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§J. ra/lU/leeeo npu6/lUJICeHUe 

1. PaCCMOTPHM npeo6pa3oBaHHH ranuneH: 

x' ::x-vt, y '== y, z '== z, t ":.. t. /1/ 

BaeneM nanee, KaKo6wqHo,4-aeKTOpJHeprHH-HMnynbca 

rne 

a 

i dx; 
P =m--, 

ds
1 

4 • E 
p = ·z-c-· 

/2/ 

/3/ 

B peJynbTaTe nnH clJopMyn npeo6pa3oBaHHH JHeprHH H HM
nynhca B ranHneeaoM npH6nH)I(eHHH, T.e. c ToqHoCTbiO no 
qneHoB nopHnKa ({3 2 ) 0 , rne fJ==vlc, cornacHo /1/, 
6yneM HMeTb • 

3nech, MO)I(eT 6hiTb, cnenyeT cnenHanbHo nonqepKHYTb, 
qTO B ranHneeBOM ,npH6nH)I(eHHH BpeMH HBnHeTCH CKanHPH?H 
aenHqHHoii H He npeo6pa3yeTCH npH nepexone oT onHoii cuc
TeMbi oTcqeTa K npyroii. llonoMy, cornacHo /2/ H /3/, 
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cKan.apaMu 6YAYT II BeJIII'IIIHhi p 4 II E. Ho nocne.n;Hee 03Ha

qaeT, 'ITO B raJIHJieeBOM npH6JIIDKeHHH 3HepniH E norutma 

Bbipa:>KaTbCH TOJibKO qepe3 CKaJIHpHbie BeJIH'IHHbl m H C 
2 

/KoTopbxe He npeo6pa3YJOTCH npH nepexoAe K npyroii c:HcTeMe 

OTC'IeTa/, T.e. npencTaBJIHTb C060IO 3HeprHIO ITOKOH, Ha OC-. 

HOBaHHH qero nepaaH H3 <IJopMyJI /4/ MO:>KeT 6biTb npHBeAeHa 

K.H3BeCTHOMY BHAY 

( p x )' = p x - mv. / 4a/ 

OxmpaHCh Ha I 1/ H I 4/, He.TpynHo nony'IHTh <IJopMyJihi 

npeo6pa30BaHHH AJIH KOMITOHeHT TeH30pa '~MOMeHTa-HHep

:UHH" M ik , KOTOpbie onpeneJIHTCH Bbipa:>KeHHHMH: 

(M yz )'= M yz, (M zx)' = Mn +VM tz '(Mxy J'=Mxy -vM ty • /5/ 

tx tx ty ty 
(M J'=M , (M J'=M , (M tz J, = M tz /6/ 

ta a Exa 
rne M ,.'!,(tp - -;;r-J·· . 

IIocKOJihKY B ranHneeaoM rrpH6JIH:>KeHHH paccMaTpHaae

MhiH TeH30p M ik pacx:ueiiJIHeTCH Ha ABa 3 -.BeKTOpa M H K , 
rne M orrpenenHeT co6o10 MOMeHTHMnynhca, a K orrHchma

eT ABH:>KeHHe :UeHTpa HHep:UHH HeKOTOpOH CHCTeMhi, TO <IJop

MYJihl /5/ H /6/ MOryT 6hJTh TaK:>Ke nepeiiHCaHhl B BHAe·· 

M'=M 
X X 

... ... 
M' = M -[~K] , M '= M - [vKL , 

y y y z z ~ 
/Sa/ 

H 

(K X)' "" K X, (K y )'=:: K y • (K z), ;= K z. 
/6a/ 

2. BcnH nanee, KaK o6hi'IHO, Mhx·aaeneM 4-.. HMrrynhc KaK 

4-BeKTOp C COCTaBJIHIOJUHMH .aS/ ax I , rAe S ;_ CKanHp.HaH 

<iJyHK:UHH neifCTBHH, TO, HarrpHMep, AJIH <lJopMyJihi npeo6pa30-

BaHHH X -KOMITOHeHThl HMIIYJibCa 6yneM HMeTh paBeHCTBO 

p, ·,., p ' 
X X 

f7/ 
KOTOpoe, O'leBHAHO, OTJIH'IaeTCH· OT Tpe6yeMPH <lJopMyJihi 

npeo6pa3oBaHHH./4a/. 

.. 4 

,,.. I 

I' 
~ 
I 

C :UeJibiO BhiHCHeHHH 3aTpOHYTOro Bonpoca 0 .,B03MO:>K

HOCTH APYroro onpeneJieHHH 3HeprHH H HMITYJihCa qaCTH:Ubi 

KaK 'laCTHbiX npOH3BOAHhiX ITO KOOPAHHaTaM OT CKaJIHpHOH 

<iJYHK:UHH AeHCTBHH S , paCCMOTpHM, KaK npeo6pa3yeTCH 

HHTepaan npH nepexone oT K '- K K - cHcTeMe a ranH.JieeBoM 

ITpH6JIH:>KeHHH. 

Ha OCHOBB:~HH /1/ B qaCTHOM .CJiyqae. OAHOro npOCTJlaH~ 
CTBeHHOrO H3MepeHHH JierKO .HaifneM, 'ITO 

,2 2 , 2 2 '!3 . f3 2 .2 2 x - c t. = x -2 xct- (1- ) c t , /8/ 

OTKyna MO:>KHO 3aKJIIO'IHTb, IJTO B AaHHOM CJiyqae B K - CHC

TeMe Mhi 6yAeM HMeTb MeTpHKy, KOTopaH OTJIH'IaeTCH. OT 

06hi'IHOH /nceBno/ 3BKJIHAOBOH H xapaKTepH3yeTCH Me.TpH'Ie-

CKHM TeH30pOM .glk C KOMITOHeHTaMH 

. 
gtl =1• g14=841 =-f3, g44 =:-(1_;_ f3 2 ) /9/ 

/Mhl rrepeliiJIH 3AeCh K CBeTOBOMY BpeMeHH T= ct j. 

IJpHBJieKaH 3aTeM Bhlpa:>KeHHH /9/ H HCIIOJih3YH HlBeCT

HYIO <IJopMyJiy A i = g ikA k, BBeneM KOBapHaHTHhie KOOPAHHa

Thl. IJpH 3TOM 6yneM HMeTh 

X=x-f3r, 

T = -r (1-{3 2 )-{3 x = -r-{3 (x- f3r ). 
1 . 

/10/ 

C yqeL:OM Toro, 'ITO B K -cHcTeMe cocTaBJIHIOJUHe · X'· H 

T/ AaHHoro KOBapHaHTHOrO BeKTopa paBHhl COOTBeTCT
BeHHO 

X'= x', 

T, =-T, '. 
1 

/11/ 

AJIH <lJopMyJI. rrpeo6pa30BaHHH KOBapHaHTHhiX KOOPAHHaT Ha 

OCHOBaHHH /1/,/10/ H /11/, HaHAeM 

X'= .. X, /12.1/ 
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l 
' l· 

,.. ~ f3 .. 
T '='T+-A, /

1 'l 'l/ 
~""'--~ 

. c 

r,!l;e T ... T1 /c .. 

JlerKO BH,!l;eTh, 'ITO llOJiy'leHHble TaKHM o6pa30M Bbipa
~eHH.H /12/ npe,!l;eTaBJI.HIDT eo60ID /e TO'IHOeTbiD ,!1;0 3HaKa 
BO BTOpOH $opMyJie /12// TaK Ha3biBaeMLie npoeTaHeTBeHHO
llO)l;06Hbie npeo6pa3oBaHHH a ranuneeaoM npu6nu~eHHH, Bbi
TeKaiDII\He H3 npeo6pa3oBaHHH Jlopeaua npu BbmonaeHHH 
yeJIOBH.H X» ct /eM., HanpHMep ,/1/ /. 

EeJIH Tenepb Mbi BBe,!l;eM BeKTOp e KOMllOHeHTaMH, npe,I~;
eTaBJI.HIDII\HMH eo6oro qaeTHbie npOH3BO,!l;Hbie OT HeKOTOpOH 
eKaJI.HpHOH 4JyHKUHH S no KOBapHaHTHbiM KOOp,!l;HHaTaM, TO, 
Ha oeHOBaHHH 4JopMyJI, o6paTHbiX /12/, 6y,!l;eM HMeTb 

as as f3 as --=---- -, a x· ax c a r 
~ as 
ar·= ar' 

/13/ 

OTKy,!l;a MO~HO 3aKJIID'IHTb, 'ITO eeJIH paeeMaTpHBaTb npo
H3BO,!l;HYID as/ a X KaK x -KOMllOHeHTY HMllYJibea, a 
as /a T - KaK :meprHID qaeTHUbl, TO BBO,!l;HMI>Ie TaKHM 

o6pa30M BeJIH'IHHbl 6y,I~;yT y~e y,!l;OBJieTBOp.HTb 4JopMyJiaM 
npeo6pa3oBaHH.H ,!l;JIH :meprHH H HMnynbea /4/. 

HenoJih30Baaue B ranuneeaoM npu6nu~eHHH 4JopMyJihi ,!l;JIH · 
3Hepruu E.,. m c2 Mo~eT 6b1Tb no,!l;Kpennelio ,!l;onoJIHHTeni.
HbiM 4JaKTOM: TOJibKO B 3TOM enytiae peJI.HTHBHeTeKOe Bblpa~e
HHe ,!l;JI.H KOOp,!l;HHaT n;eHTpa HHepi.J;HH X a= !.EX a/!. E. ne

pexo,!l;HT B o6bi'IHOe KJiaeeH'IeeKoe Bblpa~e:Uue ·x a...!.mxa /!. m. 
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2. Kea3up.eAJtmueucmcKoe izpu6AuJteeHue 

. I. PaecMoTpHM KBa3upeJI.HTHBHCTCKHe * npeo6pa3oaa
HH.H KOOp,!l;HHaT/2/ **: . . 

I ( . {3 t) . . I ., I . {3 
. X = X- C y , y = y, Z = Z, t = t y - - X, 

.· 1 .; . . 1 • c. /1 I 
. 1 2 

y =1+-/3. 
1 2 

r,!l;e 

BBO,!l;.H eHOBa Ha OCHOBaHHH /2/ H /3/4-BeKTOp :meprHH
HMllYJibCa H npHBJieKa.H /1 ' I B ,!l;aHHOM npli6nu~eHHH ,!l;JIH 
4JopMyJI npeo6pa30BaHH.H 3HeprHH H HMllYJibea; 6y,!l;eM HMeTb 

(p"J'=(p"- ~E)y1 ,(pYJ'=p~(pzJ'=p ,E'=Ey1-{3cp~/4'/ 
IlpH . 3T,OM 4JopMyJibl npeo6pa30BaHH.H ,!l;JI.H KOMllOHeHT 

TeHJopa · M 1~ B paeeMaTpHBae¥9M npu6nmKeHHH 6y,!l;yT onpe
,!l;eJI.HTbC.H CJie,!l;yiDII\HMH Bblpa~eHH.HMH: · 

(M yz J' = M yz, (M zx )' = (M'zx +f3cM tz )yt , 

(M "Y J'= (M "Y-{3cM ty )y 
1 

(M tx ) , = M tx (M ty )' = M ty y _fi M xy, 
' . 1 c . 

( M tz) •, M tzy + fl. M zx. 
1 c 

/5 'I 

/6 ·I 

IlpHHHMa.H ao BHHMaHHe nony.'leHHhie BhiWe pe3yJihTaThi, 
'3):(eeb, M·O~eT 6biTb, eJie,!l;yeT enen;HaJibHO OTMeTHTb, _'ITO 
HellOJib3.0BaHHe, HanpHMep, B ,!l;aHHOM npH6JIH~eHHH 4JopMyJibl 
npeo6pa3oaaaun )l;JIH 3Hepnm, y'IHThiBaroll\eii qneHhi nop.H,!l;Ka 
{34 /eM.., B qacTHOCTH, /3/ /: . 

. . i!· 

E , .... E ( 1 + L f3 2+ .J.:. f3 4)- f3 c p X (1 + ..L f3 2 ), . 
. 2 8 2 /4 ~'/ 

* _HaM .Ka~eTe.H, 'ITO 3TOT TepMHH 6onee ~TO'IHO o1'pa~aeT 
eyTb paeeMa TpHBaeMoro npH6JIH~eHH.H, '-B. TO BpeM.H KaK He
peJI.HTHBHCTCKOe . npH6JI~eHHe B .)l;anbHeHWeM Mbl 6y,I~;eM 
OTO~,!l;eCTBJI.HTb C raJIHJieeBbiM npH6JIH~eHHeM, B ·paMKaX 
KOTOporo .BpeM.H a6e.0JIIDTHO, Tie; ,!l;eHeTBHTeJibHO OllHCbiBaeT
e.H "HepeJI.HTHBHeTCKOH" 4JopMyJIOH- npeo6pa30BaHH.H. 
** KaK eTano H3Beerao aBTopy,oTMe'leHHbie npeo6pa3oBaHH.H 
a eaoe apeM.H paecMal;PHJ3anueb Ta~e.B pa6oTe llaH.IJ;pace-

. Kapa H KoaTonoynoca 12af. · · · · . : ·. 
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HnH B ranuneeBOM npu6niDJ(~HHH noene.IJ;Heif ciJopMynLI-/4 '!;, 
BPHA nu MO:>KHO equTaTb noene,ZJ;oBaTenLHLIM waroM, TaK )l(e 
KaK Henb3H eornaeHTLea, eKI:l,:>KeM, e ue,non?JaofaHHeM, Hapa.IJ;y 
e /4 "/, clJopMyn npeo6pa3oBaHHH /6 I . 

2. Onupaaeb Ha cbopMynLI npeo6pa3oBaHHH /1' j, npone
.IJ;eM eHOBa npo~e.IJ;ypy npeo6pa3oBaHHH HHTepnana npu nepe
xo.IJ;e oT K' - K K -eueTeMe. B pe3ynLTaTe ,ZJ;na KOMITOHeHT 
MeTpuqeeKoro TeH3opa g_1k B ,ZJ;aHHOM npu6nu:>KeHHH 6y,I:(eM 
HMeTb 

14 /3
3 

12 .34 
g11=1+-/3 ,g =g =---(1+-f3),g. =-1+-/3 + 

4 14 41 2 2 44 A 
Lf36 4 . 

/9 'I 

IJpH '3TOM ,ZJ;na ciJopMyn rrpeo6pa30BaHHH KOBapHaHTHbiX KOOp
,ZJ;HHaT, onueLmaromux, HanpuMep, o6paTHLIH nepexo,I:( oi K -
K K '-eueTeMe, nonyquM · 

X =X 'y -f3cT' 
1 

·T=(T '- .fi.x')y 
c 1 

112a, 1 

llerKo BH.IJ;eTL, qTo, KaK H B ranuneeBOM enyqae, npeo6pa3o
BaHHa /12a' / no.IJ;o6HLI ;e· ToqHoeTblO .IJ;O 3HaKaf

1
yaeeMoT

peHHLIM B enoe npeMa /eM., HanpHMep, .eHoBa I TaK 
Ha3biBaeMbiM rrpOeTpaHeTBeHHOITO,I:(06HhiM npeo6pa30BaHHHM. 

Bno,ZJ;a ,ZJ;anee eH_ona HMrrynLe :H . 3Hepruro e- noMOI.QblO 
Bbipa:>KeHHH px=aS/ax H·E=aS/a·T, Ha oeHOBaHHH 
/12a' / nerKo Haif.IJ;eM, qTo yKa3aHHLie nenuquHLI 6y.IJ;yT 

. npeo6pa30BLIBaTLea no ciJopMynaM /4' /. 

'· 

Cne.IJ;yeT TaK:>Ke oTMeTHTL, qTo, noeKonLKY npoH3BO,I:(HLie 
as I ax ii · · ·as;ar nxo,ZJ;aT n HepenaTunueTeKoe ypanHe
Hue raMHnLnlHa-JIKo6-H~- (npa:>Karoi.Qee eo6oro eTpyK'I:YPY ciJop
Mynw .IJ;nH 3HeprHH B.KBa3HpenHTHBHeTeKOM llpH6nH:>KeHHH, 
TO, oqeBH,ZJ;HO,.paeeMaTpHBaeMOe ypaBHeHHe ,ZJ;On:>KHO npe,ZJ;
eTaBnHTb eo6010 . .IJ;HcPciJepeHl'J:HanbHO(! ypaBHeHHe B qaeTHbiX 
ITpOH3BO,ll;HbiX ITO KOBapHaHTHbiM KOOp,ll;HHaTaM. . -

8 

KBAHTOBOMEXAHHl!ECKA.H lJACTh 

§3. Onepamop twopouuambJ e zaAuAeeeoM 
npu6AUJtCeHUU 

"c 

1. PaeeMOTpHM onepaTop KOOp,ll;HHaTbl B HMITynheHOM 
npe,ZJ;eTaBneHHH 

" . a x =·zti-.-. /14/ a X . . 
p. 

BoenonL30BaBmHeb .IJ;anee ciJopMynaMH npeo6pa3oBaHHH 
.IJ;nH 3HeprHH H HMrrynLea /'!/: 

( p x) '= px -mv, E '= E, 

Mbl eMO:>KeM yeTaHOBHTb 3aKOH rrpeo6pa30BaHHH BenuqHHbl 
~ ~ ~ 
x npu nepexo,ZJ;e K .IJ;pyrou HHep~uanhHOH eueTeMe oTeqe-
Ta. OH 6y,ZJ;/eT onpe.IJ;enaTLea H3BeeTHbiM Bhlpa:>KeHHeM /eM., 
HanpHMep, 41 /: · · -

~, = ~* /15/ 

C .IJ;pyroif eTopoHbi, eenu Mbi o6paTu:Mea K ?' -npe.IJ;eTan
neHuro, TO TOr.IJ;a, Ka3an2-eb 6bi, Mbl .IJ;On:>KHbl .IJ;OrryeTHTb, qTo 
3aKOH npeo6pa3oBaHua x. 6y.IJ;eT y:>Ke onpe,I:(enaTbea He pa
BeHeTBOM /15/, a nepnoif ciJopMynoH: npeo6pa3oBaHHH raim-
nea /1/: , 

x'=x-vt •.. ,f16/ 

Ha nepBLIH B3rna.IJ;, eo3.IJ;anwyroea TPYAHOeTb MO:>KHO nerKo 
H36e:>KaTb, rronO:>KHB B /16/ rrpoeTO t=O, T.e. 3acPHKeHpOBaB 
BpeMeHHYIO KOOp,ll;HHaTy. 

. :* 3.IJ;eeb ene,ZJ;yeT ene~uanLHO no.IJ;qepKHYTL, qTO TaKoif 
BH.IJ; clJopMynLI npeo6pa3oBaHua· .IJ;na onepaTopa Koop.IJ;HHaTLI 
o6eenequnaeTea, B qaeTHOeTH, ;reM, qTo B ranuneeBOM 
npu6nu:>KeHHH 3Heprua npe.IJ;eTaBnaeT eo6oro 3Hepruro noKoa 
H He npeo6pa3yeTeR npu nepexo.IJ;e K ~pyroif eueTeMe oT-
eqeTa. · ··· 
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OnuaKo c raKnM nuiroM BpH.u; im MO)f(Ho_ cornacHTLCH. 
,D;eno B TOM, 'ITO "npn6JIH)f(eHHLie" npeo6pa3oBaHHH rannneH 
BhiTeKalOT H3 "TO'IHLIX" npeo6pa30BaHHH Jlopeuna TOJlhKO 
npn BLmonueunn cne.u;yromero cneunanLuoro ycnoBnH: 

~<<c • 
t 

lfHLIMH CJIOBaMH, 4-BeKTOp KOOp.D;HHaTLI, KOMllOHeHTLI 
KOTOporo /B CJiyqae MaJihiX CKOpOCTeH .D;BH)f(eHHH/ npeo6pa-
3YIOTCH ITO tiJopMyJiaM rannneH, HBJIHeTCH BpeMeHHllO.D;06HLIM 
BeKTopoM. HMeuuo no3TOMY npoue.nypy tllnKcnpoBaHHH BpeMe
HH ,IlJIH ~OJiy'ieHHH tiJopMyJILI/15/ * B X -npe,IlCTaBJieHHH 
HeJIL3H npH3HaTL y.u;oBJieTBOpHTeJILHOH. 

,lJ;nH . Toro, 'IT06LI o6ecne'IHTL Tpe6yeMyro tiJopMyny -npe
o6pa30BaHHH ,IlJIH onepaTopaKOOp,IlHHaTLI B X -npe,IlCTaBJie
HHH, Mhl B COOTBeTCTBHH C BhiBO,IlaMH §1.u;omKHhl o6paTHTLCH 
K KosapnaHTHLIM KOOP.IlHHaTaM. B 3TOM cnyqae, KaK nerKo 
BH.IleTL, senn'IHHa X .neiicTBHTenLHo 6y.neT no.n'IHHHTLCH 
tiJopMyne npeo6pa3oBaHHH /12.1/, cosna.u;aroiUeii c I 15/. 

3.neCL, MO)f(eT 6LITL, CJie,IlyeT OTMeTHTL, 'ITO llOJiy'ieHHLie 
. ' 

pe3yJILTaThl CTaBHT llO.Il 70rHeHHe cnpa?t?JIHBOCTL YTBep)f(-
,IleHHH /eM., HanpnMep, 5

, a TaK:lKe- 6 I o TOM, 'ITO npn 
nepeXO,Ile OT O,IlHOH CHCTeMLI OTC"::eTa K ,Ilpyroii <X> ,Il0Jl)f(H0 
llO,Il"::HHHTLCH npeo6pa30BaHHHM rannneH /16/ *. * ,lJ;eno B 
TOM, 'ITO COBepmeHHO He HCHO, I<aK Ha OCHOBaHHH /15/ MO:lKeT 
6hiTL .noi<a3aHo no.no6Hoe yTBep:lK,IleHHe, ecnn TOJILKO He 
npHllHChiBaTL npH 3TOM BOJIHOBOH tiJyHKUHH,,IlOllOJIHHTeJILHOH 

* 1 A 1'aK:lKe, .HanpnMep, npn onpe.neneHHH HopMLI-BonHoBoii 
tiJYHKUHH. - -

:**: Henocpe.ncTBeHHLIM ocHoBaHHeM .nnH .nauHoro yTBep:lK
.neHHH MoryT, ITO-BH,IlHMOMy, CJIY)f(HTL TeopeMLI 3peHtiJecTa. 

10 

j" 

_ tlla3LI * . · EonLme Toro, BCTaeT Bonpoc - no'ieMy Boo6me 
BeJIH'IHHa < x> .IlOJI)f(Ha no.u;qJiuHTLCH tiJopMyne npeo6pa3oBa
HHH rannneH, a ue tiJopMyne Tnna /15/? 

2. B 3aKnro'ieHHH 3Toro naparpatiJa KOCHeMCH Bonpoca nu
BapnaHTHOCTH nepecTaHOBO"::HhiX COOTHOIIleHHH reii3eH6epra 

X '(p x )' -(p x)'X '= ·z1i /17/ 
B raJIHJieeBOM npH6JIH)f(eHHH-:

Ha OCHOBaHHH /12/ 6y,IleM HMeTL, 'ITO_ 

X'= X, 

.• a . .., a· . f3 ~ a 
~lil ...__ = ·zu --- - - ·zn -ax' - ax c aor • 

. 0TI<y.na HHBapnauTHOCTL cooTuomeHHH /17 I cne.u;yeT He-
llOCpe,IlCTBeHHO. 
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* IIoHBneune Y7 cKanHpHoii/ BonlloBoii tilYHKUHH B pe3ynL
TaTe nepexo.na K .npyroii cncTeMe OTC'ieTa /B cnyqae .no
cTaTO'IH9 :Maiik!_X l' I ,IlOllOJIHH~~.J:t:b~Oii __ tilj3r. /C?.f~!_!l~llP!_
Mep, /7//, KaK 6Lmo noKa3auo paHee 1 ·, ocHoBauo · Ha 
He,u;opa3yMeHHH. ,lJ;eiiCTBHTeJILHO, paCCMOTpHM, HanpnMep, 
BOJIHOByiO tiJyHKUHIO ITJIOCKOH BOJIHLI t/r '=exp(!iS.'/fl)'. ,lJ;JIH 
ee tiJa3hl S'= E''T'+ (px)'}(:_ TOr,u;a Ha OCHOBaHHH /4/ 
n /12/, nerKo uaii.neM, 'ITO S' = -ET + px X =S =·inv. 
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