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B pa6oTax 
11 -

31 
6hma noKa3aHa B03MO}KHOCTb. qJaKTopu3aUHH N 

TO'Je"JHOH ayanbHOll 8MI1nHTyahi C 110MOU!bl0 COCTOSIHUH KOHetJHOI'O Ha6opa 

rrSITHMepHhiX ~cuunnSITopoa •. B pa6o~e 14 I HaiiaeHo npeacTaaneHue rpynnbi 

SL ( 2, R ) aeiiC.TBHTenbHhiX yHHMoaynSipHhiX MaTpuu B npocTpaHCTBe 

KOI'epeHTHhl~K COCTOSIHHii. OnepaTOpbl 9TOI'O npeacTaaneHHH ocyUieCTBnSIIOT 

apo6HO-nHHeHHhie npeo6pa30B8HHSI Haa nepeMeHHbiMH KOI'epeHTHhiX COCTOSIHHH. 

nocKOnbKY nepexoa H3 OllHOH KOHQJHrypauuil apeaeCHOii auarpaMMhl '~ Apyroii 

CBOpHTCSI_ K TBKHM·>Ke npeo6pa30B8HHSIM Haa nepeMeHHhiMH Ko6a.;..HHnbcefia, TO 

pa3~a60T8HHbiH B 14f arrrrapaT B 11pHHUH11e aaeT B03MO>KHOCTb rronytJHTb 

orrepaTopHyio peanu3aUHIO rpaljluqecKoii Teopuu KnKKaaa, CaKHTa H Bupaco

po 
15

•
61

• B Toil }Ke caMoii pa6oTe /4/, HarrpHMep, rroKa3aHo, KaK c no-

. MOUibiO aToro ljlopManu3Ma MO>KHo coaepiiiHTb rrepexoa oT a.HarpaMMhi · Mynh

THrrepu¢epuqecKoro Tuna K rronyiV!ynhTHrrepuljlepuqecKoil auarpaMMe. 

B HaCTOSIUieii pa6oTe npoaeaeHo aanbHeiilllee rrp.HMeHeH.He pa3pa6oTaH

Horo anrrapaTa anSI OThiCKaHHSI Tpexpea>KHOHHoii aepiiiHHhi, B cnyqae · ljlaKTopu-

3auuu N -TotJetJHoii QJYHKUHH c noMOUibiO 6ecKoHetJHor'C! Ha6opa tJeTbipex

MepHhiX OCUHnnSITOpOB Bbipa>KeHHe anSI HeCHMMeTpH"'HOll Tpexpea>K.HOHHOH aep- .. 

IIIHHhi 6bmo rrocTpoeHo lllyTo /7 1• Oo3aHee a pa6oTe /8/ 6hma nonyqeHa .H . 

C.HMMeTpH'leCKaSI Tpexpel:t>KHOHHaSI aepiiiHHa, oaHaKO. He OTBe'laiOUiaSI BCeM 

l'pe6oaaHHSIM 1 110CKOnbKY B Heii HHT'erpaU.HOHHhie rrepeMeHHbie He CBSI38Hbl 

MH ypaBHeHHSIMH C COOl'Bel'Cl'BYIOUIHMH rrepeMeHHhlMH MynbTHrrepH-

3 

...J 



¢epii"ieCKO:ii lliiarpaMMbi, Bee nepeoHa"ianbHbie nonbiTKII HaiiTII Bbipa:lKeHHe 

BSplliHHbl CTanKIIBanHCb C anreopaH"iSC_KHMH TpyllHOCTSIMII, B03HHK8lOlliiiMH 

II3-3a IIppaUIIOHanhHOCTII CBSI31I MS:lKllY nepeMeHHbiMII l.JaHa )lnSI MynhTIIll8-

pH¢epii"i8CKOll )liiarpaMMbl H COOTBSTCTByiOme:fi Tpexpell:lKHOHHO:fi BeplliH

HOll 19,10I, 

Mollii¢1IUIIpoeaHHaSI eepCHSI CIIMMeTpii"iHOii eeplliiiHbi, npellnO:lKeHHaSI 

·OniiBOM 111 I, aaBIICIIT oT nepeMeHHbiX Tpex nponararopoB, CBSI3aHHbiX B 

BeplliiiHe, II noaToMy y:lKe oTBeqaer·rpeooBaHHSIM nporpaMMbi KIIKKaBa, CaKH-

Ta II BIIpacopo • 

. Do CBOSMY CMbiCny peaynbTaT HaCTOSillle:ii paoOTbl 9KBIIBaneliT8H pe-

aynhTaTy OnHBa. BHll nony"ieHHoro Bbipa:lKeHHSI AnSI lliiarpaMMbi c Tpexpell~ 

)KIIOHHOll BeplliHHOH llOK83biBaeT, 'iTO OCHOBH8SI 1Ill8SI npii filaKTOpii38UIIH aMIT

niiTYllbl C llOMOlllblO KOHS"iliOI'O naoopa. OCUIInnSITOpOB npocne:lKHB88TCSI II B 
' .. ( 

aTOM · cny"iae: Bbipa:lKeHIISI llnSI paanii'IHbiX B:on¢Hrypauii:ii norirocoB OllHOii H 

TOll _:lKe aMnniiTYllbiiiOnyqaioTCSI nyTeM CBSI3b!B8HIISI HeCKOnbKIIX KOI'epeHT-

Hb!X COCTOSIHHll· nponaraTopaMII H onepaTopaMII,. BIIll KOTOpbiX M8HSISTCSI Oll

pe)leneHHbiM oopaaoM npii nepexolle ·or OllHO:ii KOHKpeTno:ii KoH¢1Irypa~lHH K · · 

Jlpyro:ii. 

+ + 
DycTb a. , a. H c . , c 

1 
.-onepaTOpbi po:lKJleHIISI II yHll"iTO)KSHIISI 

' ' 1 . . . . 

llBYX naoopOB llSITHMSplibiX OCUIInnSITOpOB C KOMllOHeHTa~m a: 1 · a . ll 

'" '" ci:, C flo COOTBeTCTBSHHO ( k = 0,1,2,3,4), KOTOpb!S YllOBneTBOpSIIOT KOM-

MyTaUIIOHHbiM COOTHOlli9HIISIM 

a 
ilo 

[ail< ,anf] 

+ 
a u ]. = 8. 'G , 

nL zn I<L 

+ 
[clio ,c mf 8 G · 

· jm 1of 

. . + + . + '+ ± ± . 
[ c ·~o , c f ] , = [ ~ . , a 0 ] ., [c. , c , ] = [a. , c u] =0 (1) 

1 m '" nL 11< mL zlo mL 

i,n = 2,3, ... _,R j, m = 1 , 2, ... N - 1 k, f =· o. 1' 2; 3, 4 

-G 
00 

G 
u 

G 
22 

G 
33 

G 
44 

1 ·c"e = o )lnSI e o~. k. 

•, 

i 
I 

l 
I 
I 

I 
I 

B paoore 11 I obmo noKaaaHo, 'iTO llyani.HaSI R + N -roqe• 

B R+ N ,cooTBeTCTByromaSI lliiarpaMMe MynhTIInepii¢epii'IecK 

MO:lKeT ObiTh ¢aKTOpii30BaHa c noMOIIIhiO KorepeHTHbiX coer 

llSITIIMSpHbiX OCUIInnSITOpOB II 38lliiCaHa .B BIIlle: 

B 
R+N <'I' Nl 

k.H·.t 

~~-

••• 

I 'PR > ' 

~c 

K 

2-1 ' 2 

PIIc, 1. 

PA. pl 

• •• 

tlt-f ~,?. 

I'lle KorepeHTHbie cocTOSIIIIISI <'I' N I II I 'I'R> onpellenSIIOTCSI 

N-I 

~ 

<'I' I 
N 

f d ¢ ( z., k. ) .< 0 I e 
. N+I 1 1 

i=I 

·i-I 

K.c.Tiz. 
1 1 lo=I ... 

0 

I'I'R> f d cP (t. , p . ) e 
· . R+I 1 1 

0 

onepaTop D paBeH 
NR 

R R-I ' 

~ P. a:ll tlo 
i=2 ' ' lo=i 

5 
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,JTKII H8fiTII Bb!p8lK9HII9 

TSIMII, B03HIIK8!0Jil1IMII 

II 4aHa anst MynhTIIne

peAlKIIOHHOli Beplliii-

llHHbi, npeanolKeHHast 

'BTOpOB, CBSI38HHbiX B 

;>orpaMMbi K1IKK8Ba, CaKn-

:oTbi aKBHBanenTen pe-

AH8I"p8MMbl C TpexpeA .. 

I :npn tP8KTOpli38UHII 8Mll-

B npocnelKHB89TCSI ll B 

mnfi noniOCOB OA!IOfi ll 

necKonbKIIX KorepenT-

l KOTOpb!X M9H.II9TCSI on

peTHOfiKOHtPHI"ypauHH K 

:neHHSI II YHHqTO>Ke!IIISI 

eHTar:m a ~.t , · a i.t n 

Jbl9 ynosneTBOpSI!OT KOM-

o G · 
· jm k~ 

+ ± 
"]=[a 

mL· · il 

= 0 

·. 

I 

I 
l· 
l 
I 

B pa6oTe 111 6binO noKaaaHo, •no nyani:,Hast R + N -ToqeqHast aMnnaTyna 

B R+ N ,cooTBeTCTBYIOIIlast naarpaMMe MynbTIInepa¢epaqecKoro T!fna ( pac. 1), 

MOlKeT 6biTb tP8KTOpii30B8H8 C UOMOJilb!O KOI"epeHTIIbiX COCTOSIHIIli R + N- 2 

USITIIM9pHb!X OCUIInnstTOpOB II 38UIIC8II8 B BIIAe: 

B 
R+N 

~;l 

It:. 
N-). 

••• 

~~.. 

K 

2-1 . 2 

PRe. 1. 

(2) 

p~ p3 
p" 

• •• 

t,__, t,~. 

rae KorepeHTHbie cocTOSIHIISI <'I' N I II I 'I' R> onpeaenstiOTCSI ¢opMynaMa 

<'I' I 
N 

1'1' > 
R 

N-I ·i-I 

l 

r d ¢ r zj, k; ; < o 1 e 
N+l 

~ K.c.TI z. 
i=J 1 1 l=J ,. 

0 

R R-I 

~ P, a: ll ll 
I i=2 I "=i 

J d ¢ R+/t i 'pi ) e 
0 

I o > . 
a 

onepaTop D pasen 
NR 

5 
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+ 
ai 'c n 

R N-1 
a c + ) 

i 4 n 4 

2 a. c - P. 
•4 n4 '• ·R+ n 

D n n r 1 
NR 

i=2 n=1 

pin 

, 2 , 2 
( 1 + a (0) + a · P. + a P + ) o . 

1 n z+ 1, n 

a raMHnbTOHH8H CHCl'eMbl OCllHnnSil'OpOB 

R 
N-1 

··,H ~ 
+ ~ 

+ 
= a a + c c 

i i 
i= 2 

i= 1 

B <fJopMyne (2) qepea d ..1.. ( z . 
'1-' N+1 ' ' k i ) H 

(5) 

(6) 

deb ( t . 
R+1 ' 

, Pi ) o6oa-

Ha'leHbi rroahiHTerpanhHhie Bbipa*eHHSI anSI BN+ 1 H B R+ 1 cooraercreeHHO, 

aarrncaHHbie B <fJopMe EapaaK'In-PIOera,· a B «flopMynax (3), (4) Ki H P; 

nSITnMepHbie aeKropbi c KOMnciHeHTaMn ( -iJU.'ki11 , I )n (-i,·a'pi 11 ,1 ). 
+ 

CKanSipHoe rrponaBeaeHile Pi a i IJSITnMepHbiX BeKTopoB Pi. H · a , orrpeae-

nSieTCSI paBeHCl'BOM! 

pi a7 
4 

~ 
~e,f=o 

ltf + 
G pilt a if 

(7) 

+ a a .. c o6oaHatJaeT o6bi'IHOe nopeHUOBCKoe cKanSipHoe rrponaBeaeHne, 
' n 

o6pa30B8HHOe C IlOMOlllb!O tJel'bipeX KOMIJOHeHT IlSil'HMepHbiX BeKTOpOB 1 T;e,. 

"+ 
a .. c 

' n 

3 

~ 

ll• v=o 

IJ.V 
g a ill 

g 00 =- g 11 = -g 22 =- g ~3 1 

+ 
c 
nv 

g IJ.V 

6 

(8) 

0 anSI II-,; v ·. 

• I 

1 
.I 

-~ J 

llnSI o6ner•IeHHH aanbHell:nmx BbiKnaaoK Mhi cHa'lana 

HHOll BHa 3THX peaynhTaTOB •. BMeCTO .nepeMeHHbiX. l.Jaaa " 

anSI Ka*aoro H3 cocToSIHHil I 'I' R >: H <'I' N I · cooTaercTB 

· Ko6a:-HHnbceaa: 

i=1 

(.<), = n tit 0 s (.<) <(.<) .< ••• . <(.<) s I.<(.<)· s 00 

' R+1 - R - - 2 
lt=2 

1 

i- l 

v = ·n Zit 0. '= . v N .< v < .• • < v .< v - I , 
i lt=1 

·. - N-1- - 2-

roraa deb 
R+1 

H d cf> · npHMYT BHa:" 
N+1 

-2a' 1> •• fJ 

deb R+ 1 
(w, P ) 

R 

n d (.<). II (w.-w) ' 
' i= 3 

N-1 

' n 
2.<i< n<R+ 1 

p 
R+ 

deb (v, k) = II d~ II ( v. - v ) - 2 a, 1J: • I> -
' n . , ' n 

N+1 i= 2 J.<i<n <N 

BBeaeHne HOBbiX rrepeMeHHbiX w . n v . aaeT B03MO)I{Hoc· 
. ' ' ' 

peHTHhle COCTOSIHllSI (3) H (4) B BHrie: 

I 'I' R> 

< 'I' I 
N 

R 

~ P. 

(deb . (w,p)e 
R+1 

i=1 ' 

(deb (v;k)<ol 
N+1 c 

e 

CdR 

a --
Wi 

IO> . a 

N. 

~ kicivi 
i= 1 

+ + 
rae oneparopbi a 

1 
, a 

1 
H c·N , c N · yaoBneTBOpSIIOT 1 

COOTHOllleHHSIM1 aHanorH'IHhiM ( 1 ). TaKHM o6paaoM BOCCTI: 

HOilp8BHe" BHelllHHX '18Cl'HU, T8K K8K Ka)KaOH H3 HHX CT8B 

BHe IlSITHMepHblll OCUHnnSil'Op. ct>aKTOpH38UHOHH8SI !jlopMyna 

IlpHHnMaeT BHa: 



(5) 

(6) 

r cf:> · ( t . , p ; ) ooos-. 
R+1 1 

H B COOTB9TCTB9HHO, 
R+1 

y nax ( 3 ) , ( 4) K i u P; 

: , I ) H ( - i , 'a' pill , I ) • 

{TOpOB Pi. H · a i onpeae-

(7) 

:KanRpnoe npoHSBeaeHHe, , 

ITHMepHbJX B9KTOpOB 1 T;e, 

(8) 

Ctn R jl'f II ' 

l 
l· 
I 
'. 

i 
'1 
I .. 
' ) 

::J' 

I 

nnSI Ooner'!eHHSI aanbHeil:UIHX BbJKnaaoK Mbl CHa'Iana aaaHM HeCKOnbKO 

HUOil: BHa STHX· pesynhT8TOB,. BMeCTO nepeMeUUblX tJana Z i H t i BBeaeM 

anSI Kama oro us cocToSIUHil: I 'P R > H < 'P N I · cooTBeTCTBYJOillHe nepeMeUHbJe 

· Kooa~HHnbcena: 

i=I 

w. n tit 0 - w .<w'< ... <w 
I R+1 - R - 2 

lt=2 

i- I 

II 'll Zit 0 - !IN .< II < ... <v 
i lt=1 - N-I-

Tor a a d cf:> H d cf:> · npHMYT BHa: .. 
R+1 N+l 

dcf:> 
R+l 

(w, p ) 

dcf:> (v,k) = 
N+l 

R 

n 
i= 3. 

N-1 

II 
i= 2 

dw. II 
I 

2<i< n<R+ 1 

II 

-

~ J.<w. - 00 (9) 
1 

.< II - 1 ' 2- 1 
(10) 

(11) 

p - -K 
R+1 

(12) 

BBeaenHe HOBhiX nepeMeHUhJX w . H v . aaeT BOSMON<HOCTh sanHcaTh Kore-
. I I 

peHTUhle COCTOSIHHSI (3) H.(4) B BHae:c 

1'1' > 
R 

< w I 
N 

(dcf:> fw,p)e 
R+1 

R 
~ P. 8 

i=1 I 

IO> 
8 

N 

~ kicivi 
i= l (dcf:> (v;k) <Ole 

N+1 " c 

+ + 

( 13) 

. ( 14) 

rae onepaTOpbl a 1 1 a l H c·N 1 C N yaoBneTBOpSI!OT KOMMyTaUHOUUbJM 

cooTuomenHSIM, ananorH'IHhiM ( 1). TaKHM oopasoM BOCcTanaBnHBaeTcSI "paB

nonpaBHe- BU91llUHX 'I8CTHU 1 ,T8K KaK Kamaoil: H3 UHX CT8BHTCR B COOTB9TCT-.. 
BHe ITSITHMepUbJH OCUHnnSITOp. cf>aKTOpnSaUHOUHaSI ljlopMyna OKOII'IaTenhUO 

npHHHM89T BHa: 



) 

i 

B 
R+N 

rne 

If 

D 
<'I' 

N 

NR __ __:.:_I .'I' >. 
H _ a (k 2) R 

R N 

H = ~ 
+ 

~ 
+ 

a a + c c 
i i i i 

_i= I i = I 

R N 
+ 

DNR= II II (1 -a. c ) 
i=ln=I 14 n 4 

2 
I H-a (K )-I 

filz<'P.Iz D I'P >, 
N N R R 

0 
( 15) 

H ·+ H = a c ( 16) 

+ a .• c 
I n 

2 -p 
a . c + 

I 4 n 4 i, R+n ( 17) 

llng rronyqeHif£1 ClfMMeTplf'IHOll TpexpeJl)KifOHHOll BeplllliHbl Yll06Hee 3a

IIIfCSTh ~OpMyny (15) B Blfll9 0 B KOTOpOM o6a COCT05IHif5I HSXOll5ITC5I C ne-

BOll CTOp0Hhl 0 T,e, 

l 
2 

Hc-a(l< )-1 

B = f d z < 'l' I·< 'l' I z 
R+N N R 

D N RIO >a, b 

0 

rAe 

<'PRI f.dcfJR+I (w,p)a <o I 

R WR 

~ Pi ai-;;: 
i=I I e 

COCT05IHif9 0 COOTB9TCTBYIOlll99 llHSI'paMMe p!iC, 2: 

pi K 
--+ 

2 
• • • 

~ . PJ PR-1 P, 
PlfC, 2 

8 

(18) 

(19) 

·I '· 
·" 

I 

\j 

1 

r 

DNR 

'- ,-, 

R . N" + + 
II 'II (J-ai4cn4) 

£'= 1 n= I 

+ c + . 
a t•. n 

2 + + -p. R+n 
a c '• 

i 4 n 4 

TaKHM o6pasoM,. Bbipa*eHife (18) cooTBeTCTByeT JlHarpaM 

-~> . >---r-f -.. . -. .-. .--f . -,-1 ~ 
p~ . p3 ~-~- P,... 

~"-·) · · r.;_. · · · r·. r~ 
J(..N 

Pile. 3 

-3arrHlll9M BblpS:lK9HHe, COOTB9TCTBYIOlllee llHSI'paMMe _I 

P;. 

114-f 

fM 

P!iC. 4. 

9 



2 
a (K J -1 

,R.+n 

D I 'P >' 
N R · R (15) 

(16) 

( 17) 

: aeplliUHbl YJl05Hee aa-

)HHUH HaXOJlHTCH C ne-

b '. 

K 
---+. 
V\.1'\. 

i! 

(18) 

( 19) 

l 
i 
I 

(20) 

TaKHM o5pa30M,. Bbipa)l(eHUe (18) COOTBSTCTByeT JlHarpaMMS puc. 3: 

• • • 

Puc. 3 

3anHlliSM Bb!pa:lKSHHe, COOTBSTCTBY!Olllee JlH8l'p8MMe .PHC. 4, B BHJle: 

Puc. 4. 



BL+M+N= rdxdydz < 11' I <'I' 1:<'1' Nl 'll X 
> L n llHKn 

x,y,z 

P,Q,K 
a,b,c 

P 2)-J 
H-ac VIO> 

a a,b.c. 
(21) 

3TO Bbipa)KeHHe llpHIIHMaeTCSI B Ka'leCTBe onpeneneHHSI TpexpeJl)KHOHHOH 

aeplllHHbi, onepaTOp KOTOpOH o603H8'1HnH 'lepe3 V • 

Oycrb R =L +-M 11 

PL+i = q i a 
L+i 

b + 
3 L+i 

b+ 
j 

i= 1,2, ... M. (22) 

Ecne A; 11 ll; -rrepeMeHHbie Ko6a-HenbceHa JlnSI llBYX cocTOSIHHii: <'I' L I 
II < 1p Ml 113 pHC, 4 COOTBeT.CTBeHHO, TO CBSI3b Me)KJlY HHMH, II CTapblMH 

nepeMeHHhiMH w; sanaeTcSI !flopMynaMH 

1- X A;· I - A2 
i = I, 2 •... L 0 = A < A < .... < A = 1 

1.- L-J- - l -w. • > I - X A2 I -A; 

1-A 
_2 

2-y zell; 

W = XTj 
L+i 1-xA 2 ·1 -r ell; 

1 - X 

llM +I 
=- e= 

f;y z f + yz 

i =1,2,··· M O=ll <ll < ... <11 =1 
M- M-1- - 1 

(23) 

1-y 1 - z 

11 = (,= 
f + zx f + xy 

3]leCb { = { (X, Y' Z) -UHKnH'IHO-CIIMMeTpH'IH8SI !flyHKUHSI ~peX nepeMeHHbiX 

X , Y II Z , COOTBeTCTBYIOlllHX nporraraTOpaM, · BXOJlSilllHM B _aeplllHHY. 

3Ta ~yHKUHSI SIBnSieTCSI peweHHeM ypaBHeHHSI 

> 2 
({+xy}([+yz)([+zx) =([+ xyz) 

(24) 

H sa]laeTcSI !flopMynoii: , · 

10 

\. 

I 
I 
~ 
l 
I 
·l 

I 
~~ 
l 

·~t> 

t 
~ 
•,) 

(. 

I. 

l 
f.! 

1 f = -[1- xy- yz- zx + 'l'(x,y, z)], 
2 

r]le /9/ 

.'1' r x, r , z J y{l-;-xy-yz-zx) 2 + 4xyz(2-x-y-z 

HKo6naH npeo6pasoaaHHSI (23) HMeeT BHJl:. 

D(w ,w , ... wL+M) 
3 ' 4 L+l 

xwL 

L· 
(1-x) 

M-2 ___ _ 

WL+M ll'(x,y, 
D(A , ... A •ll ····llM 1-•"•Y) 

2 L-1 2 -

L-1 M-1 . I M-2 
n 2 ( e r) II 2 

(I-/;Yil;) '(I-A.) i= 2 i= 2 • 

llyanbHOe rrpeo6pasonaime (~3) rrepeBOJlHT Bbipa)l<enee d ¢ 

B cjlOpMy 

d¢ (w(A·•Il·•"•Y•z),p,q)=dcp (A,p)d¢· (ll 
L+M+1 ' 1 L+1 M+1 

f+r z 
( ' ) 

f + xyz 

-·2a'q K 
1" (x 

[+yz 

[+xy z 

-acP2J-1 f+z x 
') (y.--

. f + xyz 
) 

2 
-a(Q)-

2 . 2 , 2 , 2 L-1 
-a(CP -K) )-1 -a((q -p) )-I -a Q+a.m. 

(1-x) 1 (] -y) 1 ' (1-z) no-~ 
i= 2 

M-I 2a'q p M-1 2a'q.,K L M 

ll(l-rll;l ;' n (1-/;JZil.J •· II n (1-(,x' 
• 

i=2 
i=l n=l 

i=2 

11 



p2)-l 
V\O> 

a. b,c. 
(21) 

~UH TpexpeJllliUOHHOH 

. i = 1 ,2, ... M. (22) 

lBYX COCTOHHUH < IJI L I 
lelliJlY HUMU U CT8pb!MU 

< .\ . < .... < .\ = 1 
r.- L-1- - 1 

1 - z 

'{+ xy 

(23) 

rHKUUH ~peX rrepeMeHHbiX 

BXOJlHniUM B BepWUHY. 

(24) 

1 f=-[1-xy-yz -zx +'P(x,y,z)], 
2 

(25) 

r)le 191 

. 'P(x,y,z) 
2 '.}(1-xy-yz-zx) + 4xyz(2-x-y-z) . 

(26) 

~K06UaH rrpeo6pa30B8HUH (23) UMeeT BUll: 

L-I M-1 

xw 
L WL+M 

'P(x,y,z)({+ zx) 

M-2 --------
(1-x) (1-z) D(w ,w , ... w·· ) 

3. 4 L+M L+l 

D ( .\ ' .. • .\ oil ' .. : 11 . ' X' Y) 2 L-1 2 M-1 

(27) 

L-1 - 1 M-1 

( f; y) II 
(1-.\_)2 

I 

n 
i= 2 i= 2 

.llyanbHoe rrpeo6paaoBaime (23). rrepeBOJlUT Bbip8)l(eHue d¢L+M+/ w 1 P ) 

B ljJOpMy 

. dxdy 

deb (w(A·•I1·•x,y,z),p,q)=dcb . ('h,p)dcb (11,q)-----
L+M+1 I I . L+1 M+l . 'P(x,y, z) 

J+yz 
(--

{ + xy z 

2 . ' 2 
-2a'q

1
. K {+yz -a(I'2J-1 f+zx -a(Q)-1 f+xy -a(K )-1 

(x-----'-') (y.---) (z-_---) 
f+xyz · f+xyz f+xyz 

(28) 
2 . 2 ' 2 , 2 L -I 2 '• K 

-a((t>-K))-1 -a((q-t>))-1 -aQ+a_m. .Ur;· 
(1-x) 1_ (] -y) 1. (1-z) ll(l-x'h;) '!1· 

i= 2 

M-1 2a'q p M-1 2a'q,,K 
n r 1 -r 11; J ·' n r 1 - E;r z 11. J ' · 

' i= 2 i=2 

L M 1-11n -1XJ.'p,,q 
II II (1- (,xy,\i---) '· n 

i=l n=1 1 -Y11n 

11 



I ~ . I 

· C APYI'Oil: cropoHhi, rrpeo5pasoaaHim (23) rrepeaomrr orreparopnyro "'aCl'b 

COCl'O.HHIHI .<'l'L +MI. B 

i I-). i 
k P.a."TJ ---

• 1 1 I-x).. 
<Oie'= 1 '.<ol 

a b 

M 
I-~yll; 

k Qi bi I - z(;.y fl.; e 'i=I 

Orcroaa HerrocpeacraeHHo BHAHO, "'l'O Kos¢¢nuiJ:eHl'bi. rrepea a. 
'4 

(29) 

H b i 4 

.HBn.HIOl'C.H Jlp05Ho-m!HeHHbiMH KOM5HH811H5IMH IIepeMeHHhiX A i H IL i COOl'Bel'

Cl'BeHHO; 81'0 ABel' HaM B03MOlliHOCl'b BOCIIOnb30B8TbC.II" pa.spa5ol'aHHbiM 

B 14 ! .arrrraparoM. rrpeacraaneHiril:· Ppyiiiibi SL ( 2, R ) B rrpocrpancrae 

KOI'epeHl'HbiX COCl'O.HHIIfi IISil'HMepHbiX OCUHnnSil'OpOB, B l'OH llie pa5ore 5bJnO 

rroKa3aHo, "'l'O ecn11 Mal'pHua 

/a 
g =(. 1i 

. a 
21 

\ 

\ 
al2)(SL(2,R), 

a 22 · 

I 
T.e. Det g = 1 (30) 

· n ecn11 g A o5osna"'aer Jlpo5no-n~Heil:noe rrpeo5paaoBaHHe aenH"'HHhi A 

C IIOMOIIlhiO Ma l'pllllbl g 1 l',e, 

gA 
aiiA+ai2 

a A+ a 
21 22 

(31 J. 

TO Ka)KJlOMY sneMeHry g ( .SL ( 2 1 R ) MOlliHO IIOCl'BBIITb B COOTBel'CTBHe 

orreparop () ( g ) , KOl'OpbiH AeHCTByeT Ha KOI'epeHTHbJe COCTOSIHIISI IISITIUfep- · 

Hb!X OCUHnnSil'OpOB IIO 38KOHY 

, L + 
~<~:P.a.>.. 

()(g)e i=I ' ' ' IO> 
a 

e 

L 
+ 

kP.a.(&A;) 
i=J ., r 

flycrb g n g b-cneayrom11e· MarpnUhi 
a . . 

12 

IO> . a (32) 

~ .,;-;;-
J~ -J_::_ __ _ 

]-x 1-x JZ: 
g ' g b = 

a 

-J-::~ ' J-· 1 -z/I-
TJ{l-x) . xTJ(l-x), 1- z 

ToPaa, ecnn orrepaTopbi paccMaTpnaaeMoi'o rrpeacraaneHHH, 

Ha KOI'epeHTHbie COCTOSIHIISI OCUHnnSITOpOB a i " b·; · 1 o5• 

OL(ga )H 

MaeT BH)l: 

() M ( g b ) COOTBel'CTBeHH01 TO Bb!palliel 

L 
k P. a. A. 

.<OI ei=I ''' 
a 

+ 
() (g. ) < 0 I e 

L a b 

M 

k a i bi ll i 
i= I 

() ; (g b). 

Y"'HTbiBaSI STOT peaynbTaT II ·paBeHCTBO (28) 1 • Mbl MO)KeM 

BhipallieHne anSI AHai'paMMhi B L + M+ N H3 pHC, 4 B BHAe: 

B 
L+M+N 

d X d y d z < IJ' I ~< IJ' I ~< IJ' N I .. _ ___;_ ___ . L M 

f. IJ'(x,y,z) . 
0 

-t a. 

n 
unKn 

Ha-a(P:Z,I f+yz -a(t->2)-J L -2i.Ja,'p ·~ 
I X (. ) . . n (1 - a.+ ) 

0 
a i 

x,y,z 

a;b, c 

A•IL•" 
L,M,N 
P,Q,K 

Pne 

f+xyz i"=I '
4 a:b+ 

+ . ' n 

Y-b . 2 + + + n4 a. b 
X fi fi ( 1 - (:a. ) 14 n411 0 >. 

i=I n=I · t4 · 1 - b + 
n4 

L M 

p =-K q =-P k =-Q. 
0 , 0 I 0 

Ha <jJopMynhi (35) BHUH01 "'l'O orrepaTop ·+ + a b 

D'· 
LM 

= n n (1 
i=I n=I 

+ 
+ Y -b n4 

ra + 
~ i4 b 

1 - n4 

·13 

·' ' n 
2 

a+ b + 
) . i4 n4 



liT :oneparopuyio 'laCTb 

(29) 

,1 _ nepell a . 
' - _, 4 H 

19HHhiX A i H 11. i COOTBeT-

TbCSI- pa_apa50T8HHh!M 

R ) - B npocrpaucrBe 

• B Toii Me pa5ore 5hmo 

(30) 

30BaHue BenH'lHHhl A 

( 31) • 

)Cl'8BHl'b B COOl'B9l'CTBHe, 

'Hbie COCTOSIHHSI llSil'HMep- -

J> 
a (32) 

I 
) 

-'I 

I 

I 

-0-
\i 1- X 

g 
a 

jl 
_ x 71 (1-x) 

g = 
b 

-z/I 1 - z -.j-;:~;:y::;:(J;::_=:z) 

1 

(33) 

Torlla, ecnu oneparophi paccMaTpHBaeMoro npellcTaBneuuSI, lleiicrByiOniHe 

Ha KOI'epeHTHbie COCTOSIHHSI OCUHnnSITOpOB a; H. b .i 1 0503H8'lHM qepea 

COOTB9l'Cl'B9HH01 TO Bb!p8M9HH9 (29) npHHH-

L 

'£ P.a.Ai + 
<Olei=l I' (} (g.)<Ole a L a b 

M 

'£ a. b. 1-L. 
i= 1 I I I +" 

(} M (g b ) ' 
(34) 

Y'lHTb!BaH a TOT peaynhTaT H ·paBeHCTBO (28), _ Mhi MOMeM npellCTaBHTb 

BblpaMeHHe JlnSI llH8I'p8MMbl 8 L+M+N H3 puc. 4 B BHile: 

8 
L+M+N 

dxdydz 
(,-----<'I'Ll :<'I'M! :<'I'Nl 

0 'l'(x,y,z) 

n 
2 2 L 

Ha-a(P r-1 f+yz -a(t> J-1 
lx (. ) ' n 

- UliKn f + xyz i"=J 
x,y,z 

a,b, c 
L M 

+ y-b -
+ n4 

2 a.+ b + 

}viJ.•V 
L,M,N 
P,Q,K 

I'll9 

X .ll ll ( 1 - ( a 14 1 
- b + 

•=1 n=1 · - n 4 

Po =-K q =-P 
0 

k =-Q' ' 
0 

' I 
!13 !flopMynhi (35) BHilHO, "'TO onepaTOp 

D' 
LM 

+ 
Y -b + n4 

= n n (1- J"a --- J 
., i4 + 

i=1 n=1 1 - b 
n4 

·13 

14 n411 0 > 

(35) 

(38) 



l:. 

L 

i 
j. 
! 
I 
! 

:I 
i 
(, 

(a TaKllie u o_cTanbHbJe ABa onepaTopa, nony'laiO~uecH H3 D!i..M n~TeM 

UHKnn'leCKOH 3a~eHbl nepeMeHHblX H OCUunnSITOpOB) s!BnSieTCSI no CBOeMy 

CMbiCny onepaTopoM Tuna D NR (!jlopMyna (20) ): Ecnn BBeCTH M8'fPHUY 

u MaTpnUbi g, ,. g z , nony'laromuecSI us g x nyTeM unKnH~Hoii: saMeHbi 

nepeMeHHbJX x , r , z , TO paccMa TpnBaeMbJii: onepaTop MOllieT 6biTb npe11-

CTaBneH B BUlle: 

+ H b L 

D •. = e r g H -1 J n 
LM b Y 

M 

i= 1 n=1 
n 

+ + 
(1-a. b ) 

•4 n4 

+ b+ 
a i4. n 

2 b H b -z 
a i4 n4 (-1) (} b (g Y ) 

+ H b H b + -1 
(} b (g,)(-1) DLM (-1) (}b (g,) 

(38) 

n aHanorn'IHO AnSI DM~ u DN'L • 3AeCb ULM -onepaTop, onpenenReMbJii: 

!jlopMynoii: (20). 

TaKnM o6pasoM, c y'leToM paBeHCTBa (38) Bbipa>KeHne nnR B L + M + N 

OKOH'IaTenbHO npHHHMaeT BUll: 

dxdydz 
B . -

L+M+N- f ----· <'PL I <'I' Ml <'I' Nl 
'l'(x,y,z) 

0 

H
4
-a(P

2
J-1 {+yz -a(P

2
}-1L + n lx ·, ( ) . n (1-a. 

UHKn f + x'y z i=l 
1
4 

x,y,z 

a,b,c 

·L,M,N 

14 

(39J 

+ 

-2i\/a 'p • a~ -pOi D' II 0> b c' 
o a .. LM _a, • ) . '4 

CpaBHHBaH BbJpallieHHSI (21) u ( 39), BRAHM, 'ITO onepaTop 

? . -
-a (P ~)-I L -• 

1 
V ( a;,b:. c:, x, Y • z) =~(x,y,z} n 

x,y,z 

a;b,c 

I ( f+YZ) ll (1 -a~4) f +XYZ. i=I I 

P,Q,K 

L,M,N 

J13 !jlopMyn ( 39) H ( 40) HeJJOCpeACTBeHHO BHllHa UHKnH'IeC} 

TpexpeAlliHOHHOH BepUJHHbl 110 OTHOUJeHHJO rrepeCTaHOBKH CO( 

<'I' I n < 'PN I • Te llie caMbia !jlopMynbi rroKasbmaroT,.'IT M . 

BeplllHHa 38BHCHT OT rrepeMeHHbJX X 1 'Y H Z 1 KOTOpbie ( 

11p0118I'8TOpaM
1 

CB5I3biB8IOlUHM 8Til COCTOSIHIIH B Bepllli!He. f 

TaKylO 38BIICI!MOCTb Henh35I ycTp'aHHTb JJyTeM BBeJieHI!SI 110 

/11/ 
pOB 

DocKOnbKY orrepaTOp Bepilli!Hbl V COOTBeTCTByeT lll.ia 

(8.;., 1) 

(c,·, K.;) 

Puc. 5 

15 



mcSI us D!i..M nyTeM. 

) sJBnSieTCSI n~ CBOeMy 

EcnH BBecTn MaTpnuy 

I 
(37) 

rTeM· UHKnH'IHOfi 38M9Hbl 

~paTop Mo:>KeT 6biTb npe.n-

H b -I 
·1) 0 b (g y ) (38) 

paTop, onpe.nenneMbifi 

Bbipan<eane .nnn B L + M + N 

(39} 

! 

r 
1 
·I 
I 

:I 
\ 

J 

CpaBHHB8SI Bb!pa:>KeHHSI (21) If ( 39), BHAHM, 'ITO onepaTop B9plli1IHbl paBeH 

( + b+ + ) 1 V a., .,c. ,x,y,z = (. ) 
£ £ £ tj; x,y, z 

+ - a. 
-a (P 21_ I -2 iya 'P -+• -p 

f 
L · 0 8 01 

I(~) II (1 -a+) 14 D' I 
{+xYZ i=I i4 LM 

n 
x,y,z 

a;b,c 

P,Q,K 

L,M,N 

(40) 

!13 ¢opMyn (39) .H (40) H9ll0Cp9ACTB9HHO BHAHa UnKnH'19CK8fl CHMMeTpHfl 

TpexpeA:>KHOHHOfi BepumHbi no oTnomeHHIO nepecTaHOBKH cocTonunfi <'I' L I 

<'I'M I n < 'l' N I , Te :>Ke caMbie ¢opMynbi noKa3biBaiOT, 'ITO nonyttennan 

B9plliHH8 38BHCHT OT nepeMeHIIbiX X , Y H Z , KOTOpbie COOTBeTCTBYIOT 

nponaraTopaM, CBfl3biB810llilfM 9TH COCTOflllllfl B BeplliHHe, no-BHAHMOMy, 

TaKyiO 38BHCHMOCTb. uenb3fl ycTpBIIHTb nyTeM BBeAeHHH llOBbiX OCUHnnnTo-

/11 I 
pOB 

n OCKOnbKY on epa TOp Bepllillllbl V COOTBe TCTByeT Jlllai'paMMe 

Puc. 5 

15 



1-,'l 

II 38BIICIIT OT rpex Ha6opoB nSITIIMepHbiX OCUIInnSITOpOB ( a i 1 b1 II C ; ) 1 

OH MO)!{eT cny)!{IITh He TOnbKO JlnSI nOCTpOeHIISI JlllarpaMMbl Ha piiC. 4, HO · 

T8K)!{e II JlnSI npoBepKII CaMOCOrnacoBaHHOCTII Hamero nO)lXOJla, B KO~OpOM 

<flaKTOp1138UIISI MHOrOTO'I9'IHOH tPYHKUIIII npOBOJlii:CSI KOHe'IHbiM Ha6opOM OC

UIInnSITOpOB. Ha CaM OM Ilene, ecn11 BMeCTO COCTOSIHIIH <'I' N l B ¢opMyne 

(39) nOCTaBIIM < 0 l 1 B03bMeM COOTB9TCTByiOllillii Bbi'IeT no nepeMeHHOH 
c 

z B TO'IKe Z = 0 H nOCTaBIIM HMnynhC K Ha MaCCOBOH noBepXHOCTH , 

T.e. 

K2 = P 2 = m 2 
0 

( 41) 

ro BhiPa*eHIIe (39) JlOn*HO nepeftr11 B paHee nonytJeHHoe B pa6oTe 
141 

Bhi-

pa*eHIIe JlnSI B L + M + 1 , ¢aKrop1130BaHHoe no nepeMeHHoft r H coorBercT-

Byromee JlllarpaMMe p11c. 6. 

fN·,.t ,, PL 
• • • 

~ 

• • • 
t ... P. PL·.Z . • PL-f 

P11c. 6 

DeftCTBIITenhHO, ytJHThiBaSI, 'ITO, cornacHo ¢opMynaM (23), (25) H (26) 

'I' (x,y,O) 

Mhi nonytJaeM 

L 

<OIV(a-t:,b:,c:,x,y,O)IO >=II 
C I I I C i=l 

= f(x,y,O} = 1 , 

+ - a. 
-2h/a ''6 ~-Po; 

+ · ai4 
(1- a;4) 

(42) 

a-: M b+ 
L --'-l: n 

'II (1- + ;t4n=lb'+" 
i=1 ra;4) n4 

._,.,.-, b: b + L a+ -
M -21va 'k>~-p -2-n-l: ; 

·n (1-b+ ) bn4 On. bn4 i=1~4 
n4 I 

L M ;:. 1- + 
nn 0-b ~ 

n=1 
i=1 n=1 n4 1 + . 

-yai4 

Ecnn BB9CTH nepeMeHHbie Ko6a-HIInhceHa JlnSI npaBoro coc 

u 1 =XA;, (] 0 "' 1 i=l,2, ... L 

H OCUIInnSITOp a Ol ( k = 0,1,2,3,4), COOTBeTCTByiOIUIIH HOBi 

'i8CTHUe, IIMeiOIUeil: HMnynhC p O 

+. 1 [ + +1 
[aol•aof 1 = Glf ; · [ ao1•aof = aOl'a of 

ro c ytJeToM paBeHCTBa t44) B L+M+1 npiiHIIMaeT BHJl: 

1 2 , 2 
-· . . Hb -a( Q )-1 -a Q 

Bi+M+1 = jdr <'I'L+1l <'I'M I r 0-rJ 

L M 
a: • b + 

2 I n 

. . (1 .· + b+ . + + ) a;1 b+ 10·> . 
X fl fl -ya - +2 b n4 

i=O n=1 i4 n4 i4 n4 
a, b 

3JleCh .<'I' L+
1

:1 -cocTOHHHe L + 1 BnemHHX tJaCTHU Tnna 

EcnH (} :- H (} + onepaTOpbi Hamero npeJlCTaBneH a b . . · 

mne MaTpnue 

h = (; -:.) 

)leftCTByiOIUHe na OCUHnnHTOpbl a i H. b n· . COOTBeTCTB9HHO, 

K838Th 1 'ITO 



>pOB ( a i , b1 n: c i ) 1 

~paMMbl Ha puc, 4, HO 

'0. nOAXOAa, B KOTOpOM 

KOH8'1Hb!M Ha6opOM OC

Hll < 'P N I B !popMyne 

iii: Bbi'leT no nepeMeHHOii 

18CCOBOll noaepXHOCTH , 

(41) 

:eHHOe B pa6oTe /4/ Bhi-

H COOTB8TCT-

I (23), (25) H (26) 

(42) 

+ M b+ 
~:£-n_ 

L a+ n=1 b+ n (1- a:)2 14 n4 
t=1 y 14 

I 
I 
' 

I 
I 
I 

{ 
.t 

L M + 1- + 2 +, + 
TITIO-b ~) a;4 b,.4(43) 

t=1 n=1 n4 1- + yai4 

Ecnu aaecTu nepeMeHHbie Ko6a-Hunhcena Ann npaaoro cocTonHn:n (puc. 6): 

(44) 

H ocun:nnSITOp a Ole ( k = 0,1 ,2,3,4), COOTB8TCTBYIOIUHll HOBOii BH8IUH8ll 

qacTn:ue, n:Meromea n:Mnynhc p 0 

. ~ a 0 It 'a 0 £ ) = ( a O+lt ' a ~ £ ) = 0 ' 

TO c yqeTOM paaeHCTBa l44) B L + M +1 npuHnMaeT an:A: 

L M 

x n n 
t=O n=1 

1 

J dy <.'PL+1i <'PM 
0 

_2 , 2 , 2 
Hb ~(!.! )-1 -a Q -1-a m 

y {1-y) , X 

a-: • b + 
2 

1 n 

( 1 - y a + - b + + a + b + ) a;~ b ~4 
14 n4 14 n4 

10 > a, b 

(45) 

(46) 

_ __ 3AeCh .< 'P L+
1
:l -cocTonHn:e L + 1 aneUIHn:x qacTn:u Tuna ( 14). 

Ecnn: (J; H (J t onepaTOpbl HaUiei'O npeACTaaneHn:SI, COOTB8TCTByiO-

IUH8 MaTpn:ue 

h = .(

1 

-

1

) 
. 0. 1, 

A8JiCTByiOUIH8 Ha ocun:nnSITOpbl a i H b n. 

K838Th, 'ITO. 

17 

. (47) 

'·;<. 

COOTB8TCTB8HHO, TO MO>KHO no-



2 
1 H -a(Q J-1 Hb· dr r . b . . 

BL+M+1= J-- <'I'L 11 <'I'M I(--) (-I) DL+1 JO·>a b ' (48) 
0 {1-y J2 + • {1-y) • • 

J:'lle 

a-1:· b + 
L M 2 ' n 

DL+1M=ll n 0-a+ b+) a+ b+ 
1 i=O n=1 i4 n4 i4 n4 

C BBelleHHeM HOBOfi nepeMeHHOfi 

u r 
1- r 

BL+M+1 npnHnMaer OKoHqaren&Hwfi ann: 

0 < u < 

2 

(49) 

BL M 1= (du <'I' i<'l' 
+ + Hb -<1. (Q )-1 . H b . 

(} (} u ( -1 ) D 1 I 0 > . (50) + + ·0 L+1 M a b L+ oM a, b 

BbipaiKeHue (50) coananaer c paaee nonyqeHHhiM Bbipa)KeHueM nnSI B L+M+ 1 
B pa6ore 14 1 • 

~ 

Aaropbi BhipaiKaiOr CBOIO Pny6oKyiO 6naPonapaocrb A.H. Taaxennn3e, 

B.A. Maraeeay, P.M. MypaDSIHY u A.H. KBHHHXHD3e 3a MHOJ:'oqncneHHhJe 

u aecbMa none3Hhie o6cyiKneauSI srofi pa6orpi. 
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