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CTpenbUOB B.H. P2 - '7651 
HeKOTOphie aonpochi pen.IITHBHCTCKOll: ltHHaMHKH 

npH . OllHCaHHH ltHHaMHKH CHCTeM CO cnnOiliHhiM pacnpeaeneHHeM MaCChi 

If aapsma HCnonb3yJOTCSI .BenH'IHHhi nnOTHOCTH CHnhi, MaCChi If 3apSiaa B eaH

HHUe ·4-06'beMa, 06Cy)Klta!OTCSI HeKOTOphie BOllpOChi, KaCaroumecg KOBapHaHTHD

I'O BapHaUHOHHOI'O npHHUHna, K~aapHaHTHOil ljlopMhi ypaaHeHHJl: ltBif)KaHHSI, a 

TaK)Ke KOBSpHaHTHOll: ljlopMynHpOBKH aaKOHOB coxpaHeHHSI •. 

Coo6meHHe 06be,!VfHeHHOro HHCTHTyTB s,nepHNX HCCJie,nosaHHii 
,lzy6Ha{ 1973 

Streltsov V. N. P2 - 7651 

. Some Problems of Relativistic Dynamics 
When'describing the dynamics of the systems with the 

continuou~ mass and charge distribution there were used 
the density values for the force, mass a~d charge per unit 
of 4-volume.Some problems are discussed concerned with the 
covariant variatibn principl~, covariant fo~m of the mo- · 
tion equations as well as with the covariant formulation 
of the concentration laws. 

Communications of the Joint Institute for Nuclear Research. 
· Dubna, 1973 
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§1. K eonpocy o ouHaMUKe cucmeM co cnllOUJHblM 
·pacnpeoell_eHUeM Maccbt u ''aap.Roa · 

. 1. fiepeif,neM OT. OT,nenhHOH 'laCTHI.J;hi-·K Beii.J;eCTBY CO 

cnnoUIHLIM pacripe.neneliHeM Macchi H ~ap.R,na.= )l;mi :noro Mhl 

,nomKHhl BBeCTH BMeCTO MaCChi. m ee· HHBapHaHTHYIO-TIJIOT

HOCTh p.* H BMeCTO 3ap.11,na e ero HHBapHaHTHYIO .nnoT

HOCTh p * x/. 3,neCh cne,nyeT OTMeTHTh, 'ITO IIOCKORhKY 

B paMKaX TeopHH OTHOCHTeRhHOCTH 3ReMeHT 3-o6beMa He 

JIBRHeTCJI HHBapHaHTOld, TO IIROTHOCTL /MaCChi HRH 3ap.R,na/ ·-· 

B e,nHHHI.J;e 3-o6beMa TaK/Ke He JIBR.ReTC.R HHBapHaHTHOHBe-

. n~'IHHOH xx/. YKa3aHHOMY. Tpe6oBaHHIO; · o'leBH,nHo, 6y,neT 

y,noBneTBOpHTh IIROTHOCTh B e.ziHHHI.J;e HHBapHaHTHOrO 4-o6be· 

Ma. B pe3ynhTaTe, HanpHMep, ,nn.R ypa~IieHH.R, .i\aH,KeHH.R 

B -cnyqae 3ReKTpOMarHHTHOrO IIOR.R 6y,neM HMeTh 

i i k . 
p.*w =p* Fku (c;,J). /1/ 

)l;mi Toro 'qTo6hi coBepwHTh o6paTHhiH nepex~.n OT nnoT

HOCTH CHRhi K. IIORHOH CHRe, ,neHCTBYIOIUeH Ha lJaCTHUY, Mhi, 

O'leBH,IJ;HO, ,IJ;OR/KHhi IIpOH3BeCTH HHTerpHpOBaHHe IIO 4-o6beMy 

/MHPOBOH Tpy6Ke/: 

F 1 = Jfi d4 V ~. /2/: 

--xf'fiOCKORLKY BBO,IJ;HMhie TaKHM o6pa30M BenH'IHHhl p.*H 
p * /KaK. H HCXO.nHhie m H e I - cKamiphi, TO rrnoTHOCTL cHnLI 

f;_• KaK .· H caMa cHna Fi , .nonJK~a npe,ncTaBn.RTL co6oro 
't BeKTOp. : . ·· · k 

XX/ 06hi'IHO i:mo,nHMa.R CJ(aR.Rpmi.R IIROTHOCTh ll,;-o6.=-J, Uk 
npe,ncTaBn.ReT co6oro nnoTHOCTh B e,nHHHUe npocTpaHCTBeH
Horo ·o6beMa TORLKO B C06CTBeHHOH. CHCTeMe OTC'leTa. 
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B qacTHOCTH, .n;mr CHJILI HHepUHH npH 3TOM IiaiikeM 

. . 4 
.F1 =Jp.* w1 d v i = mw ,. l2al 

T9r.n;a KaK nocne HHTerpHpoaaHHH npaaoii qacTH Ill .n;JIH 
CHJILI JlopeHIJ;a 6y,n;eM HMeTL 

F ~ = J p * .Fki uk d4V =. e, F~ u k . /26( 

Cne,n;yeT OTMeTHTL, qJ'o npH BLIBO,ll;e !lJopMyJI l2ai;HI26I 
MLl nonaranH, oqeaH.n;HO, aenH~HLI · F~ , u k H w i nocTo
HHHI>IMH BHYTPH yKa3aHHOH MHpOBOH Tpy6KH:· 

la·. PaccM:oTpH:M TenepL H3BecTHoe penHTHBHCTCKoe BLI
pa:>KeHHe: 

pi = f.Fi d r .·. 13/-

r,D;e pi - ·.4-H.MnyJILC qacTHIJ;LI, a r . - C06CTBeHHOe BpeMH. 
C yqeTOM l2al npH 3TOM 6y.n;eM HMeTL. 

. ' i ' .. : . . > 

P = I < J p. * w_i d <tv ) d r • l3al 

ECJIH CHOBa npe.D;nOJIO:lKHTL, qTo 4-ycKopeHHe nOCTOHHHO 
BHYTPH .n;aHHOro 4-o_6'LeMa;_ TO nocne,n;Hee BLipa:>KeHHe':MLI 
CMO:>KeM nepenHCB;TL .Tor,n;a B BH,D;e 

4 

·pi= f (f p.*d 4V) w idr ;;. f mdu.i= mu i 

llpHaneKaH 1261; c ~pyroii cTopoHLI, nonyqHM 

pi = f ('f p·*F _iu kd4V)dr 
3/l. k 

l3a'l 

1361 

j, 

i 

. B qacTHOM CJiyqae C06CTBeHHOH CHCTeMLI OTCqeTa x/ H 
npH ycnoBHH nocTOHHCTBa F L a~onL .n;aHHoii MHpoaoii nH
HHH BLipa:>KeHHe 1361 MO:>KeT ~LiTh nepeimcaHO B 4Jop~e xx/ 

Pi = f(f p * uk dr)F~ d4V = f(f p *dx k) Fkd 4V -136' I 
-an. · 

EcnH MLI yqTeM ,D;anee, qTo .a paccMaTpHaaeMOM cne
UHanLHOM cnyqae 

fp*d~k =fp*dx4= j4.' 

TO Ha OCHOBaHHH 1361 H 141 BeJIHqHHY 

P . kFi 
i = J .. k 

141 

151 

r,D;e k = 4, MLI CMOJKeM TpaKTOBaTL KaK llJIOTHOCTL 4-HM
nyJILCa a e.D;HHHUe 4-o6'LeMa. 

2. Bae.D;eM .D;anee . TeH3 op Ti k nnoTHOCTH HMnynLca Pi a 
e.D;HHHue 3-o6'LeMa xxx I ·· 

pi=JTikd'Vk. 161 .. 
B TOM cnyqae, Kor.n;a .n;aHHaH rHnepnoaepxHOCTL l3-o6'LeM/ 
3aMKHyTa, -MO:>KHO, oqeBH,li;HO, npeo6pa30BaTb HHTerpaJI. no 
Heii B HHrerpan no . 3a:KmoqeHHOMY B Heii 4- o6'LeMy. llpH 
3TOM 6y,D;eM HMeTL ' . . . 

. . .k 
f Tik dVk = f aT I d4'V 

a xk . 171 

--xtkpoMe BCero npoqero, MLI npe,D;nOJiaraeM; qTo B cofi
CTBeHHOH CHCTeMe OTCqeTa paCCMaTpHBaeMLIH 6ecKoifeqHo 
MaiTLIH 3JieMeHT 4- o.6'LeMa npe.D;CTaBJIHeTCH KBa.n;pa THqHOH 
4JopMOH, B KOTOPOH OTJIH~LI OT HYJIH TOJll~KO ,li;HaroHaJILHLie 
3JieMeHTLI, T .e. HMeeT aH.D; 

1. .· dztv = <1LiJ.dx 1dx 2 dx3 dx 4. . 
XXtfipH 3TOM MLI H3MeHHJIH TaK:>Ke ~OpH.D;Of HHTerpHpoaa

HHH, nonaraH, KaK H paHLWe, BeJIH~HLI U noCTOHHHLIMH · 
aHH~H .n;aHH<?ii MHp~aoii ipy6KIL · .. 

X . 3,IJ;eCL. 'cne,n;yeT OTMeTHTL, qTo eCJIH BMeCTO BeKTOpa 
3-oJ}'LeMa MLI. 6y.D;eM .HCITOnh30BaTL ,n;yaJILHLi~ eMy TeH30p 
o6'Le~a, TO ~~eCTO T(!H3opa T ik MLi'.n;oJDI{HLi {)y.n;eM, BBeCTH 
TeH30p nJIOTHOCTH 3HeprHii-HMnyJILCa 4-ro paara /CM~, Ita.,. 
npHMep, /I/ I. · ·· . · · · · · · 
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3.u.ecb MO:>irno OTMeTHTb, ·l.J.T~ B l.JaCTHOM CJiyqae pi =P!n •. 
paccMaTpHB!leMbiH' TeH30p T 1 k 6y.u.eT rrpe,IJ,cTaBJIHTb co60J9, 

Ol.JeBH,nHo, TeH3 op 3HeprHH· HMIIYJihCa 3JieKTpOMarHHTHoro 

IIOJIH. IlpH 3TOM C yl.JeTOM /5/ 6y,IJ,eMHMeTb, HaiipHMep, 1.1!0 

a Tik · . k i 
-k = J .Fk. /8/ ax 

3. Bne.u.eM, KpoMe Toro, .KaK o6bil.IHo, rrpe.u.cTaBJieHHe 

4·IIJIOTHOCTH CHJibl fi- B BH,IJ,e paCXO,!J,HMOCTH -HeKOTOporo 

TeH3opa ® ik : 

fi aeik 
ax_r /9/ 

YMHO)KHB o6e "iaCTH /9/ Ha :meMeHT 4-o6'beMa H rrpoHHTe

rpHponan no .u.auHoii MHponoii Tpy6I<e, nony"'HM: 
ik 

i ae 4- . 
F = I d V . . ./10/ ax k 

BocnOJib30BaBlliHCb .u.anee TeopeMOH raycca-OcTporpa.u.-

ci<or:o, npeo6pa3yeM HHTerpan no 4-o6'beMy B HHTerpan no· 

orH6aromeii ero rHnepnonepxHoCTH 

~®ik: J. . "k 
I -" k- ~(v = I ® 

1 
d'V k . I 111 ax . 

Ha OCHOBaHHH npaBOH _"iaCTH IIOJiy"ieHHOrO Tai<HM o6pa30_M 

paBCHCTBa MO)KHO 3aKJIIO"iHTb, 'iTO_, . HanpHMep, BCJIH"iHHa 

® i4. 6y,IJ,CT onpe,IJ,CJIHTb C060IO IIJIOTHOCTb i ·oii I<OMnOHCHTbl 

CHJihl B e,IJ,HHHI.J;e IIpOCTpaHCTBeHHOrO 06'bCMa H T .,!J,. 

Ilpe,IJ,CTaBHM- Tenepb TCH30p ®ik B BH,IJ,e H3BeCTHoro Bbi· 
pa)KCHHH 

®ik=fL*UiUk /12/. 

r,IJ,e, O,IJ,Hai<O, CKaJIHp 6y,IJ,CT HMCTb- ,IJ,pyroii CMbiCJI, "ieM · 
06hi"iHa H Be JIH"iHHa 

* ,·· - .. k -: 
II - -J U ' .. - .. -k:="· . . .. o{f. . ,_--. ,_ 

3.ziecb. Jk _: 4-~·TOK mio~'u~cTH -M~C~Li. 

/13/ . 
... . ~' 
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_01.JeBH,!J,HO, BeJIHl.JHHa 

aeik a .. 
...;;:~"- =fL* wi+ui __ . (fL'*uk) a xk . . ·-_ ax k . /14/ 

6y.u.eT rrpe,IJ,CTaBJIHTb C06oio Bblpa)KeHHe ,!J,JIH IIJIOTHOCTH CHJihi, 

eCJIH TOJibKO BTOpOH l.JJieH B IIpaBOH "iaCTH o6paTHTCH B Hynh, 

T.C. B TOM CJiyqae, eCJIH BbiiiOJIHHeTCH YCJIOBHe: 

a 
-"ka < fl* u k) 

X • 
0. 

§2. 0 KoeapuaumHbiX ypaeueHUJIX 3ti/zepa-Jlazp(iitJKa 
u FaMUilbmoua u o KoeapuaumuoM eapua!JUOHHOM 
npuil!June 

/15/' 

K~I< H3BecTno /eM., Ha~pHMep,/2/ /, ypaBHCHHH 3iine-. 

pa-JiarpaH)Ka, 3anHCaHHhie B I<OBaPH3:HTHOif 4JopMe, HMeiOT 

BH,!J, 

..L .JL!:... _ a ·L = 0 . 
dr auj axj /16/ 

B TO )KC BpCMH ,!J,JIH I<OBapHaHTHhiX ypaBHCHHH raMHJib• 

TOHa HMeeM 

aH dx ,~: aH dP. 
__ , ~ --- =- --·. /17/ 
ap.: dr~·· ax. dr. 

1 . • 1 . - . 

3.u.ecb -L H H - cKamipHble IPYHI<UHH, I<OTopbie, Hanpu-. 

Mep, .u.n·H "iaCTHUbi B JJiei<TpoMarHHTHm.i. none fiMeiOT. BH.U. x 1: 

1 L = -2 m u. u . + ,e u .. A . , 
1 1 J J /18/ 

H 
1 . 2 

P. u. - •L = 
2
- (P. -eA.) . 

1 1 _ m .. 1-. 1 
/19/ 

-. 'XfOTMeTHM,_~ l.ITO rrpouc;~;ypa rroJiy"ieHHH Ha ocuonaHHH I 18/ 
Tpe6ye.Moro .Bblpa)KCHHH ,!J,JIH 4·CHJibl o6yCJIOBJieHa, KpOMe 
Toro, BbiiiOJIHCHHeM paBCHCTBa A i (a Uj I a Xj-) = 0; . 
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HanoMHHM, 'ITO ypaBHeHHe /16/ BhiTe.KaeT H3 .KOBapa
aHTHoro Bapaauaoaaoro nplm~a, onpe)l.enHeh.wro Tpe6oBa
aaeM paBeHCTBa HYJIIO BapHaUHH HHTerpana )l.eHCTBH.H 

of •L" dr = 0. /20/ 

Ilocne,ll.Hee Bhipa)l(eHHe MO)I(eT 6biTh npe,ll.CTaBneuo .B BH
)l.e CYMMhl .ll.BYX 'IJieHOB 

0 f'L dt + 0 I p 
· 4 · a dx = 0. 

a /21/ 

Jler.Ko BH)l.eTh npa 3TOM, 'ITO, aanpHMep, o6pameaae 
B HYJih nepBoro 'IJieHa 6y)l.eT Bhlpa)l(aTh co6om npaauim 
raMHJihTOHa: 

o f'L4 dt ~ 0 /21a/ 

TOr,ll.a .Ka.K paBeHCTBO HYJilO BTOporo 'IJieHa 6y)l.eT onpe,ll.eJI.HTh 
co6oiO npaauan HaHMeHLwero )l.eiicTBH.H MonepTIOH. 

C y'leTOM C.KaJaHHOro MO)I(HO YTBep)K)l.aTb, 'ITO llOJiy'leH
HOe Ha . OCHOBaHHH npHHUHlla raMHJibTOHa /21a/ peJI.HTH
BHCTCKOe ypaBaeuae 3iinepa-JiarpaH)I(a .ll.JI.H i}JyH.KUHH ''=- 4 6y
)l.eT cnpaBe)l.JIHBhiM TOJih.KO B Ta.KHX 'laCTHbiX CJiy'la.HX, .KOr,ll.a 
Ta.K)I(e BhlllOJIH.HeTC.H. H npHHUHll MonepTIOH. x/ 

B cny'lae aenpepbiBHoro pacnpe,ll.eJieHH.H Macchi a 3ap.H)l.a 
)l.JI.H llJIOTHOCTeH narpaH)I(HaHa H· raMHJihTOHHaHa Ua OCHOBa
HHH /18/ H /19/ 6y)l.eM HMeTb 

C<l 1 * * J.. = 7 p. u. u. +p u. 
. I I J Aj, /18a/ 

J{ = _1_ (P. -p* A. )2. 
2p.* I . I 

/19a/ 

-------------------------
K/3TO JaMe'laHHe, O'leBH,ll.HO, HMeeT C~JIYH.ll.JI.Hypa:imeHHH 

raMani.Toaa_ c raMHJI~Toa~i:uioM H4, HBn~J<>II~~¥C.H BpeMeailoii 
.KOMfioueHToa 4- B.e.KT opa. · 
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§3. 0 KOeapUaH1/IHOU fPOPMYA.Up08Ke·3QKOH08 
- / - ... . - - . . ' ' 

coxpaHeH~JI 

PaccMoTpHM, uanpHMe.p, ~cne)l.ymmae )l.Ba ypaBHeHH.H:, 

. d E = 0 ' d pa = 0 • :at . . . dt . . /2~a,6/ 

E~na i·pa.KTOBaTL ·ax .Ka.K Bhipa)l(eHH.H, onacLIBammae B non- . 
HOH Mepe Ja.KOHbl COXpaHeHH.H 3HeprHH H HMllYJibCa, TO Ha 
OCHOBaHHH npHHUHlla OTHOCHTeJihHOCTH MO)I(HO YTBep)l()l.aTb 

.Tor)l.a, 'ITO H nocne nepexo,ll.a .K He.KoTopoii ,ll.pyroii aaep
uaanLHoii .CHCTeMe ·OTC'IeTa x/ )l.OJI)I(Hbl HMeTb MeCTO · pa
BeHCTBa 

dE' 
dt' 

0 , 
dPa' 
dt' 

, :.· 

.=:0. ,f22 J 

HeTPY.ll.HO no.Ka3aTL, O)l.lla.Ko, 'ITo B o6w;eM cnyqae nocne 
y.KaJaauoro nepexo)l.a paBeHCTBa /22 '.I y:iKe He BhlllOJIH.HIOT
C.H. ., 

IlOC.KOJih.KY, C ,ll.pyroii CTOpOHhi, JieByiO 'laCTb Bbipa)l(eHH.H · 
/226/ MO)I(HO paCCMaTpHBaTb .KaK onpe;ieneHHe CHJihi, TO 
nocne)l.HHii I}Ja.KT .ll.OJI)I(eH 03Ha'laTh no.Hai:Ieaae c:Hn npa nepe._ 
XO,ll.e OT O)l.ROH HHepuaaJibHOH CHCTe Mhl .K ,ll.pyroii. 

IlyTh H36aBJieHH.H OT OTMe'leHHhiX. TPY.ll.ROCTeH mb)I(HT, 
.KOHe'IHO, B .KOBapHaHTHOH I}JopMyJIHpOB.Ke Ja.KOHOB COXpaHeHH.H 
3HeprHH H HMllYJibCa, T.e. B 3aMeHe ypaBHeHHH /22/ Bblpa~ 
)l(eHH.HMH 

dE 0 -=, 
dr 

dPa xx/ 
-=0. 

dr /23/ 

~~B peJyJILTaTe np~·~eHeHH.H .K ypaBHeHH.HM /22/ peJI.HTH- . 
BHCTC.KHX I}JopMyJI npeo6pa30BaHH.H. . 

xx/ llpH 3TOM H3BeCTHOe ypaBHeHHe 

aTik 
--=0 
axk 

BhiTe.KaeT H~ /23/ llpH BhlllOJIHeHHH, B '!aCTHOCTH, CJie)l.yiO
IUero ycnoBH.H: 

u I. aTikdv = o. 
a ax k a 
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B 3aKni01.JeHH~ oT'Me~H·M, 1.ho '~cnoni>3o~·aHH~ KosapHau;
uoii «<JopMynJipoBKH 3aKOHOB coxpaHeHHH, 1!,8 l.JaCTHOCTH;/23/, 
npHBO,l(HT HeMe,l(ITeHHO K YCTpaHeHHIO napa,l(OKCOB, CBH3aHHbiX, 
c:Ka*eM, c :Ka*YI.QHMca uapyuie'uHeM J paauoaeclia cH.ii npH 
nepeXO,l(e OT O,IUIOH CHCTeMbl OTCl.JeTa·K .l(pyroii, ITOCKOIThKY 
B · paMKaX · ,l(aHH<?H <lJopMyiTHpOBKH O,l(HOBpeMeHHOe ,l(eHCTBHe 
CH.IT y)Ke He HBITHeTCH Heo6XO,l(HMbiM YCITOBHeM paBHOBeCHH. 

-· • ;!- • ' '~ • • • '"' • - ' ; 

..... --
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1968. . . . . . 
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