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1. EcJJH cqHTaTL TCH30p :rneprHH· HMilyJJLCa O HCTOqHHKOM 

rpaBHTaUHOHHoro non.11, TO MO)KHO cy,nHTL o pacnp/[eneHHH MaccLI 

BHYTPH qacTHULI, H3yqa.11 MaTpHqHLie 3JJCMCHTLI MC)K,Ily ee COCT0.11" 

HH.IIMH. Bo3HHKaroxune npH 3TOM qiopMqiaKTOPLI Ha3LIBalOTC.II 

MaCCOBLIMH /HJJH rpaBHTaUHOHHLIMH/ qiopM·qJaKTopaMH /t-3 /_ 

KaK H3BeCTHO, H3yqa.11 3JlCKTpoMarHHTHLie qiopM·qJaKTOPLI 

1T ·MC30Ha, MO)KJIO noJJyqHTL CBe,IleHH.11 0 ero 3JlCKTpOMarHHTHOM 

pa,nnyce, npH 3TOM OCHOBHLIM MCT0,11.0M .IIBJJ.IICTC.11 MCTO,Il TeopHH 

anaJJHTHqecKHX 4JYHKUHH /HanpHMep/4/ /. 3,necL )KC oKa3LIBaeTC.II, 

qTo B paMKaX TeopHH KOHqJOpMHOH HHBapHaHTHOCTH, HCTTOJJL3Y.II 

CBOHCTBa TCH30pa 3HeprHH HMTTYJlLCa, MO)KHO ,naTL oueHKY 3Haqe• 

RH.II MaccoBoro pa,IlHyca rr ·Me3oua, KOTOPLiii nponopUHOHaneH 

npOH3BO,IlHOH COOTBCTCTBYIOIUCro MaCCOBOro qJOpM·qJaKTOpa IIpH 

t = 0. 
HacTo.11xua.11 pa6oTa noce.11xuaeTc.11 H3yqeunro MaccoBoro qiopM· 

qiaKTopa 1T ·Me30Ha H ero npOH3BO,IlHLIX. Ha 3TOH OCHOBe nonyqe• 

Ha ouenKa ero MaccoBoro pa,nnyca. ,[(n.11 3Toro npHMeH.11eTc.11 

MCTO,Il, OCH,oBaHHLIH Ha TO)K,IlCCTBaX Yop,na, BLIBO,IlHMLIX ,IlJl.11 

T•npOH3BC,IlCHHH, BKJJIOqaIOIUHX MaCWTa6HLIH H KOHqJOpMHLIH 

TOKH / 5 - 7/ H qcAT, KOTopoe HCDOJJL3YCTC.II npH BLIBO,Ile 1IH3l<O· 

:rnepreTHqecKoif TeopeMLI ,IlJl.11 MaTpHqnoro 3Jle•irenTa C M.llrlffM 

IlHOHOM, KaK 3TO ,neJJaCTCJI :•a 'MeTO,IlC TeopiiH anre6pld TOKOB. 

2. PaccMOTPHM' T·npoH3BC,IlCHH.11 MaCWTa6noro H KOH4JOPMHOrO 

TOKOB H non.11 ¢, ( x)': 

H TIK '(x)cp
1

(x
1

) ••• ¢ (x )I, 
P/l n n 

/1/ 

r)le TOKH Dp(x) H Kpµ, (x) BLipamaIOTC.11 qepe3 TCH30P 3HeprHH· 

HMTTYJJLCa.cJJe)lylOIUHM o6pa30M 16(!' ' ' . ' , 
' , , 

D (x)u-xvO (x), 
p pv 

.K (x)=2x xvO -x2 0 
p /l /l pv P/l 

/2/ 

/3/ 
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lfcxo.r..11 HJ JaKOHOB npeo6pa30BaHn.11 noneii 

[D(xo ), ¢ (x) ] .. -i( e ¢ - X vaJ¢ (x) 

[K (x
0

),¢,(x)]= -i(2x ?a - x2a -2f,1..x -2ixvI (¢,J)rp, 
µ µ. V µ 'I'µ µv 

/4/ 

/5/ 

r.r.e D H KµrenepaTopLI, COOTBeTCTBYJOmHe TOKaM D p H K fJl 

I(¢J H fr/, - CilHHOBa.11 MaTpnua H MacwTa6Ha.ll pa3MepHOCTh 

mf.ri.11 ¢. CTan.r.apTHhlM MeTO,!lOM MO)KHO IlOJIY'IHTh cne.r.ywmne TO)K• 

.r.ecTaa Yop.r.a: 

<¢r •t 0) n-1 n-1 a 
r (p , ... ,p , - I p. )=-ii[ f¢ .+ 4(n-1)+ I (e + pv --}]x 

1 n-1, j=1 J n i=l ¢J J apv 
J 

(¢ .. cf,, ) P I, 
X r 1 . n ( p 1 , .. ,, n-f 

/6/ 

ar<¢1 ·•,¢n8> n-1 . : .n-1 a 
-µ (p1, .. ,, P. 1 )- I p 

1
-k)lk 

O 
=-I.~·1 (4+E,1.. )-µ-+ a k n- i= t . . = J~ 'l'J a p, 

J 

V a2 J □ . (cpj) a (cpJ"" <pn) 
+ pi V µ - 2 P;µ (pi )+11 I µv -a- Ir (pl, ... ,pn-1 ), 

a p J a P; P;v · 

/7/ 

r.r.e qepe3 r o603HatiaIOTC.II qiypLe·o6pa·3hl BaKyyMHhIX ·cpe,!lHHX 

OT COOTBeTCTBYIOmnx T ·npOH3Be,!leHHii: 
n-;:J 

(<p •• .cp, ) i ~f, X, 

r 1 
n (p , ••• ,p )=fdxt···dx 1 e i= 1 1 <0ITI ¢1(x1) ... ¢ l(x lv /8/ 

1 n-1 n- n- n-1'' 
n x¢ (0) 110>, 

(</>ref>. 0) i~ p. x. n 
r "(pl,.,.,pn )=- fdxl ... dxn er J J <0l71¢1(x1)... /9/ 

x¢ (x )0µ(0)110>. 
n n µ 

B qacTHOCTH, ,!lJI.11 CJiytia.11 n =2 H ¢1 = ¢ ~ = ¢ ypaBHeHH.11 /6/ · 
/8/ Il03B0JI.IIIOT CB.113aTL 0¢ <1>+ ·aepWHHY C COOTBeTCTBYJOmHM 

ipeiiHMaHOBCKHM nponara TopoM 

·4 

ii (p)"= f dxeipx <0 IT 1¢(x)¢+ (0)l IO>, 
F 

/10/ 

,;, 

I 
1' 

/j 

11MeeM 

r¢</> +0> a -r (p,-p)=-i[2f +4+pV-]flF(p), /11/ 
. ¢ apv 

(g,cjJ+0) , : V a2 
~ (P,-:-P JI , = -i I (4+ ~)_a_:_+ p _.:...,__ __ 
ap'µ P=:P . apµ apvapµ /12/ 

_ L p □ (pJ+•i I<¢>L I K (pJ, 
2 µ µv ap_ F 

V 
3. «l>opMyJILI /11/ H /12/ MOryT 6LITh HCilOJih30BaHhl ,!lJI.11 

u3yqenn.11 Maccoaoro qiopM·qiaKTopa TT ·MeJona, KoTopLIH onpe· 

.r.eJI.lleTC.11 KaK MaTpH'IHhIH :rneMeHT OT 0µ(0) Me)K,!lY O,!lHOilHOH· 

HhIMH COCTO.IIHH.IIMH: µ 

/13/ <TT°rPJl0µ(0)ITT 0(p')>=0(p2,p' 2 ;t), t :a(p '-p/ 
µ 

PaccMOTpHM CHa'IaJia /HeKOBapaaHTHYIO/ <PYHKUHIO rpnHa: 

2 2 2 2 ipx-ip'y µ 
T(p 2,p'1t)aa-(p -mTT)(p'-nJ,rJfdxdye' <OITl<I>(x)<l>(y)0.µ(0JIIO>, 

/14/ 

r.r.e <I> • noneaoii onepaTop, cooTBeTcTBYJOmHii TTo ·MeJoHy. MaT· 

pH'IHLIH :rneMeHT /13/ nonyqaeTc.11 H3 /14/ nyTeM JaMeHLI neKo· 

BapHaHTHOro T ·npOH3Be,!leHH.11 KOBapnaHTHOH 7*-diyHKUHeH, no· 

cTpoennoii no MeTo.r.y, H3JIO)KeHHOMY B pa6oTe Is/ • .D;n.11 :JToro 

He06XO,!lHMO 3HaTL 0,!lHOBpeM;;~hle KOMMYTaUHOHHhle 700Tyowe11n.11 

Me)K.r.y 0 H <I> /nanpnMep, 
9 

/. OxalJ.IBaeTc.11, 'ITO 
2

•
10

: 
µv 

µ (4) (4) 
T*l<I>(x)<l>(}j0~(z)l::Tl<l>(x)<l>(y)0 µ<z)l+•if<I>7l<l>(x)<l>(y)l[o (z-x)+o (z-y)].f 15/ 

Cne.r.oBaTeJILHO, 0(p,2 p' 2 ;t) H T(pf p' 2;t) CB.113aHLI Me)K,!lY co6oii 

COOTHOWeHHeM 

0(p ~p'2;t)=T(p ;p'2;t)-ifJp 2-m;J(p '
2-m!J[i. F(p)+;; F(p,)] • /16/ 

B qaCTHO.CTH, Ha MaCCOBOH nonepXHOCTH OTCIO,!la CJie,l:\yeT: 

0(m 2 ,m 2 ;t)=T(m 2 ,m
2 

;t). /17/ 
TT TT TT· TT 
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To~eCTBO /11/, npHMeHHMoe K <l>YHKUHH rpHHa /14/, ;::r;aeT 

2 2 . 2 2 2[ V a ] ~ 1(p ,p ;O)=·z(p -m ) 2(, .. +4+p -- L'1 (p). /18/ 
7T .., apv F 

llcnoJib3 yH npe;::r;cTaBJieHHe qenneHa • JleMaHa ,lJ;JIJl L'11/p), 

i (p)= i {da 2 p(a
2 

) 
F · 2 2 • 

p -a + 'l ( 

/19/ 
2 2 2 2 p (a ) =o(a -m )+a (a ), 

7T 
2 3 (4) ,2 

a(a )= (2rr) }: o (p -a)l<0l<I>(0)ln>1, 
n/, 770 n 

nepenHweM /18/ B BH;::r;e: 

2 2 2 2 m -(flq,+l)(p -m;; 00 a(a ) 
1(p2,p2;0)=2(p 2_m2)21 7T 2 2 . 2 + f da2 2 2 • 2 x /20/ 

(p -m 77 +·u) (3m~2 (p -a -f'U) 

[ 2 · 2 2] x_ a -(f<I>+l)(p -a_ ) •. 

B lfaCTHOCTH, npH P 
2 ➔ m 2 

H, p2 '➔ 0 Mbl IlOJiylfHM OTCIO)];a: . 7T . 

2 2 2 1(m
77

,m
77 

;0)=2m 77 , /21/ 

2 
00 

2 
1(0,0;0)=2m7T (f <I> +2)[1 +m; f da 2 a (~:J ]. 

(3m J2 a 
7T 

/22/ 

OTMeTHM, 'ITO pe3yJibTaT /21/ MO:>KeT 6LITb TaK)Ke IlOJiylfeH cpa3y 

H3 /i 7 /' TaK Kai< Ha MaCCOBOH IlOBepXHOCTH 

µ 2 
<rr(p) I 0 (0) Irr (p) =2m • 

µ 7T 
/23/ 

IlpHMeHHM Tenepb To~eCTBO /12/. ll3 onpe;::r;eJieHHJl /9/ 
H /14/ HMeeM: 

((M>OJ a 2 ,2 ar ( 'JI 2p u ·1, 2 2 o,, 2pu 1(p,p ;QJI /24/ -- p,-p , = --a..-- 1P,P ; :,,- , • 
a,µ p=p (p2-m213 (p2-m2f ap'2 p=p 

p 77' 7T 

:6 

I 
\ 
I 

II r 

~-

YpaBHeHHJl /12/, /18/ H /24/ BMeCTe ;::r;aioT: 

2p i!I(p ~p'
2
;0) 

µ ap'2 

.2 2 2 2[ a I , =l(p -m )l(p -m ) (4+ f<I>)-- + 
p =p 7T 7T apµ 

V a 2 . J □ · · va ~ 
+P ---- 2pµ (p)]+¥ (2f<I>+4+p -)IL'lF(p) •. 

apvapµ µ apv 

/25/ 

OTCIO;::r;a, HCil0Jlb3YJl npe;::r;cTaBJieHHe /19/, Mbl MO:>KeM IlOJIYlfHTb 

IlOCJie HeKOTOPbIX npoCTbIX npeo6pa3oBaHHH: 

aT(i,2,p' 2;0) _....;..:_~~--, -
ap' 2 p'~pi 

a1r ,2 2,0, 
__E.____i!. ' / 
a P,2 

I ,2 2,., 
p =p 

/26/ 

=(p 2-m 2)Jda 2 p(a
2

) Jra 2-m 2 )[(l+f )p2 -(3+P )d7-(1+Pql(p 2-a2
) I. 

77 (p2-a2+fr) 77 <I> <I> 

n·epBoe paeeHCTBO B /26/ CJie;::r;yeT H3 CBOHCTBa nepexpeCTHOH 

CHMMeTpHH., B lfaCTH0CTH, npH p 2
-, m; H p

2 ➔ o Mbl HMeeM: 

a 1(m # ,p 2;0) 
2 2 

I 2 
aT(p ,m 77 ; 0) 

I 2. 2= -;(f<I>+l) 
ap2 2 ap 

P =rr P =m 7T 

/27/ 

a1(0,p 2 ,·O) 
IP2=0 = 

a1(p~ O;O) 
1µ2,.,o = 

ap2 ap2 

/28/ 
2 

2 2u(a 2) 4 2a(a) 
=-(f +1)-(2f,...t.4)m fda --..-+(3+f,... )m fda ----;r-• 

<I> · "' 77 a~ "' 77 a 

4. Ilepexo;::r;HM Tenepb K oueHKe cpe;::r;Hero 1<Ba;::r;paTHlfec1<oro 

pa;::r;Hyca 7T ·Me30Ha, KOTOpbIH onpe;::r;eJIJleTCJl qepe3 npOH3B0,lJ;HYIO 

OT MaCCOBoro cpopM·cpaKTOpa npH t = o·: 

0 , 2 2 
1 "°72 (m1T,m1T;t)l1=0 
-c = 
6 0 0 (m2 m2 ·0' 

rr' 11~ 1 

1 ' ( m ;, m ; ; t) l 1=0 

1(m 2 m 2 ·0 1 
17' TT

11 
/29/ 

r;::r;e WTpHX 03HalfaeT npOH3B0,lJ;HYIO no t • BTopoe paBeHCTBO 

B /29/ CJie;::r;yeT H3 /17/. 
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PacCMOTpHM MaTpHqHblH 3neMeHT 

i fdxeipx 0(x
0

)<P(q) ll{; (x),0
0

v (O)]jP( q')>, 

A 
r.ne P(q) O3HaqaeT npoTOH C HMilYllLCOM q , 1µ3 - TpeTLJI H3O· 
TOnuqecKa.11 KOMilOHeHTa aKCHanLHOro TOKa. CTaH,napTHLIM MeTo· 

,ll;OM C IlOMOll\LIO pe,nyKUHOHHOH TeXHHKH H qCA T 

a/LJ A 
µa 

m 2 f 
IL.II. 

y2 
<I> 

a 

Mbl MO)l(eM npHHTH K cne,ny10meMy paBeHCTBy: 

/30/ 

:if ix(q '-ql . . A 
- 17 < P(q)rrO(p)j0 (O)jP(q')>=-fdxe o(x0)<P(q)j[00 (xJ,!0/0Jlx/31/ 
'r,, out oµ /L 
v•~ ~~~ 

IIo,ncTaBmUI c10,na O,nHOBpeMeHHLie KOMMYTaTOpL/
9

/ 

[ 
A .. oA ➔ :>,,A a.s, ➔➔) 

0oo<xJ,J Oa(y)] - = -,a loa (y)o (x-YJ-'l J kB (y)-a-u (x- y 
"Q-Yo xk 

/32/ 

[0
01 

(x).J
0

jy)] _ =-ia
1

J0~(y)o(i-y)-
3
1 if] J0A (y)~o(;-y), 

Xo-YO O a a X 
1 

npeHe~peraH npH 3TOM WBHHrepOBCKHMH qneHaMH co BTOporo 

nopJl,nKa; MLI Ha:ii,neM, qTo 

if /L 
-

17
- < P(q)rr 0 (p)l0oaCOJI P(q')>=i<P(q)ja J A(O)IP(q ')·> 

yT out /L3 
p ➔ 0 

/33/ 
~ A 
-· "- < P( q) rr 0 (p) 10 (0) I P(q')>= 31 re +.3)( q'-q). <P(q)J03 (0) IP(q')>. yT out . ,Oi . lo I 

·p ➔ 0 

TaKHM o6pa30M, cquTaJI el= -3, MLI nonyqHM OTCIO,ll;a /c yqeTOM 

/30//: o 

m2 
<P(q)1T 0(p)I 0 (O)IP(q'J>= •11 17 <P(q)l7J (O)IP(q')>, /34/ 
out Oµ '1J/L-t+m2 <I> 
p➔O 1T 

r ,ne T/ <I> • HCTOqHHK non.II 1T O • Me 3OHa. 

8 

,,,. 

C ,npyro:ii CTOpOHLI, KaK HeTpy,nno BH,D;eTL, MO)l(HO npe,ncTaBHTL 
neByIO qacTL /34/ n BH,ne: , . , . 

< P(q)rr 0(p)l0 (O)IP(q')>= 1 <P(q)IT/ (O)IP(q')>x 
';;o oµ -t +m! . <I> . /35/ 
x<rr 0(p) I 0 (0) I rr 0 (q ' - q) > + .;·., 

Oµ 

r,ne TpoeToque O3naqaeT qneHLI, ne co,nep)l(amue non10ca npn 2 ' ' 
t =m . , 

If3 /34/ H /35/ cne,nyeT, qTO 

<rr0(p)l00 (O)lrr0 (q '-q)>I , 2 =2g
0 

m 2 
0 /L (q-q) =m /L 1T 

p➔ ' 1T 

/36/ 

«I>opMyna /36/ MO)l(eT 6LITL ncnonL3OBana ,nnH BL1qucneHHJ1 nenu· 

qHHLI 0 (O,m; ; m 2 ) • ~eHCTBHTenLHO. Ma TpnqHLIH 3neMeHT 
<rr°(p)l0 (0Jlrr 0{p•J> HMeeT cne,ny10mu:ii o6muii: BH,n: 

/LV 

<rr
0

(p)l0 (O)lrr0 (p')>=c
1

g +c PP +ck k +c (Pk +k P ), /37/ 
µv µv 2µv Jµv 4µ v µv 

r,ne P-=s ~ (p+p), k-=s(p'-p) , C; • <l>opM<l>aKTOPLI, 3aBHCJlll\He OT 
nepeMeHHLJXpil ,p' 2 H f,-=s(p'-p)2, 

Ci = Ci ( p2j p , 1 f ) • 

CpaBHHBaJI /37 / c /36/, MO)l(HO nonyqHTL: 

2 2 2 c
1 

(O,m
17 

; m 
17

) = m 
17 

1 22 2 2 2 2 -c
2 

(O,m ;m ) +c (O,m ;m 'l+c (0, m ;m )= O. 
4 1T 1T 3 1T 17'4 1T 1T 

/38/ 

lb /37/ H /38/ cne,nyeT: 

0(0,m 2 ;m 2l=4m 2• 
1T 1T' 1T 

/39/ 

CooTHOWeHHe /39/ BMeCTe c /16/ ,naIOT: 

T(O,m;;m!J=(4+ f<l>Jm;. /40/ 

TenepL, HCilOllL3YJI 4>opMyJiy pa3no)l(eHHJI ,nnJI T (p 
2
, p '7 t ) 

2 , 2 2 O 2 O ~2 2 t 2 ToqKe p0 = p 0 = m ·, t0 = npn p = , p = m , = m , 
B 

17 2 2· 17 11 
2 2 2 2 2 a T(p ,m11·;0) 

T(O,m ;m )=T(m ,m ;0)-m - ·a 2 I ? '? + 
11 1T 1T 1T 11 ; p p~ 

2 2' 
2 aT(lllii ,m 11il) 4 

+m Jt I + O(m 17 ), 
11 t=O 

/41/ 
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c DOMOUlblO /21/, /27/ H /40/ MLI noJiytIHM: 

a0(m 2 m 2 :t) 
11'·1r' I 

at t=O 

a T(m 2 m 2 ·t) ", "' 
at 

I =1+O(m 2
) 

f=O " 
/42/ 

H cne.n.oeaTeJILHo: 

r2

0 
= ~ [3 + 0(- 111 2 )] • 

rn " " 
/43/ 

AuanorH'iHO, HCDOJIL3y.ll 4JOPMYJIY pa3JIO)l(eHHJI ,D.JI.11 T(p~p'2 ;t) 
B TO'iKe p2=P;2=ta =0 npH P2=O,p ' 2=m; ,t=m;, C DOMOUILIO 
/22/, /28/ e /40/, MLI eH.AHM, 1-1To 3uaqeuee a T (O,O;t) I 
COBna.n.aeT C /42/ C TO'iHOCTblO ,D.O 'IJieHOB nop.11,D.Ka iJt O(m2 ), t=O 

" OT¥eTHM, 'I.TO ;opzyna ./42/ cornacyeTC.11 C pe3yJibTaTOM, 
Haii.n.eHHLIM B pa6oTe 1?.n.pyrHM DO,D.XO,D.OM. 

5. Pe3yJILTaTOM /42/ TaK)l(e MO)K}{O B0CDOJIL30BaTLC.II ,D.JI.11 
Ol(eHKH 3Ha'leHHJI rpaBHTal(HOHHOH KOHCTaHTLI CBR3H a ·Me30Ha, 
onpe.n.enReMoii paeeHCTBOM: 

<0l0 (O)la(k)>=..!.F m
2 

(g -~). 
µ11 3 a a µv r(2 /44/ 

/11/ 
.D;n.11 :noro, cne.n.y,i pa6oTe , npe.n.noJIO)l(HM, 'iTO 
0( f)s,, 0(m~!11/it) Y.D.OBJieTBOp.lleT ,D.HcnepcHOHHOMY COOTHOWeHHIO 
C O.D.HHM Bbl'IHTaHHeM 

0(t)=0 (OJ+ . ..!... { dt' JmO(t,) /45/ 
·· " 4m2 t'(t'-t -if) 

" 
tt 'ITO e Bblpa:lKelllfH ,D.JIJI Jm0 (t) HMeeT MeCTO a ".D.OMBHaHT" 
HOCTb. Tor,na MO)K}{O IlOJIY'IDTb: 

' 0 (t)=2m 2 +F G 
. " a arm rn~' 

.a 

r.ne G - KOHCTaHTa a";. "CB.ll,3H. lfa /46/ cne.n.yeT: 
amr 

F 
a 

m~ d0(O),. 
'G___ idt . 

amr 

10: 

/46/ 

/47/ 

ECJIH npe,D.CTaBHTb B /47/ 3Ha'ieHBe /l2/ G 
amr "' 2y2 m 2 H /42/, 

TO MO)KJIO nony'IHTb cne.n.ywmyro oueHKy .n.n.11 Fa 

F :: 1,1 I ::;; rn 
a TT TT 

3 I tr a 

/48/ 

ABTOP Bblpa:lKaeT CBOIO HCKpeHHIO 6naro,n:apHOCTb npoqi. 
\ 

.D;.H.EJIOXBHl.(eey 3a nocTO.IIHHOe BHHMaHHe B HHTepec K pa6oTe. 
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