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§ I. BBeneHHe 

ITpodneMa onHcaHHH acHMnTOTHqecKoro noBeneHHH nponeccon 

rnyooKo-Heynpyroro naaHMone~cTBHH nenToHOB c anpoHaMH npHnneKacT 

B nocnenHHe ronw Oon:~>moe DHHMaHHe TeopeTHKOB. 

B HenaBHHX paOoTax H.H. Eoronro6oBa, B.C. BnanHMHpona 

H A.H. TanxenHnae 6wna nonHHTa npo6neMa KoppeKTHoro TeopeTH

qecKoro 060CHOB8HHH 8DTOMOA8Rl>HOrO 8CHMllTOTHqecKoro llOBeneHHfl 

~OpM~KTOpOB rnydOKO-HeynpyrHX nponeccoB B paMK8X 06~HX 

npHHnHnOB ROK8Rl>HO~ KB8HTOBO~ TeOpHH llORfli. 

0TM6TRM, qTQ Ha B8ZHOCTl> RayqeHRH acHMllTOTHqecKoro no

neneHHH ~OpM~8KTOPOB rny6oKo-HeynpyrHX B38HMOA6~CTB11~ 6LIJIO 

yKaaaHo M.A. MapKOBLIM e~e n !963 ronl. IiM dhln npencKaaaH 

a~eKT ToqeqHo-nonoOHoro noneneHHH nonHLIX ceqeHH~ nenToH

-anpoHHhiX B38HMOA6~CTBH~ B 06R8CTH BLICOKRX 3HeprH~ R 60Rl>illRX ne

penaq RMllYRl>Ca, nonyqRBillR~ BTIOCR8ACTBHR 3KCnepHM6HT8Rl>HOe llOA

TB8PlltA8HR8o 

PaaBRTHe aTHX Rne~ npRBeno K ~opMynHpOBKe npHHnHna 

8BTOMOA8Rl>HOCTR, ll03BORHID~ero, HCXOAH H3 C006pallteHH~ llOA06HH 

H paaMepHOCTR, enRHbiM o6paaoM OllHC8Tl> aCRMllTOTRqecKoe llOBe

A8HHe ~opM~aKTopon paanHqHbiX nenToH-anpoHHhiX naaHMone~cTnR~ 

B rny6oKo-Heynpyro~ oonacTH3' 4•· Peayn:~>TaTLI, BbiTeKaiD~He Ra 

npHHnHna 8BTOMOA6Rl>HOCTH, 0600lll8IDT. B H3B8CTHOit Mepe npennORO

lltBHRe 0 TOM, qTo 8CHMllTOTHqecKoe llOBBABHHe ~OpM~KTOpOB rny60KO-
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-Heynpyroro pacceHHHH ~eiTTOHOB H8 HYKROH8X onpe~eRH6TCH 

~HWL O~HOM 6eapaaMepHo~ nepeMeHHOM, ITOCTpoeHHOA H3 KHH6M8TH

. 'II eCKHX HHBapHaHTOBS • , 

B pa6oTaX H.H. EoronD6oBa, B.C. Bna~HMHpoBa H A.H. 
TaBXe~H~3e OH~O ~8HO CTporoe M8T6M8TH'II6CKOe OOOCHOBSHHe 

HenpOTHBOP6'11HllOCTH, rHITOT63H 06 8BTOMO~en:r.HOjf ITOBe~eHHH. cpopM

WSKTOpOB npo~ecca rnyooxo-Heynpyroro pacceHHHH aneKTpoHa Ha 

HYKROHaX. 

B OCHOBe HCITORL3yeMoro B STHX.pa60T8X YeTo~a neZHT 

cne!tTpan:r.Hoe npe~cTaBJieHHe FlocTa-JieMaHa-.nancoaa MH ~yp:r.e

-o6paaa MaTpH'IIHOrO aneMeHTa KOMMYTSTOpa ROKSRLHHX TOKOBo 

3iec:r. HaA~eHH, B t~acTHOcTH, ycnoBHH Ha BecoBHe WYHK~HH B cneKT

pan:r.HoM npe~CT8BR6HHH 1 He npOTHBOpeqa~He H3B6CTHHM ITOROE6HHHM . . 

KBSHTOBOti T60PHH ITORH H o6ecne'IIHB81DIIIH6 CY1i16CTBOll8HHe ano- . 

Mo~en:r.Hux acHMITTOTHK onpe~eneHHoro THna MH WOPMWSKTopo:B, 

CllH38HHHX 0 !llyp:r.e-o6paaoM KOMMYTSTOpa TOKOBo KpoMe Taro,, H3Y

'116H8 CBH3L 8llTOMO~en:r.Horo 8CHMITTOTH'II6CKOrO ITOBe~eHHH C xa

paKtrepOM CHHry~HPHOCTeit KOMMyTaTopa TOKOB H8 CB6TO:BOM KOHy-

ce. 

Cne~yeT OTMeTHT:r., 'liTO HaytieHHD 3THX :BonpocoB nocEHilleHo 
. . x) 

B nocne~Hee :BpeMH 6on:r.woe 'I!Hcno paooT.' 6- 9 • O~HaKo Bec:r.Ma 

orpaHH'IIHTem>HHe .ItononHHTeJILH!le ycnoBIUI , Hcnon:&ayewe 

x)rHnoTeaa a:BToMo~e.n:r.aoro no:Be~eHHH :B npon;eccax cu:&aoro 

B38HMO~eACTllHH a~pOHOll npH llHCOKHX SHeprHHX oocyz~aeTCH B 
pa6oTax IO,II. . . 
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J3 paclOTax6-9 ~ H g)c 

OCTaBJIHWT M6CTO )tl 

pe3y1ILTaTOB 3THX.~ 

B HaCTOHD 

M6TO,It HCC1!6~0BaHHS 

B rnydoKo-Heynpyrc 

YaTpH'IIHHX 31!6M~TC 

onpe,Ite1!SIIllliHX. cneK'.I 

KOMITTOH-34Kfle}tTa IIIl 

~(f,)+~ 

B §2 padoTH.I 

np~H3B01ILHOH H B 6 

K BHBO~ YHHTapHH~ 

uue aneMeHTH BMPTY 

aCHMITTOTH'IIeCKOe no 

pocTa F(f(1p) B od 

.t . . 
-Q }((,.-

' .z 
Q ; t =~Ep·Q()) 

...., 
n-

-. /t 
HBJIHDilleHCH ~ypLe-o 

T.e. odpalllaDilleRcH 

npe,ItCTaBJieHHD i1oCTi 

f(iJp) =Jf(Q,)J'f 



~oHax onpe~enneTCH 

lCTPO.eHHOit M8 KMHeMaTH-

3Jia~HMMpoBa M·A~H. 

18CKOe OGOCHOBSHMe 

18R:bHOjf' fiOBe~eHHM . qiopM

pacceHHMH 8JI8ltTpOHa Ha 

1oTax MeTo~a JielltHT 

:a-.ZlaA.coHa MH ~yp:be

·a JIOKSJI:bHHX TOKOB. 

BecoB~e WYHKUMH B cnexT

He. M8B8CTH~U fiOROllt6HHHM 

cymecTBOBaHHe ana- · 

a ~JIH WOPMWaKTopoB, 

roxoB. KpoMe Taro, Hay

~oro noBe~eHHH c xa-
• ' > " 

~OB Ha CB8TOBOM KOHy-

~MX BOnpocoB llOCBH1118HO 
;.:.gx) . . 

.. • O~HaKo . BecLua 

fiR '· HcnoJI:Layewe 

rporteccax CHJILHoro. 

,rHHX. 06CYJ:~.aeTCH B 

D pa6oTax6-9 
t H \IJopMaJI:OHhlftt D pH~e MeCT xapaKTep Db!KJI3,21CJK 

OCTaBJISIWT M8CTO ~JISI COMHeHlfi1 

pe3yJI:LTaTOB 3TH X HCCJie~OBaH ~ • 

B 061!lHOCTlf 

B HacTonoteK paeioTe oe!oe!maeTcn pa3BHTun B paeioTax 
1 

MeTO~ HCCJie~OBaHHSI aCHMnTOTHqecKoro llOBe~eHHSI ¢opM-¢aKTOpOB 

B rJiyeioKo-HeynpyroK oOJiaCTH ua cnyqa!i He~HaroHaJILHUX 

MaTpH'.JHUX 3JieMeHTOB KOMMJ'TaTopa ~BYX 3JI6KTpOMarHHTHUX TOKOB, 

onpe~~JIHDIIIHX Cfi6KTpaJILHYD ~YHKUHD aMnnHTy~~ BHpTyaJILHoro 

KOMnTOH-3~eKTa llpH OTJilfqHUX OT HYJISI nepe~aqaxm.myJILCa: 

~ (f,) +"' ~ yl" ('!.L) .,_ p.2 . 

B §2,paeioT~ paccuaTpHBaeTcn KH~eMaTHKa nponecca B 

llpOH3BOJILHOA H B CipeKTOBCKOK CHCTeMaX, H3JiaraeTCSI OCil!lHi1 no~XOA 

K BUBO~ YHHTapHUX orpaHHtJeHHil CBepxy Ha HeAHaroHaJILHUe MaTpHtJ

H~e 3JI6M6HT~ BHpTyaJILHOrO KOMnTOH-~eKTa. B §J HCCJieAfeTCSI 

acHMUTOTHtJeCKOe fiOB.e~eHHe OOOC!UleHHOR ¢YHKUHH Me~JieHHOrO 

pacTa F{f(1p) B oOnacTH 

-Q~JQ,~+oo 

" ({ .l .., Q . ~ r.;;-::;: "' =-- j n =l;r-' ; P - ~u.tc.. ; ~ = fH~"P"~. 
JEp.f.fo 'I' I I 

SIBJIHilUleKcn cJ?ypLe-o0pa30M "npHtJHHHOi1" ~YHKUHH o'l{~p) J 

T.e. oe!pamaiJUlencn B .HYJIL npH x"-< 0 , H YAOBJieTBopnDnten 

npeACTaBJieHHIJ aocTa-lleMaHa-~allcoHa l 2 

Frli)-,; =Jfr~.J J'{r</-(1-;;":. ;~~-,] .~r~:;; :?2-)t:IH~J:~J.. 
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.' .., . 
3,~tec:& p - npoctpancrsenm.tt m.myJI:&C nat~aJI:&Horo a,~tpona B 

6pe~TOBCKO~ CHCT8Me ( ii f-~ = 0) J; '1/(;; p;~ 1-) - , , 
- BeCOBa.R IJ!YHKIUI.R, .RBJI.RDDta.RC.R o6oc5Dt8HHO~ cpyHKtiHe~ Me,JtJieHH.OrO 

pocra, HOCHT8JI:& KOTOpO~ cocpe,~tOTO'IBH B MHOlE8CTBe: 

·.t 

[(;;~1,: /~/ ~ Ep ;. ;~-t .)(~ -1£;~-;i)j. 

IIoKasano, 'ITO ycnoBH.R na xapaKrep nose,~teHHSI secoso~ 

WHKI.\RH /f(;',;:';f')npH 6oJI:&mHX ;~.:~. ', ccpopMYJIHposannae ·~ 
Jnc50Ti3-X 1 , npHBO,It.RT c5e3 ,ItOfiOJIHHTBJILHRX · orpaHH'IBHH~· K . 

aCHMnTOTH'IBCKOMY' noBe,IteHHD aBTOMO,ItBJI:&HOrO THna ,ItJI.R cpyHKI.\RK 

F(~ p). B oc5JiacrH (I.I). HanpHMep, B npe,~tnoJio:ateHnH, 'ITO 

CYDtBCTByeT. CJiac5a~ npe,~teJI 

1). ,.-.z~ Jl. ..., ... . I ,J. .., _, . ~ 
-w1w A y{Epr,p;J'-) =- y1 (r)p'); /rl ~I. 
2. . £.3 •, 

~ .... +coO . .,. 

ripH K.) -1
1 
nan,~teHa aBTOMOj}J;6JI:&HaSI acHMnTOTRKa · BH,Ita: 

F(t;)iJJ r0 'Y:~ r(K+t). ~+.t (~, ~ilJ; ">' ""'+...,' 

r.~te KO~Hl\H6HTHa.R cpyHKI.\HSI· 

~ ((, ~ 1J = _!_ ·sJr ¥~ rr: f') {!;~ ?- () ~:.~~ 
T{K-1) ..., ·. . + 

. /rl~ 1 . · 

Oc5JnDtaeTC.R B lfYJI:& npH ~ > 1 ·. 
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(I.J) 

(1.4) 

(!.5) 

(!.6) 

B §4 usyt~aercst CBJ 

B DKpeCTHOCTH ~BBTOBOrl 

4>yp:oe-oc5pasa Ff~,J) B 

B t~acTHOCTH,· npH ~ 

(!.4) Ha~,~teHO CJIB,lzyDDt81 

Bc5JIH3H CB6TOBOro KOHYCl 

oft' (x, J) ""' .!z' (} 0 
~ 7i ·.· • 

X "'~ 

r.~te JJ-(x1 o/ ecu H3Bec~ 
noJist nyJieBolt Maces, 

tr(R;1) = J ,/~ 
!PI' I 

ecTL 1.\BJiaSI aHaJIHTH'I 6CK! 

YKasaBaercst, 'ITO 1 ... 
BBKTOpa X COBna,~taeT I 

nenocpe,~tCTBenno B&paxeJ 

~ (1, ;?,l) , onpe,~teJISIDIIl1 
no cpopMj'Jie: 

. I 

(}(11~/?/) 1) = j d~ 
-I 



ILHOro a,u;pona B 

~;;j;,_i.)- ' 
pyHKtiHeH Me,D;J!eHH.oro 

JJ:ec·TBe: 

,.-,, 

Be,D;eHHSI BeCOBOH 

ilpyYJII!pOBaHHUe B 

rpanwteHHH' K 

. THna ,D;J!SI qJyHKIUiH 

~nOJIOJ:eHHH, liTO 

:;'?; ~ l. (1.4) 

"?) ; y ""' -f 0()) . (1.5) 

. '; (1.6)' 

B §4 HSyllaeTCSI CBSIS:& noBe,D;eHHS! BeJ!HliHHbl cfl(x, f) · 
B DKpeCTHOCTH CBeTOBOfO KOHyca C aBTOMO,D;eJI:&HOH aCHMTITOTHKOH 

1>yp:&e-o6pasa Ffo,J) B o6nacTH (1.1). 

B qacTHOCTH; npH ycnoB~H cy~qecTBOBaHHSI cnacloro npe,u;exa 

(1.4) naH,u;eHO CJie,D;yJJiqee aCHMJlTOTHtleCKOe noBe,D;eHHe cr{x,p) 
B6JIHSH CBeTOBOfO KOHyca: 

(1.7) 

r,u;e r:!t(x, ') ecT:& HSBeCTHan· nepecTaHoBoqnaSI cpyHK~HSI c&aJISipnoro 

noxn nyneBoH Maces, 

"'*" ecT:& ~enaSI anaJIHTwtec&ast qJyHKUHSI X 
YKassBaeTca, qTo B qacTHOM cnyqae, Kor,u;a nanpaBnenHe 

BeKTopa X coBna.u;aeT c "i1 , BeJIHqHna C2-(x;l) MoXeT 6biT:& 

Henocpe,D;CTBeHHO Bblpaxena qepes K03cpcpH~HeHTHYD cpyHK~HD 

~ (~ "if,l) , onpe,D;eJISID!qyll aBTOMO,D;eJILHYil aCHMnTOTHKY (I.5), 

no <PopyYne: 

(1~8) 

' I . '. ?E4'/X'! 
~{11:;x;,JJ= fc~tct;r(,~lJe ;b • (1.9) 

-I 
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,( 

llcn'o~hSye!,Ule B t'!TOlt pa6oTe CBe~eHKa· MaTeMaTK'leCKOrO 

xapaKTepa 'IKTaTe~h MOJ:eT HaUTH B'MOHOrpacPKHX 13~14 • 

§2. KHHeMaTHKa nnouecca 

CneKTp~hHaa ~HKuza npouecca BHpTYaHhHOro·KOMnTOH-~eKTa 

~ (f,)t-P,..., 'Yr-(f~+ P.t. onpe~e~aerca ~yphe~o6pasow KOMMYTaropa 

sneKTpOMarHKTHUX TOKOB . 
. -/xl; . . . . 

. J?p{~~,Ll)=~ jt~xe ~1>,2/[-!u(f.),J;, t-JJ)Ip,> c2.1) 

Me~ ~OCTOHHHHMH qacTKU, HOpMHpOBaHHUMH peXHTHBHCTCEH 

HHBapHaHTHHM o6paSOM ~ 

~ 1 f, > = c'blco2Pp l' r;;- P;.J : P, = /;t1.-r"J/. 

3~ech BU6pauu cne~~He nepeweuuue 

P=:f{P,+-fi:L); {R:::: 1 (f, -1-f:z); Ll = {P,-P,,) = -(~-1,) J 

K3 KOTOpUX MO:II!O fiOCTpOHTD 'leTupe He3aBHCHMUX HHBapHaHTa 

(f 2.; Y= .2Pty ; t = /J 1 
./ d' = .2A (( ~ 

npHqeM 

(2.2) 

(2.3) 

(2.4) 

* Mu paccMaTpHBaeM npocTeltm~dt cxyqal qacuu co cmmoM uyn 9 • 

1 1 t ~1--P!/!z . 
Li Z>. ~ <-i. J 

8 

.2 
( p :i: .L ll) = 11 2. 

o2 • ) 

lis onpe~e~eHKa (2.1) : 

J: = 1·JIS, 5 + c~e~rJT c: 
")l·A- . 

tf? 
. ~v.l. 

. ;~., 

~ . . 'i I" )I Ll -'> ' 

YqHTliBaH saKoH .· 01 

npe~CTaBHTD TeH30p ~ 

~v = fl;« (rr+,l-IJ )l 

r~e 

-ur~ = -914. »j + Pod 

+ (~.1(l-~ Ll.i.) 

H 

f!u~ (tJ = ~ ~« + 

l!HBapHaHTHii e <flopu:...cpaK~ 

He3aBHCHMUX nepeMeHHUJ 

YCXOBRIIMH cneKTpaXhHOC 



~zqecxoro 

lX ;I3,I4 • 

!OrO KOMIITOH-:$IJ6KTa 

l~OdpaSOM ROyyYTaTopa 

(2.I) 

lJUirHBHCT CRH 

(2.2) 

(2.3) 

lHX HHBapHaHTa 

(2.4) 

~ co cnHHOM Hyn:r. 
9 • 

p.~ = 0. (2.5) 

Hs onpe~eJieHHfi (2.!) H 3pMHTOBOCTH 3JI6KTpOMarHHTHOro TOKa 
15 

J; =i/'S. $+CJI6,Izy!OT CBOt.lCTBa CHMMeTpHH B6JIHIIHH!l H71 ,' 
~ dA . · 

'? ~ . ~)I . --> - w~ , 
~~-q 

c2.av 

+ 
w~. (2.66) 

YqHTiiBafi 3aKOH COXpaHeHHH 3JI6KTpOMarHHTHOrO TOM, MO:EHO 

npe~CTaBHTD T6H30p n:uv paCJIOJ:emteM BH~ g 

(2.7) 

r~e 

(2.8) 

'Ju~ ft)= ~~« + r;~ npoe~HOHH!lt.t oneparop. 

HHBapHaHTHUe !Po!l'oo<llaRTop!i IV1• HBJIIIDTCH lPJHK~HIIMH qeTupex 

HeSaBHCHM!iX nepeMeHH!iX (2~4)-H B O~JiaCTH, onpe~eJIHeMot.l 

ycJIOBHHMH cneKTpaJILHOCTH 

9 



,, 
•'I 

(fl t-~,; ~ p <1 i (f~ f?'e)f&~~~· 

rp1.r/YI>.~/!Jl; r.J2.~o. 
"f .... / 

.t. 
L1 ~ 0 (2.9) 

xweeT C!e~D-H9 CBO"CTBa qeTHOCTH: 

v~- Y , lft/
1
.z

1 
"f - HeqeTBHe, 

(%) 
H'J - qeuae ; (2.10a ) 

a-_, - J' 
(-) (+) 

1 Wt,J,"f) W3 - tttTH61~) ~ - 1/etteTI-Ibltl. (2.106) 

~ ~H3HqecKolt Od!aCTK KOUDTOHOBCKOrO pacceRHKR, ToBo B 
06JIB.CTH (2.9) npll V) 0 X3 (2.1) _.,.g cnexrpM:&HOA 

~YHXUXH lf}lv KO:IBT 6HU BliB8,1;8HO JC!OBHe fiOJIODT8Jli>HOl 

Ofip8,1;818HHOCTX, npHBO,li;R.ee X p~ orpaHHqeHHA CBepxy Ha 

KHJapllaHTHHB ~OJil~a.KTOpH JY) , 

H11:1e KH HaKBTHK o6.HA no,J;XO,J; X IHBO~ 3THX COOTHOM9HKAo 

PaCCYOtpHKB-8JiflqHHH ~ (p,f), paBHYB HfJID BH9 o6JiaCTH 

2 J. 
I. p • N 1 p, > o 
J. ft~o; 

3. f·1 > o; 
of . '11. + Jpf ~ () ; 

H y,li;OBJienopm••e ycJIOBHil ~ ~ (p,'f)_ = o . 
Onpe,ll;e!HK KHrerpax o6•ero Bx~; 

{~,w~): }~* t&,1:L}~y{P,tf1 Ai) "'v(IJI'f,)x 

-f 
X UT)'J'(P,+t,-P.,.-1 .. ) "~,~/!;.~I ,ffJ. • 
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(2.II) 

(2.12) 

Mcnon:&sya pasnoxea 

ypaBH9HHM (2.1), H 

{q~ fV¢,) = ~~ ~ 
oe;j " 

r,11;e 

dh (i)= j ~i (p,fl). 

7. = I,J... 

llpH_ ~ :: .~. HS. (2 

onpe,li;M 9HHOCTH 

/' tl, }V ¢ ) :: J_;_ 
L'; /. ~7i. 

.Una ~ .::1 ¢, . , . HC 

J. . 
/(~, ~¢,)/ ~ ( 

orxy,11;a B cnyqae, ·e 

cocpe,ll;oroqeilu B lie 

HepaBeHCTBa HRH OI 

Hll6 3JI9:U6HT!l, ItO~ 

Paccworpmt ,ll;ll 

1. A.. = A. /'b . 4 
'f1 U 'ru (f/1 f I 

' I 

/J;~,?,) ~f(P,@,~ 

~ ~ J ~~(f,,f) "fov_ti;l?, c. 



(2.9) 

'IJ8THH6 ; (2.IOa ) 

I 

Hel/eTH6ttl. (2.106) 

acceHHHI, 'ro8o B 
ltTpM:&HOl 

· IlOJIOD'l8JI:&HOl 

HHK CBepxy ua 

3THX COOTHOmeHHlo 

YHII BHe odJia.CTH 

(2.II) 

r,) X 

. (2.12) 

HCIIOHL3YH pa3HOX8HH8 IlO IlOHHOMY Hadopy COCTOHHHtt B 

ypaBHSHH:H (2,1), H8Tpy,IJ;HO HallTH, qTQ 

>It 

{~~ w¢,) = .~t: I o~, (.tJol;, (i) , 
II 

ue 

. . 

llpH_ ~ = ¢, H3 (2.13) C1I8,IJ;y8T YCHOBHS Il01IOXIIT81ILHOtt 

onpe,IJ;e1I SHHOCTH 

(tl;JV¢)=~;Jlc~,;J. > CJ. 
)f 

,U1IH ~ :f ¢;
1 

, HCil01IL3YH HepaBeHCTBO, HaXO,ItiDl 

OTJty,~ta B CJIYqae, 8C1IH HOCHTSJIH lPYHKUHll ~ 

(2.!3) 

(2 .14) 

. (2.15) 

(2.16) 

COCpe,!tOTOqeHH B HenepeceKaii~HXCH MHOXSCTBaX, C1Ie,IJ;yiiT 

uepaBeHCTBa HJIH orpaHH'Il8HHSI CBepxy Ha H8,ltHarOHo8.HLHhle MaTpHq

Hhle 3JieMeHTH KOuuyTaTopa TOKOI. 

PaccuoTpHM ,~taa npHMepa: 

1• ~V : tlu {~,d) d'(p-p,') / /= /,.2 I 

' I· 

(2.17) 

II 



j 

I 
i " 

:. ?~ ~ ~l~·,?iJtu-ft")J'ft-?,.J,. ,. .. /,.~.; 

I ~~(~,'h) ~y{P, &, LJ) i (,o~~~J 1.2.~ 
(2.18) 

"(~·r~.,,)~,[d.r..-J '-!1.,.v~~ ... J~y(A,V)f!q;,.,.}. 
B odOHX cnyqagx B npaBHX qactHX HepaBBHC!B (2.17) H (2.18) 

noaBnH~tcH ,J;HaroHanLHHe wa~pzqHae 3neweHtH xowuytatopa 

TOKOBt COOTBBTCTBYD~He npoueccy BHptyanLHOrO KOMnTOHOBCKOrO 

paCCBHHHH Bnepe,~;, To e. npH L1 = 0 , K OTOpHe H onpe,~;enHDT 

BBpXHHB rpaHHUH ,JVIH HB,J;HarOHanLHHX MatpzqHHX 3neMBHTOB ~V {P, ~~.4). 

Bapa~eHHHB B tepMHHB.X HHBapHB.HTHHX ~OpM~topoB, 3TH 

HepaB6HCTB8. ,J;B.DT orpaHHqeHHH CBepxy ,J;nH KOM6HHB.UH~ BB~HqHH 

'fli {'1
1 
~ ~ f 

1 
tf') qe~e3 COOTBBTCTBYDD;HB KOM6HHB.UHH BenHqHH 

W;().l,:~:- 1 ~1, o, P) J ue · 

Yz c J (P:t #)·{((:;:A)= Y- :t ::1: .!' ,-
- .:J. ..<. .2 (~.19) 

Q}- = /~:;: A)l = tt z.+ :f ..,. .! 
(4 .J. -+ T:J. J 

z t f . 
npHqew c?.: + >': = Q + Y-~ ~ 0 . , "liTO coouetcnyet 

~Hszqecxolrt o6nactH KowntoH'oBcKoro pacceHBHH snepe,~;. 

12 

B ,J;B.UJellellt I 

y,~;odHo nepelu x dpe 

t • e. 

~ 

P= (E,;oJ ; r;- r~ 

r,~;e 

£,. YH~-;~-·; 
..., 
p= 

lnapxaunt nepeM•: 

v- )~·~p ; 

Q z.. r;,l.--; l. i . 
f=--+r:~: 

-9 ...,_ 

I'~- -'f~·p j 

OpiUM JCJOIII CD8K'I] 
> ~ • \1 ' 

/ ).t _,a .t 
Lt;,f£, - fi· ~ N ) 

_1 

/ 
' 



(2.18) 

CTB (2.17) H (2.18) 
owytatopa 

··ltOJliltOHOBCKOrO 

1 H . onp e;o;eJUIDt . 

:meKeHTOB ~V (P, 6>, .c1) 

[-4Ja,KtopoB, 3TH 

iHBaiUdl BeJIHqHH 

[C!HHallHH BeJIHqHH 

(2.19) 

, qoro,cootsercnyet 

snepe~. 

B ~ai)B81•8Mt MCD01)3JI pelatiiiCTCIJD XOI8pi8HTHOCT)t _, ..., 
y;o;odao nepelu x dpelroacxol c•cre•e, r~e P, ~lj, = o J 

J- CICJ8Ja 

ue 
~·YH~-;~-; 

I&JapJRLBTH118 oepeMIIIDI (2,4) I B- CICtelll 1118D'f BQ: 

')) ., ,1 £, ·~p ; 

Qt. r;,'---; J. i 

f =- ~., .. : ... ...., 

tf'=-- -'1~·/J j 

op• .. • JCIOJit cneatpauHocu ,(2,9) apnlllaDt ~01111: 

' 
i 

i IS 
I 

(2.20) 

(2 .22) 



Ilpoc:rpaHctBeHHaSI qacn .:reHSopa IV)'v B 6pelttoBcxott 

cnc:rewe uo:a:e:r run npe,~tctaBneHa pa3Jlox:eanew 

W,:.: (~d1) ~ "it.' 41 + !',·?~~:.' 4.z + (P,· 4',i: +f~e &,') ~3 {+) + (2.23) 

r ) ~) + c/>; ()"- f" fr/ 43 + ~·tP,i: q.y) 

npHt~eM 

W.,c {R1p)= ~~ (~f-P),·(~rfJ),i:· Jti,~(~,-;J: 
(2.24) 

. . I 
IV?o (&,-;}=a: (a-f)"· W,"'- (r;, p): 

fllo" (r;, "j')= i; (t?rp ),· ·IYi;:. (t9, 1) . 
HHBapHaHTHhle cpyHKIUUI t1,' Moryt .6HTb Bblpall:eHH qepe3 cpopM-

cpaKTOpH W1• n HMOOT cne.DYDIIlHe cBolicTBa CHMMeTpHH 

. /. (-) (+) 
~ t,;.,-t 1 "f'J - ll~u.r~t.He ; t(J - u,-k.AJ : ((-"-q 

(2.25) 

..., _., (-) (+) 
P ~- P : ~1,2, "f ; 4J - u.,-u.He : 4J - ~<.-tz..L1u.A...P. 

0TJIHtiHble OT HYJISI KOMnOH6HTH T6H30pa ~J~ BHpa!aDTCSI qepe3 

cl>YHKUHH C1• cne.eyDIIlHM o6pa3oM: 

14 

~i- = ~, +p2·~ ~ 

w,xx.., c +· J.. /-; 
I .,,_.(1 

w,, = ti, ; 

IAJ -f;;.'l...,a.' /._,. 
rr i )( = y t, 'f - ,~; p 

IJI ~~,_;.,2 /-t~ rrxt = Q·p -c&!J.; 
npx aroM · 

-u..,, .. r ··, 
w,., = (~-, ~4, 

'"""'1/...,z.'..,z 
f)(fl·; ll ~- ;·, 

BWIO.l YCJIOJK 

XHJap118.Htlll8 rpyHE 

paccworpeHXH dXJIX 

(~, ,v~ ~ .. = yrr 
r.~te BBterpxpoBaHx 

ycJIOBXSKH cnexrpa 

~-' (Q,-p)- npoK3 

BUDJIIII8M I Ea 

Ha H6,JtHarOHa!iHUe 

/'tV,~ (Q,p)j.7.£ ~ 



B 6pe~TOBCKO! 

(2.24) 

1aJteHH qepes ¢opu

CHMMeTpHH 

(2.25) 

BHpamDTCJI qepe3 

1 

~z.=~,+p2·~_,+J{f!a'J~r+)~..! t~'P...,J.2.a""; 
pz. 

Wxx == ~~ + ,~ (i.ll~;_ (i.l J 2) • u-+ 

Wyy = t;, ; 

Wix = fi.-p-.':.. !tl'/'J~.{ q3 {+Jr- ti:~ e-;) 

Wxt =Jt·p...,!.(i,)J.·{tiJ(+)_ c;l(->) : 
npX BTOK 

w,() = {t~...,_., ... ,)t;, + (t;,; "!. (19 ~ {;_ + 

+Jfi/J(i-z.?/4[+J+(ttl') 'l:_f~""';) ~4-+]. 

(2.26) 

(2.27) 

BWJO.l YCJIOBKI UOJIOJ:Ht8JD.HOC'rX X orpa.HJlll8HHit CBepxy Ha 

XHJapKa.HTHY8 *YHE~X I B-CHCT8K8 OCBOIYJaetCI Ha 

paCCKOtpeBXK 6XJIKB8lBOl *opMH IHXa: 
(2.28) 

r.le XBterpxpoBasxe pacnpoctpasaetcl sa o6.11acrL, orpaHxqeBHYD 

ycJloBKDH cneupansocu (2.22) npx t;, > ~ , a ti,;· (fi,J) / 

~ .... (Q,-p)- npoxaaonsse tpexxepHYe Je:s:topw. 
BHnxmeK 1 ~aqectBe npx11epa sax6o.11ee npoctHe orpaHxqeHRI 

Ha H8,lHaroHaJILHH8 3JI8U8HTH t8H30pa (2.29): 

(2.29) 

15 



r.l(e 

/ ~ _,) 
tt' ± = uPo, cP = P / , 

npHqeM B npason qacTH cooTaomeHHH (2.29) He no,l(pa3yMesaeTCH 

cyMMHpOBaHHe no noBTopRD~HMCR HH.I(eKcaM. 

HH~e MH H3yqHM acHMnToTHqecKoe nose,l(eHHe B rny6oKo

aeynpyron o6JiaCTH (I.I) O,I(HOR H3 ¢yHKUHtt 

F = { IY'xx J Hjy' Wrr J W,x-i ± ~x 1 Wpo J • .. } , 

Ka~aH H3 KOTOpHX 06Jia,l(aeT CBORCTBOM "npHqHHHOCTH 11 t To e. 
z RBJIHeTcsr_<I>ypLe-o6pa3oM ¢YHKUHH, o6pa111aD~encsr B HYJIL npH X "<'(), 

§3. ABTOMoKeJILHaR acHMnToTHKa npHqHHHHX ffiopMffiaKTopoB 

Hccne~eM acHMnToTnqecKoe nose.l(eHHe ¢yHKUHH 

j ·ixtr 
Fr~,P,tJ)= cff{x;P,a)e tlx 

B 06JiaCTH 

.z. 
- 4> I Y=:<P.()~ + 00 ' 

q..Z 
( =- - = c..o~rvl, 

p 
npHqeM BeKTopa f H A ¢HKCHpoBaaH, H 

2 A 2_ 
/>-t-.E.= N 2

i 
1 

/>.IJ =::. () 
2. 

L1 ~ 0. 

(3.1) 

(3.2) 

(3.3) 

BeJIHqHHa dJ'{x; P,iJ) ecn o6o6~eaHasr ¢yHKUHH Me.l(neaaoro pacTa, 

y.I(OBJieTBOpSID~asr ycnoBHRM 

16 

f~. ;/'(-Xi~ 

11. rf{x; ~-

:1. c7 {xi f>; 

.3. F(.A~)' 

A~, 

4. F (tr)P,A 

B CHny JIOpe 

.I(OCTaToqao,pacCM 

B 3TOlt CHCT 

if(xl"l) E if{; 

rr~,"PJ= Fft, 
3aBHCSIT OT qeTHp 

_., """": 
Xc j /xI j X, 

_., _.,, 
tPo ; I Q I ; a·; 

H y.I(OBJieTBopsmT ~ 



,n;pa3yMeBaeTCSI 

B rnydoKo-

CTH", T.e. 

HYJII> npH X 2.<" (), 

aKTOpoB 

(J.I) 

(J.2) 

(J.J) 

~eHHoro pocTa, 

14.. r!f(-x i />, ~) = - cP'{x/ ~ tJ) ,·, 

..ol(< 

.11. cif{xi ~-Ll)=- r7 (xiP,tJ)/ 

.3. F {Ati)AP;Ail) = f/tP, P, ~J : ,. 
A ~L+ : 

2 ' 

~ 2
.,t /vI ~ ~ ~ o . 

7 

B CHJIY JIOpeH~OIClt.OI/ KHBapHaHTHOCTH ( CBOICTBO 3) ...., 
.JtOCTaToliHo pacClloTpen 3a,Jtaqy B B-cKcTeMe, r.n;e P = o. 

B 3TOI CKCTeMe ~YHKUKH 

if{x;"l) = r:7(x; ~ tJ); 

F (t;, p) E F (~I pI tJ) ; 
3aBHCSIT OT lleTHpeX nepeMeHHHX Ka~SI, T.e • 

...., _,...., ....,! 
X p; I X I j X·/> ; / /> ; 

K y.n;OBJIBTBOpHDT YCJIOBHHM 

17 



iii ; 

!
Iii. 

" ~ 

iii• il • 

~ 
~ 
1!1 

~ 0 
~ 
~ 
~ • 
1:· 

~fl. 
. . 
;~I 
:!; 

I 
~ 
,il 
!ij 
~:1 
,:11 

~ 
~:!I 
~I ·:1 
~~~ 
~ ~ 
~I !1 
I~ 
j:ll 

I 
l~j 
~~I 
~ 
~ 
Wi· 
WI 

!1.1·· l! 
~~: 
~ 
~ 'li 
:Ji 
~ !li 

~ 
~ 
I 
il: 
i~l 
i 
I 

1:. c7(x;"f)=- o9-"f.><;J>;: 

F (r;~?J=- F {-r;) Jl): 

/ ~ 

11. Cf{xi-1') = - cr{x) iJ); 

.. 
F {ff/-"l) = F r~)-;) 

.J./ dl'{><i.,) = 0 ' e c.,I.C.U X 
2 t:: o · 

· 3./ F fa, !lJ =o , -H...u.t 

-ep - VMt-rff 2 c: Qo. <- ~ +ffl.2.+ ~2.; Ef= (#'+1,'. 

AcHMnToTHqecxaH oOnacTL npHHKMaeT B~ 

cro..., ~ oo ,. 4> t., - ~ : Iii' I rv tP o • 

2. 
( = - _g_ = (P;t s--1-. J 

.2£,. ~~ _, 
~, ...., ..., 
p ; p.n - ~HKCHpoBaHH, r~e "il= a 

/Q/. 

18 

(3.4) 

BocnonLsyeuc 

flocTa-neMaHa-~anc 

F{Q1p) rc }(G,~J/_ 

ue BeCOBaH ~YHKUI 

~YHKI.lHH Me~neHHOrl 

MHOXeCTBe: 

rr; ~Y. .. ;t Ll ) P 

113 BHBO~a. HH: 

BaH WHK I.lHH '2f {k; 
-')-') . 
Zf·P / A. '1- 1 npHqeJ ..., _,., . 

MH p-')-P• 
IIpe~cTaMeHHE 

F {v. ( I? h') = .fe. : 
. I J 1r 

')I 

r~e ..., ..., 
1( = Cp· r : 

X= ;r{r, t, -;, F; j 



-
2.; . [:.f := l#'+l' ,,. 

(3.4) 

_, 
() .. 
?; . 

BocnoJIL3yeMcst ,Jl;IISI cWHK~HH F{r;, p.,) npe~cTaBJieHHeM 
nocTa-lleMaH~-~a"COHa ( CHMlleTpHqHH" CJiyqan ) 

12 ,13 

r~e BeCOBaSI itJYHKUKSI l/- ( u; /)'; A") - HeKOTOpaSI oe!oelnteHHaSI 

itJYHK~HSI M~JieHHOrO pOCTa, HOCHTeJIL KOTOpon CO~epXHTCH BO 

MHOXeCTBe: 

(J.5) 

(J.6) 

H3 BHBO~a HHTerpanLHOrO npe~CTaBJieHHSI CJie~eT, qTQ BeCO

BaSI cpyHK~SI 2/(ilJ?,- ~Y 3aBHCHT JIHIUL oT nepeMeHHHX /il/1 Fp/J 
_, -") ''· _, _., Zf·P / ;1. "-, npHqeM <r qeTila npH no~cTanoBrtaX 7< .-,- u 

_, -'? 
HJIH f _,- p ' 

IIpe~cTaBJieHHe npHHHMaeT BH~: 

Fr" (, i?,P J- {e'J.t~ •j.t? 1/{!if?.· ;,, ')!f?;:r+;; &) (3.7) 

() !P!'l . 

r~e .., ..., 
u = Ep·,. 

X= ;({Y,(,)i,£;jP)= .Ep~;-2_ (;:?;')Y((;+~~(-) 
(J.B) 

19 



iiil 
J'l 
,i~l 

I
ll ; 
:·:! 
}11 

IlpH .nocrarotJHo doJI:r:.runx v · <PYmt!UUI X pasJiaraerca B ps,n 

~o creneH .liM ~ : 

t = E,J.(r2._.i(;:!Jt""') -f 0 (~), (3.9) 

paBHOMepHO CXO,n~HUC.II CO BCeMH npOH3BO~HHMH no BCeM apryMeHTaM 

B Ka~OU orpaHH!IeHHOU OllJIRCTH HX K3MeHeHH.II. 

OTMerHU, qro 
..., t . 

F (v, t, ;;; j'} = o ,I 
npH /(/> /+:: t(-!_,o. (3.Io) 

IIycT:& /f(u~l/ A') npHHa.,nJiexHT Knaccy TaKHX ododuteHHHX filYHKUHH, 

,nnn xoropHx cyutecrByer "cJiadHH" npe,neJI: 

-~~:. 

-ti.t :l 1/(~~l:AY = E,~ ¥-p (;:?;'): /( >-t, (3.II) 
At_.,.+oo p 

T • e. ,nJI.II JIIldOU OCHOBHOU filYHKUHH tf'. ~ $ 

?.~j?f(J,~p;?.')f(P}Ji? ~ j tlo(r;-pJtp(r""'},/r. 

'A 't ..:., -1- 0() • 

IIepenHmeM sro ycJioBHe B B~e: 

lf (£;. ~ -;,. ~ ~ = ~ P ~ zJ :l ~Jc lfo ( f; l) T- ¥., ' 
~ 

20 

( 3.12) 

(3.13) 

T 
ll 

j 

' 

npnt~eM 

./:' /'-').., ) I ~c.rb·:P=-9 
1 r 1 . A:U , 

Onpe,neJIHM JIHHeUauK <PY 

{~ f~,,. = jF(y,t,} 

,D;JI.II Ka~olt filYHKUHH' J 

H fl!HHHTHOH Ha MHOXeCT 

{f~ 1): Iii'/= I 
3anm~~eM 

{t:rf }~,~ = , 

r.ne 
co 

.;-, r~~,,)= 1 jJ~'r.~. y () )" 
tPo 

IlpH fiJHKCHpOBaHHliX t 
npOH3BO,nHTC.II fllaKTH!IeC 

yCJIOBHeM 

.; _,..., ~2 i( 
4 =- h·r---- -..., y y , 

rJ ~ ~ 2. " 'I +,ct 



111araerc1· B pH.It 

~· 

(( <' 0 . (3;,10) 

'd ... 
~~r .. . ('3,12) 

(3.!3) 

:.I ' ~ I. 

lJ 

npHqeu 

G (F; p; :P) = /1~ ~ (p;1-;. ~ ") _,._, o : ~ 2:_? + oa . 
(J ,14) 

Onpe.Ite1IHM 1IHHe~HN~ ~HKUHOHan ( o6o6~eHHyD ~HKUHD) 

{ ~ f ~,p = jF (Y, (, ;;',.,}.; (~ Ji"} " ( ,/ .!ln"" ; )' > "I 
(3,!5) 

,It1ISI Ka:QO~ lflYHKUHH :/((,Ji) 6eCKOHeqHo-,ItJ$PepeHUHpyeMOl 

H lflHHHTHOl Ha MHOX8CTB8 

[f(J h): /ii"/c. I : 0 <!' ( <' oo J . 
3anmneu 

ue 

(3,16) 

(3,17 ) 

00 . 

J; (v,p) = /1 JJ. 1,1;! ~4 (!;;') A~j;t Jfl; I((,)?) X (3,19) 

tr'l.t:/ . 

X J'{t- if.;"+ 1 1
-r :J) , 

. )/ Jl 

. llpH !flHKCHpOBaHHNX t u )I> o HHrerpHpoBaHHe no 1 J. 

npOH3BO,ItHTCH lflaKrHqeCKH no KOHeqHoyY HHT8pBany, onpe,It81IH8MOyY 

YC1IOBH8M 

p ...,..., ~2 i( 
l, = )H'---- ....... 0 y )I , (3,!9) 
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i;>l 

1:1 
I' 
I 

~e ~ L 

o! ~ ;up {-X)= -4 ( ~+~~~~- ) : E,/(J. + tJ (;f). 
. li'!=/ 1£,. JJ 

IF'!-' I 
(3.20) 

Rs CBO~CTB ¢YHKnHH A( cne~eT, qTo npH-~ocTaToqHo donLmHx 

).1 . liJMeeT M.eCTO COOTHOWeHHe 

ClO 

yr·r~ fe~-./((,7?) /'((--;.;::>... T+ 
11
x )~ 

~ 

~ fJt~~ I (tt, -:) (n~t'- ~ )+x. _. 11ft-< v_, ~.DO 
~)0 

..., 

(3.28) 

paBHOMepHO CO BCeMH npOH3BO~HHMH fiO Y Ha Ea~OM EOHeqaoM 
I<. 

l'IHTepsa.;re, r~e {jj'.f?_ t ~ ecu ododll(eHHas IPYHEIUUI 

(,;"!;!-( (= ( (•:'- <f/; 
L' _,_, 
~ ~ h.r 

_,_ 
( > h·r 

IIpoHSBe~s B liJHTerpane Jo Sa.Meay nepeMeHHolt 

H liJCfiORL3YH COOTHOWeHHe (3.21), Ha~~eM 

(3.22) 

"(: ~~vI 

~ j .r .· K i ~ fv.;J ~ Jt J.R,.., If(, J?J J~t""· i/o f~J"'P) {h~F'- ( )+. (3.23) 
y ~ + CX) li'/~1 

22 

Pacc:MoTpHM TenepL 

/..J 

VK. J (Y,,) =Jjr 
I . ·o 

)( ~Ep:Jf(4, ;?) ( 

J.+l' . 

= }t~~r. r~:.jd?: 
0 . . 

tF't ~ ,, ; 
ue 

t=·~; 

g (F:T I#) .= ~ 

Hllen BB~, qTo .~ 

npH ~OCTaToqao dOJ 

Ha Ka~OM EOHeqHOl 

H YtmTNBB.ll, uo fi] 

jlf' G (r"jp~ YT 

!PUt 

Hall~ ell 

i" ~ (Y,,Di ......., 



(3.20) 

(3.28) 

Ha Ka~OM KOHe~OM 

aa .lPYHKJ.mSl 

'_, . .r 

...... 
r 

eHHon T = ::1/y , 

(3.22) 

-K.J 
PacCMOTpHM TenepL BeJIHqHHY )) I , ,JVISI KOTOpol.t ID4eeM 

V'J, r,,,J ~ ;;;J',•j,ti! tffrr:(, ~r) jto.ti.~ • 
· 0 I 'PI~ I 

x E/f(4,'i?)J'{(-h'.~T+/() = 
,(3.24) 

I+ I' 

= ]Jr. r J<.j&~7 G (f: f;· YT) J {r~ r ;.1') 
0 v ' 

IF' I~ I 

r~e 

J'= ·~ ; 
(3.25) 

~ (F',r I -1) = 9. 3 r J./2, ... ! (~r""': r- ~,·;) I . 
J' v /I+J.'~Xj 

v '?~ 4=--;.'?-r-l. 
II 

llilea BBH.lJY, qTo .g {f?r 1 ,Yv) paBHOMepHo cxo,ItHTCSl 

npH ,JtocTatoqHo 6o1!LmHx >' K IPYHKimK .9 {f'; 7:) = $ (i,' r 1 ") ...., 
Ha Ka:!,llOM KoHeqHoM HHTepBa1!e M3MeHeHKSl nepeu:eHHliX T) r, · 
H yq:e:TliBaSl, qTQ np:e: BCeX '[ :I 0 H no1!0li:HTe1ILHliX 

jet? tf rr;,~ n) 9 {F,'r J -->:> o : 
lrli-t 

23 . 

y ~ +oo, 
(3.26) 



:I 
.: ~ j 

il;! ,,, 

'''!' "i 
'I: ,, 

til 

·.'1 1:! 
1[\ 

TaKHM oclpasoM, Mbl npmuJIH K cJie,llyllutmlY aCHMIITOTHqecKOMY 

noBe~eHHil ~opM~aKtopa ~(a,~) B oclJiaCTH (3.4) 
• 

F(rr)-;) """' Y~ r{.t+-t) ~,~-.,2 ((,/0l_) , 
)I-':> + ()() 

r~e 

ct; /(, ~; J = _I . ,t;Y 1/p rr: lJ (;;: 'F'- t )+ 1 ~-~ 

r{&.-t) 1P1 ~, · 
OtMeTHM, qto npH p = o , ecJIH ll-0 (r) = ¥

0 
( P, 2;), 

(3.28) 

(3.29) 

BeJIHqHHa (3.29) npHHHMaeT H3BeCTHI~It H3. paclOTH S 

B~: 

f I I ~-.z 
C/{-(~)= -"-.jr'.tr ~(r)jelw& {r-CPJ~- () = 

r{K.-1) () ?fr (3.30) 
I . 

.il! 1 /t.-1 = :....-- r.lr 1/p (r) ~'r- ~) r{.t.J t{ , 

H nBJinetcn J!- oil nepBooclpasHoll ocloclmeHHoil ~HKI.tHH r tfc (r)_, 

oclpall!aiJII!e!ttcn B HyJI:r. npH (>I. 

IIo~qepitHeM, qto BeJIHqHHa ~ S:IBJinetcn neno!tt 

aHamrTHqecito!tt ~YHK lUI ell napaMerpa .t. , o~Haito ~opMyJia (3 .28) 

HMeer CMLICJI nmu:r. npH It- :> - 1 . 

YqHTHBaB COOTHOWeHHe 

.I /~-') ) J:-:J, 
'tt'tu (h·r-t + 

K.., 1- e r {~t-1) = 
d' lt) (4'-i'- () I (3.3I ) . 

f .. o,t,:J, ... 
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Ha!tt~eM 

t~w ¢;_ (4,'ii',j')· { 
~...., 1- .f 
t= P1 t,:J, ... 

r~e HCITOJII>30BaHO 060 

:-? _., -') 
r=h·~+-t:L 

'_, 
h• 

Hcnon:r.syn ~OPMYJIY_ (3, 

HHe ~JIB K03<!xiJIU.{HeHTHI 

(3 .28) B CJie)U'Ilii!ElM Bl 

~ (~Ji?l'J= _I ) 
I{~:.J, ~ 

I! '?! /. 

TaKHM oclpasoM, E 

onpe~eJieHHan npH ( :> 

nepBooclpasHyll ocloclmeE 

oclpamalllllYilCn B HYJI:r. r 

OtMetHM, qro ~I 
.., . 

nO~CTaHOBitaX }I _,-I 
K. ~ I H I.teJI!lX ~HKI 

CBOlttCTBa CHMMeTpHH ITJ 



aCIDrnTOTHqecKOMY 

(3.4) 

. ~-~ 

e)+. 
•• Jl •(-;> ~) 
' '~"o r, 0/, 

(3.29) 

rHHl HS padOTU 5 

(3.30) 

~sr ~eJion 

IaKO ~OpMyJia (3.28). 

(3 .3I ) ·, 

-?-"> 
ll·,..=ol 

HcnoJI:&SyH cpOpMJ'JIY .(3.32), H8Tpy,D;HO fiOJij''QHTb Tenep:r, Bllpallt8-

HH9 ,D;Jl$1 K03qxpH~H9HTHOH cpyHK~HH 9f ((, ;;'/-;) B aCHMnTOTHK9 

(3 .28) B CJie,D;yllii!BM BJme: . 

I j I .t:.-1 
~ r~,ii;l'J=- &~o< {o<- t J 9:: r~J;;: :tJ. rc£J ~ . . ~ 

I! ~ I. 

TaKHM odpasou:, B eJIHllHHa ¢~ ((, h',j?) ecn u:epa, 

(3.32) 

(3.33) 

(3.34) 

onpe,D;eJieHHaH npH ( > () , KOTopyll u:oZHo noHH:MaTD KaK I!- YD 

nepBooelpasuyll odoelmeuuon cpyHK~HH '?0 (4, ~1), 

odpantMII!YilCH B uyn npH .( > I. 
0TM9TH14, liTO cpyHlt~HH ~ ((,;; 'l) H9 HSU:BHHIJTC$1 npH 

_, ...., -") -:'1> 
fiO,D;CTaHOBKaX Jl -"- h HJIH f> _.,- /J , npHqeM ,D;Jl$1 

K. ~ I H ~eJiux cpyHK~H ~ (t,;;; 1) Hu:ellT onpe,D;enenuse 

CBOBCTBa CHU:U:eTpHH npH 3ai49H9.3HaKa ~ , T.e. 
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'I. . I :'.1·, 

¢;_ t ((I;: l J"= (-) l t:f;_ ( (- ~ ~;;')I . (3.35) 

( .. O,IIJ)'" 

• K,C~eXOBatel•l~ Odp~aatCI I RYii DpK /tr/>./ 
Kpoue toro, otcmxa cJeJYet, qro 

• 

J/ . /.(,a/ 
Jot~ (11,#)?) = - 1: ((, i/,/) 

-I ~- -1 

B Odiii&K cnyqae, OXHaJto, ~ (~ i?,J) Oflllllil Ot 1111 

np• ( <'- I , np• atou, xu CIUYH K3 fOl*JIW (3 .34) I 

Jt.IUI ~ ~ ,1. x ItUHX ~ (~1 ~ ;t) ouetca 1 odacu ( c--I 

DOJlKHOKOK DO ( CteD8HK (!!-/) ~ • 

Paccuotpxu tenep• nacc JecoiHX «PYR:!lUll 1/- {i::1: ~ ') 
mxxx, uo ,11;!1 JlDdol ocHOBROI VBilD () (;;') 

jJ;'/ p: 1/(.',71; ~·) 'f'{O'Jj-.::: "" ' 
() 

npK'18K KHterpur 

COij 

E/ jh,. lf(E,:l, p; 'A'-)= ¢, (f;p) 
0 

* 

(3.36) ; 

3auetHKt 'ItO OtP.HQateliHK8 3Ra'I8HKI ~ COOtl8tCtiYDt 
npoxoueHKD B oCinacn ~" > 0 , ~ > o , 1 xotopol OUH'IHH 
ot HYJIH BJtla.lH 1 cnextpaJiBym VBitKD ot tax saau1aeKHx 
.1 -.lHarpauu. 

26 

onpe,~te~aet oao6~e1 

B 3tOM cnyqae, HCI 

jJJl.h' !P,?-il~' >' l 

Y-'>+oo 

4 p.a,~ 1- o~ G j 

H onHcamndt BRIIIe 1 

'J F (tl, f) rv - ' 
y !P 

'Y~ + 0<:) 

/l"b 
=-Ttl 

)' 

PaccMotpHM, 

?f (~Pi :l t) = (; 
' 

r-

r.~te IPYHKI.lH.fl ~(~ 
npH'IeM HHterpM 

co 

E/ /12 .21r~~ 
() 

cy~ecTByeT H onpe 
B 3TOM cJiyqa 



(3.35) 

• • 

Ofii'IIM 0! IJ.tl 

· •s topqlM (3.34)1 

:letcl 1 odacu ( <'-/ 

·uX~tKI II {;;;p; ~ ') 
(/' (i') 

' ) 

) ! •. 

(3.36) i 

~ COOTJ8TC!JYD! 
0. t I EO!OpOI O!XKqHH 

[I) 0! !U Btl3i1Ja811KX 

. i 

onpe,neJIHeT o6o6llleHIIYD <l>YHK"HD ue,nJieaaoro pocora · 1/P . 
B 3TOM CJIYqae, HCfiOJILSYH CBOttCTBO paBHOM6pHOll CXO,ItHMOCTH 

(3.37) 

H onHcaaHHn Bafue ueoro.n .noxasaoreJILCTBa, aan.neu 

(3.38) 

= ,/ ct-: (t, 71,;?). 
PaccuoorpHM, aaxoae~, KJiacc BecoBux cpyaxunn 

(3.39) 

r-... 

r.ne cpyHK~HH ~ (Zi,j'/ ..:1 t) a6coJIDTHO HHTerpHpyeMa no A z., 

npHtteM HHTerpaJI 
(3.40) 

() 

cyllleCTByeT H onpe,neJISieT oeloomeHHYD cpyHKIUID Me.n.neaaoro pocora. 

B aToM cJiyttae HMeeu 
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(F, I JY,, = 
(3.41) 

(. ,_ r 

= jJilJJ. ~ 1/ f~r"?i~ J'i f.,~) /J! ).J2;-/(t ;,') lJ'f(-i?r"''+ .a ~.l) . 
. A Y V V 

Hcno!~31eM tenep~ ~XT, qTo DOCI8~0Bat811HOC!i ~HXUKI 

$ . 

(- y 2,_) "f/.2;' .f (i,"1P- J. ~ l ,J-;) · I · 
~.\ )" Jl v I J.?X/ 

v ~ + DO I 1+- 'Y 9 ~ I<= h.'?-l"- A. 
v jl 

orpau.uxa no (F'; .A') • ctpelllltca x ~DI.Ul• 

~;) j;Jl;' I {4', ~J I .., _, 
/(. Jl·r 

paiHOK8pBo I Jta:QOI ltOB81lHOI OdJiaCU IJiectt CO ICeD 

npoK3IO.lHIDOI no IC&K apryKena•. 3to noSJOJIIet nepelu .Jt 

npe.-e.11 "'-. + oo no~ 3BaJtOK IHterpala 1 (3~41), • Kll 

noqqae• 

(3.42) 

(3.43) 

/~'(~1 ),;,1 ~ j,t? ~rr:;;J[,~Jir~?l· _,:.a;, (3.44 ) 

lr'/ ~I '(a k·r 

ouy~a cu.-yet 

- 21 

F(r;,;) rv y 

yS 

npHil811, ItaK d!iJIO : 

1?-s {<, ;~ iJ) 

It I > I. 

§4. !l2!.§A 

BayllHll tenep 

BdJIH3H CB8TOBOrO 

B B-cHCT eKe, 

npe~CTaBJIBHHD (3. 

dT (x/1) = e},:. ·f 

r~e 

b(x; :J.,"') =~ 

=- _L f(x,). 2 
tR '?X.l 



(3.41) 

!/..'~. -i,',:"+ .a~..!) . 
' {~ Jl Jl 

II 

I co ICtD 

IUier nepelu x 
3.41) I lUi 
. , I . 

........ 
~·r . 

(3.42) 

(3.43) 

(3.45) 

npuqe:w:, Italt 6uJio yitasauo BHllle, lt0:$11H~eHtHas cWHltiUfJI 

1?-.s {~1 ";~ p) npH S ~ 0 II ~eJIHXdlpa.Dia8tCJI I IIYJii ,lUIS 

It I > I. 

§4. llOJ818HII8 B6JIH3H CB!tOIOtO IOJYCA 

Hsyqma: tenep:& acmmtotnecxoe noBUeHHe tPYHX~HH o7(xJ 7) 
B6JIH3H cBetoBoro Itouyca ) .x 2. tt: o . 

B B-cHcte:w:e, npma:eusa odpatsoe ~ypie- npeodpasoBaHKe 1t 

npe~ctaBJieHHD (3.5), noJiyqma:: 

(4.1) 

r,11;e 

(4.2) 

I 

' 21) 



6CTL H3B6CTHaH nepeCTaHOBOqHaH ¢YHKnHH CKanHpHoro DORH C 

:Maccolt 'A ; 
. ..,~ 

( ?k·X 

IJ rX:1::1'V= ;e!a'e · ?!(t~~f'; ),~ = 

' {._,..., 7"Ef r·x ') 

= Ef 
3 jJ r e lj ( ~~ p/ J ') . 

If'/ ~I 

(4.3) 

TaK KaK HHTerpHpOBaHH6 B ¢GPMYR6 (4.3) pacnpOCTpaHH6TCH RHWL Ha 

KoHeiiHYD ~odnacn, BMHIIHHa Ll {>0 j?/ ~ y ecn neJiaH . . 
. _.. 

ronoMop¢HaH ¢YHitnHH B6KTOpa X . 

PaccMoTpHM BHaqane cnyqalt, Kor,na B econaH WHKnHH (.t 

npe,D;CTaBIDLa· B BH,IJ;e (3.13) . 

lli.leeM 

' /-1""'1) 
, :7~ ( N(/ 

Ll(x~f'::P) = &(;. 1):1
2

~/tre . if, rr:l'J + J, (~1·~~(4.4) 

npHqeM HMeeT :MecTo cnadult npe,nen 

~A! ( tJ 1 {x7 i~ ;p) j .->:> o · Jl~+OO 

~ 

paBHOMepHo BMecTe co nce:MH npoHSBo.IJ;HHMH no X . 

3anHmeu 

30 

(4.5) 

rf{x;"P) = L {x/ 

r.ne 

Io (x;~)= ~ jd; 
,2;;1 D 

' tO 

I, (x/p)= J.. jJ~ 
. .2;;, 0 ' 

HcnonLSYH ¢opuyny .' 
oO 

jJ~ ~ lK. tlt(x,· ~1 
c 

Halt,neu, qTo JdnHSH 

Ic {x;-f') ~;·c. 
X 2.1'\. o 

r.ne nenqHua · C.(x 

* Odod•eHHas ~ysxu 

~ypLe~npe,ncTaBneuH 

,:21'.[;/J{x;P)l_.:: 
7f x.L j 

'· 



tanapaoro nona c 

(4.3) 

acnpOCTpaHSieTCSI JIHWL Ha 

. ecn uenaa 

00 (4.5) 

..., 
no .X • 

rf(x;;t') = L (x;p) +I, {x;f'), (4.6) 

(4. 7) 

00 

I, (x/p):: J...jpfJ.?2T(x;;;J'),iJ 1 {~;f',.?o'}. 
.bit " . 

(4.8) 

HcnonL3YSI ~opuyny ~ 
(4.9) 

IP (x;-;') A- ~/fP(x7J') (-,a)~[ $-(xiP)] 
., x2. j 

(4.IO) 

X'-,.,_ o · ~ 

r.l{e BeXHilHHa rf.(~f) onpe){enaeTCSI Bupa:reaHeM 

* Ododuteaaaa ~YHltiUUI :O(x; ~J. wo:ret dun onpe){eJieHa CBOHK 

.PypLe,npe.l{ctaBJieHHeK: , 
. 

~ • !..;. J -1fX eX I ~{x;l) I -· _'Jl= - Jfe PtitLJC.f..tJ 
7f X .2.. j (JK)''' ' 
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(' ?~{r)r/ 
?(x;l') = ;~;:'e · If() rr; 1J (4.II) 

tPI~t 

. ....., 
H smnnercn uenolt <PYHKilHelt Bexropa X . 

IloKallteM renepL, 11ro I 1 (x,f) HMeer 6onee cnae!yn 

ocoe!eHHOCTL Ha cBeToBoM Koeyce, qeM Io {x/l) . 

llMeeM, OlleBHAHO, 

~ (x;f'J =r~;4 Pt ~'t;f?"J &(1 z)!Jt (i:l: '1 tJ 
' 

(4.!2) 

BBe~eM renepL nceB~o.n;HqxpepeHUHaJILHIDl onepa.rop 4Cx'j;'; -D), 
onpe~eJIHB ero ~eltCTBKe Ha OCHOBH!:le cpyHKilKlf t{J (x) 

HS S no npaBHJIY 

r _,,X 
L11 tx~F;-a)tf(x)=(:Jj~ J!Jt {x;;: rzJir7z) e et9, 

(4.D) 

,..., 
r~e f (f) <I>ypLe-o6pas <PYHKilHH {(J {I(). 

PacmHpHB no HSBeCTHOMY cnoco6y oneparop · L)1 (i';i'; -0) 

H8 060611leHH!:le cpyHKilHR, npe.n;CTaBHM acHMnTOTHileCKOe 

COOTHOmeHHe ( 4. !2) B BH~e: 

~(x,p) ~ :,·L)1 (~f?/-D)( ~(~:'}, 
X t,..,_ 0 

(4.I4 ) 

orKy~a, YllHT!:lBaa· (4.5), cne.n;yer, liTo BeJIHilHHa ~1 HMeer 

6onee cna6yn CHHrynnpHocrL npH X l """o 
1 

lleM I 0 . 
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Taxm~ o6pasol4 1 

acmmroTH!lecxoe nm 

o1'rx/lJ......, ~·ac 
71' 

x.r..,..,..p 

PaccMorpHM renepL c 

a6COJIDTHO HHTerp,Hp~ 

paBeHCTBO (3.36). ] 
TaKllte a6COJIDTHO HHl 

"" jJ;. z.L1 (;;;p,.~,J = .. 
() 

·/PI 

Tax xax rnaBHan occ 

HOCTK X 'L = 0 eCTl 

nonyllHM cne.DYnlllee l 

B6JrH3H CBeTOBOrO KC 

~{x;i!') rv ...Ltlfx"", 
r e)o) ' 

x'l,... o 

AHanoritllHIDl 01 

r7tx;"l) BdJIKSH csero1 

YCJIOBHH (3.39) H (~ 

BeOOBOH cpyHKilHH tf 



(4.II) 

: 6o}!ee cHadyD 

:l). 

(4.I2) 

(4.D) 

~~ · Ll1 rX:P: -a) 
[tJecKoe 

(4.14 ) 

. . ~ . . 
TaKKM o6pasou, B oKpecTHOCTH x ~o HMeeu cHe~D~ee 

acmmTOTH'IeCKOe noBe,JteHHe cpyHKnHH oT(x; p) : 

PaCCMOTpHM TenepL CHY'IaR, KOr,Jta BeCOBaH cpyHitnH8 ~ 

a6coHDTHO HHTerpHpyeua no A~ , npH'IeM HMeeT uecTo 

paBeHCTBO (3.36). B 3TOM CHyqae cpyHKnHH LJ (x""';iJ; ~ t) 
Taitllte a6coHDTHO HHTerpHpyeua no ;{ z. , npHqeu 

00 . ?Ep (;7;') 

j~;. r.L1 rx;p,.~,J = p~e ¥-p(r7PJ = t2tx7lJ. 
(J (f'l ~I 

TaK Italt rHaBHa8 OC06eHHOCTL cfJYHitnHH ~tX;~ 1) B OKpeCT-

(4.I5) 

(4.I6) 

HOCTH X,_=O ecn J}{XJ") = .!~(x,)l'{xL} I 

b. ,.. 
noHyqHM CHe~D~ee aCHMnTOTH'IeCitOe fiOBe,JteHHe B 8}!H'IHHhl or(x,•/J) 

B6HH3H CBeTOBOro KOHyCa: 

(4.I7) 

AHanorH'IHHM o6pa30M MOZHO onpe.JteHHTL noBe,JteHHe BeHHqHHhl 

o7'{x;f} B6JrH3K CBeTOBOrO ltOayCa )IJIH CJIY'IaH, KOr,Jta BW10HH8DTC8 

ycJioBHH (3.39) H (3.40), T.e. xor,Jta s -aH nepBoo6pasHaH 

BeOOBOR cpyHKitKH 1/- HHTerpHpyeua no ~ 2. • B 3TOM 
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... 

CJIYt~ae S - aSI nepBooc5pasaaSI cnextpaJILaon <PYHK~HH · 

L1 ex; F.· ~ 1) TaK!:e HHT erpRpyeMa no A 2.. 

3anHCI:lBaSI 

.... ,..... . . ? . .s 
cfF~;j') = p/. 1, L1 (x~ f',- ~"~) (-~).a)~ (x,- :l:} ' ( 4.18) 

() 

r~.e 

. .,....., ,..... f ?tt·)( ,..._ 

!J {X}j'; 'A')= J~ e · If (il,l; 'A'), (4.19) . 

H HCilOJII>3YSI ~OpMYJIY 1 

s . . / I I z.(s-1) 
.(_ 2.) J'r(x·~~ .-v- ·- f(x{J)&-{xz,}X : 

i.. 't> A~ I ~((s) .fS 
xt. fVo 

(4.20) 

s ~I 

aa,xo.IUtM npR · S ~ 1 : 

af(x:?} "'-" - 1- ,_!_ f-(x#)&(x')xz(.s-,~ Cl{X'~'). 
c/4'r{sJ.Ys '' 

(4.21) 

1\ ' ...... 0 

Otley ,IUtM TenepL B onpoc 0 CBSI3~ Mel!t,IJ.Y XapaKTepoM CHHryJISipHOC

Tell Bemt4HHbl or'):(x; /}) HaC BeTOBOM KOHyce C aCHMilTOTHtleCKHM 

nose~eHHeM ~YHKUliH F(CY;l) B o<lnacnt (J.4). 
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CtlRTaSI noBe~eH 

MO:rHO Hati,TH B.BCOBYD 

npeoc5pasoB aaHeM · . : ' . .,. 

¥:() (YJ {) = _L ;~ 
. (,'J;i)'l .· ··. 

Onpe~enRB BeJIH~H¥Y 

f, . {~~ () =r..-: (;./!.+:1. ():;., 

Hal~eM SIBHOB Bl:lpaxe 

· onpe~eJIHDuten aBTOMc 

qepe3 <fJyHKUHD ~(X, 

Ha CBBTOBOM KOHYCB: 

'· 

/'6 /(.-,...,):.....-' 
~+)_LIJh,p -(~ 

0c5paTHaSI CBS131>, BO( 

JlHIIIL B qacTH ell 
. ....,, •.. 

COBn~aeT C )1 

C KO~HnHeHTHOI ~ 
... /. 

fJ.rr:;;;)fiJ= i"~ 
-I 



) I (4,!8) 

(4,!9) . 

(4,20) 

s ~I 
J 

(4,2!) 

~aKtepOM CHHryJillpHOC

acm.mTOTHqecKHM 

~). 

Cq~rraa noBe,D;elme Ha cBetoBoM KoHyce sa,D;aHHHM, 

MOltHO HaH.TH B6COBYD cpyHKQHil lf~ (f; l) ·. oelpaTHbiM iJ?ypl>e

npeoelpasoB aHHeM 

. I J _, 'E; {i='x_,) I< 

tM~ (~~() =- J;:' e {),""".;:'- ~1 ) 
T(K.H} IF'/' 1 · i-

( 4,22) 

(4,23)' 

HaH,D;eM HBHOe BblpaXeHRe K03~RnHeHTHOH cpyHKUHH qbK.r~ 1 

·onpe,D;eJIHiluteH aBtoMo,D;eJil>Hoe aciDLilTOTHqecKoe noBe,D;eHHe (3,28), 

qepes cpyHKUHil ~(Xj 1) , sa,D;aJJuteH noBe,D;eHHe 6f: (x: f) 
Ha CB6TOBOM KOHyce: 

(4,24) 

OelpaTHaH CBH31>, BOO Clute rOBOpa, He. cynteCTBY6T, _., 
HH1111> B qacTHOM CJIYqae, Kor,D;a HanpaBJieuHe B enopa X 

COBna,D;aeT C h '· HaXO,D;HM npaMyJJ CBH3L reJIHqHHbl 62 
C K03<l><l>HUHeHTHOH cpyHKUHeH' ~ 

I . ;C,( IX'/ . (4 25) 
(}(;/X'!, ii) = j;~ e . . ·.'1 r~~~f') · 

-I 
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aHanorHqHo cnyq81l , HsyqeHHOMY B pa6oTax 1 • 

0TM8THM B SaK1!DqeHHe, qTo BCe pesy11bTaTH,U011yqeHHHe 

BWe B B-CHCTeMe, Henocpe,D;CTB8HHHM o6pa30M 06061!laDTCSJ Ha 

cnyqatt npOH3B011bHOlt CHCT8MH OTcqeTa. 

llpH 3TOM C118,IJ;y8T 11Hillb C,D;811aTb C118,IJ;yDmyD UO,IJ;CTaHOBKY 

nepeMeHHHX: 

k z._., -X?.+ (;rf>}?. -v (xP) ~ X 2 "-' 0 
P' 2. I . Ep 

_., _, 
X·P -'> X·.1!z 

2. _., z.. Ll / 
p -'> - /1 

(4.26) 

AnTop HCKpeHJie 6Jiaro;I(apeH H~H.EoromoeioBy ,B~C~BJialtHMJIJPOBY, 

A.H~TanxeJIH):t3e~JI~B.IlllllpKOBy 38 CTifMYJiliiPYIOI!lH8 ;l\UCKYCCHH !II 

uemme saMeqaHJIJH, rr.H.EoronroeioBy ,P.M.Myp~HHY aa liiHTepecmte 

oeicy~eHHH. 

· llHTepaTypa: 

{. H.H.Eoronn6oB, B.C.Bna.n;KMHpoB, A.H.TaBxenH,IJ;se, 
mum, P2-6J42, .Ily6Ha (1972); '1MlP,.I972. · 

2. M.A.!.lapKoB, OIDIH .Il-1269 1 l!y6aa (1963). 
M.A.MapKoB. HeltTpHiio, M., "Hayita", 1964. 
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3. B.A.MaTBeeB, P.M 
P2-5443, P2-4578 
llp061!eMH tPH3HKH 
3l!Afl, T.2, B:ffi.I, 

~ • A. Tavkhelidze, D1 

action,Proceedinl 

5. Bjorken J.D. Lee· 

Course 41, Vareru 
6. H. Leutwyler, 'J. 

7 • R. A.i Brandt, Phy: 

8. R.Jackiw, R•v:an : 

D2, 247.3 (1971) 
9. D:J •. Gross, Phys 

IO.B.A.MaTBeeB, P.M 
,IJ.y6aa(I97I). 

II.A.A.lloryaoB, M.A 
9, I53 (I97I). 
B.B.Exena, A.A.n 
Cepnyxos (1971)~ 

12. R.Jost and H. L 

F.J. Dyson, Phy 

I3.B.C.B1ia,IJ;HMHpOB,.: 
KOMUJI8ItCHHX nepe: 

I4.B.C.Bna,IJ;HMHpOB, : 
M., "HayiCa", I97. 

I5.H.H.EoroJID6oB, .Il 
nonett, M., rTTH, 
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OTaX i 

eaynbTaTH,nonyqeHHRe 

~pa30M OdOd~aDTCH Ha 

X 2 ~V0 

(4.26) 

lRID60By,B~C~BRa~HMMPOBy, 

IPYIOIIlM6 .1l~fCKYCCHH H 

{,Mypa,11;HHY sa HHTepecHNe 

H.TaBxenH,I{se, 
tP, 1972. 
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