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§ 1. BaeneH!fe 

Xopowo H3BeCTHo, '!To rrpouenyp8 peHopMHfJOBKH, KOTOp8H orrp8BA8n8 

ce611 B peHopMHpyeMhiX TeopHHX ( R -TeopHH), rrepeCT8eT p860T8Th B ue

peHopMHpyel\tbiX Teop!!:HX ( N -Teoptw), r.e. 3T8 rrpouenyp8 He rrpHBOL\HT 

K ycTp8HeH!fiO pacxoAHMOCTe:i !!:3 pHL\8 TeopHH B03My!lleHnil 
111

• flo3TOMY 

BCTcteT BOilpOC !fn!f 0 Bi>IXOL\e 38 p8MK!f MeTOL\OB 06bJ'!HOlt TeOp!i!i B03My-
121 

rueHuii, Hn!f K8KOl\t-nH6o ee H3MeHeH!flf. B p86oTe 6btn rrpenno;t(el! !\te-

Ton nucpcpepeHUn8nbHOii HHTeprronHU!f!f (M1H1) rrocTpoeHHH MOL\U(jmuupoB8I!HOil 

TeopuH B03MyrneH!fil H8 ocHoBe ypaBHeHHH WpeAHHrep8 c cuurynHpHbiM rro

TeHuHanol\t. B cuny il<e COOTBeTCTB!fH Meii<L\Y p8CCeSIH!feM H8 C!fHI'ynHpHOM 

IlOTeHU!f8ne If HepeHOpM!ipyeMOlt TeOpueil !10nSI 1 OTMe'!eHHOI'O B l3l, MOii<HO 

rrpenrronoii<HTh, '!TO (Milk!) B03MO/KHO ccpopMynHpoaaTh If B paMKax KBaHTO

noil reopHn rronH. AH8noroM yp8BHeH!fH WpeAHHrep8 c CHHryn.SipHbiM rro

TeHUH8nOM B TeopHH rronSI B K8'!ecrae Monen!f Bbi6HpaeTCH yp8BHeHHe 3n

B8pnca nnH aeprnHHHOil cpyHKUH!f 141 • Yp8BHeHHe 3JlB8pnca Bbt6p8HO no 

HeCKOnhK!fM C006pai!<eH!fSIM. 

Bo-rrepBbiX, aeprnHHH8H cpyHKU!fH 6onhrne acero H8ITOMf!HaeT aonHoByiO 

cpyHKU!fiO HepenHTHB!fCTcKoli TeopHH, a ypaaHeH!fe 3na8pAC8 HaH6onee 6nH3KO 

K ypaaHeHHIO WpeAHHrepa, H B cnyqae rrpocTeilrnHX B3aHMOAelicTBHH ero 

L\Bil<e MOii<HO HerrocpeL\CTBeHHO CBeCT!f K yp8BHeH!fiO illpeA!fHr'epa. flo 3T0ll 
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I_ 

~e npH'IHH9 ypaBH9HHe 3aaapaca HBnHeTCH HSH60nee npOCTbiM o6~eKTOM 

ans npHnO>KeHHH Meroaoa, nonyqeHHbiX B aepenHTHBHCTCKoll: reopHH. HaKo

aeu, ypasaeaHe 3aaapaca B psae cnyqaea oKa3biaaercs aocraroqao npoc

TbiM H aonycKaer crporoe HccneaosaaHe H aa~e roqaoe peii.IeHHe 15•61 c 

noMOII.IbJO WHKUHH Mell:epa. 

B aaHHoll: pa6ore Mbi orpaHH'IHMCH npHMeHeHHeM MLU1 a cnyqae 

npn6nH>KeHHoro ypaaHeHHH 3aaapaca, Koropoe rpa!jlntJeCKH nao6pa>KeHo Ha 

pHC. 1 H 2. QqesHaHO, 'ITO aaHHOe npn6nH>K9HHe 9KBHBaneHTHO neCTHH'IHOMy 

npn6nH)I<eHHJO anSI aMnnnrya~:>I pacceSIHHSI, onpeaenSieMoll: ypaaHeHHeM Bere

Connnrepa. B § 2 c!jlopMynnpoaaH Mnl1 a paMKax KBaHrosoll: reopHH nonSI. 

B § 3-4 noKaaaHo npHMeHeHHe Mnl1 a cnyqae aaanMoaell:craHSI seKTOpHoll: 

AIL H CKanSipHbiX ell; qacrnu ( VPP -sepii.IHHa) H a cnyqae wprr -saanMo-

aeikraHSI ( VVP -aepii.IHHa) cooraercraeHHO. 

§ 2. Merog gndldlepeHunanbHOft HHrepnonSIUHH 

Meroa an!jl¢epeHunan~:>Holl: HHiepnonSIUHH ( Mnl1) a paMKax reopHH no

nS! !jlopMynnpyeiCSI cneayJOIUHM o6pa30M. nnSI HeKOTOporo npouecca paCCMai

pHaaJOTCSI aHarpaMMbl HH3II.IHX npH6nH>KeHHll:, 38nHC8HHbie B 9BKnHaOBCKHX 

nepeMeHHhiX. Bee pacxoaSIIUHecSI HHTerpanhi o6peaaJOICSI Ha aepxHeM npe-
2 

aene q = D • Ecn11 ace 3Ha'leHHSI HHaapuaHIHbiX nepeMeHHhiX, or KOio-
max 

pbiX aaaHCHT MaipH'IHbill: aneHelii paccMarpuaaeMoro npouecca, orpaHHtJeHhi, 
2 

TO 3aBHCHMOCTb OT 6e3p83MepHOll aenH'IHHbl g D MO>KHO HaftTH, HCCneaySI 

CyMMbl neCTHH'IHbJ)( auarpaMM, aHanH3 KO,TOpbiX npHBOaHT K HeKOTOpOMy 
\ 

au¢!jlepeHUHanb:oMy ypaaHeHHJO no napaMerpy o6peaaHHSI 

N 

I 
.. 2 

.. (0 I (1 I 2 d F ( g D' ... ) 
D (a,+ a., g D + ... ) dD" 0. (2.1) 

n= 0 

2 
rae a F ( g D, ... ) MHororotJHeM o6oaHa'leHbi HHaapuaHTHbie HMnynbCHhie 

nepeMeHHbie. 06mee peii.IeHHe aroro ypaaHeHHSI HMeer ana 
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HqHHe ypaaHeHHe 3aaapaca Hangercg HaH6onee npoCTbiM o6beKTOM 

Hno;>~<eHHH Meroaoa, nonyqeHHbiX B HepenHTHBHCTCKoi!: TeopHH, HaKo

paaHeHHe 3aaapaca a pHae cnyqaea OK83biBaercH aocTaToqao npoc-

aonycKaeT crporoe HccneaoaaHHe H aa~e Toqaoe pemeHHe 
15•61 

c 

b!O <jlyHKUHH Mei!:epa. 

aaHHOil pa6oTe Mbi orpaHHqHMCH npHMeHeHHeM Mnl1 a cnyqae 

>KeHHOrO ypaBHeHHH 3aaapaca, KOTOpOe rpa<jJHqeCKH H306pa~eHO Ha 

1 H 2, QqeaHaHo, qTO aaHHOe npH6nH~eHHe 9KBHBaneHTHO neCTHHqHOMy 

;>~<eHHIO anH aMnnHTyahi pacceHHHH, onpeaenHeMoi!: ypaaHeHHeM Eere

repa. B § 2 c<jlopMynHpoaaH Mnl1 a paMKax KB8HToaoa reopHH nonH. 

4 noKasaHo npuMeHeHne Mnl1 a cnyqae asauMoaei!:crauH aeKTOpHoi!: 

cKanHpHbiX ell; qacTHU ( VPP -aepmnHa) H a cnyqae w prr -asauMo-

-aepmHHa) COOTBeTCTBeHHO, 

§ 2. MeTog gHdldlepeHunanbHOi!: HHrepnonHUHH 

eroa au<jlrpepeHunanbHOA HHTepnonHUHH (Mnl1) a paMKax reopuu no

MynHpyercg cneayiOIUHM o6pa30M, nng HElKOTOporo npouecca paCCM8T

ICH aHarpaMMbl HH3lliHX npu6nH>KeHHit 1 38llHC8HHbl9 B 9BKnHaOBCKHX 

eHHbiX, Bee pacxoaHIUHeCH uHrerpanhi o6pesaiOTCH Ha aepxHeM npe-

2 q = D , EcnH ace SHaqeHHH HHBapuaHTHbiX nepeMeHHbiX, OT Koro-
max 

aaHcnr MarpnqHbill sneHel{r paccMaTpnaaeMoro npouecca, orpaHHqeHbi, 
2 

BHCHMOCTb or 6e3p83MepHOli aenHqHHbl g D MO~HO H8llTH 1 HCCneayg 
I 

I neCIHHqHblX aHarpaMM, 8H8nH3 KOIOpb!X npHBOllHI K HeKOTOpOMy 

peHUHanh;DMy ypaBHeHH!O no napaMeTpy o6pe38HHH 

n (0 I ( 1) 2 
(a,+ an g D + ... ) 

n 2 
d F(g D, ... ) 

dD" 
o, (2 .1) 

2 
F ( g D, ... ) MHororoqHeM o6osHaqeHhi nHaapnaHIHbie HMnynhCHhie 

eHHbie, 06mee pemeHue sroro ypaaHeHHH uMeeT BHll 
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N 

I f (g 2 D)¢ ( ... ), 

" " 
(2.2) F(g 2 D, ... ) 

n=l 

2 
rJJ.e f ( g D) -cHCTeMa nHHeii:HO HeaasHCHMhiX pellleHHil ypasHeHHSI (2.1). 

n 

DpeJJ.rronox<HM JJ.anee, 'ITO 

f (g 2 D)/f (g
2
D) 

n l 
c ' (2.3) 

D -> "" 

rJJ.e c -HeKOTOpaSI KOHe'IH8SI senH'IHH8 HnH Hynb ( ecnH rrpeJJ.IIOno);CSHHe 

(2.3) He BhiiiOnHSieTCSI IIpH <iJH3H'!eCKOM 3H8'leHHH g 
2 

, TO scerJJ.a MO)KHO 

JJ.06HTbCSI ero BbiiiOnHeHHSI IIOCpSJJ.CTBOM aHanHTH'!eCKOf'O IIpOJJ.OnX<eiJHSI B 

o6naCTb He<iJH3H'!eCKHX 3Ha'leHHii g 
2
). TorJJ.a, BhiJJ.enSISI H3 (2.2) MHOlliHTenb 

R 
f ( g 2 D) 11 BBOIJ.SI KOHCTaHTY peHopMHpOBKH ( F = Z F Z ~ 

l 
2 -J = [f ( g D)) ) , rrony'll!M 

l 

K os<iJ<iJHuHeHThi f ( g 
2 

D) 
n 

R 
B rrpeJJ.ene D -> "" KOHe '!Hoe Bhipax<eHHe JJ.nSI F 

2 
B o6llleM cnyqae Moryr aaBHCeTb or g He-

aHanHTH'!eCKH, rorJJ.a KaK see Bhipa>~<eHHe (2,2) npH KOHe'!HhiX D aHanH

TH'IHO IIO g 2 B TO'!Ke g 2 = 0 , ¢>yHKUIIII ¢ ( ... } II OSTOMY MOlliHO OIIpe
n 

'¢~ 

JJ.enHTb, rrpHpaBHHBaSI (2.2) pSIJJ.Y reop1111 B03MyJIJeHHii, TaKHM rryreM rrony'IHM <.1< 

R v " JJ.nSI F ("" , ... ) BbipallieHHe, paano)I<eHHOe s pSIJJ. rro crerreHSIM g ( ln g) •' 

rJle n v -uenoe '!Hcno, a v B o6llleM cnyqae He uenoe ( MOJlH~HUHposaHHbiit 

pS!Jl TeOpllli B03MyJIJeHHil:) • 

nocKonbKY o6hi'IHO He yJlaercSI nony'IHTb TO'IHOe ypasHeHHe JlnSI F , 

IIOKallieM, K8K HCIIOnb30B8Tb 3TH HJleH, ecnH H3BeCTHO nHlllb KOHe'IHOe 'IHCnO 

qneHOB pS!Jl8 TeOpHH B03MyJIJeHHii 

2 (0) 2 (l) 2" (II) 
F(g D, ... )= F (D, ... )+ g F (D, ... )+ ... g F (D, ... )+ ... (2.4) 

HerpyJlHO Haii:TH JlH~epeHUHanbHOe ypasHeHHe THIIa ypaeHeHHSI (2,1), Koro

poMy yJlosnersopSIIOT H3BeCTHhie '!neHhi pS!Jla (2,4). EyJleM paccMaTpHsaTb 

sro ypaeHeHHe KaK rrpH6nHllieHHe K TO'IHOMY ypasHeHHIO. DpoBOJlSI ace 

6 '~ 
! 

I . J 

yKaaaHHhie Bhillle Bhi'IHCneHHSI, rrony'IHM B Hrore JJ.nSI F 

llieHHe, KOTOpOe MO)KHO rrpeJJ.CT8BI!Tb B BHIJ.S pSIJJ.a IIO CTe 

211 l m 
c TO'IHOCTbiO JJ.O qneHOB rropSIJJ.Ka g ( n g) • Cpa a He 

rrony'ISHHhiX T8KIIM CIIOC060M, IIOK83hiB8eT, 'ITO MOlliHO 9' 

'18Tb paanollieHHe M8Tp11'1Hh!X 9neMeHTOB B pS!IJ. MOJJ.HQJHU11 

soaMyJIJeHHii (rro crerreHSIM gv(lng ;"v), ecn11 H3BecrHc 

B pS!IJ. 06hi'IHO~ TeOpi!H B03MyJIJeHHii IIpH KOHS'IHhJX 3Ha'le 

o6peaaHHSI. B aaKniO'!eHHe rrpHBeJJ.eM Ha116onee o6m11il: Bill 

COOTHOllleHHSI /2/ MeX<IJ.Y H3BeCTHhiMII qneHaMH pS!IJ.8 TeO] 

(2.4) 

N, 
(0) a A: F 101 Nn-l 

( g D J n 
A: n-1 (II A: 

I c D 
aD .t 

+ (g D) I C D 
A: 

A: 

A:= 0 A:= 0 

No 
.t F 1"1 

("I A: a 
+ ... I C .t D 

aD" 
= 0. 

A:=o 

PeKyppeHTHOe COOTHOWeHHe (2,5) SIBnSieTCSI OCIIOBOH Jll: 

<iJepeHUHanbHOf'O HHTepnornpyiOlllSf'O ypaBHeHHSI THII8 (2 .1 
(0) 

OIIpeJJ.eneHhl COOTIIOWeHHSI MSllillY K09<iJ~HUHeHT8MII C A: 

ro ypasHeHHe THIIa (2.1) JlnSI F MOlliHO nony'IHTb orryc 

Iii F B (2.5). 

B cneJJ.yiOlllHX JJ.BYX rryHKrax Mhi paccMoTpHM rrpHM• 

cnyqae VPP- 11 '' VVP -seplllHHHhiX <lJyHKUHit, 

§ 3. VPP -sepwHHa 

narpaHlliH8H B381!MOJleil:cTBIISI seKTOpHblX '18CTHU A 

CKanSipHblX '18CTHU ctJ A: C M8CCOil: M so3bMeM s BHJle ' 

actJ. __ ...;.•_ AIL 
f L in t = >..ciiR <ll; 

axiL 
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N 

I f (g 2 D)¢ ( ... ), 
n " 

(2.2) D, ... ) 
n= 1 

2 g D) -cHCTeMa JIHHeii:Ho HeaasHCHMhiX peweHHH ypaBHeHHSI (2.1 ). 

o>IOIM aanee, 'ITO 

')I [ ( 
2
D J I g D -+ "" 

c ' (2.3) 

HeKOTOpaSI KOHe'IH8Sl BeJIH'IHH8 HJIH HYJib (eCJIH npeAnOJIOJ:<eHHe 

Bb!TIOJIHSieTCSI npH <iJH3H'IeCKOM 3Ha'leHHH g 2 
, TO BCei'A8 MO>KHO 

SI ero BbiTIOJIHeHHSl nocpeACTBOM 8H8JIHTH'IeCKOI'O npOAOJI>Kei!HSI B 

He<lJH3H'IeCKHX aHa'leHHil: g 2
). Toraa, BbiAenSISI H3 (2.2) MHO*HTenh 

R 
H ssoASI KOHCTaHry peHOpMHpOBKH ( F = Z F , Z ~ 
-I R 

D)] ) , nony'lnM B npeaene D -+ oo KOHe 'I HOe Bbipa>KeHHe AJISI F 
2 2 

HeHThi f ( g D) a ooweM cnyqae Moryr aasHcerh or g He-
n 

qecKn, roraa KaK see Bbipa>KeHHe (2.2) npH KOHe'IHhiX D aHanH-

o g 
2 

B TO'IKe g 2 = 0 • 4>yHKUHH c/> ( ... ) n0:9TOMy Mo>KHO onpe-
n 

npHpaBHHBaSI (2.2) pSIAY reopHH B03MyweHHi1:. TaKHM nyreM nony'IHM 

("" , ... ) BhiP8*eHHe, p83JIO>I<eHHOe B pSIA no CTeneHSIM g 
11 

( ln g) nil 

-uenoe 'IHcno, a 11 B ooweM cnyqae He uenoe ( MOAHQJHUHposaHHhiH 

pHil B03MyiUeHHH). 

CKOJibKY OOhi'IHO He yaaercSI nony'IHTh TO'IHOe ypasHeHHe AJISI F 

, K8K HCnOJib30B8Tb 9TH HAeH, eCJIH H3BeCTHO JIHWb KOHe'IHOe 'IHCJIO 

pSIAa reopHH B03MyiUeHHH 
\ 

(0) 2 ( 1 J 2n (n) 
... )= F (D, ... )+ g F (D, ... )+ ... g F (D, ... )+ ... (2.4) 

0 HaRTH AH~epeHUH8JibHOe ypaBHeHHe THna ypaBHeHHSI (2.1), KOTo

OBJieTBOpSIIOT H3BeCTHbie qneHbi pSIAa (2.4). ByaeM paccMaTpHsarh 

BHeHue K8K npHOJIHMeHHe K TO'IHOMY ypaBH9HHIO. 0pOBOASI BCe 

6 

" 
I 

_j 

yKaaaHHhie Bhiwe Bhi'IHCJieHHSI, nony'IHM a urore anSI F KOHe'IHoe Bhipa

MeHue, KOTOpOe MO>KHO npeACT8BHTb B BH}:Ie pSIA8 no creneHSIM g H ln g 

c TO'IHOCTbiO AO 'IJieHOB nopSIAK8 g 2
" ( ln g) m • CpasHeHue npHonu>~<eHHH, 

nony'leHHb!X T8KHM CTIOCOOOM, llOK83biB8eT, 'ITO MO)KHO 8<iJ<iJeKTHBHO nony

'18Tb pa3JIOMeHHe M8TpH'IHb!X 8neMeHTOB B pSIA MOAH<iJHUHpOB8HHOH TeOpHH 

n 
B03MyiUeHHH (no CTeneHSIM g II (ln g ) 11 ), eCJIH H3BeCTHO HX pa3JIO)KeHHe 

B pSIA oobi'IHO!i TeopuH soaMymeHHH npH KOHe'IHhiX aHa'leHHSIX napaMerpa 

o6peaaHHSI. B aaKJIIO'IeHHe npHBeAeM HaHoonee ooiUHH BHA peKyppeHTHoro 

COOTHOWeHHSI /2/ Me>I<AY H3BeCTHbiMH 'IJieH8MH pSIA8 reopuH B03MyiUeHHH 

(2.4) 

Nn a .t F (0) 
Nn-I k F (I! 

(0) k n-I (I) k iJ 
( g D) n I c D 

iJ D .t 
+ (gD) I C D 

iJ D .t 
+ 

k k 

k= 0 k= 0 
(2.5) 

a .t F (nJ No (n) k 

+ ... I C 
1 

D av 1 = o. 
l=o 

PeKyppeHTHOe COOTHOWeHHe (2.5) SIBJISieTCSI OCHOBOH }:lJISI nony'leHHSl J:lHtlJ-

4JepeHUH8JlbHOI'O HHTepnompyiOIUei'O ypaBHeHHSI THTI8 (2.1 ), H001 K8K 

onpeaeneHhl COOTHOWeHHSI Me*AY K08<iJQJHUHeHT8MH 
c (0) ' c (I) ••• 

l k 

TOJibKO 

(n) 
c l 

ro ypasHeHHe runa (2.1) AJISI F MO*HO nony'IHTh onycKaHueM HHAeKCOB 

(i) 
F B (2.5). 

B cneayiOIUHX asyx nyHKrax Mbi paccMorpuM npuMeHeHue M.ill1 B 

cnyqae VPP- u VVP -sepwuHHhiX <iJYHKUuii. 

§ 3. VPP -sepwuHa 

narpaHMH8H B38HMOAeHCTBHSl BeKTOpHbiX '18CTHU A~ c Maccoil: m H 

CKanSipHbiX qacTuU ctJ 1 c Mace oil: M B03bMeM B BHJ:le 
151 

L in t = A c i j R ctJ i 
actJ. 

--=-'-A 11 a x 11 e 

7 
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j 

3AeCb C ij f -CTpyKTypHbie KOHCT8HTbl rpyiiiibl CHMMeTpHH paCCM8TpH58eMOl!: 

reopHH, rrpH'IeM AnSI su2 -rpyiiiibl C;;f = ( iif • rAe C;Jf -C05eprneHHO 
171 

aHTHCHMMeTpH'IHblH renaop, a AnSI su3 -rpyiiiibl c ije = f i ;£ • Ypa5HeHHe 

3A58pAC8 5 neCTHH'IHOM IIpH6nH*eHHH, KOTOpOe rpa~H'IeCKH H306pa*eHO Ha 

puc, 1, AnSI 5eplllHHHOH ~YHKUHH [ IL HMeeT 5HA 

r (p,kJ = 2P + 
IL IL 

d 4q 
2 2 -2 2 2 2 2 

(p+q)-k +m [(p -q )-(k,p-q)] 

k2 2 k2 2 2 
[ ( q - 2) + M ][ ( q + 2) + M ][ (p - q) + m 

( 4· +a.\ (2rr) ' 

( 3.2) 

2 rll (q,kJ, 
] 

rAe a =. 1 AnSI SU2 -rpyiiiibl H a=3/2 - AnSI SU3 -rpyiiiibl, !1ccneAySI ypa5-

HeHHSI T8KOrO pOA8 5 rrepeHOpMHpyeMhiX TeOpHSIX, 3A58pAC IIOK83an, 'ITO 

IIepeHOpMHp05K8 TeOpHH IlpH50AHT K IIOSI5neHHID IIpH HeOAHOpOAHOM 'l:neHe 

MHO*HTenSI l 1 KOTOpblH MO*eT 6biTb pa5eH 0 HnH "" , norronHSISI perne

HHe T8KHM o6pa30M MOAH<lJHUHp058HHOrO ypa5HeHHSI ycn05HeM HOpMHp05KH 

5eplllHHhl H8 M8CCOBOH IIOBepXHOCTH, IIOny'IHM IIepeHOpMHpOB8HHYID BeplllHH

HyiD IPYHKUHID 141 • BBHAY rpyAHOCTeii uccneaoBaHHSI AB*e rrpu6nH*eHHoro 

ypaBHeHHSI 3ABapaca rronO*HM kll = 0, Toraa r IL (p, 0) = 2P IL F (p 
2

) 

nnSI rnaBHOH "18CTH BeplllHHHOH <lJyHKUHH F (O) • orrpeAenSieMOH COOT HO-

I OJ (II 
rneHneM F = F + F , rrocne nepexoaa K c<tJepu'leCKHM KoopaunaraM 

IIony"'HM ypaBHeHHe /5/ 

2 

Z + .\ I ( dy y F (y) 
(y+M2)2 

+ -- r dr 
(y + M 2yl 

1 " 
F (x} 

x2 
0 0 

8 

'·'', 

. :;~ 

:}!:;' 
"~4 
:·'it~ 

,.'~~' 

,j 
.:·,.~ ... ·lj'·· ... li 

~ e 

11 ·' 

.,.. 
,:(' 

': 

2 " d y 3 F (y) ""( d y F ( y) 2 ("" d F (y) 
- - ( y - 2X y + X y ----,-

X 0' (y+M2)2 " (y+M2)2 " (y+M2) 

rae .\ 
2 2 2 

a.\ I 32rr m . 

Ypa5Henue ( 3.3) cny*HT ocHoBol!: pa3BH58eMoro ""*' 

MeToaa au<lJ<lJepeHUH8nbHCH HHTeprronSIUHH, KOTOpbil!: 06Cy*al 

meM rryHKTe. 06peaag ypaBHenue ( 3,3) na sepxHeM rrpeAeJ 

"' 
rrepsoM rrpu6nH*9HHH rro .\ , rrony'IHM cneaymrnuii pSia re 

F (D, x) 1 + X [ D - 2 ( 1 + x) ln D + ell ( x) ] + 

F (01 + ~ F (I)+ 

rae 
16 2 1 3 

4+9x+3x +3" 
4 6 

- (- + - - 2 x) ln (1 
X2 X cfl(x) 

x (1 + x) 

PeKyppeHTHOe COOTHOllleHH9 (2,5) B aaHHOM cny'l:ae HMeeT 

(I) 2 (II 

ClO! DF 101 +CllJ~(IJ +C 111 D !.!_ + C 
111

D
2 ~ 

o A. o ' aD 2 aD
2 

0'19BHaH0
1 

'ITO (3,4) yaosneTBOpSieT COOTHOllleHHID (3,5) f 

(I) (I) ( l) (0) 
ycnosagx: C 

0 
= 0 , C 1 = C 2 = C 0 • TaKHM o6paao111 

nersopSieT anrepnonupymmeMy aa<P<PepenuaanhHOMY ypasne 

2 
2 a F aF "' 

D ~+D---.\DF 
aD aD 

0 

9 



CTpyKTypHbie KOHCTaHTbl rpyiiiibl CHMMeTpHH paCCM8TpHBaeMOft 

eM AnSI su2 -rpyiiiibl C; ;e = ( ;;e 
aqHbiH TeH30p, a AnSI SU

3 
-rpyiiiibi 

, I'Ae f i/f -COBepllleHHO 

171 
C;;f = f;;f • YpaBHeHHe 

eCTHHqHOM !IpHOnH*eHHH, KOTOpOe rpa$HqeCKH H300pa*9HO Ha 

BepiiiHHHOH $yHKUHH -f 1.! HMeeT BHA 

2PI.! + 

2 2 -2 2 2 2 2 
(p+q) -k +m [(p -q) -(k,p-q)] 

k2 2 k2 2 2 
[(q--y) +M ][(q+2) +M J[(p-q) +m 

( 3.2) 

[' (q,k), 
2] 1.! 

nSI SU2 -rpyiiiibl H a= 3/2 - AnSI SU3 -rpyiiiibl, VJccneAySI ypaB

IO pOA8 B IIepeHOpMHpyeMbiX TeOpHSIX, 3AB8p/lC !IOK83an, qro 

TeOpHH IIpHBOAHT K !IOSIBJleHHID !IpH H90AHOpOAHOM qneHe 

1 KOTOpbiH MO*eT Ob!Tb paBeH 0 HJlH "" , UoiiOJlHSISI pellle

pa30M MOAH$HUHpOB8HHOI'O ypaBH9HHSI yCJlOBH9M HOpMHpOBKH 

M8CCOBOH IIOBepXHOCTH, IIOnyqHM IIepeHOpMHpOB8HHyro BepiiiHH

/4/. 8BHAY TPYAHOCTeif HCCJ19Jl0B8HHSI Aa*e IIpHOJlH*eHHOI'O 

BapACa IIOJlO*HM k(J. = 0, TOI'Aa r (1. (p, 0) = 2P (1. F(p 2 ) 

BHoif qacTH BepiiiHHHOH $yHKUHH F IO! , orrpeAenSieMoif coorHo-

IOJ II! 
= F + F , rrocne rrepexoAa K c$epaqecKHM KOOpAHHaTaM 

2 

A I [ dy Y F(y) 
o (y+M2)2 

1 " r dy 
(y + M 2) 

+ --
x2 

0 

.r 

2 " y 3 F (y) "" y F ( y) 2"" F (y) 
- x- r. dr 2 2- 2x r dr 2 2 + x r dr 2 2 I. 

0 (y+M} " (y+M) " (y+M) (3.3) 

rAe A 
2 2 2 

aA /32rr m 

YpaBHeHHe (3.3) cny*HT OCHOBOH pa3BHBaeMoro HH*e $opManH3Ma 

MeTOAa AH$$epeHUH8JlbHOH HHTep!IOJlSIUHH, KOTOpbiA OOCY*A8JlCSI B rrpe/lbiAY

IlleM rryHKTe. 06pesaSI ypaBHeHae ( 3,3) Ha BepxHeM rrpeaene H HTepHpySI, B 

"' 
rrepBOM rrpH6nH*eHHH rro A , rronyqHM cneAyiDIIIHA pSIJl reopHH B03MyllleHHA 

F ( D, x) = 1 + 1 [ D - 2 ( 1 + x) ln D + <11 ( x) ] + 

( 3,4) 

F IO! + : F I I!+ ... ' 

rAe 
16 2 1 3 

4+9x+-yx +3x 
4 6 

- (- + - - 2 X) ln (1 + X) • 
x2 x 

<ll(x) 
x (1 + x) 

PeKyppeHTHOe COOTHOIII9HH9 (2,5) B A8HHOM cnyqae HMeeT BHJl: 

2 (1) 
a F 

( 3,5) 
a F (I) •. 

C
101

>..DF
101

+C
111

F
111 

+C
111 

D -- + C 
111

D
2 

o o 1 aD 2 
o. 

aD 2 

QqeBHJlHO, qro (3,4) YllOBJ19TBOpSieT COOTHOII19HHID (3,5) !1pH CJl91lYIDIIIHX 

(I) (I) (I) (0) 
ycnoBHSIX: C 0 = 0 , C 1 = C 2 = C 0 • TaKHM o6pa30M, F ( D, x) YllOB-

nerBopSieT HHTepnomtpyrollleMy llH$$epeHUH8JlbHOMY ypaBH9H.HID 

2 
2 a F a F 

D ---::::-7 + D -- - A D F 
aD aD 

0 (3.6) 

8 9 
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peweHHSI Koroporo cyrb 10 ( 2,.}~ D 

F(D,x) B BHAe (:.!,2) 

, K 
0 

( 2 v A D ) • npencraBHM nanee 

F(D,x) I (2y'AD)F (x}+ K (2y'AD)F (x). 
0 I 0 2 

(3.7) 

Pa3naraSI nanee KS:>KAbiil: •weH rrpaBOil 'ISCTH COOTHOlll9HHSI (3.7) B pSIA IIO 

crerreHSIM A , rrony'IHM 

"" (OJ "" (I) "' "" (I) 
F(D,x)= [I +'AD+ ... ]([ +'A{ +'Aln'A { + ..• )+ 

I I I 

I "" 
+ [ (- y - 2 ln 'A 

1 "" 
2 ln D) + 'AD 

J "" (I) 
+ - ln D)] ( f + 'A f + · .. ) . 

2 2 2 

~ 1 "" 
'A [) ( y + 2 ln 'A + 

( 3.8) 

nogsneHHe qneua ""Aln X B pa3no>KeHHH F (x} o6ycnosneHO TeM, 'ITO 
I 

K (2y'AC) HMeeTnorapH$MH'IeCKyJOoco6eHHOCTbiiO ~ BTO'IKe A =0, 
0 

B TO Bp9MSI K8K CHHrynSipHhle 'lneHbl B o6rueM Bblp8}:<9HHH t3.7) AOn:>KHbl 

OTCyTCTBOB8Tb. 

CpasuusaSI ( 3.8) c ( 3.4), rrony'IHM cneny10wHe ycnosuSI, KOTOpbiM 

nom~<Hhi IIOA'IHHSITbCSI Koa<fl<fluuueHTbi pa3nO)KeHHSI F (x) H F (x) 
I 2 

{(0)-
l - 1 ' 

( l) 
f = 4(1 + X), 

2 

( l) 
f = 2 y ( 1 + x) + cfJ ( x) . 

1 

"" ( I) 
f = 2 (I .+ x), 

I ., f 
(0) 
2 . = 0 , 

noncTaBnSISI nanee 3TH 3H8'1eHHSI K09$$HUHeHTOB paano>KeHHSI Fl (x) H F2 (x) 

s ( 3. 7) H rrepexoASI K rrpeneny D ... oo , nony'IHM 

== = 
F(oo, x) = Z II+ 'A [2 (1 + x)ln 'A+ 2y(J..+ x)+ cfl(x}.L+ ... I, (3.9) 

10 

I 

i 
I 
I 

l 

H opMupySI peweuue ( 3.9) ycnosueM F ( oo , 0) 1 , OKOH'IB 

F(oo,x) 
"" "' 1 4 

+ 'A [ 2 " ln 'A + " r 2 r + 3 J + r x + 4 J -

4 6 - ( --:2 + - - 2 x) ln ( 1 + x) ] + ... 

" " 
/5/ 

To'IHOe peweuue, uail:neuuoe B pa6ore , HMeer BHA 

"" ~ 
F(x) = 1 + 'A[2xln'A + x(2ln 12 +By--)+ 

3 

4 
+(-; 

4 6 + 4)- (-
2 
+-- 2x)ln(l + x)).+ ... 

X X 

Yl3 Cp8BH9HHSI (3,10) H (3,11) IIOny'IHM 

F(x}- F(oo, x)"" ].43 '/..X, 

OTKYA8 cnenyeT, 'ITO IIpH AOCT8TO'IHO MSnbiX 3Ha'leHHSIX KO 

HHTeprronuposauuoe peweuue naeT xopowee rrpu6nH)KeHHe K 

IIpH ycnOBHH IIpHMeHHMOCTH MOAH$HUHpOB8HHOH TeOpHH B03 

« I . 

§ 4. VVP -sepwuua 

B Ka'leCTBe VVP -sepwHHhi paccMoTpHM wprr -s3aHI 

H9HH9 3JlB8pJlC8 B Cnyqae WpTT -sepWHHbl H306pa>KeHO H8 

>KH8H B38HMOJl9il:CTBHSI 6epeTCSI B BHJl9 /6/ 

L. = gt;t•f 
"'' 

a a a;w 1 a,.Pe rr • 

11 
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KoTopol:'o cyTh / 0 ( 2J ~ D 

B BH):Ie (:.!,2) 

, K 
0 

( 2 v~ D) • DpencTaBHM nanee 

I (2.j>.D)F (x}+ K (2J>.D)F (x). 
0 I 0 2 

( 3.7) 

SI nanee K8.lKAbiit 'lneH npaaofi '18CTif COOTHOilleHHSI ( 3, 7) B pSIA no 

M X , nony'IHM 

~ ( 0 I ~ ( II "' "' ( I) 
[ 1 + >.. D + ... ] ( f + >.. f + >.. ln A f + ... ) + 

I I I 

1 -
-2 ln ~ 

I ~ 

2 ln D) + >.. D 
~ I "' 
>.. [) ( y + 2 ln >.. + 

(3.8) 

"' (II 
D)] ( f + >.. f + · · · ) · 

2 2 

He 'lneua ~ Aln ~ a paano)f{eHiflf F (x} o6ycnoaneuo TeM, 'ITO 
I 

If MeeT nor'apHtlJMH'IeCKYJO oco6eHHOCTh no ~ B TO'IKe A = 0, 

eMSI K8K ClfHJ:'ynSipHNe 'lneHhl B o61lleM BhlpaMeHiflf (3,7) DOn)f{Hhl 

8BHIIB8SI ( 3,8) C ( 3,4) 1 nony'IHM CneDYJOilllfe ycnOBifSI1 KOTOpb!M 

,, non'IHHSIThCSI Koa¢4JHUHeHTbi paano>KeHHSI F (x) H F (x) 
l 2 

( l) 
f =4(I+x), 

2 

"'rn f =2(I+x), 
I 

f (0) = 0 , 
2 . ·: 

2 y (I + x) + <IJ ( x) . 

nSISI nanee 3TH 3Ha'leHHSI Ko84JtlJHUHeHTOB paano)f{eHHH F
1 

(x) H F
2 

(x) 

H nepexonsr K npeneny D -+ 00 ' nonr'IHM 

::::: == 
)= ZII+A[2(I+x)ln>.+ 2y(J.,+x)+«<l(x).L+ ... l, (3.9) 

10 

I 

I 
I 
1. 

t 
I 
~ 

! 

( 
l 

HopMHpysr pellleHHe (3,9) ycnOBifeM F (oo, 0) I , OKOH'IaTenbHO nony'IHM 

F(oo,x) "' "' I 4 I + A [ 2 x ln >.. + x ( 2 y + 3 ) + ( x + 4) -

4 6 - ( -:2 + - - 2 x) ln (I + x) ] + ... 
X X 

/5/ 
To'IHOe pellleHHe, HafineHHOe a pa6oTe , HMeeT BHA 

"' ~ 
F ( x) = I + >.. [ 2 x ln >.. + x ( 2 ln 12 + 8 y - -) + 

3 

+(J:.. 
X 

4 6 
+ 4)- (-2 +-- 2x)ln(l + x)).+ ... 

X X 

Ma cpaaHeHHH (3.10) H (3.11) nony'IHM 

F(x}- F(oo, x)"' I-43 >.x, 

(3.10) 

( 3.11 ) 

OTKyna CnenyeT, 'ITO np11 ):10CT8TO'IHO ManbiX 3Ha'leHHSIX KOHCT8HTbl CBSI3H 

HHTepnonHpoaaHHoe peweHHe naeT xopowee npH6nH>I<eHHe K TO'IHOMy pellleHHJO 
:::::: :::::: 

npH ycnoBHH npHMeHHMOCTH MOAH4JHuHpoaaHHOi1 TeopHH B03MyllleHHi1 I>.. x ln >.I<< 

« 1 . 

§ 4. VVP -aeplllLfHa 

B Ka'leCTBe VVP -aeplllHHbi paccMoTpHM wp11 -aaaHMoneiicTBHe. Ypaa

HeHHe 3naapnca B cny'lae Wp17 -aepWHHbl H306pa)f{eHO Ha pHC, 2, nar'paH

)f{lf8H B38HMO):IeiiCTBHSl 6epeTCSl B BH):Ie /6/ 

L;,, =gt~flt.f a;wf a,_pt17a· ( 4.1) 

11 



llnSI yrrpOlll9HHSl 38Jl8'iH BOCIIOJib3Y9MCSl IlpH5JIH>KeHH9M MSirKHX IIHOHOB: 

m 
17 

= 0 , k 17 = Pw + Pp = 0 , yqTeM TBK>Ke, 'iTO m = m = M w p 
• Toraa 

p2 p2 
JlJISI tPYHKUHH F (x) = F ( Ml, Ml ) 0 OIIpe)leJISieMOM COOTHOllleHH9M 

2 2 

r I-LV ( ) 11vAu w !pi F( pw 
p ' p = g( p p -- ' 

w p A v m2 
_!_p_)' 
m2 ( 4,2) 

w p 

IIOJIY'iHM ypaBH9HHe, KOTOpoe IIOCJie rrepexoaa K eBKJlHJlOBOMY IlpOCTpaHCTBY 

I!MIIYJibCOB H BbJIIOJIHeHHSl HHTerpHpOB8HHM no yrJIOBbiM rrepeMeHHbiM MO>KHO 

38IIHC8Tb B BHJle /6/: 

4 3 
" F(y) y 2y 

F(x) = Z' +>..I ( ( M2) 2 (---z---)dy + y + X X 
0 

00 

+ r 2 "(y+M2), (x -2xy)dyl, ( 4.3) 

rae A = 
2 

g I 384 17 
2 

,tjJaKTOp Z'orrpeaenSieT nopMHpOBKY H BO 

acex nocneayiOlllHX BhiKnaaKax 6yaeT onymeH. YpaaneHHe ( 4.3) neo>KHJlSHHhiM 

o6pa30M COBII8Jl8eT C ypaBHeHH9M (3,3) 38tHCKJIIO'i9HHeM 'iJieHa 

oo y 2F(y) 
I = J (y + M2)2 , KOTOpbiM rrpu HTepauHH {3,3) pacxoauTCSI nuneil:HbiM 

o6pa30M, 3TO e)lHHCTBeHHOe OTJlH'iHe, KBK 3TO 6yJleT IIOK838HO HH>Ke, IlpH

BOJlHT K HeKOTOpOMY H3MeHeHHIO B MeTOJle JlHtjJ4JepeHUH8JlbHOM HHTepiiOJISI

UHH B CJiyqae W p 17 -B38HM0Jl9MCTBHSI, lleil:CTBHTeJibHO, nepB8Sl HTepaUHSI 

ypaaneHHSI (4.3) aaeT TOJibKO O.llHH CHHrynSipHbiM qneH = ln D , xapaKTep-

Hbiil: JlJISl peuopMHpyeMblX TeOpHii, nerKO IIOK838Tb, 'iTO B 8TOM CJiyqae 

MDYI He npHBOJlHT HH K KaKOMY JlHtjJ4>epenuHaJibHOMY ypaBHeHHIO no rrapaMeT-

12 

py o6peaaHHSI D • TiosToMy neo6xoauMa BTopaSI HTepauHSI 

B peayJibT8Te KOTOpOil: IIOSIBJISieTCSl CTeiieHHbiM o6pa30M pac 

Hhi, xapaKTepHbie anSI nepenopMHpyeMbiX reopHil:, TaKHM oe 

cneayiOmu:ll: pSI.Il reopuu B03MymeHu:ll: 

2 10 
F(D,x)=1+A[-2xlnD+Cil (x)],+A. [-xD+ 

1 3 

2 2 
+ v (x) ln D - x ln D + c{l (x}] + ... 

2 
F 

101 
+ A. F 

111 
+A 

2 

17 2 
rae v (x) 2x ln x 

2
- -x 

6 

1 
c{l

1 
(x) = 2 X ln X + J X, 

17 2 227 2 2 2 
eli (x) = - X ln X - -- X - X ln X. 

2 6 72 

PeKyppeHTCKOe COOTHOllleHHe (2,5) B Jl8HHOM CJiyqae 38IIHI 

( 1) 

2 ( 2) ( 1) ( 1) ( 1) 
(>..D) C F + AD [ C F + C D 

0 0 1 

~] +C1 n~ F 1 

\D 

(2) 2 (2) 3 (2) 

aF 2 a F 
+ C1"1 D + C1 '~!. D --

aD 2 aD
2 

+ C I"J D 3 a F 
3 a D3 

p Sill TeOpHH B03MyllleHH:Ii: ( 4,4) YllOBJieTBOpSleT COOTH 

ecnu TOJibKo: c = ci'J. = c<'~l =0 c<'l=cl') cl')=3c('~ 
0 0 0 , 1 3' 3 3 

TIO.IlCT8BJISISl 8TH COOTHOllleHHSl o6paTHO B (4,6) H OIIYCK8Sl 

IIOJIY'iHM JlH4J4JepeHUH8JlbHOe HHTepnonupyiOlllee ypaBHeHHe C 

3 
D 

3 
a F 
-;;or 

2 

o. 2aF 5 aF 
+3D --:--:::--z + (1 + -

3 
A. D) D-

aD aD 

13 
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nH ynpOlll9HifSI 38A8'ilf BOCnOnb3Y9MCSI npH6nHiK9HH9M M.llf'KHX nHOHOB: 

k = p + p = 0 ' Y'iT9M 
I TT W p 

2 
TaKiKe, 'iTO m = m = M w p 

• TorAa 

p2 p 
KUHH F(x} = F(Ml, M"2) 1 onpeAenSieMOH COOTHOlll9Hif9M 

'p w p 

2 
p 

f.LVAU w (p) F( w ) = gf p p -2-' 
A v m 

w 

2 

.!...£__)' 
m2 

p 
( 4.2) 

ypaBH9HHe, KOTOpoe nocne nepeXOA8 K 9BKnHAOBOMY npOCTpaHCTBy 

COB If BbiiTOnHeHH.Il HHTerpHpOB8HHil: no yrnOBbiM nep9M9HHbiM MOiKHO 

!Tb B BHA9 /6/. 

z, + A I (X F (y) - y 4 2 y 3 
o (y+,'.f2)2(-;z----x)dy + 

F(y) (x 2-2xy)dyl, I 2 2 
+ M ) 

( 4.3) 

2 
g I 384 TT 

2 
,$aKTOp Z'onpeaen.lleT HOpMHpOBKY H BO 

cneayiOlllHX BbiKnaaKax 6yaeT onywea, YpasHeHHe ( 4.3) aeoiKHAaHHbiM 

M cosnaAaeT c ypasHeHHeM (3.3) sa HCKniO'ieHHeM 'in~Ha 
y 2F(y) 

(y + M2)2 , KOTOpbiil: npH HTepauHH (3,3) pacxoaHTCsr nHHefiHbiM 

M, 3To 9AHHCTB9HH09 OTnH'iH91 K8K 9TO 6yAeT ITOK838HO HHiK9 1 npH

K H9KOTOpOMy H3M9H9HH!O B M9TOA9 AH$$epeHUHanbHOil: HHTepnonsr

ny'Iae w p rr -ssaHMOAefiCTBH.Il, Deii:cTBHTenbHO, nepsasr HTepaUH.Il 

HSI ( 4,3) A89T TOnbKO OAHH CHHrynsrpHbiH 'ineH "' ln D , XapaKTep-

Sl pellOpMHpyeMbiX TeOpHH, nerKO nOK838Tb 1 'ITO B 9TOM cny'Iae 

e npHBOAHT HH K K8KOMY AH$$epeHUH8nbHOMY ypaBH9HH!O no napaMeT-

12 

py o6pesaHH.Il D • flosToMy Heo6xoaHMa sTopaSI HTepaUH.Il ypasaeHH.Il ( 4.3) 

B pesynbT8T9 KOTOpOil: no.llsnsreTC.Il CT9IT9HHbiM o6pa30M paCXOA.IllllH9CSI 'l:ne

Hbl1 xapaKTepHbie ansr aepeaopMHpyeMbiX TeopHil:, TaKHM o6pasoM nony'iHM 

cneayiOlllHit p.IIJl TeOpHH B03MYlll9HHit 

2 10 
F(D,x)=1+A[-2xlnD+tfl (x}].+A [-xD+ 

I 3 

2 2 
+ v (x) ln D - x ln D + tfl (x)] + ... 

2 

rae v (x) 2x ln x 
2

-
17 2 
-x 

6 

1 
tfl I (x) = 2 X ln X + J X 1 

F (O) + A F (I)+ A 2 F 121 + ... ' 

17 2 227 2 2 2 
~ (x) = -- X ln X - -- X - X ln X. 

2 6 72 

(4.4) 

(4,5) 

PeKyppeHTCK09 COOTHOlll9HH9 (2,5) B Jl8HHOM cny'iae 38ITHlll9TCB B BHJle: 

2 (2) (I) (I) (I) 
(>..D) C F + AD [ C F + C D 

0 0 I 

(I) , 

aF cr'J F(2)+ ---] + 
ID 

3 (2) 

+ C ("! D 

(2) 2 (2) 
aF 2 a F 
-- + C1 '~~ D -
aD 2 ao

2 
+ C !"! D 3 a F o. 

3 

(4,6: 

p .IIJl TeOpHH B03MYlll9HHlt ( 4,4) yaosneTBOpSleT COOTHOlll9HH!O ( 4,6), 

ecnH TOnbKO: c = c('J. = c1 '~1 = 0, c1'1 = c 1'1 cl')= Jc 1 '~) c 1'!= _§_ c 1 '~ 1 . 
0 0 0 1 3' 3 3' I 33 

(i) 

flOJlCTasn.ll.ll 9TH COOTHOlll9HH.Il o6paTHO B ( 4,6) H onycKa.ll HHJl9KCbl B f 

nony'iHM JlH~$epeHUHanbHOe HHTepnonHpy!Olll99 ypaBH9HH9 cneJlyiOlll9f'O BHJl8 

3 
D 

3 
a F 

aiJ3 

2 

( 4. 7) 
2 a F 5 aF 

+3D ~+(1+-I.D)D-
a D 3 a o 

o. 
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I 

PeweHIHI ypaBHeHHSI ( 4. 7) rrpe.llCTaBITSIIOTCSI B BH.Ile cpyHKUHll: Mell:epa 18 !, 
lO 2 0 ' 30 

rrpH'leM G I
3 

(z) = 1 , a G I
3 

(z) -- 0 1:1 G I 4 (z}- 0 , rae aaeaeaa 
%-+00 %~00 

5 
6e3p83MepHaSI rrepeMeHHaSI z = T AD • Ope.llCTaaneHHe (2.2) 3arr~:~weTCSI 

B BH.Ile 

F(z,x) 
L' (' 20 I' G 30 L' 
"I (x) ~ 'I (=) · 2 (x) ~ fz) r (x). 

3 13' 3 

OpeacraauM ( 4.8) rrp1:1 ManhiX 3Ha'leHHSIX A a cpopMe 

roJ 1 'I -r • 1 = 
F ( z. x) = ( f + A f + A ln A 1 + A 

2 f 121 
+ A 

2 
ln A f 121 

+ 
I I I I I 

2 2 ( 3) I 2 
+ A ln A f + ... ) + [- 2y ~ z - ln z - - z 

I fl 
+ ... j X 

(0) (') -(') 2 (2) 2 . (2) 
x ( f + A f + A ln A f + A f + A ln A f + 

2 2 2 2 

2 2 (3) 2 
+ A ln A f 

2 
+ . . . ) + [ m I - m 2 z + m 3 z + 

1 2 
+ 2 y ln z - z ln z + 2 ln z 

2 z 
+ [f ln z + ... ] x 

f
(O) r(') 1 r"'(I) 2r121 2 1 r121 

x( +A +>.n>. +>. +>. n>. + 
3 3 3 3 3 

2 (3) 
+ >. ln A f + · · · ) , 

3 

14 

( 4.8) 

( 4.9) 

npH'leM B KBa.llpaTHhiX cxo6xax BhlllHCaHhi pa3ITO)KeHHSI G 1 

30 
G (z) 

l3 
>. 2 ln 2 >.. 

(eM. Op~:~no)KeHHe). OoSianeHHe qneaoa."' >. ln A 

a pa3ITO)KSHHSIX F 
1 

(x) , F 
2 

(x) 1:1 F 
3 

(x) o6 

ITH'lHeM Taxoro poaa 'lneaoa a pa3ITO)K9HHSIX G 20 (z) 
I3 

MBnblX Z , T8K K8K B 00lll9M Bblp8)K9HI:II:I ( 4,8) CI:IHI'YT 

aaanHTH'leCKHe no >.. 'lneHhi, aomKHhi coxpawaTbCSI, H3 c 

(4.4) IlOITy'lHM CITe.llyiOIUHe YCITOBI:ISI CBSI31:1 .lliTSI OTITI:I'!Hb!X 

UHeHTOa pa3ITO)KSHHil: F I (x) F 2 (x) 1:1 F 
3 

(x) , 

f (0) 

I 
1 ' 

I 'I l 5 ( 'J ( = <f) I (x) + 2x ( 2y + n -
3 

) , { = 
I I 

[(2) 
I 

2 rr
2 

2 5 
<f) (x) - 2 x [- + 6 y + 2 y ln -

3 2 6 
1 2 

+ - ln 
2 

5 f (3) = ..!.._ ; (2) = _ X 2 - ( 2y + ln 3 ) v (x) , 
I 2 2 

f 121 2 I 5 =-[v(x)+2x 2y + ln 3)] , 
I 

I'.lle v(x), <J)I (x),' ¢ 2 (x) .!lBHbl cpopMynaMH (4.5). 

00.IlCT8BITSISI Terrepb STI:I 3H8'19HI:IS! KOScpcpHUI:IeHTOB 00~ 

rrepexoaSI K npeaeny z .. "" , IlOITY'lHM C TO'lHOCTb!O .llO 'll 

>. ( T,e. g 
2 

) 

F([,x) 5 1 
1 + >.. x [ 2 ln >.. x + ( 2 y + ln 3 + 3 ) ] + · · · 
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ypaaHeHIHI ( 4. 7) npe.QcTaansnoTCSI B BH.Qe <jlyHKUHM Me.il:epa !81, 
10 2 0 ' 30 

G I
3 

(z)" 1 , a G I
3 

(z) --. 0 H G 14 (z) -o , r.Qe aae.QeHa 
%--+ OQ % -+ 00 

5 
pHaSI nepeMeHHaSI z = 3 AD • Ope.QcTaaneHHe (2.2) samuneTCSI 

F (x} " G 
20 

(z) F 2 (x) " G
30 

(z) F (x). 
1 I J I 3 ' 3 

HM ( 4.8) npH Man hi X SHa"'eHHSIX A a <jlopMe 

101 I 'I -r'J "' 
= ( f + A f + A ln A f + A 

2 f 121 
+ A 

2 
ln A f 121 

+ 
I I I I I 

2 I 31 1 2 
n A f I + · .. ) + [ - 2 y -+ z - ln z - B z + ... ] x 

+ A[I'J +A ln A f1' 1 + A
2 

{
121 

+ A
2

ln A f 121 
+ 

2 2 2 

2 ( 31 2 
A{ + ... )+[mi-m

2
z+m

3
z 

2 
+ 

n z -
1 2 

z ln z + -2 ln z 
2 z 

+ B ln z + ... ] x 

01 
+ A f 1 

'
1 + A ln A t 111 

+ A 
2 

{ 
121 

+ A 
2 

ln A { 
121 

+ 
3 3 3 3 

ln 
(31 

A{ + ... ), 
3 

14 

( 4.8) 

( 4.9) 

npH"'eM a KaaapaTHhiX CKOoKax BhinHCaHhi pasnmKeHHSI G 1 20'~ (z) H 
13 

30 
G (z) 

13 
2 

(eM. 0pHn0)1{9HHe). noSianeHH9 "'neHOB "' A ln A • A ln A 

A 2 ln 2 A a pasno*eHHSIX F 
1 

(x) , F
2 

(x) H F 3 (x) ooycnoaneHO Ha-

G 20 (z) H G 
30 

(z) 
13 13 

nH"'H9M TaKOrO po.Qa "'neHOB B paSnO)K9HHSIX npH 

ManbiX z , T8K K8K B OO!ll9M Bblp8)1{9HHH (4.8) CHHrynSipHLie, T.e. He-

aHanHTH"'eCKHe no A qneHbi, aomi<Hhi coKpamaTbCSI. !-Is cpaaHeHHSI ( 4.9) c 

( 4.4) nony"'HM cne.QyJO!llH9 ycnOBHSI CBSISH .QnSI OTnH"'HbiX OT Hyng K09<jJ<jJH-

UHeHToa pasno*eHn.il: F 
1 

(x) F
2 

(x) H F
3 

(x) • 

f (01 

1 

{(21 

1 

1 ' 
( ') I 5 (.I 

{ 1 = elli(x) + 2x(2y + n 3), {
1 

= 

2 rr
2 

2 5 1 2 
ell (x) - 2x [- + 6y + 2y ln - + - ln 

2 6 3 2 

5 
- ( 2y + ln 3 ) 11 (x) f 131 = }_ ; (2) 

1 2 2 

2 
-X 

"'121 2 5 f = - [ 11 ( x) + 2 x I 2 y + ln 3 ) ] , 
1 

r.Qe 11 (x) , ell 
1 

(x), ell 
2 

(x) .Q8Hbl !IJopMyna'MH ( 4.5). 

1( ') = 2 X , 

;; 
yl-

00.QCTaBnSISI Tenepb 9TH 3H8"19HHSI K09<jl¢HUH9HTOB 00p8THO B (4.8) H 

nepexo.QSI K npeaeny z ... oo , nony"'HM c TO"'HOCTbJO .QO "'neaoa nopSI.QKa 

A ( T.e. g 
2 

) 

F([,x) 5 1 
+ ( 2 y + ln 3 + 3 ) ] + ... ( 4.10) 1 + AX [ 2ln ,\ x 
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To'lHOe peweHHe, HaHA8HHOe B pa6ore 16l, HM88T BHA 

F(x) = 1 + ,\x [2ln ,\x 
10 

+ 2 (4 y + ln 12 - 3)] + ( 4,11 ) 

vJ3 cpaBH8HHR ( 4,10) H ( 4,11 ) llOJIY'lHM, 'lTO 

F(x)- F(oo,x)"' 0·921 AX, 

oTKyAa cneAyeT, 'lTO H B sTOM cny'lae, KaK H B cnyqae VP P -BepwHHhi, 

MeTOAOM AHqJ<jlepeHUHaJibHOH HHTepnOJIRUHH llOJiy'leHO peweHHe, AOCTaTO'lHO 

6JIH3K08 K TO'lHOMy, 

§ 5, 3aKniO'l8HH8 

8hilli8 6bin c<jlopMynHpOBaH Mel'OA AHljl<jlepeHUHaJibHOH HHTepnOJIRUHH B 

paMKaX KBaHTOBOH TeOpHH llOJIR, 00Ka3aHa s<jl<jleKTHBHOCTb AaHHOrO M8TOAa 

B rrocTpoeHHH pRAOB MOAH¢nuupoBaHHOfi TeopHH B03Myweaui1: AJIR VPP H 

VVP BepwHHHbiX <jlyHKUHfi. B cnyqae VPP -BepwHHhi KOHCTaHTa peaopMH-

. -I 
poBKH ZVPP"' [10 (2,).\D)] , a AJIR VVP -BepwHHhi ZvvP"' 1 • Pas-

JIH'IJHR M8*AY TO'lH~MH peweHHRMH H HHTepnOJIHpOBaHH~MH COAepMaTCR 

TOJihKO B KOH8'lHhiX 'IJJieHaX, T,e, CHHrynRpHhl8 'l:Jl8Hhl ( 'IJJI8Hhl BHAa 

g v ( ln g) "v Bbi'l:HCJIRIOTCR roqao. Heo6xoAHMO oTMeTHTb, 'ITO MeTOA 

AU<jl<jlepeHUHaJibHOH HHT8pllOJISIUHH MOX(HO ll~HM8HHTb AJIR JII06hiX HepeHOpMHpy-

8Mh!X TeOpHfl C H8113B8CTHhiMH TO'l:Hh!MII peweHHRMH, B 'l8CTHOCTH 1 3Ha'lH

T8JlbHblll HHTepeC npeACTaBJISI8T npHM8H8HII8 STOrO M8TOAa K CJia6biM B3aH

MOA8HCl'BilSIM 3JI8M8HTapHb!X qaCTHU, 'lTO H 6yA8T np8AM8TOM AallbH8Hlli8rO 

HCCJI8AOBaHHSI, 

B aaKmoqeHue aBTOpy rrpHSITHO BhipaaHTb CBOIO rny6oKyiO 6naroAap

HOCTb A.T. ¢unurrnoBy H A.H. TaBxenuAae, 

16 

0pHJIO)f<9HHe 

8 STOM rrpHJIO)f<eHHH ITOKa3aHO, KaK HaXOAHTb paano> 

.30 1 
Meaepa, aanpnMep G l.3 (z io,oo ) , npn ManhiX z Ben 

6hie ABa napaMeTpa OTJIH'l:aiOTCSJ aa uenoe 'l:ncno. Bocnom 

npeACTaBJI8HH9M 

1 
G .30 ( z I 0,0,0 ) 

1.3 

.3o I 
lim G 13 (z 0 + a c, 0 + 8 a, 0 + at 

8 -+ 0 

+ 

+ 

rAe 

r [ 8 (a- c)] f[ 8 ( b - c)] ' 8 c 
z F 

r(l-8c) l 2 

r[ 8(c- a)]f[ ·a(b- a)]. 

[(1- E;a) 

[)a 
z F 

l 2 

8 c 

( 1 + 8 ( c - a) , 1 - ~ 

( 8 a 

1 - 8 (a -c), 1 - 8 

r[a(c-b)]f[B(a-b)] 8b Bb 
z I F2 ( 

r(l-§b) 1-B(c-b), 1-81 

" (a) 
a z 

l F2 ( b, c I z) l: 
n! (b),. (c),. ' (a) 

n 

r(n +a) 

f(a) 

17 
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peweHH8, H8HA8HH08 B pa60T8 /B/, HM88T BHA 

10 
1 + Ax [ 2 ln A x + 2 ( 4 y + ln 12 - 3 )] + · .. ( 4,11 ) 

aBH8HHSI (4.10) H (4.11) rrony"iHM, 'ITO 

F(x)- F(oo,x)"' 0.921 AX, 

cnenyeT, 'iTO H B aTOM cny-qae, KaK H B cny'lae VP P -BeplllHHb• 

OM AHqlcpepeHUH8nbHOH HHTeprronSIUHH rrony-qeHO peweHH8 1 AOCT8TO"iHO 

oe K TO"iHOMY, 

§ 5, 3aKniO'I8HHe 

Bbrl!le 6b!Jl ccpopMynHpOB8H M8TOA AH<jJcpepeHUH8nbHOH HHTeprronSIUHH B 

X KB8HTOBOH TeOpHH rronSI, 00K838H8 acpcpeKTHBHOCTb A8HHOrO M8TOA8 

TpoeHHH pSIAOB MOAH$HUHpOBaHHOi1 TeopHH B03Myl!leHHi1 AnSI VPP H 

BepwHHHbiX cpyHKUHii. B cny-qae VPP -BeplllHHbi KOHCTaHTa peaopMH-

ZVPP"' [/
0 

(2y'AD)] -I , a AnSI VVP -BeplllHHbi ZvvP"' 1 , Pas-

M8)1(AY TO'IHbiMH peweHHSIMH H HHTeprronHpOB8HHbiMH COA8pX(8TCSI 

0 B KOH8'1Hb!X 'lneHaX, T,e, CHHrynSipHbl8 'lneHbl ( -qneHbl BHA8 

n g) nv Bbl'IHCnSIIOTCSI TO"iHO. Heo6XOAHMO OTM8THTb, 'ITO MeTOA 

peHUHanbHOH HHTeprronSIUHH MOX(HO ITpHM8HHTb AnSI ni06biX HepeHOpMHpy-
1. 

T80pHfi C H8H3B8CTHbiMH TO'IHbiMH pellleHHSIMH, B 'I8CTHOCTH, 3H8'IH-

b!H HIITepeC rrpeACT8BnSieT rrpHM8HeHH8 9TOrO M8TOA8 K Cna6biM B38H

HCTBIISIM sneMeHTapHhlX 'I8CTHU, 'ITO H 6yAeT rrpeAM8TOM A8nbHefiwero 

AOB8HHH, 

B saKmo'!eHne asropy rrpHHTHO Bbrpa3HTb csmo rny6oKyiO 6naroAap

A.T. ¢nnHrrrrosy H A.H. TasxenHA3e. 

16 

0pHnO:lK9HHe 

B aTOM npHnomeHHH noKasaao, KaK aaxoAHTb pasnoNceHHSI cpyHKUHil: 

30 1 
Mell:epa, aanpHMep G JJ (z /0, OO ) , npH ManbiX z B cny-qae, KOrAa ni0-

6bre ABa napaMeTpa oTnH"iaiOTC.II aa uenoe 'iHCno. BocnonbsyeMCSI AnSI 9TOI 

npencTaBneHHeM 

c 3o r z I ~.o.o J 
13 

lim 
8 ... 0 

3o I - J 
G 13 ( z o + 8 c , 0 + 8 a, 0 + 8t 

r [ 8 (a- c)] r[ 8 ( b- c)]. 8 c 
z F 

r(l-8c) l 2 

8 c r I z J + 
1 + 8(c-a), 1- 8(b-c) 

+ 

+ 

rne 

r [ 8 ( c- a)] r ["8 ( b- a)] ' 8a 
( 8a lzJ, 

rn- 8a) 
z F 

l 2 1 - 8 (a -c), 1 - 8 (b - a) 

r[8(c-b)]r[8(a-b)] 8b 8b 
z l F2 ( I z ) ' 

r(l-8b) . 1-8(c-b), 1-8(a-b) 

a z n (a) 

F ( b I z) 
I 2 • c 

I 
n! (b)n (c)n ' (a) 

n 

rrn+a) 

r(a) 
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flerKO BHA9Tb, 'ITO BTOpOH qneH B (n,l) MOMHO nony'IHTb H3 nepBOrO 38-

MeHOH a -. c , a TpeTHH - 38M9HOH b -> C , no3TOMY B SIBHOM BHA9 

AOCTaTO'IHO Bbl'IHCnHTb TOnbKO nepBbiH qneH, nnSI Toro 'IT06bl H8HTH npe-

a en 0 -> 0 , J].OCT8 TO'IHO pa3nO)I\HTb BCe tPYHKUHH no 

2 ( -I -2 0 B n,l qneHbi, nponopUHOHanbHbl9 0 , 0 , 

0 C TO'IHOCTbiD J].O 

COKp81U8IDTCS!), npH 

paanomeH~H YJJ.06HO HCTIOnb30B8Tb cneJJ.yiD!llH9 COOTHO!ll9HHSI 

z 0 
0 2 

2 
+ a ln z + - ln z + ... 

2 

2 ' 2 

l'(NJ1J+o'l-' +_§_['I' -'1-' N-J 2 N -J N-J 
] + ... I l'(N+oJ 

diJ! z 
ljl ' ( ;; + I) - IJI 'z I'' (z! I I' (z) , 111

' 
z ljl ( ;;) ~ "' z- I dz 

02 2 
11 - o 1J1 - - l IJI' -'I' ] + ... I . 

N-I 2 N-J N-J 
I'(N+8J I'(N} 

(n,3) 

(n.4) 

(ri.5) 

nnSI npeo6pa30BaH~li tPYHKUHli I' [ 8( a - c)l , I' [ 8( b - c) I MO)!\HO Hcnonb-

30B8Tb H3B9CTHOe COOTHO!ll9HH9 

7T 

l(z}l(f-;;) 
sin rr z 

noJ].CTaBnSISI pa3n0)!\9HHSI (n,3-5) B (n,l) H nonb3ySICb J].8HHblM COOTHO!lle

HHeM B npeaene 8 .., 0 , TIO!Iy'I<P1 C TO'IHOCTbiD J].O Z 
2 

cneayrowee Bblp8)!\9-

HHe 

18 

JO 
2 

2y ln z G (z) "' m - m
2 

z + m 
3 

z + m z + -
lJ .., ... 0 

1 2 1 2 
+ -ln z +- z ln z + ... ' 2 8 

rile y =-'1-'0 = 0,577.,, ecTb nocroSIHHaSI 3l%nepa, 

m = 
l 

2 1 
2 ('I-'' - 'I' ) + - (i 1T) 

0 0 2 

m 'l' - 3'1-' 
2 . 0 I 

1 
m = - ('I-' - 3 'I' ) . 

J 8 I 2 

20 
To'IHO TaKHM >Ke nyTeM HaXOilHTCSI paano>KeHHe 

HMeeT BHil 

G lJ (z 

20 
G ( z) ..,_. o 

lJ 

1 2 
-2 y + z - ln z - - z + 

8 
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Tb, 'ITO BTOpOH qneH B (D,1) MO*HO rrony'IHTb H3 rrepBOI'O 3a-

' a TpeTHH - 3aM8HOH b -> C • DoSTOMY B SIBHOM BHne 

Bbi'IHCnHTb TOnbKO rrepBbiH qneH, nnSI TOI'O 'ITOObl HaHTH rrpe

' nocTaTO'IHO pa3n0l](HTb BCe <jlyHKUHH ITO 0 C TO'IHOCTbiO no 

qneHhi, rrponopUHOHanbHbl8 0 -I ' a - 2 
' COKpawaJOTCH). DpH 

H yL!OOJ!O HCITOnb30BaTb cnenyJOIUH8 COOTHOIU8HHSI 

0 2 
2 o ln z + - ln z + ... 

2 

2 

I' (N) I I + o 'I' + ~ [ 'I' N-1 2 N-1 

d'l' 

2 

- ljl N-1 l + ... I 

- I'' (: J I I' ( :) , 11' ' 
z 'I', (: ;. I) - 'I'' 

z 
z- 1 z dz 

l'( N) 

02 2 
I I - o 'I' - - l '11' - 'I' 

N-1 2 N-1 N-1 
l + ... l . 

(D.3) 

(n.4) 

(n.5) 

pa30BaHnfi <jlyHKUHil J' [ 0( a - c)J 1 J' [ 0( b - C) j MOli<HO HCITOnb-

B8CTH08 COOTHOW8HH8 

TT 
!"(:}) (1-:) 

sin rr z 

9R pa3n0*8HHR (D.3-5) B (D,1) H rronb3YRCb naHHWM COOTHOWe

enene o .. 0 , rroJIY'l<P1 c TO<JHOCTbJO no z 2 cneny10wee Bbipall<e-

18 

30 
2 

2y ln z - z ln z G ( z) "' m - m
2 

z + m z + m z + + 3 lJ Z-> 0 

1 2 
+ -ln z 

2 

1 2 
+ B z ln z + ... ' 

I'ne Y =-'1'0 = 0.577,,, eCTb ITOCTOSIHHaSI 3ftnepa, 

2 l 
m =2('1''-'P )+-(iTT) 

l 0 0 2 

m ljl - 3'1' 
2 . 0 I 

1 
m = - ('P - 3'1' ) . 

3 8 l 2 

TO'IHO TaKHM *8 rryTeM HaXOJlHTCSI pa3n0*8HHe 

HMeeT BHJl 

20 
G 

13 
( z) z-> o -2 y + z - ln z - - z 

8 

J1uTepaTypa 

2 
+ 

20 
G (z) 

13 

(D.6) 

(n.7) 
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(n.s) 

1. H.H. EoronJOOOB, n.B. illHpKOB. BBe)leHHe B TeOpHIO KBa.H:TOBS.H:HbiX 
nonea. fi111TJ1, MocKBa, 1957. 

2, A.T.Fi1ippov, V.S.Gogokhia. Preprint JINR, E2-6043, 
Dubna 1971. 

3. A.Bastai e.a. NC 30 (1963), 1512; 30 (1963) 1532. 

4. S.J:'!Ed,ward,s. Phys.Rev., 9Q, 284 (.],~53). 

5. E.A. Ap6yaoB, A.T. <l>nmmnoB. DperrpHHT OHHH, P-1910, ny6Ha, 1964. 
NC ~ 796 ( 1 965) • 

19 



I 

6. A.T.Filippov, Yu.N.Yepifanov. Preprint JINR E2-6017, 
Dubna 1971. 

7. !LGell-Hann. The Eighfold Way. A.Theory of Strong 
Interection Symmetry. CTSL-20 (1961). 

8. A.Erdely, W.l1agnus, F.Oberhettinger, F.G.Tricomi. 
Higher Transcendental Functions. v.I. New-York, 
Toronto, London (1953). 

PyKOIIHCb nocTynHna B H3naTenbCKHH oTnen 

25 aBrycTa 1972 rona. 

20 

Y CJIOBMB o6MeH8 

npenpHHTbl H coo6weHHSI OH.HH paCCbinBIOTCSI 6ecrrnaTHl 
HMHOro 06MeHa,yHHBepCHTeTaM, HHCTHTyTaM, na6opaTOpH5 
H8Y'iHbiM rpynrraM H oTnenbHbiM y'leHbiM 6onee 50 CTpaH. 

nonyqaTenSIM H3naHHll OH.HH rrpenocTaBnSieTCSI B03MQ)KJ 
HBHTb HHHUHBTHBY B 6ecrrnaTHOH IIOCbiJIKe rry6nHKBUHH B D 
o6MeHa rrpHHHMBIOTCSI Hay'IHhle KHHrH, )Kypaanhl, rrpenpna 
ny6nHKaunn rro TeMaTHKe Ol1.Hl1. 

EnHHCTBeHHblll BHn rry6nHK8UHH 1 KOTOpb!H HaM rrpHCbin 
9TO perrpHHTbl ( OTTHCKH CTBTeJ.l: , y)Ke orry6nHKOB8HHbiX B H8 

B pSine cnyqaeB Mbi caMH o6pawaeMcSI K Hay'!HbiM Y'~r 

6onee KpyiiHbiM IIOJiy'IaTenSIM H8WHX H3naHHH - C 1Ip0Cb60' 
cnaTb HBM KBKHe-nH60 KHHrH HJIH BbliiHCaTb nm1 HameR 6H( 

)KypUaJibl 1 H3naiOWHeCSI B HX CTpaaax. 

OT,neJJ&Hhle 3anpochl 
H3naTenbCKHH oTnen e)KeronHo BhmonHSieT oKono 3000 

coB ua BhiChmKy H3nanHJ.l: Ol1.Hl1. B TaKHX 3anpocax cnen 

yKa3b!BaTb HUneKe 3anpaWHBaeMoro H3):laHHSio 

A.Qpeca 

nHCbMa IIO BCeM BOIIpocaM OOMeHa ny6nHKaUHSIMH 1 a 1 

oTnenbHbie H3naHHSI cnenyeT HanpaBnSITb no anpecy: 

MocKBa, 

rnaBHbitf IIO'lTBMT, IIIH 79. 
H3naTe/IbCKHtf oTnen 

06be/IHHeHHOrO HHCTHTYTB 

H/IepHbiX HCC/Ie/IOBBHHif. 

Anpec nnSI nocbmKH Bcex ny6nHKaUHH B nopSinKe o6ME 

6ecnnaTHOH noniiHCKH Ha HBY'IHbie )KypHanbi: 

MocxBa, 

rnaBHbiif IIO'lT8MT, IIIH 79. 
Hay'lHO-TeXHH'lecKaH 6H6nHoTeK8 

06be/IHHeHHOrO HHCTHTyT8 

H/IepHbiX HCC/Ie/IOB8HHtf. 


