
_2~ v.J 
rfl, ... ( q g 

l' t' 0 t 1?; 
,nao BoHr ,nbiK 

OBIUHE «>PMYJIH H IlPABKTIA OTBOPA 
,lVIH KOH«lPMHO-KOBAPHAHTHOrO PA3JIO:IEIOOI 

ITPOH3BE~IOOI OllEPATOPOB 



. < .. 

O~e~HeHHOrO KHCTHTyTa HA9pHNX 

K"CCJie;l(OBaHHA 

,· ... 

1ut 06'Le.IIHHeHHoro ailcTIITyTa ».IIepHLix·:<·: 
!IOTC.II CaMOCTOHTenLHLIMH rry6nHKaUH.IIMH. 
rsliH co cT. 4 YcTasa Oli.HH: ·OTnHi.tHe 
1axmoqaeTCH a i'o:M, 'ITO i:excT rrperrpHHTa 
H3Be.IIeH B xaxoM·na6o HaytfHOM il<ypaane 
Ke. 

::~~~:~~~~~~!~:~:~: 
OCSU\He q,opw:yJibrif pe):lcTasneH 

1Jia otCSopa ~Jia ••• 
430 ', ·1973 •. -/ OM JI3LIKaX. 

~ . ~ OBCTpaHLI" 

f\,~1. ,!_Jf..,.::.. -"'-'1 -"-'--";; ~ ....... ., 
. aTHtfeCKHX 

· · ny'laTenHM. 

--·- M BepXHeM 
__ .· ___ .....,..,__ ... -.-· . ,. -~-~- "'~ _..,. 

P2 - 7430 

tJ,ao BoHr ,lJ.biK 

OB\UHE «<>OPMYJlbl H IIPABK1IA OTBOPA 
AJIH . KOH«l>>PMHO-KOBAPHAHTHOrO PA3JIOXEHHH 

IIPOH3BE)J.EHHH OITEPATO~OB 

HaupaBJieHo B TMl/J 

.. "~·-
.. :'· ~ ..... 

061-t;iilz.ti;!.ll::..la GHC\'2ifl 

~~pHUX BCCJtlOBaU~ 
6H&l1YiOTEKA 



·l 

-.llao BoHr ll~>rK 
P2 /- 7430 

06ume ljlopMynr.r 11 npnnrrnn o_Toopa anSI Kon¢opMno-KoaapHaHTHoro 
pll3nOlhCIII! >I IIJIOII31lCllCIIIIH OITCplll'OpOO 

Ha ocuone 3l!Kona II -npeof\pa:-~onanrrSI non~·.'lcm.r o6nme ¢op~rynbr anSI 
KOH!jlopMHO-Koaapuaul'noro pllano~<onrBT npo11anenemtn oncpaTopoa. YKa3aHbi 

. npaauna or6opa nnn cny'luH coxpanm>mrtxcn Terraopon. nony'leHHble peaynb
TBThr HenocpeJlCTDCHIIO nepeneCCIIhl :JaTeM Ill! tj•OpMynr.r llnSI KOHtjJOpMIID-KD
BllpH8HTHbiX nnyXTO'IC'IIIhtX 11 Tpcxro•w'IHJ.rx KoppenmurorrnJ.rx tj•yHKUI!Ii. 

llpenpHHT 06'be.QKHeHHOrO HHCTKTyTa JI.QepHbiX HCCJie.QOBaHKit. 

,lzy6Ha, 1973 

Dao Vong Dye 

General Formulae and Selection Rules 
for Conformally Covariant Operator 

Product Expansion 
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On the basis of the R -transformation law general 
formulae were obtained for the conformally covariant ex
pansion of the operator product. The selection rules are 
mentioned for the case of conserved tensors. The obtained 
results are transferred directly to the formulae for the 
conformally covariant two- and three-point correlation 
functions. 
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l.BBE)lEHHE 

Ba:lKHOCTh. aonpoca pa3JIO:lKeHIIH rrpoH3Be.D;eHHH orr epa

TOpOB_06~eH3BeCTHa. 3TOT BOIIpOC lliHpOKO 06Cy:lK.D;aeTC.II 

B IIOCJie.D;HHe rO.D;hi KaK B paMKaX TeOpHH B03MYI.lleHHH, TaK . · 

H; B paMKaX .pa3JIH'IHhiX MO.D;eJieii TeOpHH IIOJI.II. ·oco6hiH H·H- · 

Tepee npe.D;CTaBJI.IIeT IlpHMeHeHHe H.D;eH KOHlPOPMHOH HHBa

pHaHTHOCTH K TaKOMY pa3JIO:lKeHHIO, '!eMy IIOCBH~aiOTC.II 

MHOrHe pa60Thi /HaiipHMep, /J-3/g :UHTHPOBaHHa.ll TaM JIH

TepaTypa/. fipH 3TOM B OCHOBHOM 6hiJI .UCIIOJih30BaH MeTO.D;, 

OCHOBaHHhiH Ha TO:lK.D;eCTBaX .51K06H HhH Ha H30MOplPH3Me 

Me:lK.D;y KOHlPOPMHOH anre6poii H OpToroHaJihHOH anre6poii 
0 ( 4, 2) . . .... . . -· 

B HaCTOH~eii pa6oTe Mhl BhiBO.D;HM o6~He tlJopMyJihl .D;JIH 

KOHlPOPMHO- KOBapHaHTHOrO pa3JIO:lKeHH.II IlpOH3Be.D;eH~.II one-. 

paTopoa', Hc~o.D;H H3 3ai<oHa R -npeo6pa3oaaiiHx I 4-sf;yKa-
3aHhi :raK:lKe npaauna oT6opa h'nx cny~mx coxpaHHIOI.llHXCH 

TeH30pHhiX onepaTOpOB •. fiOJiy'IeHHbie pe3yJibTaTbl Henocpe.D;- .. 

CTBeHHO nepeHeCeHbl. 3aTeM na .lPOPMYJibi .D;JI.II .KOHtlJopM~JO-: 

Ko~apHaHTHbiX .D;BYXTO'Ie'!HhiX u TpexTo'!e'!HbiX KOPPeJIH:UHOJU 

HhiX tlJyHK:UHH. . .. • ._: , , 

)l;nx y.D;o6cTaa KpaTKo HarloMHHM cnaqami :HeioTopbie 

OCHOBHbie IIOJIO:lKeHHH, KaCaiO~HeCH R -npeo6pa30BaHH.II. 

On epa TOp ~o.Op.D;HHa TJIOH HHBepcim .R. onpe;D;eJIHeTC i K·aK 

.RxiL =- : ;L • . .. "'.· -, .... · ::• :~ /l':i/.· 

HMeiOT MeCTO CJie.D;yiO~He COOTHOllieHHH: 

R M1u, R = M
11

v , R P11 R = KIL , RDR '~ _:D,' /1 .. 2/ 
•; 

r ;1e. M,w , P 11 ·, D rr· K JL - · reHepa TOphi ·o.D;Hopo.D;Horo npe:: 

o6pa3o~HH?.:·. JiopeHira, · Tpaucnx:u;HH, MacmTa6Horo H. cne-. 

j·' 
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UHanbHOrO KOH~OpMHOro npeo6pa30BaHHH COOTBeTCTBeHHO. 
lf3 !lTHX COOTHOIIIeHHH cne~yeT • 'ITO KOBapHaHTHOCTb no 
OTHOIIIeHHIO K R H D /a TaKJKe K. anre6pe IJyaHKape/ BneqeT 
3a C060H KOBapHaHTHOCTb no OTHOIIIeHHJO KO BCeH KOH~OpM
HOH anre6pe. 

no~ ~eHCTBHeM . R TeH30pHb1H onepaTop A 11. 11. ···11. (x) 
npeo6pa3yeTcH no ~opMyne 1 2 P 

-1 
U ( R) A , (x) U (R) = 

. ,..1 ···ll.p 

11.; 11., 
2 X, X ll.' 2 X, X P 

=oA(x2/Aroll; 

~1 

... 1 ,;:, p . ...p 
-,------.::;_.,2.--- ) • • • ( u - 2 ) X 

X llp X 

x A ·, , ( Rx) , I o . ·1 = 1 , 
ll. ···11. A . 1 p 

/1.3/ 

a cnHHOPHbiH onepaTop t/J(x)- no ~opMyne 

· -1 2 et/J ; · · · A ~.~. 
U(R)t/J(x)U (R) = ot/J (x . .) -21/2t/J(Rx),! ot/1 L=I (x =x ·Y 11.) '. 

(x ) 

/1.4/ 
r~e f ¢ - MaCIIITa6HaH pa3MepHoCTL non11 ¢, onpe~enHro
maH. ero noae~eH.He npH MaCIIITa6HoM npeo6pa3oBaHHH: 

-iaD iaD -fq. _ a 
e ¢(x), e = ,.\ ¢(,\ x), ,\ .-. e • /1.5/ 

'\. 

Ilocne 3THX KpaTKHX CBe~eHHH Mbl ·npHCTynHM Tenepb 
K BbiBO~y o6meii ~OpMynbl, ~ml KOH~OpMHO-KOBapHaHTHOrO 
pa3noJKeHHH npoH3Be~eHHH onepaTopoa. 

;0' 

2. OJiiQHE •oPMYllLI 

PaccMoTpHM npoH3Be~eHHe ~ayx HenpHBO~HMLIX /T .e. 
CHMMeTpH'lHbiX · H 6eccne~HbiX/ TeH30pHbiX onepaTOpOB 
Au 1 ••• 11 (xj H B"1 ; .. ~· (y) · -c onpe~eneHHbiMH MaciiiTa6HLIMH 

p. q () . 
pa3MepHOCTHMH r A H r B • IJyCTb ~JHI 3TOrO npOH3Be~eHHH 

4 

• 

I 
·I 

l 

} 
{ 
1' 

.i 

HMee'r MeCTO. KOH!}JOpMHO-KOBapHaHTHOe pa3nO)KeHHe'~ KO-
TOpoe OTbiCKHBaeTCH B CJJe~yroiUeM 06IUeM· BH~e: . 

A - 4 ABC •· · Pr·Pr 
11. ••• 11. (x) B (y) = ~ f d z F . (x,y;z)C . (z), 

1 p v ••• v C 11. ···11. v •• • v p ···P 1 q 1 pt qt r 

. /2.1/ 
r~e C Pj···Pr -. TaK)Ke HenpHBO~HMbiH TeH30pHbiH onepaTop 
C onpe~eneHHOH MaCIIITa6HOH pa3MepHOCTbJO f C. ~ a 

ABC ·. 
F 11.····11. v ••• v p ••• p.- HeKoTopag TeH30pHaH ~YHKUHH~ · JlcHo, 
'ITO 3Ta ~YHKUHH ~OnJKHa 6biTL CHMMeTpH'lHOH H 6eccne~HOH 
no HH~eKc·aM 11. B: v a OT~enLHOCTH, a TaKJKe MO)KeT 6biTL 
Bb16paHa TaKOH; )Ke_ H no HH~eKCaM p • KpoMe TOrO, H3- 3a 
TpaHCnHUHOHHOH HHBapHaHTHOCTH OHa ~On)I{Ha 3aBHCeTL 

. nHIIIL .oT pa3HOCTeii Koop~HaT (x-y) H (y-z). 
OcyW:·ecTami:H · R -npeo6pa3o·aaHB:e ii M:aciiini.6Hoe. 'npe

. o6pa30BaHHe ,B o6eHX 'laCTHX ypaBHeHHH /2.1/ no 4lopuynaM 
'/1.3/ :H /1.5/, Mmlmo nony'IHTL cne~yroruHe ypaBHeHHH ~nH 

. ' 

~YHKUHHF. ABC /~a3.0BLie MHO)KHTenH On~eHbl/: 
IJ.l ... IJ.pVI"'VqP1•••Pr .. - . 

ABC 
F (Rx,Ry,Rz) = 

11-c·ll.p vt'''vqpt' •• p r. 

11 11 , , , , 
2 -c. A 2 --c.B 2 -L 11.1 11. p lj .. v q 

=(x) , (y) . (z ) CM(x) ••• M(x) ••• M(y) ••• M(y) x 
. - . 11.1 ll.p VI Vq 

' ' ABC , , P1. M() Pr F . . , , , p 
: ·. x M (z) • ••• z · p: 11.; •• ~ 11. p v 

1 
••• v q ·p 1 ••• . r • 

~ ·r- /2_.2/ 

F ABC 
11. ···11. v ••• v p ••• p 

(),x, ~;, ),zJ =.AfA+fa+icF ABC, .· (~y.~), 
11. ···11. v ••• v p ••• p 

1.p1 q1 r 

.' r~e HCn·~~L~-OBaHO o603Ha'I'~HH~ 
. , 

. 11. , 
M(x) = 0 ll 
•••. 11. 11. 

2x xll 
11. 

x2 ' ... 

1 p1 q1.r·. 

L ~-(f +4). c c 

/2.3/ 

/2.4/ 
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,lJ;n.H , HaXO)KJJ.eHii.H o6mero BHJJ.a peweHH.H ypaBHeHH.H · /2.2/ . 
· H /2~3/ 6y;neM B:cxoJJ.HTh H3, c:i'ieJJ.yro~H:x paBeiicrB: ··· . - .- .. - . 

'(Rx- Ry) 2 = 
(x _;_ y)2 

x2y 2 

R(Rx- Ry) 
11 

2 _, ' 
=- x M (x) 11 R (x- y) , + x 

' 11 > ' 11. 11 

, , 
ll 112 

M(x)· 1 M(x) g,;. 
111 112'' 111112 

g . '' 
111112 

11, v~ . . 
M (x) M (y) M , , (x..:. y) = M · ( Rx -· Ry) , · 

' 11' v 11 v 1111 ' ' 

/2.5/ 

/2.6/ 

/2.7/ 

/2.8/ 

BhiTei<aiOIUHX Henocpe]J.CTBeHHO ··H3 onpe]J.eneHHH /1.1/ H 

/2.4/. 3TH paBeHCTBa· noi<a3hiBaioT, lJTo· peweHHeM ypaa· 

HCHHH /2.2/ H /2.3/ MO')KeT. cny)KHTb BCHI<.Oe Bhlpa)KeHHe 
THna 

(i, j, k) f . 
11 ... 1111 ... 11 p ..• p 

1 pl q1 r 

(x,y, z) ~ 

[ 
2 % ( r A+ f B - L c+ p+ q- r ) - i -: j + k = (x-y) ] . · x 

.l( 2]Y2(f8 + Lc-eA+q+r-p)-j-k+i[. . 2 ·%(Lc+eA-f8 +t+p-q)-k_::,i+j 
x Y- z) . (z-x) l x 

xS g ... g [R(x-y)-R(x-z)] ••• [R(x-y)-R(x-z)] x· .. /1 /12 /1 , /1 · ' , II ' , 11 
(IJ)' -.1 ' 21-1 2i ' ..... 2i+1· 'p 

xS g ... g [R(y-z)-R(y-x)] ••• [R(y-z)-'R(y-x)] x 
1-' 11 I' I' '.· · 11 , 11 

(V) · 1 2 2j -1 . 2j " '. · · : 2J + 1 q 

X S ,g. 
. ·p p 

((J) 1 2 

g [R(z..:.x)-R(z-y)] 
P P ·P. 
2k-1 2k 2k+1 

• •• [ R (z-x)-R(z- y) j 
p 

r 

')2.9! 

-:· -6 

l. 

) 

t'-]J.e · ), i;'k npHHHMaiOT ·uenlde, .. 3HaqeHH.H '.OT Hyn.H. }J.O 

p/2 . , . q/2 , -i/2 ". -COOTBeT~TBeHHO,. CHMBOnld . , S , . S H 
. . . •·· . : . . (p.) (v) 

<~J o3Ha;<laroT cH:M:MefpH3aUHID no BceM HHJJ.excaw 11: , v x 

p B OT]J.enLHOCTH. MO)KHO BH}J.eTL, qTo qHcno· qneHOB, 

BXOJJ..HIUHX CIO]J.a, paBHO 

------- (2i-1) !! ' q! (2]"-1)!! 
(2i)! (p-2i)! l2iJ!(q-2j)! ' 

p! 

r' . 
(2k)!(r-

2
k)! (2k '..;..'J)!! ._· 

COOTBeTCTBeHHO. 

PeweHHeM ypaBHeHHii /2.2/ H /2.3/ MO>ICeT cny)KHTL 
c ' . 

Tai<)Ke • BLipa)KeHHe THna 

f (i,j) (x,y,z) ~ 
1 

111 ••• /lPV1 ... 11qPz···Pr 

= [(x-y/] Y2'(£A.+f8 .:_i c+p)-i[(y-z) 21 Y:l(f.a-tL~-f A -pJ+ i ·x 

X [(z- x) 2] % (Lc+fA - .. e B+P.)- i ' . . . x; --

· ~ ~: ·.g ••• g [R(x-y)-R(x-z)] ••• [R(x-y)-R(x-z)] .?<: 
'(/1) 

11 1 112 112i-1 112i 112i+l ' ', 
11

P 
, ... ~~·-.·~,.-·· :~.:.,:··.~--~,_.!<.· .... :.- ·::: . . . . 

x S s'g ... g .. i . g' ' . .'~'~·. . M(j~z) · :.~ M(y-:z) 
v v. v v ' ,.' p ·P;.. .• p ' p ' ' 11 p . 11 P. 

(11) (p) 1 2 2j-1 2j. 1' 2·-. 2j-T 2i " 2j+1_ 2j+1 -· . q q 

<:_" • ''\" c#. :" 

/i~10/ 
B cnyqae q = r H aHanorHlfHoe Bhipa)KeHHe B cnyqae 

r = p HnH p = q. 3]J.eCh lfHCno qneHOB, B03HHI<a10IUHX 

. . .-. '··> q!(2j-1)!! 2. ' 1 
· npH .CHMMeTpH3aUHH S , · 'S · ; .paBHO ( .. . ·h _ . 
. .. ;·... ,• .•. . •..•. ,(v) (p) ;, : ·. . . . (2j)!" _ (q ~ 2j)! 

. ·. . . . . . ABC · ·· . 
'Y.cnoBHe 6eccne]J.HOCTH ibYHI<UHH Fll r·llp11r··VqPj•··P r' ',no 

. ~~ .i 
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xa)K.noii·'":fpynne 'HH.ll;ei<coiJ 1-L;v- ;H p; ~Hal<O;, · .nonycicae!· 
Tom.:io pemeHue::B Iill.ne nuileii:Hoii· icoM68:aanHH BLipa)KeHuii 
THITa 'f2.9/

1 
HJIH .• THna .. /2.10/ .C .onpe,ll;eJieHHLIMH.KP34K)H

U~.~;~c~~,~~<~ if~.~iiiio: ···· ., . -· · ' '« .. '' '· •. · .. , ···'·'" ,., .. 

.. : . : .. :_ ~ 

(~~)i+i~k,_ . :(;i)!. ..• 
F A!JC . = g ABC l: 

/-L ooo/-L V ooo~ {! .ooop 
1 p 1 ,_q, 1 .. r 
. : . . . ~ ; i,j,k 

.... 
X 

2 i+itk p! 

(q-j)! (r-k)! · (!.,j,k) 
X -- f . (~y,z;)_+. 

ql. r! /-f.l ... /-f.PVr.vq~"·Pr :.. 
\ ·~ . 

• - • • ~-·· ' _, < :.-"'. 

'+ o . g ABC~::. (:.:_1)i+j: 
qr 1 ._ 

i,j i i 

(p:.i)f J!(q-}j[ -~/~;'{i __ ·. :~.·~·.'··:~.--(~y.zj+ 
P ! q! I-L1 ... 1_.1. '1· , .. vq p1.,.pr 

p . . 

+ t- ABC 
u . g 

rp . 2. 

}+k. 

I (-1) (q-jJ! k!(r-kJ! 

. k 2j .. qf , 
J, . . . ~- r. 

I (i,kr . 

2/-L(·'P.pVl."'VqPr~P~x;y,z)+ 

( k+i . k ., • 
+ 

0 
g ABC:£ .. . -1) . (r- )! . 1. (p-z)! . 

pq 3 ·2k r' P,. k,l . . 

(k;I) 
[3 . . '. . (x,y,z), 

tJ.. ooo/l V oooV P •••P 
1 pl qt·~ 

. /2.11/ 
r.ne g. ABC , g t~ - Hei<OTOpLie nocTOJIHHLie ·M~c-ilKH'teJIH, 
a I• fJ:k) H 1 ~~~~-- I!JYHI<UHB, nony'laiOIUHecJI·H3/2.10./ 
DO np&BHJIY UHI<JIH.1feCI<OH DO,li;CTaHOBI<H£ · . . .. 

- ' ' . . ,~ . 

rX.e .A_,i,p,ll) -. (y,€ii,i,q,v)- (z,Lc,k,r,p)- (x,P.~d,_p,p.). 
. ' 

.:." ~ ~- ,· -#. '/':;-12( •.< 

\ _ _;; .• , l. ; .' ~ ..- " :-- .... 

Tai<HM _o6pa3oM,, Mbi nonyqunu o6myro t!JopMyny /2.1/,... 
/2.fJj':.j2;}'}.j .U.n.11 I<OHciJOpMHO-I<OBapHaHTHOro ;pa3JIO)KeHH.Il 
npou3aeheuu.H .nay.x. Henpuso.nHMLix Teibopoa mo6oro paHra 
C onpe.neneHHbiMH; Macrura6HbiMH pa3MepHOCT.IIMH2B·'IacT-

- i8 

' 

\ 

! 

HOCTH, ,li;Jl.ll npOH3Be,ll;eHH.Il CI<aJI.HpHLIX onepaTOpOB 3Ta t!Jop-
Myna nepeXO,li;HT B /2,3/: . . 

· 'ABC . 4 2 t/2cfA·+fB-Lc-r) · 
A(x) B(y) = '};. g • fd z[(x-y) ] · · · ·. · • x. 

2 t/2(fB+Lc--fA+;)[... 2 ] 1/2(Lc+fA-£B+r) . 
x[(y-z) ] __ (z-x) · x 

x [R(z-xj:-R(z-yJ] . ... [R(z-x)-R(z-yJ]p. p . 
· 1 ·· r 

/2.13/ 

)J;n.H pa3JIO)KeHH.Il npOH3Be,ll;eHH.Il ,li;BYX CITHHOpHblX onepa
TOpOB Mbi nocTynaeM aHanorH'IHO. BMecTo /2.1/ Tenepb 
HMeeM: 

- {3 4 ABC {3 P ... P 
A (x)B (y) = :£ fd ziF (x,y,zJ} C 1 r(z) /2.14/ 

a · c p ... p a 
1 r 

I a, {3 - cnHHOpHbie HH,ll;ei<Cbi/ H cne.n}'IOIUee ypaaHeHHe .nn.11 
F BMeCTO /2.2/: 

IF ABC ( Rx,Ry,Rz)} {3 = (x 2) -cf A+1/2)( Y1-cf.sri/2)(z2) -L C x 
p ... p a .. :· . .· 
1 r 

, , 
p . . P· 

x M (z) 1 •• ~ M (z) r 

Pi . Pr 
I
. A ABC . :A }{3, 

. x F , . , (x,y,z) y : ·; 
. p ... p a 

1 r. 
HcnonL3y.H·paaeHcTBa 

A "A A ,, ~ x R (x- y) y = R ( R;c ·;_ Ry) , 
; .. 

~-:: 

A A ', " . A. 1 . !' . .. . : 
x R(x-z)R(z-y)y = z 2 R(Rx- Rz) R(Rz- Ry), 

/2.15/ 

·.! 

/2.16/ 

/2.17/ 

,·:··. . '·. 

p, A A A A '. 1 ;.. . : " .· . , 
M(z) x R(x-z)y , R(z-y)y =- -

2
R(Rx-Rz)y R(Rz-Ry), 

.P P z ~ P 

/2_. 1.8/ 
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1_. 

~. 

r· 

1-

. • • < /. • • • • • . • 

BLITeKaiOUUie Henocpe.IJ;CTBCHHO. H3 /1.1/ H /2.4/, BMCCTe 
C /2.5/- ~~·7/·H CBOHcTBOM M~lrpHI:( .J;l;npaK~•!yfL,yV},;2gfLV. 
MO)KHO nonyqnTL · cne.n;yro~Qee o6~Qee pemeHne ypaaHeHHJI 
/2.15/ /-H ypaBHCHHJI O.IJ;HOpO.IJ;HOCTH,aHaJiornqHoro /2.3//: 

F ABC (. ·I [( 2 ] t/2(fA+f8 -Lc+l-r) 
x,y,z/ = x-y) . . . .. · . x 

p ···P .. 
J T 

·[( 2]thrf.a+Lc...:fA+~J[ · 2]thcf~eA-ed'rJ· x y- z) . . · . (z- x) . . x 

x{[R(z-x)-R(z-y)]P ••• [R(z-x)-R(z~y)]p x 
1 T 

" " A; J'\ A J\ 

x- y ( x-z)(y- z) 
X [ g + g' . . . I]+ 

ABC (x-y)2 ABC ((x-y)2(y-z)2(z-x)2)12 

·'· .: 

"A A A 4"\ 

. . X- Z . .. y- Z . + 0 g, . . . y' ~ . } • 
r1 ABC (x-z) 2 .. p

1 
(y:::.z)2 /2.19/ 

: HaKonen;, npnao.n;nM . <l!opMyny pa3JIO)KeHHJI a npe.n;ene 
caeToaoro KoHyca, T .e. npn (x- y) 2-· ·o • .LJ;ns :noro a nony
qeHHLIX BLipa)K~HHJIX /2.11/ .u" /i: 1'9/ O~TaBJIJieM JIHIUL ae.n;y-

1 . . . .·, . . 

~Que qneHLI no (x-y) 2 • a 3aTeM npnM~HJieM np~o6Ra39BaHHe 

PnMaHa-nnyaruu, IGiK 3TO .n;enaeTcJI a pa6oi:ax /9,2/, B pe-
"... . ' . . - .·.J··· "i.- • 3YJILTaTe HMeeM: 

·A (x)B (y) "" l: [(x-y/ ] 112 cfA+f~-:-ic-p-q-r) IL ···ll V ••• v . 2 C .. . X 
~ 1:" p ... 1' q. (x-y)->0 . • · ": ·. 

x(x-y) ... (x_:y) (x-y) · ... (x-y) (x-y).p ... (x-y)p x 
ll 1 ll "! V . 1 . . r 

p q • . ·. ·' ; . ~ :C· •t .. 
'• '" 

.. t . . -1/2(fc+fA-fH"'r+p-q)-1 
x· ( duu X 

0 

10 

I 

-~ 
;1 

I 
IJ 

il 
;:' 

.: 
;'. 

\ 

' ' f 
. i 

i 
'I 

L 

x (1-~)-1/2(fB+fc ~tA'+-q-r-p)-1 C Pr·Pr(u(x-y)+~) •• !2_ .. 20/_ .. 

.·. 

Aa (x) B 13 (y) · ·· ,,; l: \[(x~:)· 2··]1/;rf~+f~-e 6-r-1j ·.' ,., · 
2 C y · · · X 

(X -y) -+0 . 

A "'· {3 . 1 
x(x-y) (x-y)P .... (x-Y:.J .fduu-th(fc+fA-fB-r)-1 · 

a 1 . p • · x 
r,.o 

· -t/2 rf8+fc-fA-rt;.1cPt·:·Pr(u(x-y)+y)., .. x (1-u) · /2.21/ 

3~ DPABHHA OTGOPA 

ITocMoTpHM TenepL, i<aKne orpaHifqeHHJI 6y.n;yT.Ha:Kna.n;LI
BaTLCJI Ha <l!opMy pa3JIO)KeHns /2.1/ n /2.U/, ecnn A~r~tL..fx) 
H/HIIH/Bv1 ... vq(Y) - coxpaHJIIOIQ~~CJI. TeH30pLr.~0K~3LIBaeiCs, 
qTO B .3TOM CJiyqae KOHCTaHTLI g ABC , g 1~~-, BXO.D;JIIIl;He 
a /2.11/, .. MoryT. ornnqaT:qcJI · oi H:yns~ TonLi<a.· npn onpe.-
.n;eneHiil.rx CPOTHOIUeHHJIX MC)K.IJ;y MacmTa6H~IMH pa3MepHo- . 

.·.CTSMH fA , eB H ec H paHraMH p, q H r. . ~. .. 

. B :caMoM f .u;ene, . ..ec_JJH .• AIL 1 ... fl. P . .C.?xpaHJI~Tcs, 
~ q ll.~A Ill! 2 ·••llp =:' 0, TO pe3yJILTaT .IJ;H!P<l!epeHII;HpOBaHHJI /2.11/ 
llOKa3LIBaeT, qTo· 3TH .KOHCTaHTLI .MOryT. 6LI'I:L: __ OTJIHqliLIMH 
OT'HYJIJI TOir~KO B cne.n;yiOIII;HX cnyq_aJIX: 

• '!:!' 

ABC 
. . g " .· npn f = L , q ::o· r. = 0 ~JIH .·... . . , .... ,B C .... , ,, 

><: -·.~: ~; ._ ... ; ' ~ .. .,. 
::.-.:. ·~-.. l> "'" 

~ ;·~'B·c: npn: ; { ';;, .. f. c ' 
1 . B 

< :t, • ~ -''; 

·ABC g ·. np11 
2 . 

t ·-e =f. q=o, 
C B . A 

II 



I 

I 
1 

ABC g npH f - L = f r = 0 
3 B. C A' • /3.1/ 

llpH 3TOM B~3,ne fA=- (p + 2). 
v . 

EcnH Bv1 .•• Vq coxpaHHeTCH, a !1v~'2···i'q= 0, TO 3TH 

KOHCTaHThl MoryT 6biTh OTITH'lHhiM~ OT HYITH TOllhKO B cne,nyro

~HX cnyqaxx: 

ABC g npH f A = L C , r = p = 0 HITH q = 1 , 

g : BC npH L C- fA :: f B' p = 0 ' 

g ABC npH fA = L c ' 
2 

ABC npH 
g 3 

llpH 3TOM Be3,ne 

£A-LC=£B 

£B=-(q+2);. 

r= 0. /3.2/ 

EcnH o6a _ TeH3opa A 111 .. -:p.P H B 111 ... l'q coxpaHHIOTCH, 

TO H3 /3~1/ H /3.2/ cne,nyeT, '-ITO: 

g ABC MO:>KeT OTITH'laThCH OT HYITH TOITbKO npH 

£A""£B = L c= -3 

g ABC= iABC,; O ,···: 
1 2 . ·. 

/T.e. fc=~1/, p = q = ·1, 

ABC G , g 3 MO:>KeT biTh OTITH'lHbiM OT HYITH TOITbKO ·npH 
"·. . ' 

£A=£B=--(p+2), L'c=O· /T.e. fc:·"'""'4/,-,r'=o. 
' ~ ' .. 

f!>opMyn~I )3.1/ - /3.3/ npe,ncTaBnHlOT 'bo6oB: npaaHna 

OT6opa .IJ;ITH KOHciJOpMHO-KOBapHaHTHOrO pa3ITO:>KeHHH ·npo

H3Be,neHHH coxpaH.fllO~HXCH HenpHBO.IJ;HMhiX TeH30PI!,hiX one

paTOpOB. 

~." ~. 

12 

4·. KOBAPMAHTH.LIE .l{BYXTOliElJHLIE 
H TPEXTOtlElJH.LIE .YHKQHH . . ·:. 

,nony'leHHhie Bhime pe3yJILTaThl Mo)KHo.aertocpe,ncTaeimo 

nepeHeCTH , Ha paCCMOTpeHIIe KOHciJO.pMHO~KOBapHaHTHhiX 
.D:BYXTO'le'lHbiX ' H TpeXTO'le'lHhiX' KOppeJI.H:UHOHHhiX •• ciJyHKUHji ,_: · 

Pa6c:MoTpHM-cmiqana .nayxToqe'lHyro ciJyHKUHlO • • .•: ·:; ,. 
. •. ' ~_.: 

'G' A!J; . : ·,, · ·;x;:yJ = .<0 1 A· , ·· (x) B: ·., · .-'(y) lo; !' ;4 1/\ 
llr .. llrfr·vq . llr"llp 11r"'"'q . · 

:;i-... 

0Ha y,no:fmeTBOpJleT ypa:imeHHRM: ' . , · , , . 
. • - . t :.. ' ',• - ~ 

•'. 

AB 'G -f -f. 
p. 1 ••• IL P v,1 ·;· v It' (Rx,'Ry) = (x 2) 1Y 2) Bx /4.2/ 

· ' ' • ;_ · ' AB . . . ·· . , IL 1 . IL P • v 1 . .. . v q . . ' . -·'-'·' ... 
xM(x)·-,_ ••• M(x). M(y) ... M(y) ... 'G, ., ,_.. ~.Jx,y) 

· p. 1 · p. P v 1 . v q p. 1 ... p. P vi ... v q ,. , , , 

:.1.~·3/. .: 
,-AB · · · · · ,.f:.t+f·B ..... AB 'v -:· •.... ,•:· :,: 

G. (A.x,A.y)=A. · G . -(X,Y), 
IL 1 ... p.Pv 1 ... v q . . . p. 1 ... ll P v 1 -. v q . ·, , 

H. IT03TOMY HMeeT BH.IJ; 
;.;:$ .. : 

. ~ ~ . 

AB . AB · , 
'G. . · (x,y) =' 8- ·. o £ • G . · · ··2 £·.11: • ll1"'P.p~1"'vq pq£&B •[(x-y}] x/4.4/ 

ol:-' --. 

. i. I .· (p-i)! .. · 
X!.( -1) I. . S S g ... g X 

p! (ll) (11) Ill /l2. < ll2i-:lll 2i 

~ 

.r ..••• A v .1 x 6v v.2 · 2i-1 ' . 
v M( x- y) p. v ••• M(x-·y) /lN' v 

2i . 2i+ 1 2i+ 1 . p p 

I!cnH Afl1 ... fLp HJIH Bv1 ... vq ~~~He!c!! ~o~llaHHID~HMCH. T&_· 
:f'.-~'B.._MO:>KeT QbiTb OT)IH_qHa OT ~YITH TOJibKO npH eA·= -(p+ 2) • 

. , PaccMOTPHM Tenepb Tpex-To-.i:e'lHYlO cllYHKUHIO' · 
' : ' ~ 

13 



ABC · ·. ,. ' · ·· ' , • ·; .. c 0 c·, , .•• ~ 

'G, ... fl v vp ·p (x,y, z) =·~0 I A:p.. p· (x)·.-x. 
r 1 p 1 ... q 1 ... r -. ' r· p . ' ' 

x B vt ~ •• vi y) C p t··· p / z) I q> • 14.51 

OJia y~oaJieT8op.ileT TeM >ke ypaaneHHHM 12.21 H 12.31 
C 3aMeHOH L C._,.· f c H II03TOMY HMeeT ,ntKOH )Ke BH~ 12.111 
I c 3aMeHOH L c-> e c I. :a rrpocTeiirneM cnyqae' KOr ~a A ' 
B H C rrpe~CTaBJIHIOT co6oii CKaJIHpHLie orrepaTOpbl, HMeeM: 

<01 A(x)B(y)C(z) I 0> = g ABC [(x:.:y/ {I2
CfA+ ea-e~ 

[ 
. 2 I/2(£ 8 -t-f c-fA)[( 21 1/2(fc+:fA-fBJ•. 

x (y-z)] z-x)-J • 

,IIpaBH~a OT6opa B CJiy_q~e, KOr~a Allt···ILp H .Bvz·:·vq
coxpaHHIO~HeCH orrepa;ropLI, 6y~yT TaKHe )Ke, KaK H 13.11 -
13.31 lc 3aMeHoii Lc ... ec I, a a cnyqae, Kor~a Cp1 ···Pr
COXpaHHIO~HHCH, TaKOBLI /6y~eM HCIIOJIL30Ba Tb CTapble 
o603Ha'ieHHH ~JIH B03HHKaiOmHX 3~eCL IIOCTOHHHLIX MHO)KH-
TeJieiil: · . · · 

' '· 
ABC . g MO)KeT 6biTL OTJIH'IHLIM OT HYJIH TOJILKO 

rrpH e A = e ~ , . p = q = 0 .HJIH T = 1 ' 

. .IIpu 3TOM..~e~~e: f c"" -(r + .2). . , . 
. EcnH . ~e ace .. TPH orrepa-topa,A .J.Ll :··fl . , . B"1 : •. ,; .: !f 

Cp 1 ••• p , -coxpan»ioTc», :ro H3 /3.1/, ;3.2/ (c 3aMej,(oii 
Lc-.ec{af4.7/cne~y-eT,<ITo~ ·.~ ·. ·; '· 

14 

g ABC 
MO)KeT 6LITL OTJIH'iHLIM OT HYJIH TOJILKO npH 

fA=fB= fc=-3, p=Q=r=1~ 

.-§ABC= .-§ABC= .-§ABC = 0. cz 62 ·63. ' 
L4.8/ 

H MLI TOr,IJ;a HMeeM: 

· < 0 I All ( x) B v ( y) C p ( z) I 0 > = 

ABC[ 2 · 2 2·-1 
·= g .. (x-y) (y- z) (z- x)] x 

,, 

x [R( x-y)- R(x- z)] /L [R( y- z)- R(y- x)] v[R(z- x)- 'R(z- y)] p. 

14.91 
TaxuM o6pa30M, ~JI» CKamrpHLIX u coxpan»IO~HxcH 

. . 

HeiipHBO~HMLIX TeH30pHLIX OIIepaTopOB TOJILKO TpexToq'eq-
HLie tf>yHKIJ;HH THIIa 14.6/ H 14.91 if· C.iie~yiO~HX THIIOB MoryT 
HMe TL_ HeHc'ie3aiO~ee 3Ha'ieHue: 

<0 I A llr_-:·IL /x)B(y)C(z)] 0> 
·,: 

,-.: 

i 
· · ABC . (-1) 
-= g l:··--

2i 
(p-iJJ · ... 2 -(l+i) 2 eB+l+i _ 
--.,-- [ ( x- y) ] [ (y - z) ] · ' 

p! 

2 -:-(l+i) · g X 
x [ ( z- x) J S g p. tiL 2... 1L 2 r-1ll2 i . (/Y .· 

x[R(x-y)-R(x-z)]IL, ••• [R(x-y)-R(x-zJ]
11 

-.. :.·.' 
· 2z+ 1 . . . p . . -: . \• \ . -

·npH: /4.10/ 

e A=- (p + 2), fB=fc, 
< -:~ 

.. ,. /4. (tf. ... 
n•, • •. ~ ·•- ~ •:. • ';. 

; ... , ,, 

l5.-



. A~C . .. 2-tA .· -3L2-· ·.2, -3/2 
<01 A,_lx)Bv(y)C(zJIO> =g [(x-y)] [(y-2}1 [(z-x) J x 

x [R(x-y)-R(x- z)] ll [R(y- z)-R(y- xJ]v. /4.12/ 

npH lA=fB=lc=-.3 • 

//0TMeTHM, 'ITO npaBHJIO ·oT6opa /4.11/ 6LIJIO llOJiy'leHO 
B 2 ,a B qacTHOM cnyqae, npu p = 1, B 191. 

HaKoHeu, paccMoTpHM TpexTo'le'IHyro ~YHKUHro, BKnro
qaroiUyro CllHHOpHble onepaTOpLI: 

. . .. " . 

I , ABC ·( . } (3 . - (3 . 
GPrPr x,y,z)a s<OIAa(x)~ (y)Cpl'".p/z)IO>. 14_131 

0Ha y~oBJieTBop.11eT TOMY :>Ke ypaBHeHHro /2.15/ c 3aMeHoii 
Lc .... lcH nonoMy HMeeT TaKoii :>Ke BH~ /2.19//c yKa3aHHoii 
3aMeHoii/. Ecnu C Pr ... prcoxpaH.11eTc.11, TO npaBHJIO oT6opa 
~JI.11 ·a~:~.pr 6y.u;eT TaKOBO /6y,n;eM HCllOJIL30~aTL CTaphle 
0603Ha'leHH.11 ~JI.11 B03HHKaiOJUHX 3~eCL llOCT0.11HHbiX MHO:>KH-

TeJieii/[: : 

g ABc :Mo:>KeT 6'?rl'L oTnutrHLIM oT HYJI.11 TonLKo 

npH ~ c= -(r.t2.A l 
fA= f B'. . . /4.14/ 

g~BC • g;BCnpu l c =""3,:lA·~lB, r·= 1. 

B <iacTHOCTH, HMeeM: 

<01 t/J( x) ~(y) JV. (z) I 0> = [~ x-~) 1t/2(2l tfr+JJ [(y- z) 
2] -I [( z- x) ~ -~ 

. /4:15/ 

A A 

• . x-y 
xll [R(z-x)-R(z-y)]ll[g _ 

. . . . 
A A A A. 

. (x- z)(y- z) 
*g'~~~--~--~~--

(( x-y)2(y- z)2( z-x) 2) t/2 ]+ 

•16 

A A A A 

+ g ,~ x- z. 
( x- z)~ Yp. 

y-z 
(y-2}2} 

~JI.11 COXpaH.11IOJUerOC.11 TOKa Jp. . jnpH f j ~-~/, 

<0 I t/J(xJirr J ¢( zJ I 0> = [( x- Y J 2lt/2(2.l~l¢+t!rr y- zJ, 2ltplcft:rz- A;~t/~f¢x 

I 
;~; . ( ;_ ~)(;- ~) 

X§-.-.-+§'. . } 
. (x-y)2 ((x-y/(y-z)2(z-x)2Ji72 . /4.16/ 

~JI.11 CKaJI.11pHoro onepaTopa c!J H COOTBeTCTBYIOIUee BLipa:>Ke
HHe, yMHo:>KeHHoe Ha ·y5 ,~n11 rrceB~ocKanHpHoro orrepaTopa. 

B 3aKJIJO'IeHHe 11 BLipa:>Karo rny6oKyJO 6naro~apHOCTL 
, rrpo~. ,[(.li.liJIOXHHUeBy .3a HHTepec K pa6oTe. 
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