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BB8Jl8HH8 

MeTO~H TeopHH rpynn B H8CTOHmee Bp8MH WHPOKO npHM8HHDTCH B 

tl>H8HKe. ~JIH KJI8CCHtl>HK8UHH cynepMyJILTHilJI8TOB 8JI8M8HT8PHHX qacTHU 6UR 

C ycnexoM npHMeHeH M8TO~ CHMMeTpHA. C 8TOl U8JILE 6unH paCCMOTpeHH 

n -MepHHe npocTpaHCTBa (~elcTBHT8JILHHe, KOMM8KCHHe, KB8T8pt~OHHUe 

.H ~p.) H HX rpynnu npeo6paaoBaHHl,TaKHe KaK ~O<n) , _glL(M), Sp(rt) 

H ~p. O~HO Ha U8HTP8JILHHX 118CT npH M8CCHtl>HK8UHH 8JI8M8HT8PHHX qac

"THU 88HHM88T YHHT8PH8H CHMMeTpHH (Han/.½. 8Ta rpynna BHYTP8HHe~ 

CHMM8TPHH 8JI8M8HT8PHHX qacTHU CBH38H8 C npeo6paaoBaHHHMH B TpeXMep

HOM KoMnJieKCHOM npocrpaHcTBe C3 •. 

CneUH8JILH8H YHHTapuaH (HJIH YHH1o!O~YJIHPH8H) rpynna ,S ll(?,) HBJIHeT~ 

ca rpynnon npeo6paaoBaHH! B C3 , ocTaBJIHmmHx HHBapHaHTHo! KBa~pa

THquym tJ>opuy 

(I) 
EcnH BBeCTH e~HuHqHul Ko11nneKcu1d! BeKrop c c cocTaBJIHEmHMH ~1 , 

t 1. , ~ 3 . , TO ( I) oaua11aer, uo npH JIHHe!m.rx npeo6paaoBaHHHt') 

KBa~paT ~JIHHH B8KTopa ~ Be H8M8BHeTCH. 

B1e~U11 oneparopa 

KOTopue Y~OBJICTBOPHIIT cne~mHM KOMMYTSUHOBHHM COOTHOW8BHHM 

(3) 

X)rro ~BSZ~H IlOBTOPHllmHMCH HH~8KC8M no~paayM8B88TCH CYMMHPOB8HH8"0T 
I ~o 3. 
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" . 
lfa onepaTopoB R • MOlltHO BL1qHT8HHeM CJie,na IIOJiyqHTD reHepaTOPL1 

rpynnu S U (3) 

A. ·11; ,t· • II JI A "• B: = R~ -3J'; (R!+R!+R~), ai~o, 
y,nOBJieTBOpH11mHe TaKllte KOMMyTanaoHHHM COOTHOllieHHHM (3). 

rpynna S1.L(3) HMeeT TPH no,nrpynnu S1l(2.), KOTopue B qmmme 

o6osHaqaJOTCH KaK ,S Uu.(z.), S 1Lv (2) H S 1L.,.(1.) H COOTBeTCTBYDT 110,n

rpyrrnaM TaK H8SLIBaeML1X u-, V ._ , 'f' - CilMHOB. Kpoue STHX no,i

rpynn, rpynna SU< 3) co,nepHT ,nBe JIHHeitHo HesaB11CHML1X o,nHonapaMeT

paqecKHX no,nrpynnu 1LQ (1 ). H Uy (i) , COOTBeTCTBYDmHx onepaTO.{Sl.l 
-"\ A f A A , 

sapH,na Q = B◄ H ranepsapH,na Y =-B~ • reHepaTopu rpyrrnu Sll(3) 

y,no6HO npe,ncTSBHTL B BH,ne MaTpanu 

" " " Q r. v. 
II ( A ... ,. ,. 

.B~ = 'j'_ Y-Q ut ' , .. " " v_ u_ -Y 
KOTOPSH HarJIH):(HO IIOK83HBaeT 3JieMeHTL1 OT,Z{eJIDHHX IIO):(rpynrr. 

,llJIH IlOCTpoeHHH HerrpHBO):(HML1X npe):(CTSBJieHHit rpyrrm,1 ,SU ( 3 ) 

HCIIOJILsyeTCH OObl'llHO ee pe):(yKnirn qepes 110,nrpyrrny S 1L'I' (1), T.e. 

11cnoJI1syeTcH nenoqKa no,nrpynrr 

,gu (3) ::, ~ u,,, (2.) ~ Uy (1) • 
(4) 

Eas11c TaKoro HenpHBO.Z{HMoro rrpe,ncTaBJieHHH rpyrrrrH gtL(3) npe,ncTas.,. _ 

JIHDT COOCTBeHHUe BeKTOPU orrpe,neJieHHOro Ha6opa IIHTH ,n11aroH8JIDHHX 

onepaTopoB. 8THMH ,n11arOH8JlDHL1MH H BSSHMHO KOMMYTHPYDmHMH onepaTopaMH 

B cxeMe (4) HBJIHDTCH onepaTopu: onepaTopu Kas11unpa BTOporo 11 TpeTDe

ro nopH,nKoB .Z{JIH rpynnu g U. 0) , onepaTop KasHMHpa ,nJIH rpyrrrru _g U,,.(2) 

H orrepaTopH sapH,na H rHnepsapH,na, T.e. 

" A • " • 

C ,~, "' t BJ B t = f ( p1 + P'r + q.-:a. ♦ 3 p i 3 t ) , 
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"C3) - "i. "/ II k ., . . 
C - :Bi 1,11. 1, i = 9 (p-t>(2.p2.-t-3f't.,.2 <,-Z)-p<tt2.)- 2. 9--<'t-+2.), 

" C <:a., 1 [ ~ .., " z " ,. .. 2. .. ,. ,. i7 
.,. =i 0 2.B.., +.B!B!•(~;);(B!Y-f(a;+B!)j-1'('i'+-f), 

" " (5) 
~: = Q , 2P = - Y 

~ , 
rrpnqey p - 'llHCJIO BepXHHX H q- - UCJIO HHJtHHX HH,Z{eKCOB rrpe,nCTSBJie

HHH, T - HSOTOIIH'lleCKHff cmrn, Q H Y - COOCTBeHHHe SHaqeHHH 

onepaTOPOB sapH,na H rnnepsapH,na COOTBeTCTBeHHO. 

0,nHaKo BOSHHKaeT Bonpoc, HBJIHeTCH JIH Ha6op ,Z{HaroHaJIDHHX one~ 

paTOPOB (5) e,nHHCTBeHHO BOSMOZHWI H HaHOOJiee o6mHu Ha6opoM ,Z{Haro

H8JIDHHX orrepaTOPOB ,Z{JIH npe,ncTaBJieHHff rpyrrrrH gu(a) • BMeCTO one-.. 
Co., . -

paTopa ,,. B CliCTeMe orrepaTOPOB ( 5) MOlltHO HCl10JU,30BaTI, onepaTop 

Kaamrnpa ~H no,nrpynrru .SUv (2) HJIH 110,nrpyrrnH Sllu(2.) • Orrepa-
" A 

Topu KaaHMHpa C c~, H C ~1 ivrn 110):(rpyrrrr Y- H U - cmrna 11Me1>T 

BH'A, aHaJiornqHHD orrepaTopy C <,; 1 , a HMeHHo: 

c<~) Cir i~ B; +:B; i:~ (i~y .. ci~Y--1 (.B!+i:tJ, 

C''-1 =· .!.[jz -n_3 t B .. 3 -oz,..(il)1-t (1>1):L-.!. (.'.B3-t.B&)2] 
U. 2. 3 D 1 1 D5 S 2. 2. 3 2 • 

0aBeCTHa KJiaCCHWHKanHH npel(CT8BJI8HHH rpyIIIl!,i .SU.(3) no OTHOWeHHll K 

nol(rpyn11a11 V - H tL - crrHHa/I, 2/. 

B oOmeM c11yqae y Hae HeT OCHOB8HHfi npe,nIIO'llHT8TL Ol(HY HS Tpex 

rro;zirpyrrrr SU.('-) rpyrrrrH 5U.'3) ,n»yi,: ,npyrmc. Ilo;zirpyrrnH U- , V- , 'I'- -

-crrHHOB B o6meM paBHorrpaBHH. TaK xaK xaz,nHff HS orrepaTopoB C'~1 , 
"u.J "u., " C v H C 'I' 110 OT;zteJlDHOCTH KOMMYTHpyeT C orrepaTopaMH c<1.1 
,. .. " 
C <31 

, .B ! , 131 , TO B o6meM cnytrne npoHSBOJI:E.HaH JIHHettHan 

KOMOHHanHH orrepaTOPOB K83HMHP8 IlOl(rpyrrrr U - , v- H 'f' · - CilHHa, 

T.e. orreparop 
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" J\ c - - c (1.l c"' <:r.1 -- c" cu 
U.V'I' - Q.1 1'. -t Q.t. V t Q.3 '1' , a.i = cons-l, (6) 

" ,. 
KOMMYTHpyeT TaKllte c oneparopaMH C ' 1

', C <3 >, 
,. J\ 

:8! H 13! • 
3,necb pJie,nyeT onpe,neJIHTb llOHHTHe 8KBHBaJieHTHoro_onepaTopa, C 

KOTOPliM C5y,neM BCTpeqaTbCH B ,naJibHettmeu. ECJIH HMeeM HeKOTOPyD CHC

TeMy N JlHHettHO HeaaBHCHMliX ,llHarOH8JlbHliX onepaTopoB, TO onepaTop, 

8KBHB8JleHTHHtt ,ll8HHOMy,onpe,neJIHeTCH KaK npoRSBOJlbHaH JlHHettHaH KOM

C5HHanHH aToro onepaTopa c ocTaJILHHMH(N-f),nnaroHaJibHHMH onepaTopa-

MH. 

B CBH8H C onpe,neJieHHeM 8KBHBaJieHTHOro onepaTopa Mli LIOllteM c.qH

T8TL C5ea noTepH o6mHocTH, qTo B onepaTope ( 6) a.1 + Q,_ +a, =- o • 
3aMeTHB, qTo 

~ A A ~ 
C (1 l -:: ( (1.') + I" (?J + C Ct.l 

11. '-v '1'1 

J11>Ciott oneparop THna ( 6) c a.',+ Q.~ + a', 1' o MOllCHO onpe,neJieHHott JIR-,. 
HeitHott KoMC5HHanHett c onepaTopoM ccs,cBecTH K onepaTopy· (6) c Koaip-

qiHnHeHT8MH, CBH88HHli:IIH COOTHomeHHell ct.+ 0.1..+ <l~=O. 

CorJI8CHO CKaaaHHOMY Blime,MH B ,naJibHettmeM llOCTPOHM 688HC ,llJIH 

rpynnu gU,(3) , CBH88H_Hlitt C npe,ncTaBJieHHeM, B KOTOPOM 

CHCTeMa onepaTOPOB 
.. 

cc2.) , " C <3) 
.. 

, C ILVf' 

J\ .. 
, :B; , .B ~ , (7) 

HnH cHcrew oneparopoB,aKBHBaneHrHa~.cHcreue o~eparopoB (7), ,nHaro

HMLHu.rroxaxeu,qro CHcreua ,nRaroHanLHlil oneparopoB (7) c~~aaHa c 

HaH6onee o6meR napauerpHaanReR c~epw B rpexuepHOM xounnexcHoM 

npocrpaHCTBe. 
IIapaMeTpHaauim cd'>epu B c., 
KBa,npaTHqHaH qiopua (I) npe,ncTaBJIHeT co6oit ypaBHeHne cqiepu e,nH

HHqHoro pa,nHyca B TpeXMepHOM KOMilJ16KCHOM ~POCTP8HCTBe. Toqxa Ha 

cqiepe B C3 aa,naeTCH IlHTbll HeaaBHCHMHMH napaMeTpaMH. 

6 

CocTaBJIHJOII!He l-1 t -Ci. I i.3 6,llHHHqHoro KOMDJ16KCHOro B_eKTopa 

npe,llCT8BJ1HIDT coe5ott KOMnJieKCHHe q1,1cna, KOTOplie MoryT 6HTb, KaK 

H8BeCTHO, aanncaHli B TpiroHOMeTpHqecxon qiopMe 

. ' 
1,. ~ ~ llt1 {! i ti < « 

1"' ~1e. , Z 2 = ~ 2 e ~,~3 =f.,e 3,..1mfi=o,o~a;!t2'ii'. (8) 

YpaBH6HHe ( I) HanaraeT Ha nepeMeHHlie f 1 ' f 2. ' ~ 3 YCJIOBHe 

f.2 +- f 11 + f 
3
z. -:: 1 , KOTopoe npe,ncTaBJIHeT co6ott ypaBHeHHe cqiepu B 

TpeXMepHOM BBKJIH,llOBOM npocrpaHCTBe £3 • Cne,noBaTeJILHO, nepeMeHHlie 

[-t , f 1. t f 
3 

MOJKHO BHpaaHTL KaK qiyHKnm1 .llBYX HeaaBHCHMliX ne-

peMeHHHX, KOTOplie onpe,neJIHIJT IlOJIOllteHHe TQqKH Ha cqiepe B £3. 
llaBeCTHo, qro Ha cqiepe B £3 cymecTBYJOT Bcero ,nBe opToro

HaJibHHX KPHBOJIHHettHHX CHCTeMli KOOP,llHHaT: IlOJIHpHaH H aJIJIHllTHqecKaH/3/. 

Toqxa Ha e,nHHHqHoil cqiepe B £3 MOllteT 6HTL aa,naHa, KaK xopomo Ha

BeCTHO, C llOMOl!lbll llOJIHpHoro H aaHMYT8JlLHOro yrnoB, T.e. 

f, ~ sin f) cos 'P ' f 2. =: .sine ~t'rup ' f J .. cos s , 

df/ :: ol.61 + sin1 l} d'f~ , a f cp lo .2w', o~ 0, 'lP. 

MeHee HSBeCTHO, qro Ha cwepe B E .1 cymecTByer aJimmrnqecKa.11 cHc

reua KOOP,llHH8T, T.e. qro Toqxy Ha 8,llHHHqHott cqiepe MOlltHO aa,naTb C 

llOMOII!LD napaueTpHaanHH 

f1 • ✓,- k.'~eos''f'' 
1 

c.osr , (2.:: .sin ,p' sin 'f , f 3 c Co.sy,' ✓ ,(-k1
caS2.'f' 

0 

(9) 

d.f/ = [ 
drp2. + ,1 • 1. , 

( k.1,i,,1.lf' + k i:m ¥' ) 1- k.2eo.s1'1' 
.I ,2 l C<.,'f' ' 

1- k'teos'-'f' 

0 ~ «f r.c 2'ii' 0 ~ 'f' ~ 'ii' ' k = sinf. , k' .. c:o.s f, r.1te 
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2 f - paccTOHmle Mellt]cr q>oKycaMH 9JIJilIIITHtI0CROii CHCT8Mll KOOP;l{HHaTx). 

TiapaMeTpH3aUHH (9) rrpe;l{CT8BJIHeT co6on TpHrOHOMeTpHqecKyio q>opMy 

snnHITTHqecKon CHCTeMll KOOP'AHH8T Ha cq>epe D £,/4/. Cpe;l{H ;l{pyrHX 

B03MOlltHllX rrapaMeTpH38UHn cne'AyeT OTMeTHT» anre6paHqecKyio q>opuy. Ec

JIH rronOlltHT»: 

~ : e 1 + (e,. - e 1 ) cos
2 cp, ~,,. e 3 - (e 3- e 2 ) cos2 cp', 

e1 = - (-t+ ll1), e,.-== 2.1t1- ~ , e3 .. 2.- k.,., 

e 1 -,. e 1 + e?> = o, 
TO rronyqHM 

~1 q>-e.)(.~'- e 1 ) f:2._ <~-e2)("'-e1 ) ,1_ (p-e1)C~•- e 3 ) 

) ... ' c; - ' ~- - ' 
f {e.-e2)C.e,-e3) 2. (e,_-e3)(e1-e,) 1 (e3-e1)(e3-e2.) 

1 ,, [ 'J.y 2. dg''l.. ] 
dfi = -7; ((>-('') :P<~) - :P(~•) , (IO) 

'P(~) == (~-e1)(~-e2 )(~-e~)= ~ 3 + ~2 ~-'h ,e1 !oq!oe1 *~'~e
3

, 

<J-2. == e. e1 t- e1e, + e3e,,. -½ (e.1-,. e;+ e;),.. -3 (1- k.2.k.,2 ), 

~3 ==- e.e,.e'!, = ~ (e.! f' e! + e~)==-(k.2-k.'1)(2+k2 k'2). 

Anre6paHtJeCK8H q>opMa 3RRHITTHqecKoii CHCT8Mbl KOOP;l{HH8T (IO) oe5n8;1{88T 

CBOi!CTBOM UHKRHIJ8CKHX rrepecTaHOBOK 

e1_,.e2, e,.-e3, e!--,e,; ~1-\2.,~2._,,.~3,f3-f,, 

B TO BpeMH KaK TpHrOHOMeTpHtJ8CK8H q>opMa (9) oC5na;l{aeT q>opMan»HOll 

CHMl.rnTpHen B38HMHO!i 38M8Hll k.2 
, Y, Ha R, '\ 'f' , qTo COOTBeTCT-

x)rronHpHyID CHCTeMy KOOP;l{HH8T Ha cq>epe B £3 C OC»ID CHMMeTpHH B;l{OR» 
f3 MOlDIO paccuaTpHBaTE K8K BHPOllt;l{6HHllii cnyqan 3RRHITTHtJeCKOi! CHCT6Mll 

KOOp;l{HHaT ( 9) npH ~2..., 0 • B CBH3H C 3THM ITORHPHYID C.l'ICTeMy Koop
;l{HH8T B ;l{8RDHellmeM pacCM8TPHB8TD He 6y;l{eM. 

8 

ByeT rrepexo7cr OT rrpaBoii CHCT8Mll KOOP'AHH8T f1 , ~'l.. , ~3 K ne-

non CHCTeMe KOOP;l{HH8T €., t ~2 , (1 • 
0TM8THM, qTo C ;l{BYMH B03MOlltHllMH rrapaMeTpH38UHHMH TOIJKH Ha 

cq>epe B £3 CBH3aHu ;l{Ba B03MOlltHllX (HesKBHBaneHTHllX) rronHblX 

Ha6opa KDaHTOBO-M0X8HHqecKHX H86RD'Aa0MllX/4/. EcnH Hcrron»30BaT» rra

paMeTpHaaumo cq>epll B C3 qepea 'AB8 B03MOlltHllX rrapaMeTpH3aUHH Cq>epbl 

B E3 , TO OlJeBH'AHO, qTo Ha cq>epe B TpeXMepHOM KOMrrneKCHOM npocTpaH

CTBe ;l{ORlltHll cy~eCTDOB8T» ;l{B8 He3KBHBaneHlWiX.nonHllX Ha6opa KBaHTCEO

M8XaHHIJ0CKHX Hadnv~aeuwc. 

MeTpHKa Ha MHOllteCTBe e;l{HHHqHux KOMnneKCHllX BeKTopoB c c 

yqeTOM (8) HMeeT ~M'A 

ds 1 =- d'f.id=!.i = df/·+clf;-1-clft+-f{da..,2+f2
1 doc;+ ~3

1 da.;. 

A • "' • 

HeTPY'AHO BHpaaHTI> onepaTopu A~ (a .cooTBeTcTBeHHo,u onepaTopu B ~ ) 
qepea 'AH<I>cI>epeHuHanDHlle onepaTopu oT nepeueHHHX €, , ~ •. ~nH 

R l nony11aeM Bllpa:ateHHe: 

A . , i <«i - oclt 1 [ r c> ;y ) . r _k a _u_ d '] 
~ = I e \ ~i 0 ~it - ~tt ?fi :~ \:~It oa" + ~,: ;J O<.i} • 

OrrepaTop f; dfo~k-f.t.d/2fi,nxo;l{H~Htt B A~,MOlKHo llHP83HU KaK HH

q>HHHTeanuaJIDHHll onepaTOP OT nepeMeHHllX ~ ' ~' ' onpe;l{enHID~HX 

nonolltemrn ToqK.11 Ha cq>epe B E 3 : 

,.. r.L.= 
Lj =- -i ejk.e ~~ o(e 

i [ 1_.fJ. c> ofi 'd ] 
1-1 f H ~' o ~' d ~ - d ~ of ' 

r;l{e H ~ H H ~' HMHIOTCH Koaq>qJHUIIeHTaMH JiaMe B cpopuynax (IO). 

9JIJIHITTHqecKHii 6a3HC B C 3_ 

IlpHBe;l{eM HBHli~ BH'A ITHTH onepaTopoB, KOTopue ;l{HaroH8RDHll Ha 

cq>epe B C3 B cnyqae napaMeTpH88UHH sTon cq>epu qepea (8) H (IO). Ey-
~ • I\ • 

;l{eu ITOJID30B8TDCH onepaTopauH A~ BMecTo onepaTopoB B ~ , H Tor-
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~a uerrocpe~cTBeHHHM Buq11cneHHeM rronyqaeM ua6op ~Harouan»HHX orrepa

TopoB, 3KBHBaneHTHHi! Ha6opy orrepaTopoB (7), a HMeHHO: 

" " . ½ Rj A f "" ucu.t 2) + m2., 

.. .. " 
!Rf« iRZ 'A3 
,. 1 m. ' 2 2. = m1 ' "i 3 = m3 ' 

i { e [ A 2. A 1 
t- A 3 A 2 

- (A f )
2 

- A 2 A" 3 J 2. 1 3 z. 1.3 1 23+ 

(II) 

+ e~[ A3 A1 + R1 fp - (A 2
)

2
- A3 A" 1 ]+ .. 1331 1 31 

• e,[ A~ A;+ A: A~ - (R!)'- /1~ R:] } = £~.':'.m, (k'). 

B qiopMynax ( II) -u. = 1 (p+q,)"' o, ~:z. ,..f, ..• , m = m 1 +-mt.+ m
3 

'"' 

= !2 (.p-a,.); lmtl = 0,111 ,-1, .•• '1L- x). Co6CTBeHHoe auaqemrn £uci:, (k1) 
-, m•""•"'~ 

HBn.fleTCH qiyHKl~Hei! TOR»KO O~Horo rrapalleTpa O ~ k.1 ~ 1 , rrpHqeJ( 

E 1L "' ( o) = J '7' ( 'l' + ,f) - 3 m: - u. ( u.+ 1) , 
"11tn1"7~ 

£ !:; U. ( 1) = - 3 tL ( 1L H) + 3 m1
2 + • ( 1.l. + 2 ) , •"'1'"> 

r~e 'I' (rr+ 1) H 1L(1l+i) co6crBeHHHe 3Haqemm onepaTopa KaaHuHpa Ha 

rro~rpyrrnax 7'- H 1l- cnHHa. CmfBon (~) = -t, 2, .•• ('"-+1-/"'•t-1m11-,,.,31) 

paanHqaeT po~CTBeHHHe auaqeHHH C O~HH8KOBHIIH 1L ' m, ' m1 ' n, 3 • 
• A 

IIocne~m'li! onepaTop B (II) 3KBHBWI8HteH oneparopy C-Ha (6) H uez~y 

HHMH cy~eCTByeT CBH3» 

" C _ If' 11. U:J ('-Z) 2. 2. :Z. 
~v,. - c; m.m,m " +Cl11111 + a.1. mt. -t a..3 m3,, 

npHqeu k_ 1 = <. a.1.- tt.-1)Aa.a- a.,). -----
x)co6crBeHHH83HaqeHHH onepaTopa Aj A {, BHpazeuuue 11epea p H ty, 

paBHH pc 13+ 'l.) + 't- < '\r+ 2.) H co6cTBe:mme sua11emm onepaTOpa 

RiRi ntc = P,!Bi-Dk+(R~XR·ifl~)-1=.(R~)1 pamm J 1t i I 11. .o,; ., At J 9 ,. 

(~n,-,1) [3uc11.+2)+ m1 ] .f. 2.m = p3-'f -r'r.,. 2p(p--t)-4-'J,-(CJ,--t1). 
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ti 
,,i 
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1 
,I, 

d 

{I 

:l 
\ 

~( 
( 
f 
( 

) 

ECJIH 11cnoJlI,SOBaT1> qJOOOJIH .ItJIR A ~ , To ueTpy;zoio HailTH mmmt 

BH,lt IIJITH .nzarouam,mrx onepaTOpoB B (II). OHH BiipaJ!Bl)TCH 11epe3 
, 

nepe1re:mme ~ , q , C11 , a:1 , ~l cneJtYDQiIM o6pasoM: 

,. ~ 

A 1 
=-i - "'"2 m A"1 -~ z. A"3 .-;} 2 

1 ) OC1 ., 1 = - ,. - == m2 , = -, -- = m ... 
1 1 'l2. 3 2) OC3 ., , 

A ,. A • A• 1, 

l A J R ~ - t (A~) = 1L(U+1) =-

==--- _ :P(o)- + - (n')- +-+-+..!!!L., .f [ d ( d ) 0 (P d >l 111 ~ m! • m 
1 

(I2) 
~-~' o~ 'o~ 'J~' ~ d~' ~~- ~: ~: 

e1L(t:J ( ,, - -
1- [ • ..L/:p( ) -1_, _ .1- ('fr ') ~)]+ .,,,..,2,,,~ it -~--", ~ a9\: ~ ofl ~ o~' '-~ o~' 

+ q + s>' - e. z. 
m1 -t 

~.'1. 

Q-t-q'-e:z.. ,_ ·q+q'-e3 2 

f; ITl2.. + f~ rri~. 

CHCTeua onepaTopma ypaBHemdt (I2) ,ttonycxaeT pas,tteJieHHe nepe1remmx, 

eCJm pemeHHe HCKST1> B BH,Ite 

A '""") ( > A' 1L (e 1 [ ( ] "'•'"•'" (' ( q ') C ,c; D 2. -t "11 IX1 + nl:z. Ill,.+ '1'1~ Cl~) 
l m,msntJ •- . • 

A f.C.(t:I 

~ '"''"""'> c.,) y;a;oMeTBOp!l8T IIpH STOM ~peHil118Jll,HOMY ypaBHe-

HHIJ 

I cL ( cl. - 'P(q}-) - u.·(11.+ 2) 0 + E. 11.l~) (k'--)-
d. \> d.~ "' ......... ,,.3 

(I3) 

_ 9 ( k'- ml _ k
1
k'

1

mi + k'
1

ml ) ·i A ~l-cl (. ) = O~ 
~ - e 1 () - e 1 ~ - e 3 · ............ , ~ 

ECJm HCKST1> pememm ,ttRqxl>epe~l>HOro ypamemm (I3) B Blif,tt8 
,,.,., ,,,,._, '"">I :p 1l.l1:l (- ) 

(.q-e1) (~-e1) (.{i!-e,) ,_ "'•"'2.."'>, Q , 

TO IPY'".dK!lBH :p u l"t:) (. \') y;a;oBJJ:eTBOp!l8T CJieJ:tYlll(eyY ~peHJ:tHam.HO-., ....... "'~ . 

MY ypi:eeeHHJJ: 
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{ 
d.'1. J oL J><..~) cl..~1 + [ (.2.m 0 +3) ~

1
+ 2 Ct1 ~ -t- 2 42. + 'J-2. df + 

} 

1\'U.l1:l 
+ £. -::c.Tl (k.1 ) - (1L-hto)('ll+IT1o+-2.) o+ (2.ma+1)~

1 
t',,..· (~)=O,(I4) 

--~m1.m1 1 .~,~3 

npHqeM BBe'AeHH o6oaHaqeHHH 

tr10 .. '"'•fi-1111-i.l+lm>I, 

G.; = e.Im1I + e'l.1m .. 1 + e3Imal' 42.:. e2.e3In111+ e3e1lm2.\-t e.e2.tnt!,I. 

YpaBHeHHe (I4) npe'ACT8BJIHeT co6ott 'AHcJ!<.pepeHUH8JihHOe ypaBHeHHe rott

Ha c qeTliPDM.fI peryJIHPHliMH oco6HMH ToqKaMH/S/. Ero MOEHO oxapaKTepH-

8OB8U P -CHMBOJIOM Pm.iaHa 

{ 

e" 
p 0 

2.1ni..1 

e,. e 11 co 

0 0 mo-1.l. 

2.011 .. 1 2tm3 f u+m.+2. + 
PemeHH.fI 'AHqxllepeHUH8JihHOro ypaBHeHH.fI (I4) CJie'AyeT HCK8TD B BH'Ae pH

'A8 
00 

L 
r=o 

u.-m. - r 
A .. ~ 

(IS) 

RoacJ!<.pHUH6HTli Ar npH 8TOM Y'AOBJieTBOPHDT CJI6'AY!(l~eMy peKyppeHTHOMY 

COOTHOlli8HillO 

r' (.r - 2.-u..+ 2.) Ar + [ £ ()t2.) + ~ 2.u+3 -1.r) ~ 1 ] A,._,/ 

+ ( 1U2.-mo-r) [ 2.~1 + (tl+2.-mo-r)'},.] A.-.2 -

-(ll+2.-mo-r)(u+;-mo-r)j3Ar-3::: 0, Ap=o, p<-0. 

Co6CTB6HHHe 8HaqeHH.fI E (~1 ) onpe'A6JIHDTCH HS YCJIOBHH KOHeqHOCTH pH

'A8 (rs). 9To YCJIOBlie HMeeT BH'A AU.- lff. -t--1 = 0 ' H 'AJI.fI OilP6'A6JI8HH.fI 

12 

€.(k.t.) nonyqaeM anre6paHqec1rne ypaBH6HHe cTeneHH u.-mo+-1 • Paa

JIHqH@e KOPHH 8Toro ypaBH6HHH 6y'AeM o6oaHaqaTD CHMBOJIOM (~) = 1,2, 

(. u.- "'· + 1 ) • 

TenepD HCTPY'AHO ITOCTPOHTD .fIBHHtt BH'A H6HOPMliPOB8HHliX CO6CTB6H

HHX BOJIHOBliX WYHKUHtt cacTeMH 'AHaroHaJIDHliX onepaTopoB (II). 8TH WYHK

UHH HM6DT BH'A: 

C21m,1 f: 21.,,1.I f:' 2tm3 J [ ] 
~•· 5"1 ~3 ex.p 2i(m.«.+m._«2.+ln3<X3) 

[r R, l?"-m·-•] [I: A, l?'"-m.-r ] . 
r:ao r. o 

ECJIH aaueTHTD, qTO·HUeeT UCCTO TOE'A6CTBO 

1 
~ 
e - e1 

+ 
2 
~ 
G) - e1 

+ 
i. i. 3 

~-3~ 

e .- e3 
= <.~-e)c~·- e> 

P ce) 

TO ¢YHKUHH (I6) MOXHO nepenHC8TD T8KEe B 'APYrOtt ¢opue 

~ 21m,I ~211r1._i s;: 21rri 3 1 [ ( ] s-, S2. c; 3 exp 2i m1a, + 11'.l,.ot.,_+m3 cx 3 ) 

.,.__m ( 
1 t.:z: 0 _ e, - e, 

+ 
i-2. ~ 2. 

l'.\ - e 1:/p 2. 

i. ~3 ) +f/-e., 
,, 3 

(I6) 

(I7) 

r'Ae ep -KOPHH ITOJIHHOMOB B (I6). HeKOTOpHe HOpMHPOB8HHli6 BOJIHOBHe 

¢YHKUHH H COOTB6TCTBYDmHe ¥M co6CTB6HHHe aHaqeHH.fI 

IlPHB6'ACHH B npHJIOE6HHH. 

8aKJIDqeHHe 

£_ 1H'C"l (. k,.) 
tn1nlt.ffl]1, 

~TaK, ijOCTpoeHH co6CTB6HHHe BOJIHOBHe ¢YHKUHH CHCT6MH ITHTH one

paTOpoB, ltOTOIH8 ,ItKarOHBJll>Hli B 3JIJmilT:i,;qec1toit CHCTSMe KOOJWmaT Ba 

*pe B TpeXMepHOM KOMII.7I8ltCHOM npoCTpaHCTBe. 3TH co6cTBemme BOJIHOBHC 
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~ SIBJI!illTCH OJ)TOI'OH8Jll,HliM 6aSHCOM .wm npe,ItCTaBJiemrli rpymm 
£ lL (3) , KOTOplii 6y;a;eM Ha8W3aTI, 8JIJmIITR'ti8CRHM B OTJIHTme OT o6wmo 

npHMeMeMoro B qiHSHRe (cqiepxqecKOro) 6asncal6/. 3JwmmqecRHtt 6asuc 

nocTpoeH aIIBJIHTH1I8CKH,Ha OCHOBe CHCT8Mll ,ItHarOHaJII,HliX onepaTOpoB {II), 

6es npHMeHemm M8TO,ItOB TOHSOPHOI'O aHaJIHsa, KOTOple o6wmo HCilOJlI,SYJDT

CH npn nocTpoeHHH 6asuca .wm rpymm g 1l (3) • Easn:c (I7) npe,1tcTaB

Jifl8T co6oii TeHsopu paSHHX paHI'OB OT COCTa~ 8;a;mmlIHOI'O ROMIIJ.[8RC-

HOI'O BeKTopa C:- • Ero oco6eHHOCT1,D SIBJifl8TCH TO, ?J:TO OH SIBJ.IH8TCH 

aHaJIHTH1IecRoii IPY}IRillleii rrapaMeTpa O ~ k1
, 1 , mteDitero HarJilJ.,1'.l;Hldi reoMeT

pntiecRllil CMllCJI H Il03BOJDID!l8I'O HOIIpeplBHI:D4 o6pa30M nepettTH OT IJ,ell011Blt 

no,Itl'pynn: .S U. <. 3) ::> S U "' ( 2.) ® tl v ( 1 ) R neno1ilte no,Itl'pynn 

Sll(3) -:J SUu(2) ® UQ(O. 

PasMepHocTI> D ( p, q-) = D' ( -u., m) npe,1tcTaB1Iemm rpymm g U ( 3), 

R8R HSB8CTHO,paBHa 

D(p,q,-) = ½ (pr-t)(Cf--H)(p+'J-+2) = (-ut-i)[<.tt+◄J'1-m 2 ]. 

PasMepHOCTH npe,1tcTaB1IeHHii B cxeMe f , <t" H B cxeMe U., m IlOK838HU Ha 

pnc. I. 

-u. 

3 

Ii,. 

2 

%. 

... 

"t1 

0 

O' 

-3 -s12. -2 -a~ -• -4/,. o 112. -4 3'1 2 114 3 rn 

PHc. I. 

14 

Neu.) 
JJ6 

08 

405 

50 

2.0 

G 

\ 
\1 

Ilpe~CT8BJI8HRH, RHTepecynmne Hae C TQqKH speHRH YHRTapHoa 

CRMMeTpRR, Ha PHCYHKe OTMeqeHU KBa~paTOM. ~HCJIO npe~CT8BJI8HHtt, HMeD

II!HXCH npH aa~aHHOll U.,paBHO 2 u. + i • OC5mee tJHCJIO N (u l qiyHKUHtt 

( I6) npn 38~8HHOM U. paBHO 
+tL 

N(-u.) = L D (.u.,m) = ½ (1t+-1f (2.u.+1)(2u,+3). 
tn a.-u. 

HaKoHeu, eme HeCKOJIDKO CJIOB O TOM, r~e H K8K MoryT ClliTD npH

MeHeHU nonytJeHHUe peayJIDT8Tll. PaapaC5oTaHHHtt M8T8M8THqecKHtt annapaT 

R IlOCTpoeHHUil 3JIJIHilTRqecKHtt Cl83HC C03~8Hll C U8JIDD HX IlPHMOHOHHH K 

CHCT8M8THKe SJI8M8HT8PHHX qacuiu B paMKaX CHMM8TPRH g 1L (3). 9JIJIHil

THqecKRtt C583HC MOZHO oxapaKT8PH30B8TD UenoqKott IlO~rpynn gu(3)::> 

::> U 0. (1) ® 1L y (1) , KOTopaH oaHaqaeT coxpaHeHHe aapa~a H 

rHnepaapH~a Clea coxpaHOHRH R30TOilRqecKott RHBapnaHTHOCTH. CJie~oBa

T8JIDHO, C IlOMOD!DD SJIJIHilTHqecKoro C5aanca MOEHO paccMOTPOTD BM8CTe 

CHJIDHlie H SJI8KTPOMarHHTHUe B88HMO~ettcTBHH H npoBeCTH KJI8CCHqJHK8UHD 

tJ8CTHU npH H8JIHtJHH~Byx 8THX B38HMO~ettcTBHtt. PeayJIDT8Tll ~aHHott 

pa60TU MOZHO HCil0JID80B8TD T8KEe B HepeJIHTRBHCDtOiiKB8HTOBO-M8X~HH

qecKott aa~aqe Tpex TCJI ~JIH KJI8CCHqJHK8URH TpeXtJaCTRtJHWC COCTOHHHtt. 

. ABTOPH ~naro~apHT npoqi. H.A. CMopo~HHCKOro aa IlOCTOHHHUtt HH

Tepec K paC5oTe H oC5cyz~eHHH. 

Il2HJIOZ0HH8 

IlpHBe~eM 8~8CD HBHHtt BH~ COC5CTB0HHUX 8H8tJ8HHtt £ !!:)&.ml (k_l.) 

n COOTBOTCTBYllll!HX HM HOp1rnpoBaHHWX .BOJIHOBWC 4JYHKL\Htt , ..... ('t:) ) 
"11 mi.ml 

~JIH -U.-m o = 0 9 1 

1L-m 0 :o, 'Z:'=1 

gmo(1) (.~2.) ::. - (2.111 0 +-f) Q1 , 
'"•mi.m~ 

15 



m 0 (t) ) ,. 

rn, rn1m1 

( 2. m 0 + 2. ) [ 
X 

(21m,J)! (2 lm2.1)! (2 lm3 1)! 

,21111.1 f21,,.,i.1 f211113f [ ] 
~ 1 ~2. s- 3 ei1.p 2i(m.014+m2oc1 +m 3 cx3), 

1L-mo=1, t: =-1,2. 

E"'-+ 4 
('C) (R.1 ) ~ -2(mo-t-1) G1 ~ V ~.;1 -(2mo+3)(~2.+2G2.)' 

m,m._m1, 

I m.+1 (t)) = 
m,m2 m3 

4-'ii'3 (21rn,1)! ( 2 lm1 1)! (21m3 f) 

(2m.t-4-)! (2mo-t-3j 

" 

f/'"'•I f:1m1.1 ~:11r1,1 ex.p (2i (m,«1 t- m
2

a
1 

+ m
3
a

3
)] x 

[ (e-e2)(S-e1) f12.+ (G>-e3)(e-e1) f2
1

+ (e-e1)(9-e
1
)f~2 ]x 

{ 2. [ -2 ei: ... (2mo+3) G2 - (m.+1)(2mo.,.3)31 ][ a:- (2mo+3)(1
1

4-2 c;
1
)] + 

+ [ 4-C,:-6(2m .. t-3)G1 42. +2mo(2m.t-3)'11 G1 + (2m0 t-3)3', 3 ] 

Jc.: -(2.m.+3)(<j,•2G,,) · r: 
0 = -

2 
~ . [ G1 ± J G!-Om.+3)(</

2
+2c 1 ) ] • 

m.+3 

Ha PHO. 2 noKaaaHa rpa~HqecKaH 88BHCHMOCTb C06CTB8HHHX auaqe-

HHii E. .... ,,,, (k1 ) OT napaMeTpa O ~ k.1 ~ 1 ivrn npe,IlCT8BJI8HHit 
ffl1"1a.M\ 

D(1,-1),D(3,0), D(2,2.) rpynnH SU(.3) • l1m ,ttocTDemm O.JtJl[HaKOBOro 

mcmTacia rpaqm«>B cocicTBeHBHX sHiNeHd e ... ~t, (k1 ) c pasmam: 11 
. ~~~ ~ 

BB8,1t8H HOJMHPOBO-cmw! MHODT8Jll, 2 [ ( 2 u+-1 )( 2 u.+3)] 

16 1 

r------r--.,.---.:,----..---------r------..,.,----,--,,- .... 

I I I 

~~~ 
I 
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t. ~ 
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C'J ~ 
17 

I 
(0 

0 
I 

~t 
,.... 
c-,1 

"' .. 0 c-, 
-.J 

Q 

0 

.... 

~t 

-0 .. ~ 

0 
.., -q 

0 

... 

~t 
,.... .... 
~ 

"l ~ 
0 v 

A 

0 

. 
C\2 

• 0 

~ 



JlHTepaTYpa: 

I. ID.E. PyMep, A.M. ~eT. TeopHfl YHHTapHoff CHMMeTpHH. Hayxa, 

MoCKBa, 1970; 

HryeH BaH XLey. JleKUHH no TeopHH YHHTSPHO~ CHMMeTpHH aneMeHTap

HUX 1l8CTHU. ATOMH3,l:l8T, MoCKBa, !967; 

fl.A. CMOPO,l:lHHCKHM, Y~H, §i, 3 {!964). 

2. c.A.LeT1nson, B.J .Lipkin, S.Meehkov, PlQ-s.Lett. l., 44 U962); 

Nuovo C1m. ~' 236 (1962); P}Q-s.Rev.Lett. 10, 361 (1963). 

3~ M.H. OneBCKHB. MaT c6., £1, 379 {I950). 

4. M. JlyKa11, npenpHHT OMHM P4-6268, J{y6Ha, !972. 

5. 8.T. YHTTeKep, .nx. H. BaTCOH. Kypc coBpeMeHHoro anannaa, 

T. 2, rM~Mn, MOCKBa, !963; 

r. IeflTMeH, A. 3p,1:teflH. Bucmne TP8liCU8H,l:l8HTHUe ~YHKUHH, T. 3, 

HayKa, MoCKBa, I967. 

6. B.B. Cy,1:taKoB, B KH."Bonpocu ~H8HKH aneMeHTBPHWC 1I8CTHU: Epe

BaH, 1964, CTp. II?. 

PyKonHcL nocrynnna B H3~arenLCKHR or~en 
·28 asrycra I972 ro~a. 

18 


