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I. IIOCTSHOBIUl sanatm 

Ma paCCMOTpltM s~a-qy onpe.zteJiemm BOSMOXHWC TmIOB ym,TpaqiKOJieTo"'." 

ma: acm.urroT:r.m ~ o,ItHoi:mcTJiitlllliX H BHcmBX <I>YJllCilRil I'pmra B RBaHTOBoit 

Teopo: llOJI!l. Onpe,IteJie:HWi TaroIX aCil!MilTOTmt, OCHOBSHHHe Ha ROHKpeTHHX 

MO,IteJIJDC JiarpawmaHOB CWll,HllX BSSRMO,IteitcTBHI, HCllOJil,SYJ.)IllHe paSJIHtmlle 

I'mIOTeSH O CTPYKType p!lSJIOZemdt TeOpmt BOSMYllteHHI H MeTO,Itll BX CYM?,m

poBaHiD!, B noCJie,ItHee BpeMll llOJI!,SYJ)TCll oco6eHHoit nonyJISipHOCTbll B CM

SH c npo6JieM8.MJ4 aBTOMO,IteJll,HOCTli H MaCWTa6HOit HHBSpHaHTHOCTH. 

B OTJilNl!:e OT YllOMIIHYTBX HCCJI8,ItOBrumil,Mll He 6y,IteM paccMaTpHBaTL 

ROHKpe'l'BWC .narpruumaHOB H CYMMJIIJ)OBaTL ,ItHarpru.ooi <reimMalla. BMecTO 

aTOro 'M1i 6y,IteM HCXO,ItHTL HS 6oJiee 0611lHX CBOitCTB RBaHTOBOit Teop:.m no

JISI, CKOHIJ;eHTPHPOBaHHWt B <pYHitIXl!OHSJILHHX ypaBHemmx peHOJMMHSSUHOH

HOI rpyIIIW. 3THM nyTeM wi YCTaHOBHM CMSL cTenemmx aCHMIITOTHK cf>ym<
nmt'I'pHHa C acm.mTOTH1leCKm4 llOB8,It8HH8M mtBapHSHTHllX sapa.ztOB H xapaK

T8poM nepeHOIJMHpoBOR KOHCTSHT CBIISH. 

OcHOBHrut qacTl> HCCJle.ztoBSHHSI (pas.iteJIH 3~4) co,1tepuT aHa;m:s pememtl! 

<pYBKD;IIOH8,JIJ,HHX ypaBHeHd ~'O,ltHOSSpmHOI peHOJ)MSJIHSSilHOHHOI rpyIIIlll 

(xueD~ea, xanpuep, uecro B cnHHOpHoff aneKrpo~HHaimxe).3rH peaynL- · 

TSTH,O,JtHSKO,CSes TPY.ltS nepeHOCIITCII HS MHOr038p!J,I(ffYll rpynny, KOTOpasl 

MOZ8T lilM8TL MeCTO B T80pml C:l!Jll,BHX BSam&>,lteitcTBH!. CooTB8TCTBYJ)~ee 

o6c~emte C0,1t8pmt'l'Cli B pas,1teJie 6. 

2. ~_ymg:ptOHBJU,HH8 YpaBH8Hlffl peHOp.18Jll13at[HOHHOI rpYIIIIll(Pr) 

3TH ypaBH8HJUI JD3Jllll'.lTCII CJl8,ltCTBHflMH MYJILTmtJIRKa.THBHO! C'l'PYKTYPH 

nepeHoPMJ!poBOK RBSHTOBOI -Teopa nOJI!l. Omt pacn~amca Ha ,ItBe rpymm: 

a) ypaBHeHU wm: :mmapHaHTBHX SSJllJ,ltOB H 

CS) ypaBHemm ~ cf>~ I'pHRa. 

Hm!apaaHTBHMK saJllJ,ltmm H83HBallTCJI TaKHe npom:sBe.n;emm oCSespas-

. Mepemmx <pYBitUd l'plma liI KOHCTSHT CBIISliI (SaJllJ,ltOB), KOTOIJl8 B ,ltaHHOM 
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BSpHaHTe Teop:m nOJifl ocTamCII mmap:e:rurr:am.m np:e: MYJU,TIUIJimtaTHBHHX 

npeo6pasoBSHWIX sapg,ItoB H ~ lprna. 

TaK,B cmmopHOi\ M8KTp0,Itmla.Mmte 8TH npeo6pasoBamm .COCTOllT :li3 

npeo0pa30BaHHn nancoHa 

'D-tr-~;iqr , s ~ :c;.i s , r _. ~ j_ r (2.I) 

H "KoMileHCllPYD~ero" npeoOpa3oBaHHll KOHCTaHTl:l CBll3H 
-2 2. 

o( ➔ :C1 22 ..l.3 ol., • (2.2) 

3,Jt8CI, ~r- nonepellliru! 'iSCTl> IlOJIHOit qx>TOBHOi\ qJym<Itml rpmm, CX:= e.1/4'.JT, 
S H .[' - eJieKTpoHllltll nponaraTop H Bepnmmaa: qiymanm. B CHJIY TOlt-

.I(ecTBa Yo:wi;a ~ 1 = :l. 2 H npOH3Be~- ii&< 

of.. D-t'r - o( Dtr 
(2.3) 

OK831:lBS8TCII mmapKaHToM npeo6pasoBaHJM. 

~YmtnHOHaJlI,Hlie ypaBHeHmI 061:lllliO SanHCHB8.llTCII ,JtJI!I 6espasMepma 

CRaJlllpmct KOB@llmHeHTOB qiyHKIOOi l'plma, pacCMaTpHBaeMHX B HMIJYJlI,CHOJ4 

npe.I(cTaBJieHD. lJm qx>ToBHoro nponaraTopa 

ll\n 1 'ti< k"'k.~ D c.k) =--;- (q "--) dCk2:,o1) 
tr k f-1£ O k.2-

TSKO! BElJllroIHoi.t SIBJilieTCII d. (k 21 o1. ) • 3TH 6espasMepHHe BeJmlmHH, 

HBJIJilllll]1[eC11 <l>YHKW'lID4R m,myJ,II,cOB H o( , onpe.I(e.neHH Ta:KHM o6pasoM, 

'iTO B Hl!Sme111 np:e:6.mmeHl!l! Teop:m BOSMYJlleHl!i\ 0ml paBHH e.ztmnme. Ha -
npmiep, 

d(k2,o1.""'o) =i, 

Co,1teplmUtH8CH B HHX PWtanaomme nonpamm IlOCJie YCTpallemm pacxo

,lll!MOCTeit co.I(eJlltST KOHellliHtt npozsBOJI, KOToptll MOmro HcnoJ,II,soBSTI> ,ItJ,m 

Ho,PMKpomm llX Ha e,ItHHRD;y B HeKOTopol TO'iKe k2.= '). 2 
, T.e. 
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d ( k2.= '). 2, ot)"" :i. 
~2 , 

To'IR8 BH'mTaHHSi A JIB.m8TCII .1(0Il0JIHHT8JII,BID.4 apryMeHTOM qiym<IOm 

d__ , qmtCHpYJllltW,1 nponem1py mroITaHWI. 0,I(HO'iSCTH'iHH8 qiymanm I)m-

Ha np:e: aTOM saBHC!IT oT KB8JtpaTa 4-mmyJI:E,ca k 2.. , TO'llU! BWmTSHlill ). 2., 

RB8,Iij)8TOB MSCC 'iSCTRD;. 111 Z. , • • • H ItOHCTaHTl:l CBIISH o( • 

C y,18TOM coo6pru1temti1 paSM8pHOCTK nOJiy-qae111 ,JtJI!I qx)TOHHOi.tqi~ 

I'plma 

( 
k 2. 'm2. ) 

d:,d y'~'~ 

y CJIOBKe HOJ)Mllp0BKR npHHnuaeT BH,11; 

'h12. . 

d. (i' ""i2) ol) == :i. (2.4) 

Bepmmme H mcmne <I>YHKlllllI fpRHS, B8Bl'ICllmll8 OT 60JII,lllero 'iHCJia 

Hesamicmmx HHBSpmuITHWC m.myricma: · apryiieHTOB k,2'' , · • • . k; , 6y:.. 

.1(8M npe.I(CTSMIITI, B mme 

Ilpll'i8M 

,.·°?•• !.·•· 

k2. . k 2 2 

f( t)··· /I°;_, ;,_,o{) 

f ~~. . 
j-(.1., ..• i, 2 , o1..) = l. 

'), - ,, 
\ . -~ 

B 8TBX o6oBH8'i8HmlX 4lYHm:OIOH8.lII,Hli8 ypaBH,!'lm!ll: 1T Mil !pj'HlttJ;lIH 

I'pRHa ClllIHOpHOfi 8Jl8It'l'po~ npmnwam mr,u/1•21; 
, . 

d.(.x.,~,o1.) = cL(t_,~,~ Jd(;, f ,ot.d..l.,t,~,."o). (2.5) 

•""' 
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(2.6 ) 
s(o::>-a,o1) = s( t:.,~, o1) s ( ~,;., _<><d. (t,d ,o1.J) 

f (X.1,':X: 2 ,:X:3 , 'J, ~) = 
(2. 7, ) 

=I'(t.> t, t, LI Jal) f (. :X'i, ~, ;>:;:r, .Ji.., o1.cl_ (t_,L(,o{) 'i 
Q -t t t t Q /• 

3,D;eCI, & H f - CK8Jlll]lH!le COCT8BJIJD01111iie MeKTpOHHOI'O nponaraTO

pa H Bep!lHHHOI ~. 

llpoHSBe,D;eHHe 

J ( ;;x:, ~, ol ) ;: o(_ d. ( oc, :J, ~ ), (2.8 ) 

COOTBeTCTBYllltee (2.3), JIBJilleTCII mmapHaHTHllM SaPl!,ItOM H HrpaeT Bll,!l;eJieH

HYJ) poJII,. ~~OHaJII,HOe ypaBHeHHe ,nJIH Hero OK8S!lBaeTCII SaMKHYTHM 

yCx,d,oi >=IC~, t ,! (i,';J,olJ ). (2.9 ) . 

B TO ze BpeMli q>~oHaJII,HHe YpaBHemm .nm:i ocTaJII,Hl:lX q>~ I'pmia 

(2.6), (2.7)· CO,D;eJ)E8T HH!apHaHTHWB sapm. 

!HaJrOrH1mEUI Kapnma l!M88T MeCTO B T80JlRIDC, CO,!l;ep!t81l!HX ,D;Be H 

60Jiee ltOHCTSHTH CBR:Sll. TBK, HBDpm,aep, B Teopm1 MeSOH-HYKllOHHOI'O 

BSSHMO,D;elCTBH.11 C JiarpaHD'lHOM 

"' w S"➔ .,, , ➔ h C - --+ 2. 
~i:"1: -= J r. o 1: ::r 1P + 'f 'f) (2.IO) 

BOSHJIRallT ~ mmapuHTmcc sapma, COOTB8TCTBYJJl!IH8 peHOIJ(aJll't38nHOHHO

-mmapilBHTHHM llp0Jl8B8,!1;8HJIJIM 

~2r2s2.i1 1.-1 h. OLl~ (2.II) 

r.I(e f - llHOH-B,YlfJIOmml 3 -B8JlT8KC 1 $ - HYKJIOHHall q>yimnJitll I'p11Ha, 

fl - n:e:ommH ~ I'pmm, a O - qeTHpeXIIlloHHHil BePTeKc. B aTOM 

c.nyqae HHBapi18HTHll8 Sapll,ItH He COBna,n;am C KSimMH-Jm6o q>j'HKURJIMl'I I'pK-

6 
I 
I 
I 

Ha n JIMlIIOTCfl nx npoasBe,neHHJIMI! ( cM. /J, 21) 

J ( x,~' f·, J,. ) -= 2 z.I'( x,d ,[J2, J,) s~(x,~,f/, J, )L\ (x,2J'J/, ii i2.12) 

n{x,Y,§~I,}= h.O(x,~,f·,h)Li\:x,?j,?j~J..,). 
l. o (2.I'.3) 

r 2 ' 2 
3,necl> - ( x, ~ , 8 , ~) n D ux::, ~, § , I,)- cID11MeTpJ11Jlille Be JXIIUHlille qiymm;,in, 

HaIIpHMep, 

.r: ( X, d , ~ 2 
J h ) =. f ( X ,:r, -X, f, ),, ) • (2.14) 

YpaBHeIIID! .nm:i mrnapHaHTHHX sapimoB rrpe,ncTaBJlJIJOT co6oiil CHCTeMy 

,D;Byx CBJISaHHHX qiymtnHOH§lJ.ll>HHX ypaBHeHHfi. 

-J(x,u,~{, h) = 5(::;' f ,_set,;)'~~ i,;, L ("t.,;J,;j ~ t,Jj (2.15) 

1l :x, ~ 7 ?)-2 , h) : ~ ~ f , ~ j 5 (ti d, ;f 2, h ) , 2 l t,:}, y ~ hJ) . 
---- (2.16) 

YpaBHeHHJI .nJIH o,nHo~aCTH~lillX ll BHClllllX ipyHRIJ;mi rpHHa,IlO~OOHO 

(2.16) H (2. 17), co.nep;KBT HHBapHaHTHI:le 3apsmu. IIosTOMY amunrn qiymtnHo

HaJILHHX ypaBHeHIIB CJie,nyeT Ha~UHaTI, C pemeHHJI ypaBHeHHil .n,7IH Ta.KHX 

3ap1!,D;OB. 

3. Peme:ime mymmHOHaJILHOrO ypaBHeHHJI JlJUI HHBapnaHTHOrO sarnna 

YpaBHeHHe (2.9) MOJll'.8T 6HTI, pemeHO B oomeM BH,ne MeTO,!l;OM, npe~

JIOJiteHlillM A. B. OBCIIHHHKOBwl 4 /. .Il,RqxpepeHUHpyJI era no t R IlOJiarruI 

saTeM t =- i , noJiyqaeM 

[ o. o o] .XOX-t"dO;f -<.p(~,Ol.)Od .5(:x,;:;,.:x)= 0, (3.I) 

npnqeM 
oJct,~, o()) 

<pl<f 1o{)-=- at t=.i. (3.2) 

YpaBHeHUe (3.1) ecTL ,n;Hqxl>epeHUHaJII,HOe ypaBHeHHe B qacTHI:IX npOHS

~O,D;HWX. YpaBHeHU/! raKoro THIIa ,D;n/! HHBapHaHTHhIX 3apll,n;OB H ~YHK~Hn 
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I'pHHa Oy)leM Ha3HBaTb ypaBHeHHHMH OBCJUlHHKQBa *). 

C<m:Trui: tp(j,o<) H8BeCTHOH qiy~eil:, MOJKeM paccMaTpHBaTI, (3.I) 

KaK .mrnemme ypaBHemre B 'l8CTHllX npoII8BO,I(HllX. .)(Ba nepBllX RHTer-

pa.n:a Mf@Jepe~aJII,HHX ypaBHemril: xapa.ItTepHCTlIK 

dx = ~ = _ do1. 
.x. ~ r.p lfj,o1.J 

MoryT 6HTI, BH6prurn B BH,Ite 

!=C.1, if?cd)cx)=C2, 

r.zte SP - HeKOToprui: 4JYHKinm, ,ItJIJI JIBHoro onpe,1teJieHHJI ItOTopoii Heo6xo,ItH-

MO lICIIOJII.80BaTI, JIBHUll BIQt 4JYHRUID'I 'f lI pellillTI, ypaBHeHHe 

do< +- p<~)"o-= D • 
d d" :J 

TaJWM o6pa80M, lICKOMWI 4JYHKilIDI S MOl!teT 6UTI, npe.ztCTaBJieHa B 

B~e 

JC.x,~,~J = <1?
1

(!}P(f:!)o1.>), 
(3.3) 

r,Ite <Iii - IIpolI8BOJII,H8JI 4lYHialIDI CBOHX aprYMeHTOB. HCIIOJII.SYeM TenepI, 

BUTeICaXl~ee lI3 .(2.4) ycJIOBHe HOpMHpOBKH HHBapHaHTHOro 3apJI,D;a 

J(i,if)ol.)= o<.. 

(3.4) 
Paspem8JI ,I(JIJI 3TOI'O IIpaBy.BJ 'laCTI, (3.3) OTHOCKTeJII,Ho BTOporo a:p-

rYMeHTa 

-.i ~ 
~(y 1 cx) = ~.i (-;;; ,5 (x):J1~J), 

IIOJIOl!tlIM ~ = :i • C Yll8TOM (3.4) H8XO,Itl!M <ti= ;p-j 
.1 . 

(3.5) 

*)IIo,l\oelHu·e ypaBHeHHH Ha3HBaDT TaKxe ypanHemi:RMH KannaHa-CIDJaHQHKa. 
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YpaBHe1me (3.5) IIpHHHMaeT B~ 

cf> (~,o< > = qj l;_ ,gCx,d,.>1>). 
(3.6) 

wy~OHaJII,HOe cooTHomeHHe (3.6) .ztaeT HaH6oJiee o6~ee peme1me ypaBHe

HHJI (2.9 ). CorJiaCHo (3.6), BCJIKOMY pememm 5 ypaBHeHHJI (2.9 ) 

COOTBeTCTByeT HeKOToprui: qiyHKI:tM ,ItByx aprYMeHTOB cpl~ , o() ' TaKaH' 

'ITO 3TO peme1me HeJIBHO orrpe,IteJilieTCff H8 YpaBHeHHJI (3.6). 

CrrpaBe.n;mmo lI o6paTHOe YTBepl!r,D;eHHe: KaKOBa 6u mr 6HJia 4JYHKUIU! 

q> (~ , ot) , o6paTHMaH OTHOCHTeJII,HO BTOporo ap:ryMeHTa, YpaBHeHHe 

( 3. 6) onpe.zteJilieT <pYJOOUOO J ( x., fl, o1.) , Y.ztOBJieTBOpi!BlltY.BJ <pYHltnlIO

HaJII.HOM,y ypaBHemm (2.9 ). ,UoKa8aTeJII,CTBO 3Toro YTBepi;meHHJI CBO,ItaTCff 

K PH.ztY rrpocTHXMaHHIIYJIR~Hil c aprYMeHTaMli ypaBHeHHJI (3.6). 

KaK yl!te OTMe'laJIOCI., ,I(JIJI orrpe.zteJieHHJI JIBHOI'O B~a qiy~ ciJ • a 

CJie,ItOBaTeJII,HO, H JIBHOI'O B~a 3 , ,ItOCT8TO'lHO' sa.n;aTI, if ( ~, ol) • 

IIepeH,I(eM K paccMOTpeHHIO YJII.TpaqJHOJieTOBoii aCHMIITOTIUG'I. KOr.zta 

lk2.I ~ ).2 » »,2. 

B 3TOM CJiy'Jae MaCCOBWI rrepeMeHHM 

2. 

I.{= ~ <.< .:1. 
(} )- 2. 

Burra.n;aeT H qiy~OHaJII,HOe ypaBHemre (2.9) ,I(JIJI 

i (x,o1.) = § C.x.1 01 ol} 

IIpHHHMaeT B~ 

5Cx, oi J =- ~ (~ .1 3 U-)"'->J. 

(3.7) 

(3.8) 

(3.9) 

Jln@)epe~pyJI ( 3. 9) IIO t, IIOJiarrui: t-= i, IIOJiy'laeM ypaBHeHHe OBCllHHHKO

Ba 

L- 'v O J 0:.-fx. - <p(~J'"ilo. J (.:x:,~J = 0, (3.ID) 
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r~e 

061llee HeHop.mpoBaHHoe peme1me KOToporo RMeeT Bn,n; 

} (Z,.oi_) = <P._ (f...,x, + ?/!(olJ) 
2 '/, 

p2. - IlpoRSBOJII,HaJI qiymcrwi' a 
o<'. 

,,,1 -j dct. ·"L(a{) - --
c. <p(aJ 

a-:? (:x>oi.J! 
'f(o<)= OZC. X=.i. 

.lfCIJOJII,SyJJ YCJIOBRe HOpMHpoBKR 

J(i,ol.)=~, 

Haxo,nRM, 'ITO <1?
2 

= :1:-1, T.e. 

.1 . 
$ ( X > ol.) -= lJ!- ( ¼ :X: + 1j (ol) ). 

(3.II) 

(3.12) 

(3.13) 

(3.14) 
Rax H B o6nteM CJiy,:Iae ( npn ~ f- O ) , s~a1me qiymunm t.p ( T. e. 

Ilp0R8BO~Oit O 3 /ox B TO"<JKe HOpMHpoBKR ~ = 1. ) IIOJIHOCTl,JO OII-

pe~eJilleT peme:ime. 

.lvm aHBJrasa acm.mTOTR'IeCKOI'O IIOBe~eHIDI s YpaBHemm (3.14) y~o6-

HO npn.n;aT1, ~yr.YD qiol)MY. Sanncimari: (3.14) B Bn,n;e 

7P (3 (a;>o1.J) - ~'(o() = e,,, ;x:., 

C Y~eTOM (3.12) Il0Jly,i88M 

J c~>o(J 

J da... =- &,,.x._ 
'f (a) 

at . 

- Trut Has:imaeme YpaBHeHRe renn-MaHHa-lloy / 5/. 

(3.15) 

(3.16) 

Peme1me (3.15), (3.16) JJBJilieTCJJ tJacTHHM CJIY~aeM o6mero pememm 

(3.6). Ilepexo~ OT (3.6) K (3.15) OCYm8CTBJilleTCll TIYTeM npe~em,Horo 
rrepexo~a 
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, ;-} . 

1J!(o<) = e1·m l.-i. <12 <21>,x) 
~--o !1- (3.I?) 

0rM8TRM eme, ~TO pemeHHe B qiopMe (3.16) MOXeT 6UTI, TaKXe nOJiy~e

HO HS (3.9) M8TO~OM, OIIHCaHHUM B
1612( )lHqiqiepeffitl'IPYJJ WIil SToro (3.9) 

TIO .::t R IIOJiaraJJ saTeM t= :i ' IIOJiy~aeM ~RqiqiepeHURaJil>HOe rpynnoBoe ypaB

HeHRe JIH 

tJ;j~ = _j_ f {_r{x,->J>). ox <X.. (3.IS) 

llHTerpaJI STOI'O ~qiqiepeffitl'Iam,Horo ypaBHeHIDI nepBOI'O IIO~Ka, 

y~oMeTBOp!IJDllll,til YCJIOBUJO HOpMRpoBKll (3.13), RMeeT ~ (3.16). TaKRM 

o6pasoM, ypaBHeHRe OBCJJHHRKOBa (3.IO) H ypaBHeHHe (3.I8) TIOJIHOCTI,JO 

aKBHBSJieHTHH ~yr ~pyry, npe~cTaBJISIJJ co6oit paSJIHtiHUe .qiop,,H ~qiqiepeH.,.. 

~Horo rpyIIIIoBoro ypaBHeHHJJ. 

KaK Bn,n;HO R3 ypaBHeHm:i ( 3. 16) , acHMIITOTRKa npR & DC ~ 00 

COOTBeTCTByeT pacXO.I(IDAOCTR RHTerpa.r.:a, 

BepXHeM npe~eJie. BoSMOlltHll Tpll CJiyllWI: 

CTOJJmero B JI8BOit tffiCTR, Ha 

I) eCJIR 
~ 

J do.. -=- C = .e.,, X -~ 
ci. <p (a) 

-<::,. oO, 

TO TeopIDI BHyTpeHHe npoTRBOpetmBB., Talt KaK 

g(x 00 ,o() =oO. x°" < = >. 

(3.I9) 

a o6JiacTI, RMIIYJII>COB X > Xc,0 He OIIRCUBaeTCJJ Teop11eil. HMeHHo Ta-

KOit CJiy,i8it COOTB8TCTByeT Tpy.i,;HOCTR "npn:apatrnoro" IIOHDC8j 

2) Ilpll 
00 

j d.a.. = oO 

cpui > 
c/.. 

II 

(3.20) 



rumapnaHTHllit sap!J.It Heorpa:imtiemro oospacTaeT 

l·m s c-x) oJ.} = o0, 

x-oo 
(3.21) 

lI Mll npmco~ K O6H'IHOit KapTlIHe C 6ecROH8"IHID.ffl ROHCTaHTmm nepe

HOpM!rpoBIW, COOTB8TCTBYIOlll8it HlI31lIRM npn6nlIE8Hllflll TeOplIH !O3UYl!leHHRJ 

3) ec.,m xe 
<Xoo 

J d..a.. = oO' 
Cf (a) 

ol. 

np1,1 o<
00 

<. oo 1 

TO acHMIITOTlIKa lIHBapHaHTHOro 3ap!J.Ita ROHe:<ma 

J ( 00 > o() = otd. ( 00 , o/. ) :: o( ob < o0. 

(3.22) 

(3.23) 

9TOT CJiyqait COOTB8TCTByeT KOHetmoit nepeHOp.mp0BKe Rlla)UlaTa sap!J.Ita • 

.n,m OCYJ!l8CTBJ!8HR!l (3.22) Heo6XO,Itm,'IO, 11TO6Il ipyHitnwl <p(ol) B 

TO'IIK8 o(.::. ot c,Q ~OCTaTOtmO 6ucTpo o6paDtaJiaCl, B B:YJil> 

{f(CXo,:,)=Q. 

(3.24) 

CJiyqait (3.22) pea.misyeTC!I B MO~eJIH ,ltJili !pOTOHHoit ipy~ I'pn

Ha, pacCMoTpemroit B pa6oTe EoroJill6o:ea, .IloryHo:ea, IIIH:pxoBaf 7 I. 
:&:lpagemi:e ,ltJili d.. c.:x: ) ot ) TaM 6WIO IIOJIY118HO IlYT8M cYJ,WHpo:sa:mm: rJiaB

HIJX JiorapHqt.m118CIDIX 1IJI8HOB TeopHH BO3M,y~emtii no~ SH8KOM cneKT~ 

Horo npe~cTaBJiemm tJeJlJieHa-JleMSHa K noCJie,eyDJ.(ero npne~emm ero K 

peHOpMaJIH3anHOHHo-mmapllaHTHOit ipop.1e. OROH118T8Jll,Hllli pesyJil>TaT lIM88T 

B~ 

JJT "3Ti J (X, ol.) = +-
j(o1)--e_, 'X. i.- exp [fco1.)- -lvix J, (3.25) 

12 

Ilpll'lSM IPY~ J HeJIBHO onpe~eJIR:eTC!I ll3 ypaBH8HWI 

~= 
3;n 

1. i 
-+ 
fco1J i - expJco1. J 

lI 06Jia,D;aeT CJI~ CBO!CTBaMH: 

a) MOHOTOHHO y6u:saeT npll oi>O 

6) IlpH M8JIHX o1. f(o1.) ~ 331ol-i 

B) IIpH ol. = 3J"i HM88T IIOJillC 

j(ol).~ 3.Ji 
ol. - 3'.Ji" 

B COOTB8TCTBlIPI C (3.27) npll M8JIUX o( IPY~ d__ 

lex,"'-> = ~ 4'..-x 
1 - 3:n-

+ ;:r,.-x.o1-1 -

o:-exr c~) d. • 

1 

(3.26) 

(3.27) 

(3.28) 

m.reeT B~ 

(3.29) 

&ro Bllpalt8Hll8 OTJilI1188TCII OT IIOJIDCHoro npH6JllIX8HHJI BTOPlilM 11JI8-

HOM, ROTOpmi y61rpaeT "npK3patmU!" IIOJIDC lI IIIJHBO~T K KOH811HOMY SHa-

118HlD:l aClIMIIToTK11ec1t0ro rumapHaHTHOro sapma 

J ( ob )o() = o<c,() = 3'ri. 

~~ 'f (ol.) , BH'UICJI8HHWl 1!3 (3.25) B OKpeCTHOCTK 

HMeeT HYJil> BToporo IIOp!J.ItK8 

(3.30) 

oc ~ cxol>, 

lf(ol),::,, c~- cx.,.,/-
7!r. (3.31) 

B ~HebeM MU l'ISY'll™ pememm ipymtllHOHSJil,HIJX ypanHemtlt wm 
ipymtllHit I'plma B YJil,Tpa!pHOJI8TOBOit o6JiaCTH B npe~noJIOXeHlIH, 'IITO 

13 



HHBapHaHTHHR 3apHA IDleet KOHeqeyD acmmTOTH:ity (J.22),(J.23), HH6o 
6ecxoHeqHYD acmmTOTHXY (3.20), (3.21). IloAqepxHeM, q70 3To npeA-
noHoxeHHe m,:eeT rHIIoTeTHqecKHR xapaxTep H He MOXeT 6HTb CKOHbKO
HH6YAh H~e:mo o6oCHOBaHo Ha OCHOBe HHc{lopManHH H3 TeopHH B03MYmeHHR. 

4.PemeRHe dlyHKIIMOHanpRHX ypaBHeHRR XHH OXHoqacTHqHliX 
dlyHKmtR rpHHa B VHbTpadJHOHeTOBOR o6naCTH 

B o6HaCTH IDmYHhCHHX apryueHTOB,MHOro 6onLmHX no cpaBHeHHD 
. 2. 

c lYI, cf>YHKnHOHaHDHOe ypaBHeHHe (2.16) npHHHMaeT BHA 

sex. o(J =- sct,cJ.) s( ::- , J(t,o1.>) . 
( 4.I) 

.nu~epeHnHPYH ( 4.I) no t H noHaraa t = i , nonyqaeM ~~epeHnHaHLHoe 
ypaBHeHHe 

[ x. ?J°x_ - <fCc1.J o! -1f!Co1.J] .scx.?cJ.J = Q 

npaqey 'f onpeAeHeHa B (J.12), a 

yco1.> = ?J e., sc ;x,ci.J I 
1x / X=i.. 

BBOAH o6o3HaqeHHH 

L =- ti. x.. ., SCL,) o1.J = t,,,, s c.:x.., ~ J, 
nepenHII1eM ypaBHeHHe OBCHHHHKOBa (4.2) B B~e 

ct ll,.J.i _ <fl"'} --a Scl.,ri;-=- 1/'C"'-). 
o~ oo1. 

06~ee pemeHHB YPBBHBHHH (4.J) npe~CTaBID,10 B BHAe 

c( "' 

( 4.2) 

( 4.J) 

SC L, ct J = {j ( L.. +-j d.a. ) - j,pca.; do._ ( 4.4) 
ff (a) f'{a..J ., 

,.._, C C 

rAe 1f'-npOH3BOHDHaH cf>yHKnHH. IlepBHR qHeH npaBolt qaCTH npeACTaBHHBT 

co6oa o6~ee pemeHHe OAHOPOAHOro ypaBHBHHH, COOTBeTCTBYD~ero (4.J). 

B COOTBeTCTBHH c (J.IO) H (J.II} OH Moxer 6HTb npeACTaBneH B B~e 

14 

1· 
I 
I 
II 
i. 
\ 

I 
,j ii 
::! 

,. . ,, 

j 

r 

-ij ( '-1 -1- ~(cl})= tn. Q CJ(X.,o<J), 

IloHyqaeM °' 
S(X.,ol) = Q (J.Cx.,ou) exp {- J 'l.Jl(O..} da..J 

c. tp(a-' • ( 4.5) 
IlpHHHMaH BO BHHMaHHe ycnoBHe_ HOpMHpOBKH 

S(1,oi.)= i, 

npeACTaBHM (4.4) B BHAe 
.f CX,ol J 

(4.6) . J 'f {O..,J .s (.x, ol} = ex i' •-- da_ . 
<p(a.; ... 

· cf>opuyHa ( 4. 6) npeACTaBnaeT co6ott aHaHor ypaBHeHHH renn-MaHHa
-noy (J.16).'0Ha BeCLMa YA06Ha AHH HCCH8AOBaHHH B03MOllCl!HX YRLTpa-

qmoneTOBHX aCHMnTOTHK cf>YHKnHH .s (X.,.J.) • 

OrpaHHqHBaHCL CHaqana cnyqaeM KOHeqHoro acHMnTOTHqecKoro 3Ha-

qeHHH HHBapHaHTHOro 3ap~a (J.22),(J.23),nonyqaeM CHe~nmue B03MOX
HOCTH: 

a) HHTerpan 

.lo 

ex.,.. 

-= J 'f'Ca.J d.o__ 
oJ. I.fl (a.J 

CXOAHTCH Ha BepxHeM npeAene. B 3TOM cnyqae 
o("" 

n. Q («oo) s 1../J(O.) 
tAm S(.x,o() = .. . . = exp -- da..., 

Q (oi) o(. Cf to..) 

T.e. cf>YHKnHH rpHHa CTpeMHTCH K KOHCTaHTe; 
6) HHTerpaH I

0 
pacxoAHTCH Ha BepxHeM npeAene, OAHaKo HH-

Terpan 
O(oO 

I =-J "!J(O.J-'f(c<.,,,) do_ CXOAHTCH. 
f lf'(O..) 

o(. 

( 4. 7) 

15 
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,, .. , 
;. ' 

ITpoHSBO,ll;H B (4.4) ~YHKnuoaam,HyD 38.lleHy 

ili c x: > -= 2, 1flrx.,,, > +-~ c2·J ; "JI! c L +- PV><) J:: t.,, Q er J' 

rrpe,n;cTaBHM (4.5) B Bn,n;e 
. - J(X,°'J . 

"!JI(«.,,) y.,(c( ) • r 
&cx.,.,i.) = X Q(I) = X ""e::K:f'J 1Y(<U-1.f,{«.,,)do..., 

Q(oO lj/(c:U 
ol. 

npHttiiM 

-y,cc(.,,,J I 
sc.x.,o< J ~ .x ex? .J.. 

TaKHM oClpasoM, B ·c.nyttae Cl) ~YHKnHH rpnHa HMeeT CTerreaHoe aCHMIT

TOTHttecKoe ITOBe,n;eHne. IloKaSaTeJib CTerreHH ipCcxae) Has1rnaeTCH aHoMaJibHOll 

pasMepHOCTbD; 

B) HHTerpan Io pacxo,n;HTCH,H ,n;na.ero CXO,ll;HMOCTH "o,n;Horo BH-

'IHTamrn", npoae,n;eanoro B ( 4. 7) ,ae,n;ocTaTottno. B STOM cnyttae Ha cTe

rreHHYD aCHMITTOTHKYHaKJia,JJ;WBaDTCH Clonee cnaelue norapH~MHtteCKHe SaBH

CID.!OCTH. nna RX onpe,n;eneHHH HeoClxo,n;HMa KOHKpeTHSanua rroBe,n;eHHH ~YHK-

nnn ipCot) OKOJIO o( = oc:..., • 
PaCCMOTPHM B KatteCTBe HJIJil)CTpanun Mo,n;eJib (3 .25), B KOT Op on <p 

HMeeT HYJib BTOporo nopa,n;Ka B TO'IKe a("° • B 3TOM c.nyttae HHTerpan 

.J 

J 1f {a)-lf{o(,,.,) da. ; 
<f (a) 

"' 

J 

3r.j y, ca..1 -v,r« ,..J dQ. 
"' (a.-o(,.,,.)1 

pacxo,n;HTCH npn J➔ o(oO • OH MOll:8T Cl!ITb c,n;enaH CXO,ll;ffi!IHMCH nyTeM 

,n;oClaBJieHHH K Heuy ttJieHa 

:J 

- 3r,J 1f'{«ao) da..,-= - 3:r.7t'(o<,,,,) I.,, J- «co 
a..- o( ot - o<oo 

c,( "" . 

IlonyttaeM B pesyJibTaTe 
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Jmf'trxa0J 
1f(ol..,J[ D(oo-]C:x.,ol)J Q (] {:X,olJJ, 

..S(X
1

oO-=.;x.. . Q-(o<) (4.8) 
o(cb - ol. 

r,n;e 

- .J 
Q(j) [ J I --=-- .::: ex.p Y,(a)-tp{o!.ob)- Ca.-o<ao),P(o<.,,,) da...~ 
q_ (cl) 'f (a. .J 

~ . 
nonOJIHHTeJibHllll MHODT8Jlb B npaBoll ttaCTH ( 4.8) rrpH 0:: ~ oO 

c noMOlllhD (3.25) uoxeT ClhtTh rrpe,n;cTaBJieH B an,n;e (kx.F "l>nlf'. TaKHM 

oelpasou,rrpn ~- 0Q 

?f{ol00 ) -3:n"lf'1(~,..) -

.scx..,o1;-.x {-tnx) ~{o(...,J 
Q(oi.J, (4.9) 

OClpaTHMCH K CJIY'IaD CleCKOHettaoro HHBapHaHTHoro sapa,n;a (3.21). 

ITpH,3TOM ~YHKnHH ~(a.)/a., orrpe,n;eJIHDntaa aCHMITTOTHtteCK08 rroBe,n;eHH8 J· 
rrpH Clom,mHX Q. , He MOJ:eT paCTH. PaCCMOTp:m.t: ,n;Ba c.nyttaa: 

A) 

B) 

~ 
a.. 

rn - 11 
.!.!!. a.. ,., 

1ncaJ L 
..:!..- ~ <{' :Co"1.S~ a. 0 

Cornacao (3.16), 3To ,n;aeT 

A) l\:x:, oU ~ lf'n ~ X 

B) JCa;:,o<J ~ x.'Po. 

1'1>0. 
( 4.IOA) 

(n:O) 
(4.IOB) 

., J ~Ccpniv,;xJ1/n 

(4.IIA) 

(4.IIB) 

ACHMITTOTHKH OT,ll;eJibHIIX ~yaxnun rpHHa S.(X,o(} onpe,n;eJIHDTCH Te-
~ 

rrepb OTHOmeHHeM <lt(a.J/q>(a.) • IlpH 3TOM aCHMITTOTHtteCKHe noBe
,ll;8Hlrn "'f:.·(O.) ,ll;JIH OT,ll;8JlbHIIX ~YHKnHi s, H aCHMITTOTHtlecxoe 

rroae,n;eane !f ca) , ,n;JI.II HHBapHaHTHoro sapa,n;a 3 , aBJIHDnteroca 

17 



nponsae,nemieu CTeneaen s, 
·n L Jl'l.-3 (::c,o< J = . s,cx,o<) , 
' (4.12) 

CB83aHH COOTHOmeaneM 

'f (Q) 
- = ..._, N·•"·(aJ 

a_ ~ 'T( ' 

' 
(4.13) 

Bcne,nCTBHe 3Toro Manoaepo8THO, qTo6H aCHMilTOTHKH ¢YHKIU{ll 1/1,· H 

~(a}/a.. CHRLHO OTnnqanHCL ,npyr OT ,npyra. Han6onee ecTeCTBeHHHM 

RBnneTCR cnyqan 

-r,. ta.) =- y '-{>(a.) 
• L -

C<.. 
> -~ 't 1v'~- =-i , ,· ( 4.14) 

MH 6y,neM Ha3HBaTL ero "nopuanLHHM cnyqaeM". Tor.na 

[ 
'Y· 

. S, (X,ol) "'- 3 (x_,c,o].'. ( 4.15) 

Ecnn xe npn cyMMnpoaaHHH B npaaon qacTH ypaaHeHHR (4.13) nponc

xo,nnT KOMil8HCa!U{8 CTapmnx qneHoB, TO Tor.na acHMilTOTHKH OT,nenLHHX 

¢YHKUHll MOryT cymecTBeHHO OTnnqaTLCR OT aCHMilTOTHKH HHBapnaHTHoro 

3apn,na ("aHoMMLHHn cnyqan"). ITycTL, HanpnMep, 

<p(a.} ' lf,-(a)-=- r,- 'f(a. J t- v,· -- , L. !', I\{·= 0., L~ ·,iv,- =1. ( 4.16) 
' C\.. • . .. 

Tor.na 
\>. ( 

S,· (:t:,o!J -::. [ I (x,o1;] 'exr o,·r). 
( 4.17) 

B n·pOH3Be,ll;eHlm (4.12) "rnaBRHe" aCHMnTOTHqeCKHe MROlmTenH ex.p o,·f 
B3aHMHO COKpamaDTCR H npORBR88TC8 Mna.nmnn qneH 

2..1,cv· 
I , '=J. 

18. 

XS: 
<tl 
:,' 
>, 
~ -,. 
0 ---

,:,;; ~ 
:Z! ~ ;,:: 

----,A 
~ ~H <tl :::. 
0 

~ 
.'.;j 

~ 
p 

H 

:s: 
:s: 
:=r 
~ 
;,:: 

~ 
XS: 
<tl 
:,' 
>, 

,:s: ~ 
0 0 
;,:: 
:,' XS: 
:s: 
I-< 

:Z! 
;,:: fJ 

0 ,A "' r :s: ;,:: 
~ 01 
'O 0 
<tl 

E-< :s: 
~ 

~ " <tl () 

:::. <J 
p. 
0 

::r:: 

:s: 
I-< 
0 
I-< 
t=: :::. :s: ~ <tl 
0 ~ 
< ,:Q V 

0 
p. +' :s: .. 
::l " p. 8 
0 
;,:: II 
a, 

N"' p. 
a, 
t:::: 

H 

~ 
I ::,.~ 

-~ H ..,,. 
r--,. --. 

i ~ <,? 

! ~ X 
------ ;;.;: ·~ 

~ '--...., 

8 Cl... 
X 
(l) 

I -~ .,. 
~ r--,. 

~ ,;; 
-I K -'-../ 

'g ~ 
f ---. 

~ '70 ..,_,, 
...j_ 

" H I -
13 
11 ~ 1,-'\ ,.,, 

N er m 
r==1 l=I 

1=1 
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,lc110 rai:ze, tJTO ecim Ko1me11cau,rn B rrpaBoll qacn1 11oc11r CioJiee CHJib

Hhlil xapai:rep ( a1111yJIHpyerca K. crapnmx tJJieHoB B 't'J, TO. pemeHHfl ,n;JIH 

S.:.. Ciy,n;yT HMeTb BH,n; ( 4. 17) ;rrpH'leM ::lKCIIOHeHQHaJibHhill qJa.KTOp Ciy,n;eT co

,n;eplta.Tb IIOJI!IHOM k - oi:i CTerreHII OT J 

exp ( n J -,> exp C PK cp). 

TaKIIM oCipa3oM, Mhl rrpHXO.!\IIM K BUBO,n;y, 'lTO,KaK B CJiy'lae KOHe'lHOro 

HHBapHaHTHOrO 3apa.n;a, TaK II B "HopMaJibHOM" CJiytJae CiecKoHe'lHOro UH-

BapHaHTHOro 3apa,1;a acm.mT OTIIKH O.!\HO'laC'.l'!I'lllhIX 

CiUTb np~.!\CTaBJieHu B BII,n;e 

1f.. If: 
S,· (x, oi) ~ X ' ( e,,,x.).' 

cpyHKUHll rpIIHa MoryT 

( 4.I8) 

"AlIOMaJibllllil" CJiytJall BH,n;a ( 4. 16) c JiorapmpMH'leCKI!M pOCTOM HHBa

pnaHTl!Oro 3apa,n;a ( 4. IIA) TaKll!e OIIHCh!BaeTCfl 3aBHCHMOCTbD ( 4. I8) • Cy-

II18CTBemme OTKJIOHeHHfl OT CTerre1111oll cpopMJJibl (4~I8) B03HHKaIOT JII!lllb B 

a110MaJibHOM cnytJae rrpH cTerremroll acmmTOTHKe n11Bap1Ia11T11oro 3apa.n;a 

(4.IIll). IlocJie,n;HIIH CJiy'lall Mhl Ciy,n;eM Ha3UBaTb ::lK30TH'l0CKIIM. 

Pe3yJibTaTu noro pas,n;eJia cy1.11mp0Ba111l B raCiJIIIUe. 

5. Ym,Tj)acbITOJieTOBHe aCVj.lilTOTHKlf Bl,)Cilll{X cfJyHKlllf¾ rmrna 

!IpnCTYIIHM Terrepb r, aHaJIII3y aC!IMIITOTII'leCKoro IIOBe.n;eH!Ifl BhICllllfX 

rpyHKUIIli rpu11a. HatJH8M C Bepnrnmrnlt cpyHKUHII f1 , ypaBHeHIIe (2 • 7) 

,!\Jlfl KOTOpolt IIpU r= 0 IIplIHIIIJaeT BIi,!\: 

re _ n . l' . ;;£I. X2. .x.i . ~ X1,X.1..,XJ,,ol.)-.l (t,o1.) ( ,-, -,Jlf,o1.J 
s t t ~ ' (5.1) 

1Ip!I'l8U "cnmieTpH'lHafl" Bepl!l!IHHafl cpyHKUHfl ~ , orrpe,n;eJieHHafl KaK 

l~ cx,o1J = re x.,x,:x:.,~ J, 

(5.2) 

20 

Y.!\OBJieTBOplieT cpyHKUUOHa.JibHOMY ypaB11e1111D, COB1Ia.n;aDII1eMY C ypaBHe11neM 

( 4.I) .!\Jlll O.!\HO'laCTUtiHOll cpyHKUUH rpnHa S • BcJie,n:CTBRe 3Toro Beeb 

aHa.JIH3 1 BhIIIOJIHeHHhili B § 4 .!\Jlll S(-:x,~), 1IpI1Mem1M .!\Jlfl I_;cx,•0• 
nncpcpepe11unaJib11oe rpyrrrroBoe ypaB11e11ne, cooTBeTCTBJDII1ee (5.11 

HMeeT BH.n;: 

[x1 fx/ +Xz tx.2 + X.3, ls -50{«) d:J t1, f{::i::1,X2, JCJ, o() = rs { o(). 

3,n;ecb tp(«) orrpe,n;ene11a B (3 .2), a 

d h-r I's (.x,ol) I r~ co( ) = --?-x=----- °' = J. . 

(5.3) 

(5.4) 

TaKHU o6pa30M ,.!\Jlll orrpe,n;eJiemrn aCl11!IlTOTHKH BepmHHHOli cpyHKUHU r , KpO'

Me acm.mTOTHKH IIHBapnaHTHOro sapll.n;a J ' cne,n;yeT sa,n;aTb acm.mTOTHKY .r; • 
BU6lijlall rrepBue HHTerpanu O.!\HOPO.!\HOro ypaBHeHnll, COOTBeTCTBYIOII1ero 

(5 .3) B BH,n;e: 
al. 

n J dtl.. o z. :x2. x, 
wix, + <pea.>= 'k-1 x1+ '±'(~) = C1; a::1 = C2, nc, = 5,(5.5) 

samrn1eM 06II1ee pememrn ypaBHeHHll (5.3) B Bn.n;e 

o( 

i r c::x:1)X2,X31"') = -J~ de1. +- tv. R. ( rc:c1,«>, X2. , ~.1 ) • (5.6) 
C <f(O.} .'.1::1 j 

0TMeTIIM, 'lTO IIPH ,n;pyroM BU6ope nepBhIX HHTerpanoB 

i:l:1 +- ~(~):: C1 _,-~ Xz. + ¥ (ol) =- C2.) .f... X.3-r<;p(oi) = C3 

cpyHKUHD 'R. MOEHO npe,D;CTaBHTb Ka.K cpyHKUUD HHBapnaHTHblX sapll,ll;OB 

ilCJd.'~1.} ~1)=R (:rd.)I.2,x3 J .,:r~=:rc~"·.,o<J. (5.7) 
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-~OPl!YJla (5.6), npe.n;CTaBJieHHaSI B BH,n;e 

J(-"1,o() 

r ( :X.,1,';):2,X3,cx)-::: e..:p[ j os<o.J do.] b ( l 1 > ~., ::i l 

r.n:e 

°" <f'Co.J ;x:1 1 A 

'R(J.,C2_,C3) 

G CI, c2, c:i)-= Re~, l,,, i) 

(5.8) 

/lBJI/leTC/l aHaJioroM qiopMyJI11 (4.6) H MOllteT npe.n;cTaBJI/lTI, codon OCHOBY 

,ll;Jl/l aCHMilTOTH4eCKoro aHaJIH3a. 

M11, o.n:HaKo, BOCilOJII>3yeMC/l TeM odCTORTeJII>CTBOM, 4TO cne

UHa.JII,H11ll aCHMilTOTH4eCKHll npe.n;eJI 

::tl - oO 
~2 t X3 t _; - -= C2 =C.011.1 , - = C =e.o"'" 
~I X1 3 . 

cpaKTH4eCKH 3KBHBaJieHTeH CHMMeTpH4HOil aCUMnTOTHKe: 

0:.1 = ::C2-: :X.3--;. oO 1 

IlOCKOJII>KY "nepBOHa4aJII>HHll" BLidop nepeMeHHllX :x, 1 X:1. 

XO,ll;HTCSI B HanJHX pyKax. 

ITepeonpe.n;eJISISI BepmHHHYll qiyHKUHll 

r ~r ( f1(:x:.1,X2,;x3, ol) 
-+ X.1,X 2 _,X;r.,ol)-= ,., ' 

l(i,C2.,C3,ol.} 
BBe,n;eM HOBYIO KBa3HCHMMeTpU4HYD acm.inTOTH4eCKYD qiyHKUHD 

~ 
fqs (:x, d.) -: r ( .X, XC2 , .XC3 , cl) ) 

HOpMHpOBaHHYD npH ::x. = 1.. • 
B CHJIY (5.10) 

I'(~., ~C 2 ., 0::C3 , ex J = r (1.., C2 , C2 , o<) f1Q.S (:x, °'-), 
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(5.9) 

, x
1 

Ha-

(5.10) 

(5.II) 

a r Y.D:OBJieTBOpS!eT TeM Xe ypaBHeHHSIM 1 4TO U f~ • TaKHM ddpa30M ~s ~ 

Mil IlOJIY4HJIH, 4TO KBa3HCHMMeTpH4Ha/l aCIDJIITOTHKa 3 -apryMeHTHOll 

BepmHHHOll qiyHKUHH rpHHa OTJIH4aeTC/l OT ee CHMMeTpH4HOil aCHMilTOTHKH 

JllmII, MHOXHTeJieM 

rc~..,C:1.,C 3 ,cx) = ruJ .X2..., X3 .,o<) 
::t1 X1 ' 

HMeDmHM /lBHO MacmTadHO-HHBapHaHTHYD qiopuy. 

OdodmeHHe 3Toro pe3yJII>TaTa Ha BllCruHe qiyHKUHH rpHHa /lBJI/leTC/l 

04eBH,D;HllM 

FC.x.1,---x,.,o<) = { (~J··• ~ o1.)£ (x.1.,ol.) 
j ~.1 ~1., qs · (5.12) 

PyHKUH/l ~s,no,n;oelHO ~s,Y.D:OBJieTBOplleT ypaBHeHHD ( 4.1), H ,D;JI/l Hee 

cnpaBe,n;JIHB aHaJIH3 pas,n;ena 4. 

C,n;enaeM eme O,D;HO 3aMe4aHHe, OTHOCRmeec/l cneUHaJil>HO K BllC-

mHM qiyHKUHSIM rp1rna, cooTBeTcTBYDmHM BepmHHaM, iie HMenmHM "coelcTBeHHllX" 

pacxo,n;HMOCTen. IlepeHopMHpOBKH TaKHX BepmHH He SIBJillDTC/l He3aBHCHMWH 

H npe,n;cTaBJillDT cocion npOH3Be,n;eHH/l KOHCTaHT r. , OTHOCRmHXCH K 

BepmHHaM C MeHI>mHM KOJIH4eCTBOM BHemHHX JIHHHil. TaK, uanpHMep, .n;Har

pruma K KOMIITOHOBCKoro pacceR~HR Ha sneKTpoHe (He co,n;epxaman nonpa

BOK BO BHemuue JIHHHH) npH O,D;HOBpeMeHHHX npeoelpa30BaHH/lX (2.I), 
(2.2) npeoelpasyeTCH cne,n;y11mHM ot:lpasou; 

k. ~ :c2.2-J k. 

Ilo3TOMY npousBe,n;eHHe KOMnTOHOBCKon qiyHKUHH K Ha qiOTOHHHil nponaraTop 

c:L H 3JI8KTPOHHHil nponaraTop .S OKa3HBaeTC/l peHopMaJIH3aUHOHHO

-HHBapHaHTHH!J H MOZeT 3aBHC8Tl, TOJII,KO OT HHBapnaHTHoro sapR,n;a 

sclK = j{J ). 
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HHwH cnoBaMH,cmweTpHqHaa acmmTOTHKa ~YHKUHHK BHpa:meTca qepes 

npOR3lle)l;eHRe 

/( (a:.J =-·d.-~:x:;s-{xJ j(Jcx~oiJ). 
(5.13) 

B 6onee 06JlleM c.71Yqae Bepnurnu c b-~OTOHHWR KOHUaMH H 2f-aneK-

( /8 9/ TpOHHmrn: CM. , ) no.71YqaeM: 

-o/2. -J 
k1,,2;Cx) = d_ .S (xJf(Jcx.,o<)_). 

(5 .14) 

6. CMJILHHe B3aMMOleltCTBMH. 06raaa KapTRHa. 

B AHAaKTRqecKHX uenax Mll npoBeJIR OCHOBHoe R3JIOXeHRe npHMeHH~ 

TeJILHO X CilHHOpHOR 3JieKTPOAHHa.MHXe, CYJlleCTB~HHliM CBOltCTBOM KOTopolt 

HBJIHeTca HaJIHqRe mrmL OAHOlt xoHcTaHTH CBH3H e = V4.1i«'. B TeopHH 
CHJILHHX 'BsaJWOAellCTBHlt o6HqH() HMe~T 'ieno. 6 MOAenmm, co_ii'eplE8.lltmm 

HeCKOJILKO KOHCTaHT. CBH3Ho Rax 6HJIO OTMeqeHO B KOHUE! n. 2, npi 
3TOM B03HHKae~ ,CHCTeMa CBH3aHHHX ~YHKUHOHaJILHHX ypaBHeHHlt (2.J5) 

(2.16) AJIH HHBapHaHTHHX sap~oB. 

Pememre 3TOR CHCTeW MOXeT 6HTL nonyqeHo M(!TO,](OM OllCHl:IHHXOBa. 

Pesy_nua£ RMeeT CJie,](yDJllHll BR/4/. 

. Ha.H6onee 06I11ee pemeHH8. _cHcTeMH (2.15), (2 .16) .S , 'l onpe-

.l(enaeTca qepes ,](Be npOH3BOJILHHe ~YHXUHR '±!"· (:J,fj~ Ji. ) ;, ,·=1..;2,. 
o6paTRMlle B COBOKynHOCTH OTHOCRT8JILHO ABYX nocne,](HRX apryueHToB, 

H3 CHCTelW ypaBHeHHlt 

· ~i (!_ :,J, z)-= p~ (y.,3~h) 

,,<J.52. ( ;_ / J:, i) =- P2' (21 'd ~ h). 

. --(6.r) ·. 

Ilepexo,]( X ynup&pHoJieTOBOlt aCIDmTOTHite, COOTB8TCTBYDI11elt CJIYqan 3-=o., 
MOXeT 6HTL BHnOJIHeH c IlOMODU,D ~YHXUHOHaJILHOlt IlO,](CTaHoBXH, aHanorHq-

HOR (3 0 17) 
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,J 

1J! (q 2, h,) = fim k cfi/~,fj"; h) 
• a ~➔ o } ' 

KOTopaa Aa8T BMeCTO (6.1) 

1J! 1 { J ( ;x ,3 2-' h ) , 1 { :x .,a 2., h ) ) - lj ~ ( 3 2., J. ) = f.,, :x. 

:t'2 (J(x,~2,}.),2(x,~~J.J)-1Jl2.£g2.,h) = l:x:... (6.2) 

C .l(pyron CTOpOHH, AH~epemurpya no x ypaBHeHHH (2.15), (2.16) 

H nonaraa 3aTeM t = X , ii =- 0' no.71YqaeM CHCTeMY ABYX ypaBHeHHlt 
1-ro nopaAxa 

oJ 
1L =- 'ft {J) 7} 

rAe 

?I=% (J)t), J °dl (6.3) 

'f,fj~;,; = '"J.1{.:c.,g~h;f 'P. c ~1,; =- ?zr;.,£~,,j_; 
. d.): J:X..=1 ; 2 g ox. f ,l:;: 1. 

AHMH3 CHCTeMH (6.3), BHnOJ!HeHHlill H.~. rHH36yproil101 AJIH Teo

PHH (2.10), noxa3HBaeT, qTo npH B03pacTaHRH /.,, = !.,,x.:. '{ ~2)He3a

BRCRMO OT CTeneHH MaJIOCTH "HaqaJILHHX 3HaqeHHl1" 

J(1.,j)J,)=j 2 ~ f(1.,J~~)=/2_ 

npoH~XO,](RT BHXO,]( sa p~XH cna6olt CBH3R ·« B03HHKaeT CRTyauHa, KO
TOPYD HeB03MOXHO npoaHaJIH3HpoBaTL, OCHOBHBaacL Ha HH~OpMallHH H3 
T80pHH B03MYJ!leHRR. TaKRM o6pa3oM, ,](axe npocTeffmHe BapHaHTli a,](pOHHHX 
B3a.HllO,](eRCTBHlt He ,](OnycKaDT HCCJl8,](0BaHRH YJILTpaqJHOJieTOBHX acRMnTo-

THX, OCHOBaHHoro Ha HsyqeHRH CBOltCTB'pH,](OB TeopHH B03MYJl(eHHl1. 3,](eCL, 

f.l(Haxo, TaKXe MOXHO'npe,](ITOJIOXRTL, qTo npH :i:-ooBCe HHBapHaHT-
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HHe sapSt,ll;H CTpeMHTCH K KOHeqHLIM npe~eJILHHM 3HaqeHHm.t. Ta.It, HanpIDlep, 

ecJIH c~ecTByeT napa 3HaqeHHtt 

J=Joe,< 00 ., 1Z -= Zoo < o<:> (6.4) 

Ta.ItaH, qTo 

Cf, { J 00 ,/ ? "°.) = 0 ~ <f2 { J.,. , 7 °" } = 0 ; (6.5) 

npnqfa,4 ToqKa (6.4) Ha q>a.30BOtt IlJIOCKOCTH J ' ~ HBJIHeTCH YCTott-

qHBWl Y3JIOM CHCTeMH (6.3), TO qucJia J , n npe~ctaBJUIDT co6ott 
. .... £ 00 • . . 

aCHMilTOTHqecKHe 3HaqeHH8 HHBapHaHTHHX sapa~oB. Ta.Koe noJioXeHHe 3K-
BHBaJieHTHO cnyqal) (3.22), (3.23) (npHqeM YCJIOBHB (6.5) HBJI8DTC8 

06061Itemun.m YCJIOBHa (3.24)),H MH npHXO~ KO BCeJl CBORCTBaM O~Hoqac

THqHHX H BHCmHX q>yHKitHR rpHHa, paCCJlOTpeHHHM B nepBoR noJIOBHH8 n. 4. 

AaaJiorHqHLIM o6pa30Jl MOX8T OHTL paCCJlOTpea cnyqaR 6ecxoaeqHHX 

acmmTOTHqecXHX _saaqeaHR HHBapHaHTHHX sapSt,ll;OB. 3~ecL,O~HaKO,HBJiaeTca. 
cy111ecTBeHOR CBH3L COOTB8TCTBYlllllHX 6ecxoaeqaux npe~eJioB. CJiyqatt, 

xor~a o.ium H3 HHX_ nponopitHonanea cteneaH ~yroro: 
k. 

JC:x,,di,,Ji;~z (:,c,,gz.~;,),. 

JlOXeT OHTL npoaHaJIH3HpOFaH ~o KOH~ H npHBO~HT K pe3yJILTaTaM, aaa
JIOrHqam,: O~H03apSt,ll;HOR teopn. 

TaltJD( o6pa30M,H B worosap,u;aol teopHH CHJILHHX B3aHMo~eKCTBHR 
CT8Il8HHH8 acmmTOTHKH O~HoqactHBHX lp)'BltJ:tHK rpHBa (aHOJlaJILBHe pa3-
MepBOCTJ1'.) H a.11towo,1;e.11u1i1e 111i1pazeua uria (5. 12) ;.:.1.11 111i1c11HX ~YHKitHR 
rpirna ectectBeaaw oOpasow Bo_SBHXallT ·Hs npe,.uoJioxeaHa o xoaeqaocTH 

acmmTOTHqecKHX saaqeHHK HHBapHaHTHHX sap.11,ltOB (t.e. KoaeqaocTH 3q>

lp8XTHBHHX nepeaopMHpOBOK KOBCTaHT CB83H). Kax OHJIO IlOKa3aHo,pHH MO

ryT Ta.ItXe Hll8TL MeCTO H B P.11Jt8 cnyqaeB ( CM. ta6JIH!zy') 6ecxoneqHHX 
nepeaopMHpOBOK C •yuepeHHw• 31lXOXOM pocTa HBBapHaHTHHX sapa~oB. 
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Ilonyqeaaue pesym.TaTH OTHOC.HTCH X Cll8IlHaJiiBHM KBa3HCJllDleTpHq

HHU acm.mTOTmtau Tmta (5.9). B ~H3HqecXH HHTepeCHHX cnyqaax qactL 

apryM8HTOB H3 :X~···x.<t. naxo~CH Ha MaCCOBOR no11epXBOCTH, BCJie~
CTBHe qero cne~eT paccuaTpHBaTL HeCHMM8TpHqHHe aCHMllTOTHXH. B 3TOM 

cnyqae KaqecTBeanue cBoKctBa nonyqeaaux pesynTaToB coxpaaawtca. 
qTo xe xacaetca HX xoJIHqectBeHHott·ctopoaH (qHcJieawe snaqeana aao

uaninux pasuepaocten, BBHHR B~ aBtouo~em.aott 4JYHKilHH H T.n.), To 

~JIB ee aHMHSa, Ka.It yxe OTMeqanoci, XBaHTOBOllOJieBaa T80pHH B03J.IY

IIleHHK HBJiaetca ae~octatotmott. 

llx:repatypa: 

I. H.H. EoroJill60B 1 J(.B. bpxo11 • .1LAH CCCP !m,203 (1955). 

2. R.H. EoroJill60B, J(.B. lliHpKOB eJIUOTO Cill• .,1,845 (1956). 

3. J( 0 B. lllHpXoB • .1LAH CCCP, 105, 972 (1955). 
4. Il.B. 0BCHHHHKOB. J(AH CCCP .IQ9, 1112 (1956). 

5. II.Gell-Mann• FoLOW• PbJ-s.Rev. ~' l:300 (1954). 

6. H..R. EoronD6oB, J(.B. lliupxoB. J(AH CCCP..l.ill,,391 (1955). 

7. R.H. EoroJill6oB, A.A. IloryHoB, J(.B. lliHpKoB. lK3T<P, 37, 805 (1959). 

8. M.Konuma, H,Umezawa, NUOTO Cimo 4, 1461 __ (1956)• 

9. H.<P. rHnsOypr, J(.B. filupxoB. Hayq. J(oxn. Bucm. mxonu. cep. ipHs.waT. 
! 2, 143 (1958,l 

IO. R.<P. rHH36ypr. J(AH CCCP llQ, 535 (1956). 

PyKonHCL noc:rynHJia B H3,J;aTeJiiCXKA OT,J;eJI 
• 7 1pe11pan 1973 ro~a. 

27 


