaiJ;HOHHbiM COOTHOllreHHHM BHJ(a /5/. COOTHO
WeHHH /7/.MO>KHO paCCMaTpHBaTb KaK npe.n;cTaBneHHe an~ . . . . 5 
re6pbr TOKOB U(6)x U(6) c reHepaTopaMH G

1 
H GI , Le •. 

npe.n;cTaBneHHe . B nHHeHHOM npOCTpaHCTBe, 6a3HC KOTOpo- .. 
. ro cocTaBnHIOT noneai>re onepaTopbi !fr{x). qTo6I>ry6e.n;HTb

CH B 3TOM, HanOMHHM npe>K.n;e BCero,- 'ITO a·cuny COOTHO
WeHHH /5/ peJyni>TaT KOMMyTa:UHH onepaTopa GI HnH Gfc 
nro6biM BeKTOpOM B nHHeHHOM npoc~aHCTBe, HaTHHYTOM Ha 
Tex >Ke aeKTopax . , . G I. . H G I , HBnHeTcH · ·nnneiiHbiM 
npeo6pa3oBaHHeM a riocne.n;_HeM npocTpa:·ncTae. 06o3iu1~HM 

'G ( d .. G ) . 'G 5 ( .. d. ·G 5 ) ·-+ a J ; · -+ a J ... · 
I I I I 

[ 'G ,'G ] = - ( ( ad j GI )'G ) J = i f IJ K 'G K 
I J . ' 

/8/ 

[G.: ,GJ ]=-((adj G: )'G)J=ifiJKG~ or-:. 

>,• :~' 

3TO nHHeHHOe OT06pa>KeHHe B cuny TO>KJ(eCTBa JIK06H 06-
na.n;aeT CBOHCTBOM: 

(ad j[ G I, GJ 1) = [ (a dj G1 ) , (ad j G J >L ... 

H npe.n;cTaanHeT co6oii roMoMop$H3M anre6phr nu· on epa TO
poa G 1 , G f B anre6py lln Ma TPH:U ( adj G '), (adj Gf ), T .e. 
onpe.n;e~HeT npe.n;cTaanenne anre6phr I G I , G pI. .• · Ono Ha- . 
JblaaeTcH npncoe.n;nneHHbiM npe.n;cTaa.ireHHeM:.'• B' nii<oM. >Ke 
CMbiCne COOTHOWeHHH /7 I onpe.n;enHIOT npe.n;cTaBn.elme an
re6pbl lln on epa fopoa G 

1 
,· Gr a nnneiiHoM npocTpaHcTae-, . 

HaTHHYTOM Ha. BCeX BeKTOpax !fr(x) •. ,L(eHCTBHTenhHO, no 
aHanorHH c /8/ Mhi nono>KnM:: . 

[G
1

,!fr] •• ._a(G
1 

)!fr, 5 5 
[G

1 
,!fr]=-a(G

1
)!fr. /9l 

113 TOiKJ(eCTBa JlK!)fiH cne.n;yeT: 
1.,· 

a([G· .• G 1 )·= [a(G. ), a(G )]. 
· I J · · I · · J · · 

7' 



3TO 03HaqaeT, 'ITO OT06pa:>KeHue· 

'G -+a ('G ·), 'G 5 
-+ a (G5 ) 

· I I I I 

onpe~enHeT npe~cTaaneuue anre6phi Jlu I'G ,'G
5 

} • 
HOM cnyqae: • . . I I 

B~au-

a ('G ) t/J = r t/J , a ( G
5 

}t/J = .i Y. r t/J. 
I I I 5 I '1101 

TaKHM o6pa3oM, ycTaHOBHB O.D;HOBpeMeHHhie KOMMyTa:uuou
Hhie c'oo'THOWeHHH Iii Me:>K~Y HHTerpanaMH TOKOB G I ,'G f H 
noiiHMH t/J(x), Mhi ~eiicTBHTeJihHO nocl-pounu uenpuao~HMoe 
npe~cTaaneuue anre6phi I G I ,·G f } . Auanoruquoe 3aKmo
qeuue MO»<HO C.D;eJiaTb OTHOCHTeJibHO KOMMyTa:QHOHHhiX CO
OTHOWeHHH 

[G I ,t/J+] = t/J~~ 5 1 . + r [ G I , t/J = 1 t/J y5 I 1111 

B TaKOM c.riyqae BMecTo 110/ HMeeM: 

a('GI )t/J+ =-tfr+ri , a (G~ )t/f =-it/J+ y5 ri /121 

IIpe~cTaBneHHH '/101 u /121 HBJIHIOTCH npocTeiilllHMH cpe~u 
Bcex HenpuaoriHMhiX npe~cTaBJieHHH anre6pbl I G I , G r } B 
nuueiiHhiX npocTpaliCTBax noneBhiX onepaTopoa. Mx Mhi ua-
3hiBaeM cPYH.D;aMeHTaJibHhiMH npe.D;CTaBJieHHHMH, a OCTaJib-
Hhie - BhiCWHMH npe~CTaBJieHHHMH •. · . . . 

IIepeii.D;eM Teneph K cnyqaJO B3aHMO~eiicTBYIOI:QHX noneii 
KBapK.oa; IIpe.D;~ono»<uM; 'ITO Me»<.D;Y onepaTopaMu Q;/a , 
Q:a H aCHMDTOTH'IeCKHMH DO.JieBbiMH ODepaTopaMH KBap
KOB t/Jin(x) H tfrout(x) TaK»<e HMeiOT MeCTO O~HOBpeMeHHbie 
KOMMyTa:QHC>HHhie COOTHOllleHHH BH~a 161 HJIH /71. 3TO 03 ~ 
Ha'IaeT, 'ITO. B ~aHHOM CJiyqae HellpHBO~HMOe npe~CTaBJieHHe 
anre.6phi TOKOB SU (6) x SU(6) peaJIH3yeTCH B JIHHeiiHOM 
npocTpaHCTBe acoMnToTH'IeCKHX noneBhiX onepaTopoa. 

,[(nH nonyqeHHH 6onee uarnH.D;HhiX clJopMyn, onpe~eJIHIO
rnux ~aHHOe npe~CTaBJieHHe B. yKa3aHHOM CMhiCJie H ~0 ':' 
nycKaromux ~anhHeiiwee o6o6meuue lla cnyqaii BhiClllHX npe.D;
cTa:Bneuuii, Bhipa3HM Tenepl. acHMDTOTH'IeCKHe nonH t/Jin (x) 

8 

'-· 

'. 

,. 

-~ "':: 
"'/- .... _ 

-·- l . 

'Iepe? onepa~ppbl po:>K~eHHH H YHH'ITO:>KeHHH KBapKOB ~ aHTH-
KBapKOB: ;~ 

. ...... --=- ,; 

1/J . . (x) = 1 
312 

f dp ~I la
8 

(p)u(ps) ·:-;X(q)e-ipx +. 
. 1n (2 ) . P0 s q q . ·'·•· . · out 17 ' · ., '.;. 

· + -+ - ipx 
+b (p}v(ps)x(q)e }, 

1131 
sq. .. ,. . ~ 

¥ -;;..,. -,.._ 

r~e · ~; q - · HH~eKChl, OTIHChiBaiOinHe CDHHOBOe H YHHnipJIOe 
"" .. COCTOHHHH;~, COOTBeTCTBeHuo; u(I), s )'.:; v(p,s) - . CDHHOpbl 

,nupa~a, · x ( q) . - S U (3) -.cnuuophi ." Mbi npuxo~HM K cne -. · 

' 

~YIOinHM iipaBHJiaM KOMMyTa:QHH. ~JIH,onepaTOpOB pO:>K~eHHH 
. v . 

H. YHlJ:.'ITO»<eHHH KBapKa H aHTHKBapKa B DOKOe: 
••-( .;,Ov 

[ · V + ] + Aa Q a -a '-) oa' sq - sq"- 2 , . . qq 

V _.' Aa 
[Q . b ]= b ,(-) , 

oa ' sq sq 2. qq 

A . t' · + . ,\ A ' , . A 
[Q. ,a· ] =a, J.a.) J.~2a), '[Q. ,b ]=b ,f..a.) ~ ('2 8

), ., 
1a sq sq · 1 ss ·· q q 1a sq _: sq 1 · · s s · q q 

> -.~-... : 
..,;! ,, ·l 

r;, 

_._ .. 1141 
. . . 

. •A +; ·, .. \ 
[Q9a'asq1.= bsq'(y)q'q' 

. . . . ; =Aa 
[ Q oa •. ' bsql= 8sq ' ( T) 

[ 
~V . + . A a · . ' V . + . .A a 

Q. ,a ] =b ,(a.), (-
2 

) ., ,.[ Q. ,b ]=a, ,(a.), (-), 1a sq s q 1 s s q q 1a sq sq 1 s s · 2 q q 

.. 
~.· !!-· 

1151 
unu B coKparneu:HoM au~e: 

' ., + + . .. - /161 
[ G I 'asq ] = ~s 'q ,( SI )s 'q',sq ' [:G I' b ~;q] = bs~'((S I )s 'q',sq 

. I . 

.. 5 . ~+ .·. ... .. : 5 . + 
[GI ,a ]=b, ,(SI) , , . , [GI ,b ]=a , ·,(SI) , , 

sq s _q s q ,sq . sq ' s q s q ,sq 
.·_:, ~ 

117/ 
.•· . . .. ~ 

. ·r~e ~s~;~asqlp=O), .b~:- =:b8~{p=~). _._· ... · ,; · .- ; 
;, CooTuoweHHH I14I-II7fl noKa3hiBaiOT, 'ITO on epa TOphi po:>K-

. . . . _' .. ~~ . 

-_.,__, 

;I•"' 

·. 9. 

. ;;~ _ .. -: ... 
-~~: .. , 
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,D;eHHH I<Bapi<OB H YHHqTO:>KeHHH aHTHI<Bapi<OB B IIOI<Oe ofipa-
3YIOT HeiipHBO,D;HMOe npe,D;CTaBJieHHe anrefiphl TOI<OB 
SU(6) xSU(6). Ananoruquo, ·onepaTophi ynnqTo:>KeHHH 

I<Bapi<OB H pO:>K,D;eHHH aHTHI<B~pi<OB B .IIOI<Oe ofipa3yiOT .D;pyroe 
nenpHBO.D;HMoe npe.IJ;cTaBnenue, conpH)KeHnoe . nepBoMy. 

HHTepecno OTMeTHT'h,qro npu peannJauuu anre6p Tuna 
SU (6) X SU (6 ) B rHJihfiepTOBOM rrpOCTpaHCTBe Bei<TOpOB 

COCTOHHHH BCer,D;a rrpOHCXO,D;HT Y.D;BOeHHe MYJihTHIIJieTOB 
qacTHU. HanpnMep, napH.ny c npe.ncTaBnenneM 16,11 ,D;OJI)KHO 
fihiTh Tai<:>Ke npe.ncTaBneHHe I 1,61, H OHH BMecTe onnchiBaiOT 
,D;Ba 6-nneTa c npoTHBonoJIO)KHhiMH qeTHOCTHMH. B paMI<ax 
narnero MeTo.na peanHJauuii npe.ncTaBnenuii anrefiphl T:oi<oB 
y.naeTcH onHChiBaTh o.nun 6-nneT 6e3 ero .ny6neTa no'tie.r
nocTH I<ai< HenpHBO,D;HMOe npe,D;CTaBJI~HHe 3TOH anrefiphl, 
qTo ,D;OCTHraeTCH finaro,D;apH paCCMOTpeHHIO onepaTOpOB 
po:>K,D;eHHH H ynnqTo:>KeHHH I<Bapi<oB ·u aHTHI<Bapi<oB, a He 
Bei<TOpOB COCTOHHHH. 

3. EAPHOHHb/H 56- IIJIET 

KoMMyTaUHOHHhie cooTnornennH I 141-I 17 I .D;JIR on epa To
POB pO:>K.D;eHHH H YHHqTO)KeHHH I<Bapi<OB H. aHTHI<Bapi<OB B no
I<oe .nonyci<aiOT nenocpe.ncTBennoe o6o6~enue na cnytiaii 
BhiCliiHX MynhTHnneToB. B I<aqecTBe nepBoro npnMepa pac-

CMOTpHM fiapHOHHhiH 56- nneT rpynnbi SU (6). Ma TpHqHble 
:meMeHThl renepaTopoB. anre6phJ. U(6) .D;JIH .nannoro npe.n
cTaBneHHH no- npe)f(HeMy o6oJnaqHM qepe 3 (,\a /2) q 'q , 

(a. ) , (~) , HJIH ( S 1.) s'q' ·sq· Hx MO)KHO onpe,D;eJIHTh 
I . S.s 2 q q 1 

CJie.D;yiO~HM ofipa30M: 

f3 
, , 

+aa, b,yc a a 
(Sf )s 'q',sq= 31/1 (s <()(Sf )a a ifla 'a ',f3b,yc' 1181· 

r.ne 1/1 aa, 8h c - CHMMeTpnqHhiH cnunop TpeThero panra 
rpynnhi SU (b),. OnHChiBaiO~HH BOJIHOBhle ~JHI<UHH fiapHOHOB 
paccMaTpHBaeMoro MYJihTHnJieTa B nOI<Oe : · . 
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1/1 ( sq) = 
aa,7Jg,yc 

.. : .. 1 . : d . . 
=1/1{3 (s)D (q)+ -::1 t: rX (s)c . N (q)+UHKn.l, / 191 

a y abc 3v2 ap ·y abd c . . 

a • f3 • Y - _CnHHOBbie HH,D;ei<Chi, a, b , C - SU (3) HH,D;ei<Chl. 
06o6~aH peJyJihTaThi, nonyqeHHhie B npe.D;hi.D;YIUeM na

parpafbe .nnH I<Bapi<oB, npe.nnono:>KHM Ten~ph, qTo .D;JIH pac
. CMaTpHBaeMoro MYJihTH!JneTa; Tai< )Ke I<ai< u. .D;JIH, .npyrux 
6apHOHHhiX MYJihTHnneToB,. cnpaBe.D;JIHBhl I<OMMyTauuonnhle 
COOTHOliieHHH BH,D;a 1141-1171 C MaTpHqllhiMH 3JieMeHTaMH, . . 
onpe.nenHeMhiMH no 1181 lananoruquo .nriH .npyrux MYJihTH
nneToB/. 

Tai<HM o6pa30M, npu peanuJaUHH npe.ncTaBnen:Hii anre6-
phl TOI<OB SU (6) xSU (6) B JIHHeHHOM npOCTpaHCTBe acu~n
TOTHqeCI<HX onepaTOpOB pO:>K,D;eHHH H YHHqTO)KeHHH qaCTHU 

' -. H aHTHqaCTHU B nOI<Oe cy~eCTByeT Henp~BO,D;HMOe npe,D;CTaB-
nenue, onHChiBaiO~ee 6apuonnhlii 56-nneT, npuqeM cy)UecT
BOBaHHH .D;pyroro 56-nJieTa C ofipaTHOH qeTHOCThlO He.Tpe
fiyeTCH /ofiCTOHTenhCTBO, OTMeqeHHOe paHee ~eHHMaHOM, 
renn-MannoM u IJ;BeiiroM/2/ 1. - · 

HTai<, nonyqHB I<OMMyTaUHOHHhle COOTHOliieHHH /141 -
/17/ ,D;JIH I<Bapi<OB B CJiyqae, I<Or,D;a TOI<H :Shipa)KaiOTCH qepe3 
acnMnToTnqeci<ne nonH cornacno II/, Mhi JaTeM npe.nno~ 
JIQ)KHJIH, qTo 3TH COOTHOliieHHH cnpaBe,D;JIHBhl He TOJlhi<O .D;JIH 
I<Bapi<oB, no H .nnH .npyrHx 6apHOHHhix MYJihTHnneTOB 6e3 
I<ai<oii- nu6o I<oni<peTHJauuii Bhipa:>Kenuii Toi<oB. EcTecTBe:Hno, 
B03HHI<aeT Bonpoc: cy~eCTByeT JIH I<aKoii-nu6y,D;h npHMep 
TOI<OB ,D;JIH fiapHOHHOrO 56-nneTa, aBTOMaTnqeci<HY.D;OBJieT
BOpHIO~HX I<OMMyTaUHOHHhiM cooTnorneHHHM I 141- I 17 I. OT -. 
BeT oi<a3hiBaeTcH nonO.)KHTeJihHhiM. qT06hl y6e.D;HThCH 8 
3TOM, fiy,D;eM HCnOJih30Ba·Th CHMMeTpHqHhiH cnHHOp TpeTbero 
panra 1/1 aa,Bb, c rpyn"nhl U(12) 1121 , y.noaneTBopHIOJUHii 
ypaBHeHHIO fia~Mana-Burnepa. 

a' =0, 
(....;ia'+m ~ ifla'a,f3b,yc 

H nonpofiyeM no.nofipaTh . Bei<T~pHLie · H ai<CHaJihHbie TOI<H 
B BH,D;e: 

II . 
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' . ,· \ a, 
y - - aa,f3b,yc a . (~) 1/J . 

J d=3{1/J •· (y{L)a · 2 a a'a',f3b,yc '· 
ll - .. ,_ . , >. , . , ' 

l/J-aa,f3b,y"c(y ... )a'•.(y f ,(~ r ( 2d) a 1/J , '{3 'b y·. ·,c· 
_ . ,. 5 f3 5 y a aa, , .. cfl a 

, 

Ad a' . - --.,. ( Z )a 1/J a, a',f3b,yc ,, 

1201 a A · - aa,f3b,yc 
J . = 3'i{ 1/J . ( y y 
pd - fl 5 a 

, {3' , \. . - aa,f3b yc . a · Y . 1\d a'·, · 

-~- ' <,YpY5 )a (y5)f3(y5 )Y <y>a-''ka'a',f3'b,y'c I;: 

npe,n;cTaan~IOII(eM co6o:H qacTHLIH cnyqaii paccMoT __ penHLIX · 
!18 l9j .. 

a pa6oTax ' · . T.OKOB. BLipa:>KaH acnMnTOTH'IecKHe nonH 
B npaBLIX 'IaCTHX l#-.91 qepe3 onepaTOpbi PO:>K,IJ;eHHH H.YHH'I

TO:>KeHHH '!aCTHIJ; H aHTH'IaCTHIJ;, Mhl nony'IHM.: 

-+ m ·: + -+ ?j~~ + -+ -+ 
GI = f dp -P !~, {[a , ,(p)a (p) ;.;_b . (p)b ·, , (p)]x 

0 ss'qq, s q sq sq s q . 

~: ... 
X (S ) 

·. . I· /21/ 
, , + ... I 

s q ,sq 

5 -~ ~ ~ -~ 
·, . m -.. . + ., + ~ ~ ~ 

G I = f dp -p . ! { [a , , ( p ) b . ( p) + 15 , ,( p) a (p)] x 
~ . o· ·ss 'qq' s q . s q . s q s 'I 

X (S ) ,. ,. +- ••. l ' 
I __ s q ,sq ·' 

~· 

j'·• 

~ 

- r,n;e MHOrOTO'!He 0603HaqaeT 'IlleHbi,HC'Ie3aiOII(He npH p = Q • 
TenepL ue~py,n;uo npoaepHTL, 'ITO renepaTopLI 1211 y,n;oaneT

aopHIOT KOMMyTan;HOHHLIM cooTHoiiieHHHM 1141-117 I. 
0TMeTHM, 'ITO B Bhipa:>KeHHHX 1211 ,D;llH r.eHepaTOpOB 5 . . . . . 

"G 1 H G I co.D;ep:>Ka TCH 'IneHLI Tuna .. a+ b+ I 3a u_cKnroqeuu-

eM Q~a 1. ,3TH 'IlleHLI nepeBO,Il;HT BaKyyM B COCTOHHHe napbi 

'IaCTHIJ;hi H- :aHTii'IaCTHIJ;hi, a O,Il;HO'!aCTH'tmoe CO~TOHHHe - B 

COCTOHHHe CHCTeMLI, COCTOHIIJ;eH H3 ,IJ;ByX 'IaCTHIJ; H O,IJ;HOH 

aHTH'IaCTHIJ;hl, H T.,n;. Ilo3TOMY _npe.n;cTaanemi:H anre6pLI. 

c , raKHMH. reuepa TopaMH · uenh.3H . pea.riH30Ba TJ, · .·B rHnL6ep

.TOBOM npocl:pauctae o.n;IioqacTH'IHLix .BeKTopoa cocTOHHHH. 

J2 
... --..... 

·'• 

~~ 

3TO .H eCTh npH'IHHa BHyTpeHHero npOTHBOpe'!HH, OTMe'!eH

. uoro KoneMaHoM III/ H 0Ky6ol121 .TaKoro npoTnaope'!HH 

HeT B HaiiieM MeTO,IJ;e peaJIH3aiJ;HH. 

4. ME30HHbiE 35- IIHETbl 

V A 
reuepaTOpbi Q oa H Q ia no,n;anre6phl U(6) HMeiOT 

nono:>KHTellLHYIO '!eTHOCTh, a OCTaJibHLie reuepaTOpbl QA H y oa· 
Qia - . _oTpHII;aTeJILHYIO. · H3 :KOMMyTaiJ;HOHHhiX COOTHOIIIeHHH 

I 151 cne,n;yeT, 'iTO qacTnn;a, cooTBeTCTBYIOIIJ;aH on epa Topy 

po:>KJieHIIH a ~q H aHTH'!aCTHIJ;a, COOTBeTCTBYIOID;aH- Ollepa

TOpy ·. YHH'ITO:>KeHHH b . . , ,IJ;OJI:>KHhi HMeTh• npoTHBOllOllO:>KHbie 

'!eTHOCTH •. ,lJ;JIH !lJep~HOHOB 3TO YCJIOBHe aBTOMaTii'IeCKH 

y,n;oaneTBOpHeTCH H He HaKna,IJ;biBaeT HHKaKHX HOBhiX orpaHH

'!eHHH ua MynLTHnneTLI qacTHIJ;. ,D;nH 6o30HOB ,n;eno o6cTOHT 

coaceM: uuaqe. TaK KaK qeTHOCTH ~ro6oro 6o3ona H ero 

aHTH'!aCTHIJ;hl BCer,n;a O,Il;HHaKOBhl, TO KOMMyTaiJ;HOHHhUi COOT

HOIIIeHHH 115/ MOryT BbillOllHHTbCH TOllhKO B. TOM cnyqae, 

Kor,n;a Ka:>K,n;oe. uenpHBO,IJ;HMoe npe.n;cTaaneuue anre6pLI TOKOB · 

co,n;ep:>KHT ,n;y6neTLI no 'ieTHOCTH. B · qacTHOCTH, uapH,n;y 

C 35-nJieTOM nceB,IJ;OCKanHpHbiX H BeKTOpHbiX Me30HOB .,Il;OJI

:>KeH Cyli(eCTBOBaTb COOTBeTCTBYffili(HH 35-nneT' CKaJIHpHbiX 

H nceB,IJ;OBe~TOpHbiX :Me30HOB. 0HH BMeCTe o6pa3yiOT MYJIL-· 

THnneT, COOTBeTCTBYIOIIJ;HH HenpliBO,IJ;HMOMY npe,IJ;CTaBneHHIO 

anre6pbl TOKOB SU (6) X SU (6). • TaKOe y,n;BOeHHe MYJihTH

nneTOB, no cpaBHeHHID C . o6LI'iHOH cxeMOH . SU (6), 6Lmo 

OTMe'ieHO TaK:>Ke B pa6oTe /2/ H ,IJ;Oll:>KHO HMeTb MeCTO 

.n;nH acex Me30HHLIX MYJILTHnneTOB. 

TaKHM o6pa30M, ecnu KaKoe-uu6y.n;L 6o3onuoe uenpuao

,IJ;HMoe npe,n;cTaaneuue co,n;ep:>KHT acuMnTOTH'ieCKHH onepaTop 

pO:>K,IJ;eHHH a ~q' TO OHO 06H3aTe.iibHO CO,D;ep:>KHT TaK:>Ke H 

acuMnTOTH'ieCKHH on epa Top po:>K,D;eHHH · b + HJIH YHH'iTO:>Ke-

b 
. sq 

HHH 
8 

COOTBeTCTBYIOID;eH 'iaCTHIJ;bl c: ·: npOTHBOnOJIO:>KHOH 

qeTnoctLro. 06o6II(aH npaauna KOMMyTanuu · 114/-/17 I, MLI 

nonLITaeMCH npe,n;nono:>KHTh; 'iTO ,n;nH Me3onn~Ix MYJILTHnne

TOB KOMMyTaiJ;HOHHbie. ·. COOTHOIIIeHHH .. Me:>K,IJ;y reHepa TOpaMH 

anre6pbl SU (6) X SU (6) H on epa TOpaMH po:>K,D;eHHH H YHH'i

To:>KeHHH qac'rnn a noKoe HMeiOT BH~ nu6o 116/ u /17/, nu6o 
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"+ . . ~ . -
[ G I , a ] = a , , (S I ) , , 

' sq . s q · _ s q ,sq 
. 

[~~" b + ] .b + (S ) ., ' -u- · = ' ' I· s q sq · • . I' sq · s q • 

1221 
. ·s + + 
[GI,a ]=b,,(SI) ,, 

sq s q s q ,sq s + J + - (S ) , , [G 
b =a , , I s q ,sq. I ' sq s q 

1231 

BLI6op O~HOH H3 3THX anLTepHaTHBHbiX B03MO:>KHOCTeii -

1161, 1171 HnH/22/," 12a1- OCYll.leCTBnJieTCJI IIYTeM cpa:fme

HHJI npe~cKa3aHHH TeOpHH C 3KCIIepHMeHTOM. 

Heo6xo~HMo OTMeTHTL cne~YIOll.lee o6cTOHTenLCTBo. ,D;na 
Bcex Me30HHhlx MynLTHrrneToa, 3aHcKnroqeHHeM 35--nneToB; . . 

BbiUieyKa3aHHLie -KOMMyTaUHOHHble COOTHOWeHHJI He CO~ep
~aT. HHKaKoro BHyTpennero npoTHBOpe'IHH. qTo KacaeTca 

35-.nneTOB, TO 3TH IIpaBHna KOMMyTaUHH He MOFyT BbiiiOn

HJITbCJI TO'IHO: BaKYYMHOe cpe~Hee OT. neBLIX qacTe:if COOT

HOllleHHH I 161, I 11 I Hnu 1221, 1231 He Beer ~a paBHo Hymo -

3TH HeHyneBLie 3HaqeHHJI KaK pa3 onpe~enHIOT BepOJITHOCTb 

nenTOHHbiX pacna~OB COOTBeTCTBYIOll.lHX Me30HOB, B TO BpeMa 

KaK npaable 'laCTH HMelOT nHUib HyneBLie BaKYYMHLie cpe~
HHe. qT06LI H36e~aTL TaKoii He~enaTenLHoii CHTyauHu,. 

npe~nOnO~HM, 'ITO B~aHHOM cnyqae BMeCTO KOMMyTaTOpOB . + 
[ G 1 , a. ], ••• B /16/, /17 I, /221, 1231 ~on~Hhl CTOHTL 
HX "HOpManLHLie" KOMMyTaTO_I)LI: 

[G I''a+] .... [G 1 ,a+ ] 0 = (GI,a+]-<Of[ G 
1 

,a+]l 0> , ... 

TaK KaK 

[[A,·a 1~. C:Jo =HA,BJ. c 1 .;or UA,aJ.cJ ro>, 

To ~na "HopManLHLix~' KOMMyTaTopoB crrpaae~nuBo To~~ecT
Bo JlK.06H, H rronyqeHHLie HOBble rrpaBHna KOMMYTaUHH orrpe -. 

~enaroT npe~cTaBneHHe anre6pLI TOKOB SU (6) x SU (6) .. 

_ ,D;na cnyqaa 35- nneToB Ma TPH'IHLie 3neMeHTLI (S
1 

) s 'q ',sq 
MO~Ho orrpe~enHTL cne~YIOlllHM o6pa3oM: . 

(SI).,, ·=Trl¢+(s'q')S. ¢(scj):-cp+(sq')¢(sq)S 1,1241 
s q ,sq • I . I 
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{3b 
cp - CMeWaHHbiH CIIHHOp rpyiiiibl SU (6), aa · 

r~e 
OIIHCLI-

BaiOlllHH BOnHOBLH:i · IPYHKUHH Me3oHoB paccMaipHBaeMoro 
MynLTHrrneTa B rroKoe 16 1: · 

¢{3b (sq)= _ ir o{3P b (q)+ -b--<a.l ~- {s)·V~ {q). 
aa ·V.£. _a a _ -vz- _1 a 1 _ . -1251 

,lJ;na ~PYFHX Me30HHLIX MynLTHIIneTOB Mbl HMeeM aHano-
FH'IHLie I}JopMynLI. . . 

KaK H B cnyqae 6apHOHHoro 56-rrneTa, ~na 35-nneToB 

Mbl MO~eM IIpHBeCTH IIpHMep TOKOB, Y~OBiieTBOpHIOll.lHX BLI

UieyKa3aHHbiM KOMMyTaUHOHHbiM COOTHOWeHHJIM. ,lJ;na 3TOFO 

6v~eM HcnonL3oBaTL cMeUiaHHLIH CIIHHop ¢ {)l, · rpynnLI ~ /I7/ · I · aa 
U (12). . " OIIHCb!BaiOlllHH 35-nneT Q- H J--.Me30HOB 

u y~oBneTaopa~ll.lif:ii ypaBHeHHIO .liaprMaHa- BHrnepa 

(-i~ +m)a'¢{3~ =0 =(ia"+m)f3,¢-f3'b, 
a a a · . {3 aa 

a TaK~e aHanorH'IHhlii crrHHop x{3b ~na 35-rrneTa Me3o-
aa 

HOB C IIOnO~HTenLHOH 'leTHOCTblO. llpH IIpOCTpaHCTBeHH~M 
OTpa~eH~H 3TH CIIHHOpbi npeo6pa3yK>TCJI cne~YlOlllHM o6pa-
30M: 

I -+ 
P¢(~)p- =yo¢(xo ,-x)yo • 

I . -+ . 

Px(x)P- =-rox<xo,-x)yo •. 

HeTpy~Ho· npouepHTL, 'ITo BLIWeyKa3aHHLie rrpaBuna KOMMy

Tauuu Y~OBneTBOpeHLI, ecnH, HaiipHMep, TOKH HMeiOT BH~: 

V - - .\a · A .. · 1· J =V +Trl¢(y -)¢ +x(y -
2

a >x 
· p. a p.a P. 2 . : f1. 

1 :a =A p.a +Tr f f ( Y11 -t->x.-+x( r
11 
~a)¢ I, ./26/ 

· r~e V H A - qneHLI, nHHeiiHLie no Me30HHLIM rronaM. 
~- p.a . . • 

as' 
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,. 5 •. 3AKJIIOfJEHHE 

B ·HacT.OHI.Qeii pa6oTe Mhi nepefi>opMynHpoaanH cxeMy -

Knaccnfi>nKaunn a.n.poHOB <l>eHHMaHa, renn- MaHHa H IJ.Beii

ra 121 no npe.n.cniBJieHHHM anre6phi TOKO.B SU (6) x SU(6) . 
B oTnnqne OT no.n.xo.n.a, paccMOTpeHHoro B pa6oTax1~~7 I, Mhi 

peaJIH3yeM HenpHBO.D.HMhie npe.n.cTaBJieHHH anre6phi: ·ue B 

rHJib6epTOBOM npOCTpaHCTBe BeKTOp.OB COCTOHHHH, a B JIH· 

HeHHhiX npoc~paHCTBaX aCHMnTOTHqeCKHX onepaTOpOB pO)K· 

,lJ.eHHH H YHHqTO)KeHHH. qac.THU H- aHTHqacTHU .B nOKOe. 3TO 

n03BOJIHeT. OCB060.IJ.HThCH OT. BHyTpeHHero npOTHBOpeqHH, 

BhbBaHHOrO TeM dJaKTOM, qro npH ,lJ.eHCTBHH Ha O,lJ.HOqacTHq· 

Hhle Be~TOphi COCTOHHHH TOKH nepeBO,lJ.HT HX B MHOroqaCTHq

Hhle BeKTOphl COCTOHHHH. 

B paMKax Harne.ro no.n.xo.n.a 6hiJJH ycTaHOBJieHhi npaBHJia 

Kos-f:MyTan;nn Me)K.n.y'· ·HHTerpana~n oT K~Mn~meHT ToKoB ·G 1, 

G 1 H acnMnToTnqecKHMH onepaTopaM:H .PO)K.IJ.eHHH H yHnq

. TO)KeHHH qacTHU H aHTHqaCTHIJ;. 3KcnepHMeHTaJihHhie CJie.n.

CTBHH 3THX KOMMyTaiJ;HOHHhiX COOTHOIIIeHHH 6y.l(yT paCCMOT

peHhl B OT,lJ.eJihHOH pa6oTe. · 

. . 0TMeTHM eiiJ;e O,lJ.HO o6cTOHTeJihCTBO. B o6hiqHoii cxeMe 

. KJiaccudJHKaiJ;HH' -SU(6) cnH~OBhiH HH;IJ.eKC a BCer.n.a CTOHT 

B nape c· YHHTapHhiM HH,lJ.eKCOM- a, H n03TOMY He MoryT 

cyi.QeCTBOBaTh, HanpHMep, HeHTpaJihHhie qaCTHIJ;hl C HeHyJie • 

BhiM cnHHOM, KOTOphie He BXO.D.HJIH 6hi · B · O.IJ.HH H TOT ~e.· 
MYJihT~nJieT BMeCTe. C .n.pyrHMH qacTHIJ;aMH C OTJIHqHh~~ · 

OT Hymi 3apH.IJ.OM, rHnep3apJI,lJ.OM H H30TOnHqecKHM CnHHOM. 

B Harneii cxeMe KJiaccndJnKaUHH 3TO He HBJIHeTcH o6H3a'

TerrhHhiM, ·TaK KaK, B ·npHHIJ;Hne, MOryT Cyi.QeCTBOBaTh qac

THIJ;hl C BhiCIIIHM CnHHOM, on epa TOphi po)K.IJ.eHHJI H YHHqTo

)KeHHH KOTOphiX KOMMYTHPYJOT CO BCeMH reHepaTopaMH 

'G I' 'G; . . B'oo6I.Qe. roaopH, B Harneii cxeMe M:oryT 6hiTh 

MYJihTHnJieThi, qaCTHUhl KOTOphiX xapaKTepH3YIOTCH HeKOTO· 

phiMH. napaMH HH.IJ.eKCOB THna (a a) H-HeCKOJihKHMH oT.n.enh-

HhiMH CnHHOBhiMH HH,lJ.eKCaMH, npnqeM KOMMyTaiJ;HH Me)K.IJ.Y 

reHepaTopaMH G1 , G ~ H onepaTopaMH po)K.IJ.eHHH H yHnq-. 

TO)KeHHH qacTHU 3aTparHBaeT JIHIIIh naphl HH,lJ.eKCOB (aa),.·Ho· 

He. MeH.fu!T OT,lJ.eJihHhiX ·cnHHOBhiX·JiJ:i.n..eKCOB~ TaKHe Mj'JihTH.: 

nJieThl aHaJIOrHqHhl MYJihTHnlleTaM CBH3aHHhiX CHCTeM KBap-
' . 
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KOB H aHTHKBapKOB C OTJIHqHhiMH OT HyJIH op6HTaJihHhiMH 

MOMeHTaMH. 

As Tophi Bhipa)KaiOT rny6oKYIO ·npH3Ha TeJihHOCTh H.H. Eo

romo6oBy, .D;.H •. EnoxHHn;eay, B.A.Mei.QepHKOBy, B.H.Orne

aen;KoMy, JI.A.CMopo.IJ.HHCKOMY H A.H. TaaxeJIH.D.3e 3a n;eHHhie 

o6cy)K.n.eHHH H 3a HHTepec K pa6oTe. 
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