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1. CpenH paJnHqHMX nonxonoB KBaHTOBOH TeopHH nonH, He 
OilHpalOlllHXCH Ha TeopHIO B03MyllleHHH, Ba)ICHOe MeCTO JaHHMalOT 
MeTonhI $YHKUHOHanbHOro HHTerpHpOBaHHH. 

IlpencTaeneHHH $YHKUHH rpHHa H aMilnHTYn pacce,rnHH B BHne 
JaMKHYTblX Bblpa:>KeHHH naioT yno6Hyl0 B0_3MO:>KHOCTb nnH $OpMynw 
pOBKH paJnHqHblX npH6nH:>KeHHH TeopHH nonH /1 ,2~CpenH H3BeCTHblX 
npHno:>KeHHH 3THX MeTonoB OTMeTHM HCCnenoBaHHH HH4>paxpaCHblX 
aCHMilTOTHK H rpanHeHTHJ,IX npeo6pa30BaHHH $YHKUHH rpHHa B KBaH
TOBOH :rneKTponmmMHKe I 3-s1. 

B nocnenHee BpeMH MeTOabI $YHKUHOHanhHoro HHTerpHpoBaHHH 

6hinH HcnonbJOBaHbl npH HccnenoBaHHH ynbTpail>HonetOBblX HnH 
BblCOK03HepreTnqecxux acHMilTOTHK aMnnHTYn pacceHHHH. Hccne

noBaHHH B 3TOM HanpaBneHHH npHBenu K 4>opMynHpOBKe npH6nH:>KeHHH 
npHMOnHHeHHblX nyTeH, HBnH10U1ero 34>4>eKTHBHblM MeTonoM 
HJyqeHHH aCHMilTOTHqecxoro noBeneHHH aMnnHTyn pacceHHHH B 06-
naCTH 6onhWHX 3HeprHH H orpaHHqeHHblX nepenaq HMnynbca B Mo
nenHx KBaHTOBOH TeopHH nonH /6/. ,L\anbHeuwee 0606me1rne 3TOT 
Me Ton nonyqun B pa6oTax h,s/, B KOTOPhIX 6bm c4>opMynHpoBaH 
pHn annpoKCHMaUHOHHblX npouenyp, npencTaBnHIOlllHX paJnHqHble 
MaTeMaTuqecKHe peanHJaUHH o6meu KOHUeilUHH npHMOnHHeHHMX 
nyTeH. 

,L\eTanhHOe HJyqeHHe 3THX npH6nH:>KeHHH B MonenHX TeOpHH nonH 
CTanKHBaeTCH, onHaxo, c TpynHoCTHMH, KOTOpble o6ycnoBneHbl 
CHHrynHpHblM xapaxTepoM THfiHqHblX penHTHBHCTCKHX BJaHMO
neHCTBHH. no 3TOH npHqHHe npencTaBnHeT HHTepec paccMOTpeHue 
6onee npOCTblX HepenHTHBHCTCKHX Moneneu, B paMKax KOTOPblX 
6brno 6b1 BOJMO:>KHO 6onee nonHo uccnenoBaTb xapaxTep npenno- · 
:>KeHHblX annpoKCHMaUHH, CBOHCTBa cxonHMOCTH COOTBeTCTBYIOlllHX 

paJno:>KeHHH H TOMY nono6Hble BOilpOCbl. 
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O.n;HOH H3 3a,n;aq no.n;o6Horo po.n;a HBJIHeTCH 3a,n;aqa HaXO)K.D;eHHH 

¢YHKUHB rpHHa B MO.D;eJIH noJIHPOHa, TO eCTb HepeJIHTHBHCTCKOB 

lfaCTHUbl, B3aHMO.n;eiiCTBYJOllleii co CKaJIHPHbIM KBaHTOBaHHbIM no

JieM /9-13/, BnepBbie 3Ta 3a,n;aqa B paMKaX TeXHHKH KOHTHHYaJibHOro 

1rnTerpHpoaaHHH paccMaTpHaanacb a / 14/, r.n;e 6bIJia .n;aHa oueHKa 

:rneprHH HH3Wero 3HepreTHtfecxoro COCTOHHHH CHCTeMbl .D;JIH CJiylfaH 

cna6oii CBH3H. 

IlpOTHBOnOJIO)KHblll cnyqaii CHJibHOH CBH3H B MO.D;eJIHX no.n;o6Horo 

THna nccne.n;oaanc11 a /15-17/ .B 3THX pa6oTax paccMaTpHaanocb 

KaHOHHlfeCKOe npeo6pa30BaHHe H.H. Eoromo6oaa, no3BOJIHIOlllee 

TPH.-iCJIHUHOHHO-HHBapnaHTHblM o6pa30M OT.D;eJIHTb paBHOMepHOe 

npHMOJIHHeiiHoe .D;BH)KeHHe qacTHUbl OT KBaHTOBaHHoro ".n;po»caHHH" I\ 

o6ycnoaneHHOro B3aHMO.n;eiicTBHeM C KBaHTOBaHHblM noneM. ' 

QeJiblO HaCTOHI11eii pa60Tbl HBJIHeTCH H3ylfeHHe ¢YHKUHH rpuna 

non11p0Ha MeTo.n;aMH KOHTHHYaJibHOro HHTerpHpoaaHHH B paMKax 

npu6JIH)KeHHH npHMOJIHHeHHblX nyTeii. B pa6oTe cpaBIIHBalOTCH 

pe3yJibTaTbl pa3JIHlfllblX ¢YHKUHOHaJibHblX annpoKCHMauuii npH BbI

lfHCJieHHH BaKyyMHblX cpe.n;HHX ¢yHKUHH rpuHa H HCCJie.D;YJOTCH 

nepBbie nonpaBKH x OCHOBHOMY npH6JIH)KeHHIO. 

Bo BTOpOM naparpa¢e ¢opMynupyeTCH H H3ylfaeTCH 06111a11 

3a,n;aqa O HaXO)K,ll;eHHH ¢yHKUHH rpHHa B MO.D;eJIHnOJIHpOHa B Koop.n;H

HaTHOM npe.n;cTaBJieHHH. 

Haii.n;em10e TOlfHOe peweHue 3a.n;alfH B BH.D;e 'T -ynopH.D;OlfeHHOH 

3KcnoHeHTbl npe.n;cTaBJIHeTCH 3a TeM B ¢opMe KOHTHJiyaJibHOro 

HHTerpana. B OCHOBe HCnOJib3yeMoro 3.D;eCb MeTO.D;a Jie)KHT npe.n;

CTaBJieHne xpoHonornlfeCKHX npoH3ae.n;em1ii onepaTopoa Tuna 

S' 

[ 
➔ l ➔ ➔ ,; I ➔ • A r (s) , r.n;e r(s) = r + _,_ V dr, , B BH.D;e'KOHTHHyanb-

µ. 0 

HblX HHTerpaJIOB no nyTHM qacTHU -; (s) TaKHX, 'ITO -; (OJ= -; • 
BbinHCbIBalOTCH Ma TpH'IHbie 3JieMeHTbl ¢YHKUHH rp1111a B KO re -

peHTHOM 6a3HCe, KOTOPbie MOryT paccMa TPHBaTbCH KaK npOH3B0.D;H

lllHe ¢YHKUHH cpe.I{HHX ¢YHKUHB rpuHa no COCTOHHHHM C onpe.n;eJieH

HblMH lfHCJiaMH KBaHTOB. 

B TpeTbeM naparpa¢e ¢yHKUHH rpuHa CTpOHTCH C noMOlllblO 

npeo6pa3oaa11u11 H.H.Eoromo6oaa a P -npe.n;cTaanemrn, a KOTopoM 

nOJIHblll HMnyJibC CHCTeMbl HBJIHeTCH c -qHCJIOM. H3ylfalOTCH ¢YHK

UHOHaJibHble annpoKCHMaUHH .D;JIH HaXO)K.D;eHHH aaKyyMHblX cpe.D;HHX 

¢YHKUHH rpuna, HBJIHIOlllHeCH npocTeHWHMH aapuaHTaMH npH6JIH)Ke

HHH npHMOJIHHeHHblX nyTeiL 

B tfeTaepToM naparpa¢e pa cc Ma TPHBaIOTCH nepabie nonpaaKH 

K 3Hepruu OCHOBHOro COCTOHHHH CHCTeMbl, o6ycJIOBJieHHbie 3¢4ieK

TaMH KOppeJIHUHH BO B3aHMO.n;eiiCTBHH qacTHUbl C KBaHTOBaHHblM 

noneM. B KatfeCTBe npHMepa anaJIH3HpyeTCH npocTeiiwuii aapuaHT 

MO.D;eJIH noJIHpOHa, .D;JIH KOTopoii HaXO.D;HTCH YCJIOBHH npuMeHHMOCTH 
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npH6JIH)KeHHH cna6oii H yMepeHHO-CHJibHOH CBH3H. O6Cy)K,n;aeTCH 

npHMeHHMOCTb pa3BHBaeMblX MeTO.D;OB .D;JIH cnylfaH CHJibHOH CBH3H. 

2. PacCMOTpHM 3a,n;aqy HaXO)K.D;eHHH ¢YHKUHH rp1111a HepeJIHTH

BHCTCKOH qacTHUbI, B3aHMO.D;eHCTBYJOllleii co CKaJIHpHbIM KBaHTOBan

HblM noneM. 

Mo.n;enb onpe.n;eJIHeTCH raMHJibTOHHaHOM 

H 
1 ➔➔ 

-2- t,,. r + g I (A ; k r 
µ. k ke 

+1-; w /btbk + bk b: ), 

➔➔ 

-ikr 

bk +A!e btJ + 

/2.1/ 

+ 3.n;ecb bk, bk - onepaTOpbl po)K.D;eHHH, YHHlfTO)KeHHH KBaHTOBCKa-

JIHpnoro nOJIH /¢oHOHOB/ c BOJIHOBblM 13eKTOpOM k , TaK 'ITO , 

[ bk, b :, 1 = o kk ,; A k - KOMnoHeHTbl cl>ypbe nJIOTHOCTH HCTOlf

HHKa. ,[{JIH y.n;o6CTBa ClfHTaeM, 'ITO CHCTeMa HaXO.D;HTCH s KOHC'IHOM 

o6'beMe, npe.n;cTaBJIHIOlllCM co6mo KY6 co CTOPOHOH L, TaK ino 

BOJIHOBble BCKTOpbl fl onpe,n;eJIHIOTCH Bblpa)KCHHCM 

t = 2z (nl'n
2 

,n
3 

); n1,,n2 ,n3 - UCJibie lfHC;,a. 

«l>YHKUHH rpHHa CHCTeMbl onpe.n;eJIHeTCH ypaaHeHHeM 

(H-E) G = 1 /2.2/ 

u a CHJIY aemecTaeHHOCTH cneKTpa onepaTopa H MO)KCT 6bITb 

npe.n;cTaaneHa a au.n;e 

G = -i f
oo ir(H-E+iO) .f00 

-ir(E-iO) 
dr e =-·1 dr e Gr , /2.3/ 

0 0 

r.ue aeJIHlfHHa GT y.n;oaneTBOpHeT ycJIOBHHM 

a 'G _ ,j __ T 

OT 
HG 

T 
G = 1. 

T=O 
/2.4/ 
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Ilepexo,nx K npe,ncTaBJJeHHIO B3aHMO,neiiCTBHH 

G = e ir Ho g 
T T ' /2.5/ 

r,ne 

1 1 + + 
H0 = - - 11, + - I w·k (bk bk + b kbk ) 

2µ 2 k 
/2.6/ 

- ceo6o,nHLIH raMHJILTOHHaH CHCTeMLI, HaXO.ll.HM 

-j _j_ g = u g 
a T T T T 

g = 1 
T • /2.7/ 

3,necL 

u·r=e-irHo [g* (Akeik; bk+A:e-ik-;➔bt)]euHo= 

= g I [A eiki'(T) b (r) +A* e-iiif(r) b+(r) 
k k k k k 

- raMHJILTOHHaH B3aHMO,neiiCTBHJI B CHCTeMe; r,ne 

➔ ➔ 

r = r 
T 

,fr ➔ iW T + -iWkT 
+µ\\, bk(r)=e k bk,bk(r)=e 

/2.8/ 

+ ' 
bk" 

/2.9/ 

<l>opMaJILHoe pemenue ypaenenuii /2.7/ HMeeT BH.ll. T -3Kcno
neHTLI 

·6 

T 

gr = T [ exp (-i f D , dr' )] = 
0 T 

➔➔ 

+ T -i W T, - i k r (T ') 
T I exp [,jg I bk Al f dr ' e k ] R x 

k O T 

t . , ➔➔ 

x exp [ •i g I b A f d , 1 
wk r + l k r (T ') 

k kkore ]I, 

/2.10/ 

, I 

\! 
{ 
l 

r,ne 

'R = exp [ - g2 !. 
T k 

l
·A 12 r -iw s . ➔➔ k f ds e k 1 - ' k r ( s 1 ) 

0 1 ~ 

➔➔ 
SJ 

X f 
0 

iw ks 2 + ikr (~ 2 ) 
ds 2 e 1. 

/2.11/ 

B pemeHHH /2.10/ ,nnx gr T -ynopxno•-rneanue ,neiicTeyeT 

JIHllIL Ha paccTaHOBKY onepaTopoe, 3aBHCHLUHX OT T~ 

IIpH IlOJiy<IeHHH /2.11/ HCilOJIL30BaJICH TOT <l>aKT, 'ITO "npH'IHH-

Hax" CBepTKa bk (r) b k-t, (r' ) HMeeT BH.ll. 

bk(r) b:,(r.') = T [ bk(r) b/,(r ')] ~ 

=0(r-r') 
iwk(r-r') 

e 

b ~ (r')bk(r)=. 
k .. 

/2.12/ 

II pH "pacnyTLIBaHHH" ynopx,no'leHHOH T - 3KCilOHeHTLI B /2. l 0/ 
MO)KeT 6LITL ncnonLJOBaH c.rre,nyiomnii peJyJILTaT: 

➔➔ 

n 
r [ n e 

a=l 

ik r(s ) 
a a l= I O(s1 -s2JO(s2-s3J ••• 0(sn_rsn)· 

nepecTaHOBKlf 
sa . 

ik➔ ;(s ) ik~-;(s
2

) 
• e 1 1 e 

➔➔ 

ik r (s ) 
e n n 

= exp [ i I k -; (s ) - _·i_ I / k J s - s J ] , 
· a a a 4µ a,/3 a P' a._ P' 

r,ne Y'IHTLIBaeTCH, 'ITO 

[ r; ( s 1 ), r ; (s 2 ) ] 
l µ (srs2 )o;; 

/2.13/ 

/2.14/ 

BL1pa)KeHHe /2.13/ MO)KeT 6LITL npe,ll.CTaBJieHO B "HOpMaJILHoii" 

<l>opMe 
➔ ➔ 

n 
T [ Il 

a=l 

ikar(sa) 
e . 

➔ ➔ ·i ➔2 
] = exp [ ii r I k + -

2 
I k ·s + 

a a µ a a a 

/2.15/ 
-i ➔ ➔ 

+ -_ I k k/3 ct> (s , s/3) ] 
2µ a,/3 a a 

1 ➔ ➔ 
exp ( - V I k s ) , µ a a 

a 
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r .ne KoppeJUIUH0HHaH tpyHKUHH <ti (s a , ·s 13) onpe,neJJeHa C00TH0llle • 
HHeM 

<ti (s a, s /3) 
{ mfo O (, a ' 'fl J 

a-/, /3 

a = /3 
/2.16/ 

cf>opMyJJa /2.15/ Il03B0JJHeT, B npHHUHne, HaiiTH BaKyyMH0e 
cpe,nHee «pyHKUHH rpnHa, ncxo.nn H3 BbIpa>KeHHH /2. 10/, no TeopnH 
B03MYIUeHnii. 

MeTO,ll;bl K0HTHHyam,Horo HHTerpnpoBaHHH Il03B0JJHIOT HaHTH 
3aMKHYT0e Bbipa>KeHne ,ll;JJH cpyHKUHH rpHHa, y,no6Hoe ,ll;JJH BbIXo,na 
3a paMKH Te0pHH B03MyIUeHHii. 

O,nnH H3 cnoco6oB BBe,neHHH K0HTHHyaJJbH0ro HHTerpana B 3a,na -
qax no,no6uoro THna cnn3a11 c JJHneapHJauHeii onepaTopa Jlannaca 
B Bbipa>KeHHH ,ll;JJH KHHeTnqecxoii 3HeprHH qaCTHUbI. 

Hn>Ke Mbl H3JJ0>KHM aJJbTepHaTHBHblH MeTo,n, CBH3aHHblH C npe,n
CTaBJJeHHeM xpoH0JJ0rnqecK~X npOH3Be,neHHH onepaTopoB THna 

• s 

A [ r (-s)] , r.ne r'(s) =? + -·1 
- f V d T/ , B BH,ne K0HTHHyaJJbHbIX 

µ 0 

HHTerpaJJoB no nyTHM qacTHU x (s) TaKHX, qTo x (O) =?. 
B 0CH0Be 3Toro MeTo,na JJe>KHT HCil0JJb30BaHne T0>K,necTBa 

T I Il A ; [ ; (s 1 ) ] 11 = 

. r • 2 

➔ 

= c 7 f D x (s) e 

,µ f x ds 

- T o Il A.[ ;(s;)], 
• I 
I 

/2.17/ 

➔ ➔ 

x(O)=r 

r.ne r ;;: ·s; -;:: 0 , npnqeM K0HCTauTa c 7 
o6pa3oM, qTo 

8 

c f D Xe 
T 
➔ ➔ 

x(O)=r 

T • 
- i£_ f -;t2 ds 

2 0 = 1. 

BbI6HpaeTCH TaKHM 

/2.18/ 

I. 
' ' 1 

I 
·1 

·• 

f 
·. IJ, 

1 

i 

BB0,ll;H HMilYJlbC qacTHUbl B,ll;0JJb TpaeKTOpHH -; (s) 

0603HaqaH 

➔ T 
[ 8 V] 

0 

- i fr ➔ 2 
= cr D x➔(s) e 2µ 0 v. ds 

npHne,neM 0CH0BH0e T0>K,ne CTB0 /2 .17 / K BH,ll;Y 

➔ ➔ T ➔ J s; ➔ 
T IIJ A

1
[r(s1)]11 =f[Bv] 1J A.[r+-fv dTJ 

I · 0 I I µ 0 

µ ; (s) H 

/2.19/ 

/2.20/ 

Hcn0JJb3YeM 3T0T pe3yJJbTaT ,ll;JJH HCCJJe.nonaHHH tpyHKUHH rpH
Ha B M0,ll;eJJH Il0JJHP0Ha B xoop,nHHaTH0M npe,ncTaBJJeHHH 

r.ne 

< r, l
'G I • foo d - i T ( E - i O ) , 

r > = -·1 r e < r r 

r > = e 
T 

_ iT Ho 

0 

Ir>, 

I gr I r > 

/2.21/ 

/2.22/ 

H onepan:ip · g
7 

onpe,neJJeH Bblpa>KeHHHMH /2.10/ H /2.11/. 
HcnoJJh3YH To>K,neCTB0 /2.20/, nocJJe pn.na npeo6pa3ona11uii 

uaii,neM 

<r'lg Ir> 
T T 

exp [,fr I (b+bk +.l.)] f dp e 1P'j[e_;pt'(r)x 
k k 2 (2rr)3 

r ➔-➔ 1/ ➔ d)gl s. 
x g 1 1 = f [ 8 it] o 8 ( r - r - - v T/ r r ➔ r + ..l. f i1 d T/ 

T µ 0 s µ O 

/2.23/ 

IlpoH3B0,ll;H B /2.23/ 3aMeuy qiyHKUHOHaJJbHOH nepeMeHHOH 

; (s) ➔ ; (s) +; ' /2.24/ 
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r .n;e p - HMn,Ynbc, KaHOHHqecirn conpn:>KeHHblH KOOp.D;HHa Te qac

Tllllbl, Haii.n;eM OKOHqaTenbHOe Bblpa:>KeHne .n;nn q>yHKUHH rputta 

·a KOOp.D;HllaTHOM npe.n;cTaaneHHH B KBa3HHOpManbHOH q>OpMe no one

paTopat,f KBaHTOBaHHoro non» 

<r'!Glr>= 

-·if ➔ i;(;__r-,)_.oo -ir[E __ l_pi..I,w (b+b +..!..)-iO] 
= -- dp e •1fdr e 2 /l k k k k 2 

(2rr ) 3 - - 0 X 

T • + -i k? 
x f [8 v] 

0 
exp [ 'I g t bk e A; x 

T 
T -if dr,, 

x f dr 'e o (wk+ 

0 

T • ·s1 
-t f d ' 

xf d-s e O s1 (wk+ 
0 1 

ftp' + k-;_,➔ 

/l 
) 

] exp [ - g 2I_ I A k I 2 x 
k 

=-+ ➔ ➔➔ s2 ++ ➔➔ 
kp + kV s

1 
. fd , ( kp +kv 

--) z s 2 wk+ ) 
/l fd-s e o /l 

0 2 

➔➔ ➔➔ 

T kp- +kV 
-➔➔ T ifdr"(wk+--/l---

[ • "'<' ikr A f d , o x exp ,1 g ,:., b ke k - r e 
) . 

k O /2.25/ 
Bb1pa:>KCHHe /2.25/ MO:>KeT cnf)KHTb HCXOJJ;HblM nyHKTOM npH 

nocTpOeHHH npu6nH:>KeHHblX cxeM Bb1qucneHHJI MaTpHqHblX 3neMeH

TOB <PYHKUHH rpHHa no COCTOJIHHJIM C onpe.n;eneHHblMH qucnaMH 

KBaHTOB non»: < n ', r '-1 G In, r > • IlpoH3BOJJ;HlQeii <i>YHKUHeii 3THX 

BenHqHH MoryT cny:>KHTb cpe.D;HHe <PYHKUHU rputta B KorepeHTHOM 
6a3uce ·1 f k > , r.n;e 

10 

bk If k > = Ek I f k > ' 

<fkl fk> =exp [-2-(IE.~12+ lfkl2-2fkf~*)] 
2 

,lJ.eiiCTBHTenbHO, 

/2.26/ 

- !._ I rl 1 ;, I :.. I I k I 2 > 
2 k I_ 

<lf'l,r'IGIIEk l,r·>=e •nm,• /2.27/ 
k ~ k 

_J_ m , 
• (n ! m ! ) - 2 (f '*) k 

k k' k' 

n 

( f ) k < m , , r ' I 'G I n , r >. 
k k k 

l 

~ 
' 
I 
,1\ 
1-

Hcxo.n;H H3 Bbipa:>KeHHJI /2.25/, HeTpy.n;uo nonyqHTb MaTpuqHbie 

:rneMeHTbl q>yHKUHH rpuHa B 1<orepeHTHOM 6a3HCe 

-ip(i'--:') 
00 < I f ~ I, r 'I G 11 f k l,r•> 

<If' l!ll I> 
'l 

- --~-3 f dp e •i f dr • 
0 

k k (2rr) 

• e 

- iT(E- -
1-1'2- !._Iw - iO) 

· 2µ 2 k k irw 
exp[flkfk*(e k-1)]. 

➔➔ 

T -ikr 
f[Bv] exp [-ig I fk'* e 

0 k 

irw r A:e k fdr'• 
0 

➔➔ ➔ ➔ 

T kp +kV 
- ;of dT "(wk+ /l ) ➔➔ 

ik r 

.e 

T 

• f dr'e 
0 

T 

. f ds e 
0 1 

] exp[•ig I fk e 
k 

A 
k 

r' ;J dr"(w + kp+ 1 v 
k /l ) 

SJ ➔➔ ➔ 

-ifds'(w + kp+ki 
0 I k /l ) 

] 
2 2 

exp [ - g I I A I . 
k k 

s1 

f ds2 e 
0 

s 2 ➔➔ ➔➔ ;J ds'(w + kp+kv 
2 k /l ) 

]. 

/2.28/ 

3. PacCMOTpHM 3a,n;aqy nocTpOeHHH qiyHKUHH rpuua B p -npe.n;

CTaBneHHH, Kor.n;a nonHblH HMnynbC CHCTeMbl 

➔ 
(i) ➔ ➔ + 
J ~-iv,+Ikbkbk 

k 
/3.1/ 

HBnHeTCH C -qttcnoM. HanoMHHM npH 3TOM, qTo B CHny TpaHCilHUH

OHHOH C.llMMeTpHH onepaTOP /3. I/ KOMMYTHpyeT c raMHnbTOHHaHOM, 

T.e. [ p, H ] = 0 • 

II 



HcnonL3Y.II xaHOHH'lecxoe npeo6pa3oBaHHe H.H. lioromo6ona I 9/ 

;;(? 
bk ➔ (k=e bk, 

➔➔ 

+ + -ikr + [ /' /' + ] ., 
~ ➔ ( k = e bk ' ':, k' ':, k' = u kk' ' 
➔ ➔ ➔ 

-·iV ➔ P - I k (+ ( , 
r . k · k k 

I /3.2/ 

npHBe,neM raMHnbTOHHaH CHCTeMbl K BH.ny 

1 ➔ -➔ + 2 + + 
H ➔ - ( P - I k ( ( ) + .L I w (( ( +( ( )+ 

2µ k kk 2kkkk kk 

+ 
+ g I ( Ak 'k +·A;, k). 

k 

/3.3/ 

cl>yuxum1 rpuHa CHCTeMbl B ,naHHOM KaHOHH'leCKOM npe,ncTaBne -
HHH MO'.lKeT 6hITL 3anucaua B <l>opMe /2.3/, r.ne 

'G = e 
T 

iT 

2 t wk ( '': ( k + (k ( /) 

• gr /3.4/ 

·i T ;;t ➔ + 2 T isw k 
g = T exp[- J ds(:r - I k(/;J +•igf dsI(Ak(ke + 

T 2µ· O k O k 

+ A* I'+ -isw k':,ke k)], 
/3.5/ 

HcnonL3Y.II KOHTHHyanbHOe npe.ncTaBneHHe nepBOH 3KCilOHeHTbl 
a /3.5/, uaii,nCM 

g =f[8 3 v]T 
T 0 

• e 

f2 

T 
i ➔ ➔ 

-µfdsvP 
0 

f (v), 
T /3.6/ 

'. 

I 

' j 

! 
I 
i 

i, 
( 

j, 

J 
' 

'}·J 

' I 
'/ 

;ii 

r.ne <l>YHKUHOHan ~ (v), onpe.nen.11eMbIH ·1 - 3KCilOHeHTOH 

• T ➔ + T iwks 
I (v)= Texp[2-J d·s i I k (( ( I +•ig I f d·s ( Ak(ke + 
T µ k k k' k 0 

+ -fol. s 
+ A;,,*l;ke -K )], 

MO'.lKeT 6b1Tb npuae,neH K BH,ny 

r.ne 

i T -J ds ➔ I ➔ rt 
fr(v)=e µo -,,, kk(i,,k(k) f+Rf_ 

s 

f i~IA*r+Jr -:'ofdTJ(wk+.!,_ ➔k ➔ 
+ • e k k '• do, µ v) 

0 

s 

i~IA J- IT iJdTJ(W +!....k ➔ 
f = e k k':, k ds e k µ V ) 

~ s 

/3.7/ 

/3.8/ 

/3.9/' 

/3.10/ 

2 T i f dTJ ( 1 -+➔ s 2 
-i1•~1A' ·1 J . 0 wk+-µ kv) 1 -ifdTJ(W :i-L'tv) 

1e k ds
1 

e f O k µ 
R=e O ds2 e 

/3.u/ 

HH'.lKe Mbl ucnonb3yeM nonyqeHHble Bblpa'.lKeHH.11 .nm1 Bbl'IHCneHH.11 
BaKYYMHOro cpe.n;Hero <l>YHKUHH rpuHa 

T ➔ 
i ➔ Cl) 

•i::- --Jdsv J 
-00 - iT(l!)-iO) T µ 0 

<'G > = -·i J dre f[a3 ;;] e R, 
0 O 0 

r.n;e &= E- L Iwk. 
2 k 

CoaepWHB 3aMeHy <l>YHKUHOHanbHOH nepeMeHHOH 

➔ ➔ 
v(r) ➔ V(r)- P, 

/3Jll21/ 

/3.13/ 

13 



IlOJIY'IHM 

<G > 
0 

• oo - Jr (& - _1_ p➔ 2 

= -·z f dre 
2 

µ 

-iO) 
..3➔ T 

f[D v] 0 • 
0 

➔ 

s1 . f ➔➔ ➔ 
, dTf(W + kv-kP 

0 k µ ) 
2 2 r 

exp [ - g I I A I f d s e 
k k 1 

0 

s2 ·J ➔➔➔ p➔ 
- I dTf(W + kV-k 

0 k µ ) SJ 

• f ds e 
0 2 

] . 

/3.14/ 

PacCMOTPHM TenepL ,nee npocTeHWHe <l:>YHKUHOH.aJILHLie an-

np0KCHMaUHH, COOTBeTCTBYJOIUHe HH3WeMY npH6JIIDKeHHIO B KapTHHe 

npJIMOJI:UHeHHLIX nyTeH: 

A. IloJIO)KHM no.n 3HaKOM <l:>YHKUHOHaJILHOro HHTerpana e /3.14/ 
V = 0. 3To npH6JIH)KeHHe CO0TBeTCTByeT IlOJIHOMY npeHe6pe)KeHH10 

OT,naqeii 'laCTHULI BO B3aHMo,neiicTBHH C noneM. IlpH 3TOM Haxo,nHM 

<G> = -if dr e 
0 O 

1 ➔2 
-ir(&--P -w> 

2µ 

1 irOk 
-exp[g2t' -=T IA/(e --irOk -1)]= 

Ok 

/3.15/ 

1 ➔ 2 2 1 2 . ~ - 1 
=-IP1 I (lii-7uP +g J-=-IAkl -Inn -iOJ. 

nk nk µ . fl k. k _k k 

3.n;ecL Ok= wk 
POJITHOCTH 

L kP 
. /1 Pink I nyaccoHOBCKHe ee-

-nk 
p = n e 

nk 
(¾) -~, 

Ink} k n/ 
n~=g2 

2 
I Ak I 
-2 
Ok 

/3.16/ 

H CYMMa e /3.15/ pacnpocTpaHJleTCJI no BCeM 'IHCJiaM JanonHeHHJI 

nk 

14 

TaKHM o6pa30M, <l:>YHKUHOHaJILHaJI annpOKCHMaUHJI A npHBO,nHT 

K cne,nyroiueMy BLipa)KeHHJO ,nnJ1 JHepreTH'lecxoro cnexTpa CHCTeMLI 

ti,= _1_ p2 _ g2}: 
2µ k 

2 -
L1·Al+Inknk, 
- k k 
Ok 

/3.17/ 

r,ne n k - IlOJI0)KHTeJILHLie uenLie 'IHCJia *. 

B. IlepeueceM ,neiicTBHe <l:>YHKUHOHaJILHOro ycpe,nHeHHJI Ha no

Ka3aTeJIL :rncnouenTLI e /3.14/. Haxo,nHM 

<G> _ . f·00 -ir(& _1 p➔2 
0 

- -•z dr e 2µ -iO) 

0 
exp [-g2I IA 12• 

k k 

r is (w 1 -t; • f ds 1 k --K!f+_1_ ➔ 2 
<f 1 e µ 2µ k ) 

s 1 -is (W 1 ➔ p➔ 
fds e 2 k--k +L 

O 2 µ 2µ 
t2) 

] 

/3.18/ 

OCHOBHLie pe3yJILTaTLI npH6JIH)KeHHJI A coxpaHJllOTCJI C 3aMeHOH 

Ok ➔ wk 
1 ➔ ➔ 1 ➔2 
-kP +-k =0. µ 2µ k · /3.19/ 

. 1 ➔ 2 B OTJIH'IHe OT CJiy'laH A, ,nJIJI KOTOporo 'IJieH -- k B BLI-
2µ 

pa)KeHHH ,nnx 3<1:><l:>eKTHBHOH 'laCTOTLI /3.19/ OTCYTCTByeT' cnyqaii B 
Il03B0JIHeT 'laCTH'IHO yqecTL OT,naqy qaCTHULI npH B3aHMO,neiiCTBHH 

C KBaHTOBaHHLIM IlOJieM. O,nHaKo npH 3TOM 3<1:><l>eKTLI xoppeJIHUHH 

,neyx aKTOB B3aHMo,neiiCTBHH c ucnycxauueM HJIH nornoiueuHeM 

KBaHTOB IlOJIJI C HMilYJILCaMH k i H k j (i -I, j) OTCYTCTBYJOT. 

* MLI orpaHH'IHBaeMCH 3,neCL pacCMOTpeHHeM CJiy'laJI, Kor,na 

1 ➔ ➔ 
iinf-,,jw - -k PI= a('YJ-1, O. 

K k µ . 

15 



l .·· 

3TH 3cliclieKTbl MO)KHO nocne,noBaTeJibHO yqeCTb, Bbl'IHCJI.1111 no

npaBKH K npH6JIH)KCHHJIM A H B aHanorH'IHO TOMY, KaK 3TO 6bIJIO 

npe,D;JIO)KCHO a pa6oTe ts/ a peJIJITHBHCTCKOM cnyqae. 

lJT06bl oueHHTb TO'IHOCTb BBC.IJ;CHHblX BbIWe cliYHKUHOHaJibllblX 

annpOKCHMaunii, paccMOTPHM nepByIO nonpaBKY K 3HepreTH'ICCKO

MY cneKTPY CHCTCMbl, o6ycJIOBJieHHYIO 3cliclieKTaMH KoppeJIJIUHH BO 

B3aHMO.IJ;CHCTBHH qacTHUbl C KBaHTOBaHHbIM noneM. 

Y'leT BKJia,IJ;OB KoppeJIJIUHH MO)KCT 6bITb npu6JIH)KCHHO npOH3BC - . 

,neH cornacHo qiopMyne TaK Ha3bIBaeMoro "71 ; 71 1 -npu6JIH)KeHHJI ,,; s/ _ 

I [av"{ e grrlvl 
0 -

exp[ g; 
• g2 Brr 2 

_ !.. _/L_ J ds(-) + ••• ], 
.4 2 8v 

/3.20/ 

r.ne nepBblii 'IJICH B npaaoii qacTH COOTBCTCTByeT OCHOBHOMY npu-

6JIH>KCHHIO B. 
IlonaraH 

s, ➔ 

If (<u + t:i-k p 
0 k /L )d71 

2 T 

1T ( '11) = - g I I A I f ds e 
k k O I 

s, 
. f ds2 e 

0 

s2 

f 
➔➔ ➔ ➔ 

-1 (<u + kv-kP 
0 k /L ) d71 

Haii,neM 

]'-; i g - ~. 2 1 10kr 
(-.,-)=- - I klA I - (e 

u V /L k k 02 
k 

iOks -ilucs 
-e )(e -1), 

1l "i. 2 
r,ne O =<u ---+--,r>s>O, 

k k /L 2µ . - -

OTc10.na cne,nyeT 

, 2 T Frr'" 2 ,' 2 ➔ 2 1 2 _i.£L fds(-17 ) = -1-(g I kl A I--) r+ ... , 
8 0 8v 2µ k ~ 0 2 

k 

. 16 

/3.21/ 

/3.22/ 

/3.23/ 

_,,_ 

r,ne JIBHO BbI.IJ;eJieH 'IJICH, ,naIOIQHH BKJia,n B 3HeprHIO OCHOBHoro 

COCTOJIHHJI CHCTCMbl 

2 2 ➔ 
8Eo = _1_(g2I kl A I _1_._) = ..L712 P2. 

2 /L k k 02k 2 /L 
/3.24/ 

IIapaMeTp 71 onpe,neJIJICTCJI COOTHOWCHHCM 

g2 I k I A 12_1 _= 71 ij 
k k 02 

k 

/3.25/ 

H, rpy6o roBOPJI, COOTBCTCTByeT ,none DOJIHOro HMDYJibCa CHCTCMbl, 

nepeHOCIIMOH KBaHTOBaHHbIM noneM. 3To HeTpy.D;HO DOKa3aTb, He-

➔ ""'➔ DOJib3YJI onpe,neneHIIe DOJIHoro HMDYJibCa DOJIJI 17 = ";; k n k H 

acnoMHHaH, 'ITO B npn6JIH)KeHHH B cpe.D;Hee 'IHcno KBaHTOB iik .na

eTCH q>OpMynoii 'iik =i~ IAkl: 
Ok 

O'leBH.IJ;HO, 'ITO YCJIOBHCM npHMCHHMOCTH npH6JIH)KCHHH A u B 
6y,neT Tpe6oaaune 

71«1. 

3TO YCJIOBHe naKJia,IJ;bIBaeT orpaHH'leHBJI Ha CXO.IJ;HMOCTb BXO,IJ;Jl

lQHX B Hero CYMM no k➔• T.e. Ha CBOHCTBa peryJIHPHOCTH q>yHKUHH 

nJIOTHOCTH HCTO'IHHKa p (i')' a TaJOKe Ha BCJIH'IHHY KOHCTaHTbl CBJl-

3H 'laCTHUbl C noJieM (g), 

4. ~JIJI HJIJIIOCTpauHH paCCMOTpHM MO.IJ;CJib nOJIJlpOHa, T .e. Mo

.IJ;CJib, onHCbIBaIOIQYIO, .IJ;BH)KCHHe 3apH>KeHHOH 'laCTHUbl, HanpHMep, 

3JICKTPOHa, B HOHHOM /nOJIJlpHoM/ KPHCTaJIJie.HanoMHHM,'ITO Hanu

'IHe nepHO.IJ;H'leCKoro nOJIJI HOHHOH peweTKH Y'IHTbIBaeTCJI no MeTo,ny 

3ciiclieKTHBHOH MaCcbl, T.e. me ➔ JL , npH 3TOM 

gA = _ ·LJL ( 2rrwkck ½ 
k ➔ ) 

lk I ' V. 
/4.1/ 

r,ne e - 3apJ1.D; 'laCTHUbl , V - 06'beM CHCTCMbl, (,J k - qacTOTbl 

17 



Kone6aHHH HOHHOH peweTKH,' Ck - HeKOTOpbie 6e3pa3MepHhie no·

CTOJIHHble. 
BLI'IHCnHM npem.ne acero 3Heprmo "OCHOBHoro" COCTOJIHHJI 

CHCTeMbl, HMe10meii nonHLIH HMnynLC :f 

E 1 p 2 2 1 2 
o= - -g I I A kl. 

2/l k 
➔2 ➔, /4.2/ 

w +,!___L._ 
k 2/l /l 

HHme M~I 6y.neM paccMaTpHBaTb a .neiiCTBHTenbHOCTH npocTeii

WHH aapHaHT Mo.nenH rron.11p0Ha, B KOTOPOM aenH'IHHbl wk, ck C'IH-

➔ 

TaIOTCJI He 3aBHCJlll.lHMH OT k , T. e. w k = w , c k = c = L _ _1_ • 
l l 

00 

IlepeXO)lJI K npe.neny 6eCKOHe'IHO 6onLWOro o6'beMa H 3aMeHHH 

CYMMHpOBaHHe a /4.2/ HHTerpHpoBaHHeM cornaCHO <l>opMyn_e 

1.. !, •.. ➔ _1_ f d k . .. , 
V k (211l 

/4.3/ 

Haii.neM 
➔ 2 1 d ➔ /4.4/ 

E = L p2 - e /lW c f dx f-----k ______ _ 
O 211 211 2 0 [k 2+211w(l-x)- P2(1-x) 2]2 

Onpe.nenHM 6e3pa3MepHbie napaMeTpbl /B CHCTeMe e.nHHHII, 

r.ne 11= 1 /: 

➔2 1/; 
2 p. ••., 2 /l ' 2 

0 = -- 1 ,\ = Ce (-- ), 
2 /lW ,.: 2w 

/4.5/ 

B TepMHHax KOTOPbIX BbipameHHe /4.4/ .nnn 3HeprHH "oCHOBHOro" 

COCTOJIHH.11 CHCTeMbl npHHHMaeT BH)l 

.!Q. = 02 -,\1(0 ), /4.6/ 
w . . , 

18 -

I 

/ 

r.ne <PYHKIIHJI I (0) onpe.nen.11eTCJ1 HHTerpanoM 

1 1 
1(0)=.!_f dx =!_J---5!..! 

2o 2 20---
,J (1-x )[1-0 (1-x)] ,Jx(1-07x) 

7f arcsm , 0< 1, {' .. 
1 1T • 

0 (2 +·zarch0), 0>1. 

OTMeTHM, 'ITO a o6nacTH ManLIX 0 aenH'IHHa 1(0) 
'leTHOH <PYHKIIHeii 0 H xapal<TepH3yeTCH pa3nomeHHeM 

1 2 1(0)=1+-0 + ••• , 
6 

0 « 1, 

/4.7/ 

JIBnJleTCH 

/4.8/ 

a a o6nacTH aCHMilTOTH'leCKH 6onLWHX 0 HMeeT IlOBe~eHHe 

I ( 0) - L [ ..!L + ·i In (2 0 J + o ( ....L)] , 0 •» 1 • 
0 2 02 

/4.9/ 

OcTaan,i,i B pa3nomeHHH .nn.11 aenH'IHHLI Ea no cTeneHJIM Ma-

noro napaMeTpa 0
2 

nepaL1e .naa qneaa, MLI aaii.neM 3Ha'leHHJI 

:rneprHH IlOKOJI H :1<l><l>eKTHBHOH Maccbl COCTOJIHHJI 111 ,12 ,1sl 

1 ➔2 
E =l+--P + ••• , l=-AW, /l 

0 211 act>ct>. 

-1 
= 11(1- L,\J. /4.10/ 

aqxp. 6 

B npOTHBOilOilO)KHOM cnyqae 6onLWHX HMnynLCOB BbipameHHe .nn.11 

3HeprHH CHCTeMbl npHHHMaeT BH)l 

51.- 0 2 _ A_ [ !!.... + ii In (2 0) ] + 0 ( ~ ) , 0 » 1. 
w 0 2 t1 

/4.11/ 
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KaK BH'AHO H34iOPMYJI/4.7/u/4.ll/,npH 0> 1 COCTOJIHHeCHCTeMhl 

npuo6peTaeT OTJIHqHyIO OT HYJIJI WHpHHY, T.e. KOHeqHoe epeMJI 

)KH3HH, npuqeM OTHOWeHHe nonywHpHHhl COCTOJIHHJI K ero 3HeprHH 

npH 60JihWHX 3HaqeHHJIX HMilYJihca HMeeT BeJIHqHHY nopJl'AKa 

I__ ,\ ln(20) 

Eo 0 3 

, 0 » 1. /4.12/ 

BhlqHCJIHM Teneph nepeyro nonpaBKY K 3HeprHH "OCHOBHOro" 

COCTOJIHHJI, naii'AeHHYIO B npe'Ahl'AYIUeM naparpaclie Ha OCHOBe npH· 

6JIH)KeHHJI npJIMOJIHHeHHhlX nyTeH. 

lfoXO'AJI H3 cliOPMYJI /3.24/ H/3.25/, nonyqHM, qTO napaMeTp T/ , 
onpe'AeJIJIIOIUHH 'AOJIIO IlOJIHoro HMnyJihCa CHCTeMhl, nepeHOCHMYIO 

KBaHTOBhlM noJieM, eCTh 

T/= .A_ f '(0) = 
20 

,\ 
·7;• 0: o, 

i,\ -
203 

ln(20), 0 » l, 

/4.13/ 

OTKY'Aa 'AJIJI nonpaBKH K 3HeprHH "ocHOBHOro" COCTOJIHHJI CHCTeMhl 

Haxo~M 

02,\2 02« 1, --, 
36 

2 8E0 -20 = ~-= T/ 
<,) 2 

__ A_ [n 2(20), 0 2 »1. 

/4.14/ 

40 4 

H3 HRii'AeHHhlX pe3yJihTaTOB cJie'AyeT, qTo ycJIOBHJIMH npHMeHH • 

MOCTH npH6JIH)KeHHJI npJIMOJIHHeiiHhlX nyTeii /annpoKCHMaUHH A iI B/ 
e paccMaTpHBaeMOH MO'AeJIH JIBJIJIIOTCJI Tpe6oeaHHJI 

,\ « 1 'AJIJI Me'AJieHHhlX qacTHU, T.e. 0« 1 

/4.15/ 

,\ ln(20) · 
-3--<<1 'AJI'1 6hlCTphlX qaCTHU, T.e. 0·>> 1. 
0 

20 

IlepBhlH H3 nepeqHcJieHHhlX 3'AeCh CJiyqaee, OilHChlBaIOIUHH no

JIJlpOHHOe COCTOJIHHe, COOTBeTCTByeT npu6JIH)KeHHIO CJia6oii CB'13H; 

BTopoii, COOTBeTCTBYIOIUHH 6hlCTPO 'ABH)KYIUHMC'1 qacTHUaM, MLI 

6y'AeM Ha3b!BaTh "yMepeHHO CHJlhHOH CBJ13hl0". 

ff3yqeaue BhlClllHX npu6JIH)KeHHH l( 3Heprim "OCHOBHOro" COCTO'1" 

HHJI yKa3hIBaeT na HOBhlH napaMeTp pa3JIO)KeHHJI i=A 02 ' npHqeM 

CYMMa rnaBHhlX qJieHOB 'AaeT 

E o = 0 2 _ ,\ l; ( ,\ 02 / In ( 0), 
w n=O 

/4.16/ 

r'Ae f n (0) peryJIJIPHhl npu 0 - 0 H f n(O) = en Is O. 
Ilpu 'AOCTaToqao MaJihlX HMilYJihCax 3TOT MeTO'A IlO3BOJI'1eT uc

CJie'AOBaTh TaK)Ke H cnyqaii CHJihHOH CBJ13H B MO'AeJIH IlOJIJIPOHa 

,\ >> 1' 
i 02=-« 1. 
,\ 

/4.17/ 

Ilo'AqepKHeM, O'AHaKo, qTo cnyqaii CHJihHOH CBJl3H Tpe6yeT 6onee 

'AeTaJihHOro H3yqeHH'1 CBOHCTB KBaHTOBOro 'ABH)KeHH'1 qacTHUhl B 34i

clieKTHBHOM none, o6ycJIOBJieHHOM CYIUeCTBeHHOH IlOJIJIPH3aUHeii aa

KyyMa B6JIH3H qacTHUhl. 

ABTOPhl Bh!pa:>KaIOT rny60KYIO npH3Ha TeJihHOCTh H.H. EoroJII06o

BY, M.K.IloJIHBaH~BY, A.H. TaaxeJIH'A3e H A. T .<l>HJIHnnoay 3a nno

'AOTBOPHhle o6cy)K'AeHIIJI H ueHHhle 3aMeqaHHJI. 
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