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§.1~ BBeneaue 

·npencTaBnelius, noqepnHyThie ua o6hi'lHOii aepen.IITHBHCTCKoii Teopuu 

noTeHilHBnbHOI'O paCCe51HH511 HPpaiOT 6onhUIYIO ponb B H3y'lelllm npoUeCCOB 

B38HMOAeHCTBH51 anpoHOB npH BhiCOKHX 9Hepi'H51X, llocTaTO'lHO ynOM.IIHYTh llBe 

TBKHe BS>KHbte· MOAenH, . C ycneXOM npHMeH.IIeMhle K . onH.CBHHIO 9KCnepHMeHTOB 

npu BhiCOKHX aueprusx, KaK TeopH.II. noniOcoB Pen>Ke u aiiKouanhHOe npencTaB-

/1/ B pa6oTe · 6hino noKaaauo, 'ITO B KBaHTOBOii TeopHH nons aanaqa 

pacce.IIHHH OllHCh!BaeTC.II npH nOMOuiH ypaBHeHHii, aaanOI'H'!HhiX ypaBHeHHHM 

llJpeAHHI'epa H nunMaHa-llJBHHI'epa C KOMnneKCHhlM KB83HnOTeHUHanoM, 38-

BHC.IIUIHM OT 9HeprHHo 
/2/x/ 

KBaaunoTeHuuanhHhifi nonxon, c!popMynupoaaHHhiii B , npHBneKaTenen 

TeM, 'iTO ypaBHeHHH 9TOI'O MeTOAB HOC.II'I' a6coniOTHhlii XapaKTep no OTHOUie

HHIO K I'eOMeTpHH HMnynhCHOI'O npOCTpaHCTB8o 0HH MOI'YT 6hi'I'b nony'ieHbl 

npu noMOIUH nepexona B ypaBueuusx lllpenuurepa u nunnMaua-lllauurepa oT 

9BKnHAOB8 p -npOCTpaHC'I'Ba HepenHTHBHCTCKOll KBBH'I'OBOil MeXBHHKH K p -npo- . 

CTpaHCTBY no6a'ieBCKOI'01 COOTBe'I'CTByiOIUei'O pen.II'I'HBHC'I'CKOMY cny'iaiO, 

Ba>KHOe cnenCTBHe TBKOH reOMeTpH'ieCKOll HHTepnpe'I'aUHH COC'I'OH'I' B 'I'OM1 

'iTO onupascb Ha annapaT ¢ypbe-auanuaa ua rpynne ABH>KeHHil npoc'I'paHC'I'Ba 

x/ nonpo6uoe uano>KeHHe KBaaunQTe.HUHanbuoro nonxona H nonpo6Hhie 
cnHCKH nHTepaTyphi naHbi B o6aopax13~5/. · 

s 



no6aqeBCKOro (npeo6pa30BaHH9 llJanHp0} 0 MO~HO ITOCTpOHTb penHTHBHCTCKOe 
ffll . ' 

KOH~HrypauHoHHoe npocTpaHCTBO • PenHTHBHCTCKoe ypaBHeHHe lllpeaHarepa 

B KOH¢HrypaUHOHHOM npOCTpaHCTBe OKa3hlBaeTCH aH¢~epeHUHanhHO-pa3HOCT-

HbiMo 

B aacTOHIIIeii pa6oTe HayqaeTcH pHa aaaaq, CBHaaHHbiX c KBaaHnoTeHUH

anhHbiM noaxoaoM B paMK8X aByMepHOH.. CK8liHpHO:il: MOaenH KBaHTOBOH TeOpHH 

nong ( cooTaeTCTBYIOIIIHe KBaaHnoTeHuHanhHbie ypaBHeHHH oaHoMepHbi). Llsy

MepaaH_ Moaenh npHsneKaTenbHa CBoe:il: npocToTo:il: H. aarnHaHOCThiO, 'ITO oco-

6eHHo U9HHO B TeX cny'I8HX, KOra~ B 6onee_peanHCTHqeCKHX C~TY8UHHX 

B03HHK8IOT TpyaHOCTH MaTeMaTH'I9CKOrO nopHaKa. 09o6eHHO Ba~HO:il: H3 3THX 

TpyaaocTe:il: HaM npeacTasnHeTcH npo6neMa rpaHH'IHhlx,ycnosH:il: H oaaoaaaq

Horo BbiaeneHH~ perneHHii paaaocTHoro ypaBHeHHH lllpeaHHrepa. HanoMHHM 

T8Klli9 0 'ITO B HepenHTHBHCTCKOM cnyqae oaHoMepHOe ypaBH9HHe llJpeaHHrepa 

B9CbMa 'I8CTO HCITOnbayeTCR C U_enbiO. npoaeMOHCTpHpOB8Tb B ynpOIII9HHOM BH
/7/ 

ae paanH'!Hble peaynhT8Tbl KBaHTOBO:il: M~X8HHKH 

MaCCOBaH ITOBepXHOCTb (rHnep6ona} B ,AByMepHOM npocTpaHCTBe BeKTo
x/ 

pos aaeprHH;..HMnynbca ( p
0 

, p). aaaaeTCH ypaBHeHHeM 

p2-n2 ::]. 
0 '"-

(1.1) 

OaaoMepaoe KBaaHnoTeHuHanhHOe ypasaeHHe anH aMnnHTyabi pacceHHHH 
. . . . .,• ' . '/6/ 

a (p, q) B "aepenHTHBHCTCKO:il: HOpMHpOBKe" (cp. ) HM99T BHa: 

a(p,q)=--.-i -. V(p,q;E q)+ _1_ f V(p,k;Eq)df! ,.a(k,q) 
· 2.1 q.l 2rr 2 E- 2 E · , q- lc+H 

(1 ~2) 

. rae 

dO - dk ----~r.-r:• ko=vl+k
2 

0 
( 1.3) 

x/
6 

u • 

· yaeM paccMaTpHBaTb anH npoCTOTbi cnyqau. qacTHU pasHbiX Mace 
H Bbi6epeM CHCTeMy eaHHHU, B KOTOpOii: }J = c = m =1 

4 

il 

11' i 
, I 
I 

.fl 

\: 
~ 

I'· 

·'-·· 

-

- HHBapnaHTHhiii aneMeHT HHTerpHposaHHH Ha runep6one (1.1 

aHnoTeHuHan. AMnnHTyaa pacceHHHSI a(p,q) csgaaaa c F 

npoxolliaeHHH Rn ·oTpallieHHH D TeM llie OTHorneHHeM, qTo 1 

XaHHKe 

R =J!a(-q,q}l~ 

D=ll +a(q,qll: 

3anHIIIeM ypasHeHHe ( 1.2} B onepaTopao:il: ¢opMe 

a=--i-V+V·G·a. 2i!ql . . . 

Perne HH9 ypaBHeHHH ( 1.5} MOllieT 6biTb CHMBOnH'!eCK 

/·-, 

1 -1 1 -1 
a=-- (I- VG) V = --- V (1 -:-'GV) . 

2i lq:l 2 i!q I 

l1a ( 1.5} Bb!T9K89T cneayiOIIIee COO,THOIII9Hiie 

1 2Rea= -lmV + VGa+a*G*V*. 
I q I 

B cnyqae semecTseaaoro noTeHuHana (/m V = 0) 

HHe ( lo7) 38ITHCbiB89TCH B BH,Ae 

Rea=-ilql ~* (G-G*)a . 

npHHHM8H BO BHHM8HHe, 'ITO 

ko . 
G (k}-G* (kJ~,i--(Mq--kJ-t 8(q+k)), 

. q q ll·l 

5 
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ICTpOHTb penHTHBHCTCKOe 

e ypanaeaae lllpeuaarepa 

pqJepeauaanbao-paaaocT-

3H38HHbiX C KB83HUOT9HUH-

MOaenH KBBHTOBOH.TeOpHH 

eHHR OUH~Mepabi) • Jlny-

aar~HUHOCTbl01 'ITO oco-

ra'IeC:KHX CJFyau~HX . 

'C06eHHO BB>KHOH H3 9THX 

biX, ycnonaii H ouaoaaa'I

lpeuaarepa. HanoMHHM 

e ypanaeaae lllpeuaarepa 

ponaTb B ynpomeaaoM BH-

IHOM npocTpaHCTBe BCKTO'
x/ . 

~M. 

( 1.1 ) 

rnnHTYAbl. pacceHHHH 

/) HM~~T nim: 

1 a(k,q) 

t-i f 
(1.2 ), 

( 1.3) 

H . 'JBCTHU paBHbiX M8CC 
,] 

-aanapaaaTai>Iii aneMeHT HHTerpaponaHHH aa rxmep6one (1.1), V(p,q;Eql-Kna-

sanoTeauaan. AMnnHTyna pacceHHHSI a(p,q) cngsaaa c KoacpcpHuHeHTaMH 

npoxo>KaeHHH R H oTpa>KeHHH D TeM >Ke oTaomeaaeM1 'ITO H B KBaHTOnoii Me

xaaHKe 

( 1. 4a) 

D .. IJ +a(q,qll~ (1.46) 

3anameM ypanaeaHe ( 1.2) n onepaTopaoii cpopMe 

i 
a .. --- V +V·G·a. 

2ilq"l ' ( 1.5) 

Pewe HHC ypaBHCHHH ( 1.5) MO>KeT 6biTb CHMBOnH'JeCKH 38UHC8HO- B BHUC 

I -1 I -1 
a=-- {1- VG) V"' --- V {1-GV) . ( 1.6) 

2i lq:l 2 ilq I 

11a ( 1.5) BbiTeKaeT cneuyromee coo,Taomeaae 

I . . 
2Rea"' -lmV + VGa+a*G*V*. (1.7) 

I q I 

B Cny'Jae nemeCTBCHHOrO UOTCIIUHana (/m V "' 0) C y'ICTOM ( 1.8) COOTHOWe-

IIHC ( 1;. 7) aanacbmaeTCH n naue 

Rea=-ilqJ ~* (G-G*)a · (1.8) 

npHIIHM8H BO BHHM81IHC 1 'ITO 

k ' 
G (k)-G* (k)~oi-...!L(O{q--k)-to(q+k)), (1.9) 

· q q 11. l 

5. 



nonyqaeM H3 (1. 8) ycnOBHe yHHTapHOCTH Jlnsl BMllnHTYJl:bi a Ha :aHepreTH'leC

KOi!: llOBepXHOCTH 

Rea( q,q)=-L!la(q,qJ:l2 +:1 a(-q,qfl 2 1. 
. 2 {1.10) 

Koa<Pct>HuHeHT:bi OTpa:lKeHHH R ( q) H npoxoJKJleHHH D ( q) CBH3aHI:.I c aMnnH

TYJlOi!: a <iJopMynaMH 

. R( q) =:1 a (-q, q)jl ' 

D(q}=l1 +a(q,qll~ (l.i Ia:) 

B TepMHHax R H D ycnosHe (1.10) cosnaJlaeT c H3BeCTH:biM H3 HepenHTHBHCT

cKoi!: KBBHTOBOi!: M9X8HHKH COOTHOIII9HH9M 

R + D =1. (1.12) 

BonHoBaH <PYHKUHH "'(p) CBH38H8 C 8MllnHTyJlOi!: a(p,q) cneJlyiDIIIHM o6pa-
q 

30M: 

if! (p) = 2rry 1 +p2 B{p-q)+ 
2 i'l q'l ~ (p, q) 

2E -2E +ic 
q 

YpasHeHHe JlnH if! (p) 
q 

q p 

HMeeT BHJl: 

if! (p)=2rry1+p2 8{p-q) +-1- 1 _ . fdO"V(P,k,E N /k). 
q 271 2 E - 2 E +U . q 

q p 

(I.i3) 

I 
···-! 

I 

i 

·:, 

·-l 

§2. HepenHTHBHCTCKHi!: cny'lai!: 

Mni npHBelleM 3JleCb saJKHei!:mHe <iJopMynni OllHOMei 

HHKH 1 TaK KBK COllOCTaBneHHe C HHMH COOTB9TCTBYIDIIIHX 

Myn OK83:biBaeTCH _ noy'lHTenbH:biMe. 

YpasaeHHe lllpellHHrepa: -

d2 
(- +2E )if! (x)=V(x}ifl (x} . 

d,.2 q q q 

(2.1) MO:lKeT 6:biTb 38MeHeHO Ha- HHTei'p8nbHOe ypaBHem 

I'Jle 

if! ( x)= e iqx + 
q 

f G(+J(x,x')V(x-~)ifJ (x')dx:'; 
q q - . -

(+) 1 
G (x,x')=-( 

q 2 1T . 

ilcx 
e 

2E 
q 

. 1 i I q( x-" 'J 1 
=--e -

2i I ql 

dk -ilex' 
-e 

-2E"+ic 

ecTb. tPYHKUHH fpHHa, COOTBeTCTBYIDIUBH cny'laiD pacceHH 

IUBH ypaBH9HHID 

(~ + 2E )G(+I (x,x ') =Mx-x '). 
dx2 : q · q 

BonnonaH tPYHKUHH V' ( x) HMCeT cneJlyiomee acHM 
q 

t1J (-..L e 
q 

rq~ -iqx 
-+ <•f-·q. q Je X -il- oo, 



TYilbi a aa 9Hepi'eTH'Iec-

.j 
(1.10) 

.I 

) ( q). CBR38Hbl C OMllnH-

(l.i la) J 
I 

,eCTHblM H3 HepennTHBHCT- I ~ .. 
.I 

{1.12) 

a(p,tj) cnellYIOWHM o6pa-

E ~N fkJ. 

§2. HepennTHBHCTCKHA cnyqaft 

Mbr npuneAeM ;:llleCb naNmeftwue tiJopMynhr OllHOMepHoil KnaHToaon· Mexa

HHKH, TaK KaK COllOCTanneHHe C HHMH COOTBeTCTByiOWHX pennTHBHCTCKHX !~Jop.• 

Myn OK83blB89TCR llOY'IHTenbHblMo. 

YpanHeHHe lllpellHHI'epa: : 

d2 .. 
(- +2E )t/J (x}=V(x)t/J (x}. dr q q q 

(2.1) MO:lKeT 6biTb 38M9H9HO Ha · HHTei'pOnbHOe ypaBH9HHe 

t/1 ( x)= e iqx + 
q 

f G(+) (x,x ')V(x ')t/1 (x')dx '; 
q q . 

f+l 1 ih 
G (x,x')=-{e 

q 2 17 .. 

. 1 i I q( x- x ') 1 
r = --e . 

2i I ql 

(2.1 ) 

(2.2) 

/ 

(2.3) 

eCTb. tPYHKUHSI fpHHa, COOTBeTCTBYIOWOR cny'laiO pacceRHHR H YllOBneTBOpSIIO-

WOSI ypaBH9HHIO 

(~+2E )G(+)(x,x') =O{x-x'). 
dx2 : q · q 

(2.4) . 

'. 

BonnonaSI <jlyHKUHR V' (x} HMoeT cneJlyiomee acHMTITOTH'IeCKoe nonelleHHe 
q 

~~, (.t I. e 
q 

IQY - iqX 
,. ,r(--q. q Je X-J-oo, (2.5a) 

7 



1 .. 

t/1 (x}=( 1 +a( q,q))e. iqx 
q (2.56) 

rne aMnnnTyna paccesHHR a(p,q) 

aanaeTC.51 ~OpMynofi 

BHe SHepr:-eTH'leCKOfi n(mepXHOCTH p2 = q 2 

a(p,q)=--i_· Ie-ipx 

21 qj 
V(x)t/1 (x}dx. 

q 

BonHoaan ~YHKUHR B HMnynbCHOM npencTaaneHHH 

-ipx 
t/1 (p}= I e t/1 (x}dx 

q q, 

CB.5138Ha C aMnnHTynofi paCC8.51HH.51 a(p, q) COOTHOllleHHeM 

t/1 (p}=2TTo(p-q}+ 2ilql a(p,q) 
q . 2E - 2E +if 

q p 

Ypaaaeaue lllpenn.Hrepa B HMnynbcHoM npencTaaneHHH IIMeeT ann 

1 
t/J (p}=2TTo(p-q)+2;; 

2
E 

q q 

1 
-2E +if I V(p-k}t/1 (k}dk. 

p. q 

(2.6} 

(2.7} 

(2.8) 

(2.9) 

noncTaBngg (~.8} B (2.9), nony'laeM ypaBHeHHe flnnMaHa-llJBIIHrepa 

a(p,q)= _ ~ V(p-q)+ _1_ fdk V(p-k)a(k,q) 

. 2.lql 2TT 2E ..:..2E · q It + H 
(2.10) 

npn aemecTaeHHOM noTeHunane na ypaaHeHnn (2.1) cnenyeT ypaaHeHne He-

npepbiBHOCTH 

d dx j(x}=O, (2.11) 

8 

i 
I 

-i 

i' 
'to. 

i' 
I 
i 

r 
. 1' 

I 

i 

(' 

i 

I 

npH'leM TciK j(x}. Bbipa>KaeTcs 'lepea aonHoayio «iJyHKUHIC 

o6paaoM: 
.t 

j(x)=-~i(~:~ ..!L t/1 
q dx q 

.. 
;.... t/1 .....4. t/J:* ) = 

q dx q . 

=t/J*Pt/1 -t/1 pt/J* 
q q . q 

. d 
p =-l -;I;"" 

Ycnoane yHHTapHoCTH (1.10) nann~Tcn cneJicTaHeM 

pbiBHOCTH (2.11 }. 

§ 3. PenRTHBHCTC.Koe KOH~nr;ypaunoHHoe npencTaaneJ 

OnaonapaMeTpH'lecKan rpynna nanmeHHfi onHoMepHoi 

·flo6a'leBcKoro, peannay!Olllerocn Ha rnnep6one ( 1.1}, nan 

Tb!O npeo6paaoaaHnfi anna 

. p , =. p ( +) k ':' p + p ( y 1 + p 2 + pk J.:· 
1 + y 1 + k2 

. ffll 
BaeneM onaoMepHoe "npeo6paaoaaHne .lliann'po" ( cp. } 

no· nonaofi cncTeMe MaTpH'IHhiX sneMeHTOB HenpnaonHMhiX 

cTaaneHHfi rpynnhJ npeo6paaoaaanfi (3.1}. 3TH MaTp~'l~bll 
BHn: 

-ix 
'(p,x)=(p -p) 

0 

rne x eCTb co6cTaeHHoe aHa'leHne onepaTopa KaaHMHpa 

"" < x < .oo. 
·' 

9 



(2.56} 

CKOii DOBepXHOCTH p2 = q 2 . 

(2.8) 

!HH 

(2.7) 

9HH9M 

(2.8) 

HH HMeeT BHJl 

(k)dk. (2.9) 

(2.10) 

cneJ:tyeT ypaBHeHHe He-

(2.11) 

l 
j. 
L 
j 
I 

l 
I 
I 

·'. 
DpH'19M TOK j(x}. Bb!pa>KaeTCSI 'lepea BOnHOBYIO 4JyHKUHIO 1/J. (x) 

·. 66paaoM: 

cneJ:tyiOUIHM · 

., 

-1/1 ...i...p* ) = 
q dx q 

(2.12) 
=1/J*PI/1 -1/1 p 1/1* 

q q ' q 

" . d p =-l-
dx · 

YcnoBHe yHHTapHOCTH (1.10) SIBnSieTcSI cneJlCTBHOM ypaBHeHHSI aenpe

pb!BHOCTn (2.11) • 

§ 3. PenSITHBHCTC.Koe KOH«lmr-;ypauHoHHoe ·npeJ:tcTaBneHHe 

0JlHODapaMeTpli'I9CK851 I'pynna JlBH>K9HHii OJlHOMepHOI'O npOCTpaHCTB8 

. no6a'leBCKOI'Ot peanH3YIOU19I'OC51 Ha I'HDep6one ( 1.1 ) t SIBnSieTCSI COBOKYDHO~

TbiO npeo6paaoBaHHii BHJla 

. p , = .P ( +)k = p + p ( V 1 + p 2 + --:-'"p-:k=:::;:::::- ). 
1 + v 1 + k 2 

(3.1) 

BBe)leM OJlHOMepaoe "npeo6paaoBaHHe . lllanH·po" ( cp/
81

) KaK paanomeaHe 

no· nonaoA CHCTeMe M8Tpli'IHbiX aneMeHTOB. HenpHBOJlliMbiX YHHTapHbiX npeJl

CTaaneHHfi I'pynnbJ npeo6pa30B8HHii (3.1) • 3TH MaTpH'IHbie aneMeHTbl HMeiOT 

BHJl: 

e (p,x) = (p -p) 
0 

-ix 
(3.2) 

I'Jle x ecTb co6cTBeHHOe aHa'leHHe onepaTopa KaaHMHpa JlBHHOA r-pynn~>I 

co < x < .oo. ( 3.3) -

9 



i-· 
I 

B HepemiTHBHCTCKOM npeJlene ~ (p, xJ ~ e ipx • KaK H oohi'IHbie nnocKHe 

BOnHbl e ipx t senH'iHHbi ~ (p,x) oopaayiOT nonHyiO Op'l'OI"OIIlinbHyiO CHC- , 

TeMY 

_I_ f~ (p,x)~*(p,x ')dfl =8(x-x'), 
277 

:

71 

f~(p,x}f*(p:xJdx~8(p(-}p~)=vi+f1 8{p-p'). 

B 'nongpHoA' CHCTeMe KOOPilHHaT 

p = sh X , p = ch X ... p 0 p 

!flyHKilHH ~ npHOope'l'aiOT BHJl 

t: ( ) . iX •" 
"' p,x =e P' 

(3.4a) 

(3.46) 

(3.5) 

(3.6) 

a npeo6pa30BaHH9 (3.1) CBOJlHTCH K cno~eHHIO I"HllepoonH'I9CKHX apl"yMeHTOB 

x , =x +x . 
P P "' xl 

CosepmaH npeo6paaosaHHe IllanHpo 

tfr (x)=_l_f~(p,x)tfr (p}dO , 
277 

V (p_(-)k) = f ~*(p,x)V (xJe (k,x) dx = 

= g*(p(-}k, x) V(x}dx, 

(3.7) 

(3.8) 

(3.9) 

x/ . 
<J>opMyna (3.9) COOTB9TCTByeT C1!y'laiO noKanbHbiX llOTeHilHanoB 

V(e;k) = V(p(-} k) •· Mbi B JlaHHoA pa6oTe paccMaTpHBaeM TonbKO no-
KanbHbie noTeHunanbio 

10 

I, 
I 

.:. 

' 

.I 
:1 

'I 
. -~ 

: ·-r 

·:I 
I[,·. 

.. ·\·-

!' 

j 

I 
\ 

I 
l 

. I 
· .. ' 

nony'IHM BM9CTO (1.14) ypaBH9HHe 

tfr (xJ~aq, xhf'G (+J (x,x ') V(x ')·1• (x' )dx ~ q q - 'I' q 

(+) . . . -
rile ·c - penHTHBHCTCKaH OllHOMepHaH !flyHKilHH fpnHa: 

q . 

'Gl+1(x,~ ')=-I-f~(k,x) I . ~*(k,x ')dO"' 
· q 2" 2E q -2E"' + H 

-i.lx (x-x'il q i!jXq (x-x'fl 

2 __!1--·1 1 e ·1 "I + e 'I 1 I . . '· q. l-e -277. x-x. I-e 277: x-x. 

TinocxHe sonHbi ~ (q, x) yJlosneTB'?PHIOT ypaBHeHHIO 

[2Eq-H
0 

)g(q,x)=O, 

I"Jle csoooJlHbiA raMHnbTOHHaH H 0 eCTb onepaTop BHJla 

h. d H =2c ,_, 
O • dx 

COOTBeTCTBeHHO !flyHKilHH fpHHa (3.11) YllOBneTBOpHeT ypi 

+ 
[2E -H

0
]G (x,x')=8(x-x'). 

q q 

lleACTBYH onepaTopoM (2Eq -Ho) Ha ooe qaCTH (S.lO), 

Hc;>MY YP,aBH~HHIO IllpellHHI-:epa 

[2 E. q -H 
0 

fV ( x}]tfr q (x}=O. 

CooTHOIIIeHHe (2.6 t o6o6maeTCH Ha penHTHBHCTCKHA cny'11 

30M: 

.. 
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, KaK H o6bi'I~bie nnocKHe 

!YIO OpTOI'Oil8llbHyiO CHC- . 

{3,4a) 

•') .. 
< {3,46) 

(3,5) 

{3,6) 

ep6onntteCKHX apryMellTOB 

{3,7) 

{3,9) 

mhllbiX noTeHuHanoB 

lCCMaTpHB89M TOllbKO no-

I 
I 
I 

~· ·l 
r 
J 
I 

. I 

nony'lHM BM9CTO {1,14 ) ypaBH9HH9 

t/Jq (x)=Uq, x)+ J'G ~) (x,x ')V(~')t/1 q(x' )dx~ 

I'A9 .G (+) - penSITHBHCTCK851 OAHOMepHaSI ¢YHKUH51 fpHiia: 
q 

-i.lx (x-x'jl q i!jXq (x-x'il 
1 I_ ..;e'------...,...-- + __;;e _ ___,--..,..-- 1 • 

2i:jqj 1-e -27ijx-x':j 1 _e 21T:jx-x1 

TinOCKHe BOnllbl g (q, x) YAOBneTB?PSIIOT ypaBHSHHIO 

I'Ae CBOOOAHbiA raMHnhTOHHaH H 0 ecTb onepaTop BHAa 

H
0 

= 2 chi _j_ , 
· dx 

COOTBeTCTBeHHO «flyHKUH51 fpHH8 (3,11) YAOBneTBOpSieT ypaBHeHHIO 

[ 
+ . 

2E -H
0
]G (x,x')=8(x-x'). 

q q 

{3,10) < 

{3,11) 

{3,12) 

(3,13) 

(3,14) 

LleACTBYSI onepaTopoM (2Eq -H0 ) Ha o6e '18CTH {3,10), npHXOAHM K _pa3~0CT

HOMy yp.aBH9HHIO llipeAHH~epa 

(3,15) 

C~OTHOIIISHHe {2,6). ooo6maeTC51 na penSITHBHCTCKHA cnyqaA cneAyiOIUHM o6pa-

30M: 
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,, 

) i . 1 
a(p,q =-- -fV(p(-}k)ifr (k)dD. 

2:jqj 2rr q l 

=- ...!:..:_ Je*(p,x)V(x}lfr (x)dx. 
. 2:141 . q 

(3.16) 

Ilpu :BemecTBeHHOM noTeHuHane V(x) ua (3.15) cnellyeT ypaBHeHue HenpepbiB

HOCTH 

!!1 (x) =0, (3.17) 

I'll€ 

](x)=·ifr (x)shi_i:_ifr* (x)-1/J*(x}shi-d-1/I (x)= 
q dx q q dx q 

=- [1/J (x/p 1/J* (:x)- t/1* (i)p ifr (x}]. 
q q q - q (3.18) 

B HepenHTHBHCTCKOM npellene paailocTHhiii: onepaTop HMny~ca nepeXOilHT 

B llH!jltflepeHUHanhHbiH 

" h" d p =S 'ax -> 
. d 
'rx· (3.19) 

a COOTHOliieHHSI (3.17) H (3.18) B ( 2.11) H (2.12 )_ CQOTB9TCTB€HHOo 
' - . .. . 

flpH . X -> t. .oo BOnHOBSSI ljlyHKUHSI 1/J /x) HMeeT cnellyiDIUHe aCHMUTo-_ 

THKH 

i)( x· -iX " 
1/I (x)=e q + b( q)e q 

q 
X -+- .oo ·(3..20a) 

' ~: . 

\ 
•I 

l' 
•\ 
f 

l 
'! 
I 
,\ 

I. 

! 

,q· 
i :il 
{ ~·, ·-

I'll€ 

lfr (x)=c ( q)e iXq x 
q 

·x -++.oo, 

• .oo i)( X . 

b(q)=--'-Je< q V{x)lfr (x)dx =a(-q, q), 
- 2:1 iiI ..,00 q . 

i ·00 -i)( X 

c(q}=l- --· _fe q V(x}lfr (x}dx=:'l;t-a(q,q). 
2:j q] ...,oo q . . 

nerKO Tenepb BHil€Tb 1 'ITO ycnOBHe yHHTapHOCTH (1.12) HE 

eM ypaBHeHHSI HenpepblBHOCTH ( 3.17) • 

. § 4. To'lHO pemaeMbie aalla'lu 

. flpocTeii:mue noTeHuuanbi 1 llnS! KOTOpbiX KOHe'lHo-paaH< 

· (3.15) pemaeTcH TO'lHo, a"To ~oTeHuuani.I;· KoTopbie· HMeiOT 

~ble 3Ha'leHHSI B OTllenbHbiX o6naCTS!X np~dpaHC::r~a- H. nepe 

OT OllHOI'O 3H8'l€HHSI K llPYI'OMY B TO'lK8X1 .pa3ll€RSIIOIUHX Ta 

ypaBH9HHSI Hepa3pbiBHOCTH cnellyeT1 ''ITO B9nJf'l~~~I lfr · ( x) sh 
' q .. 

_llOmKHbl 6biTb Henpep_biBHbl B TO'lKaX1 I'll€ V ( x) npeTepneBl 

floTeHUHanbHbiH SIIUHK 

0 0~ x~a 
... 

V(x}= 

00 x<O, x•>a_.· 



(3.16) 

yeT ypaaHeHHe · HenpepbrB-

.(3.17) 

'x)= 

(3~18) 

I HMnynhca nepeXOilHT 

(3.19) 

C.OOTBeTCTBelli!Oo 
' ··: .. ·'· ··. 

~eT cnenyromHe acHMnTo-. 

·(3.20a) 

~~-. ' '• ' -. .;!" '• 

iX X 

1/J (x)=c ( q)e q X -++.oo, (3.206) 
q 

I'Jle 

. ' . 
• .oo i)( X 

b(q)=--'-J e q V(x}I/J (x)dx =a(-q, q), 
2;1 til ...,00 q 

(3.218) 

i .00 -1)( X 

c(q}=L- --_fe q V(x}I/J (x}dx71+a(q,q). 
2:1 q:] ...,oo q 

(3.216) 

flei'KO Tenepb BHJleTb 1 'ITO ycnOBHe yHHTapHOCTH ( 1.12) SIBmieTC.H cnellCTBH

eM ypaBHeHH.H HenpepbiBHOCTH (3.17) • 

. § 4. To'IHO pewaeMbre sana'IH 

llpocTeHWHe noTeHUH8nbi 1 Jln~ KOTOpbiX KOHe'IHO-pa3HOCTHOe ypaBHeHHe 

· (3.15) pewaeTc.H TO'IHo, aTo ~oTeHuHani,r; KoTopbre HMeroT pasal,re no~To.HH-. 
~hie 3Ha'leHH.H B oTnenbHbiX o6naCT.HX npocTpaHCTBa· H nepeXOil.HT CKS'IKOM 

OT OllHOI'O 3HS'IeHH.H K llPYI'.OMy B TO'IK8X1 . pasnen.HIDWHX T8KHe o6miCTH. l1s . . d . . 
ypaBHeHH.H Hepa3pbiBHOCTH cnenyeT1 'ITO aenH'IHilbl 1/J (x} sh i -d- 1/J (x} q . X q 

_nomKHbi 6hiTb aenpepbiBHbi B ·TO'IKax, rne V(x} npeTepneaaeT paspbiB. 

lloTeHUHSnbHbiH .HIIIHK 

0 0 ~ x.~a 

V(x}= (4.1) 

00 x<O, x 1>a_. 

13 
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Bonaoaa51 !jlyHKUHSI HMeeT BHJl: 

1/I (x)= 
q 

J13 ycnOBHSI 

f# (a)= 0 

0 

A sinx x 
q 

x.<O, x•>a 

O~x~ a. 
(4.2) 

(4.3) 

cneJlyeT COOTHOWeHHe Jln51 JlHCKpeTHbiX ypOBHeti SHepi'HH ( B 06bi'IHOfi CHCTe

Me 9JlHHHU) 

E = mc2 ch..!!..!!:!:. 
q amc (II= 1,2, ... ). 

(4.4) 
~~ 

TI o T e H U H a n b H a 51 5I M a 

V( x)= • - Vo ]x:!~b 

0 lxl >b 
(4.5) 

Kea3HllOTeHUHan H onepaTOp CB060JlHOfi SHepi'HH HHBapHaHTHbl OTHOCHTenbHO 

npeo6pa30BaH:H51 HHBepCH:H X -> -X • Bee CTaUHOHapHbie COCT051HH51 OTHOCSIT

CSI mi:6o K COCTOSIHHSIM C nonmKHTenbHOfi 'I~THOCTbl0 1 nH60 K COCTOSIHHSIM 

c OTpHUaTenbHOii tr:eTHOCTblO, nosToMy JlOCTaTO'IHO Haf:ITH peweHHe. nHWb B o6-

nli.CTH x •> 0 • Bonaoaa51· cpyHKUHsi HMeeT BHJl 

+ " 
A cosax 

1/Jq(x)= A-sinax Os,x.< b 

B e -Xq" 
x·> b, (4.6} 

I'1le 

E = cosx .. '1 . q 
Yo cha= cosx +- · 

". q" 2 (4.7) 

14 

.UHCKp9THbl9 ypOBHH . SHepi'HH nonytr:alOTCSI H3 COOTHOW9HH51 

E = cosx , 
q . n 

I'Jl9 X n - peweHHSI ypaeHeHHii 

tgab= ~inx. 
sha 

Jln51 COCTOSIHHfi C non0:1KHT9nbHOH '19THOCTbl0
1 

ctgab= _ sinx 
sha· 

-Jln51 COCTORHHfi C OTpHUaTenbHOfi_ '19THOCTblO COOTB9TCTB9Hf 

B cnytr:ae cnnowaoro cnexTpa (E.;;, ch x?_l) . nonyqaeTc: 

:1K9HH9 Jln51 K03cpcpHU:H9HTa npOX0:1KJl9HH51: 

D 1 

1 shx sha · . 2 1+-(~- · )sm aa 
4 sha shx~ 

I'Jle · a = 2b - WHpHHa llOT9HU:HanbHOfi 51Mb!. 

OTMeTHM cneJlylOwee cywecTeeaaoe o6cT051TenbcTso. 

HO CB513a!fO C o6wefi 3aBHCHMOCTblO M9:1KJly JlHCKp9THbiMH y 

H noaet:teH:HeM aMnnHTYllbi pacce51H:H51 a KOMnne'Kcaoii x· nno 

eHTbi D :H R HMelOT non10Cbi npH 'I:HCTo MH:HMbiX aaaqeH:HSIX 

lllHX JlHCKpeTHbiM ypOBHSIM 3H9pi'HH. 

B tr:aCTHOM cnyqae llOT9HUHanbHOH 51Mb! ycnos:He oopa 

B 6eCKOH9'IHOCTb 

15 



(4.2) 

( 4.3) 

sHepi'HH '(B oohi"IHOii CHCTe-

(4.4) 

( 4.5) 

HHB8pH8HTHblOTHOCHTenbHO 

IHapHble COCTOHHHH OTHOCHT

Tbl01 nHoO K COCTOHHHHM 

110 HaiiTH peweHHe. nHWb B oo-

\4.6} 

(4.7) 

f 
' ( 

r 
{ 

.f 

.UHCKpeTHbie ypoBHH . 9Hepi'HH nony'la!OTCH H3 COOTHOW8UIHJ 

E q ==cos xn, 

I'J:te X n - peweHHH ypanHeHHii 

sinx tgab== _, __ 
sha 

J:tnH COCTOHHHit C nonomHTenbHOa 'l8THOCTbl01 

b sinv ctga =-..=.A 
sha · 

-J:tnH COCTOHHHH C OTpHUSTenbHOa 'l8THOCTblO COOTB8TCTBeHHOo 

( 4.8) 

( 4.9a) 

(4.96) 

B cnyqae cnnowaoi'o cneKTpa (E = ch x~ 1) . nonyqaeTCH cneJ:tylOIUee Bhipa-

meaHe J:tnH KOS~~HUHeHTa npoxomJ:teHHH: 

D 

z+L(~-
4 sha 

1 

sha 

shx~ 
) sin 2 a a 

I'J:l9 ·. a = 2b - WHpRH8 noTeHUHSnbHOit HMhi. 

(4.10) 

0TMeTHM cneJ:ty!Omee cymecTneaaoe o6cTOHTenbcTno. Oao aenocpeJ:tCTBeJJ

Ho CBH38!JO C OOIUea 38BHCHMOCTblO Memay J:lHCKpeTHbiMH ypOBHHMH 9Hepi'HH 

H noseJ:teHHeM aMnnHTYJ:tbi pacceSJHHSI B xoMnnexcaoa x· nnocxocTH. Koscjl~RUH

eHThi D H R HMelOT n'on10chi npH 'lHCTo MHHMbiX 3Ha'leHHHX x ,cooTBeTCTBylO

IUHX J:tHCKpeTHbiM ypOBHHM 9H9pi'HHo 

B qacTHOM cnyqae noTeHuHanbHOH HMhi ycnoaHe o6pameHHH D H R 

B oeCKOHe'lHOCTb 

15 

\' 



F 
I 

1 
:! ~. 

' 

I 
,,I 
:. 

'i 
I 

1+ L(..§../u:.- sha. }sin2 aa=O 
4 sha shx 

( 4.11) 

9KBHBaJieHTHO ypaBH8HH~M ( 4.9) llJISI llUCKpeTHbiX ypoaHefi aHeprHHo 

§5. nuljJljlepeHUHBJibHOe KB83HUOT8HUU8JlbHOe ypaBH8HH8 

Ecnu orpaHU'IUTbCSI Tpe6oBaHueM, 'IT06bi- ypaBHeHue ( 1.5 ). aallaaano 

JIUUib npaBUJibHYJO ljJU3U'I8CKYJO aMUJIUTy llY Ha MaCCOBOll. UOBepXHOCTH, TO MO:lK

HO Bhi6paTb ljlyHKUUJO fpHHa B BUlle 

~ ~k d , 
G (x, X')= ..L.. Je k xk -iXIi" q . e. . 

211 x 2 -x2 +i£ · 
q k 

( (5.1) 

CooTBeTCTByJOmee ypaaHeHue llJISI BOJIHOBofi ljlyHKUUU 6ylleT llH!jlljlepeHunanb-

HhiM 

d 2 
(-+>! -V(x,x JN (x)=O. 
· dx2 q q q 

(5.2) 

PaccMoTpHM HeCKOJibKO noTeHunanoB, llJISI KO!OPhiX ypaaHeHHe (5.2) HMeeT 

TO'IHOe peUieHue. 

I. V( x)= (r)2x2 

2 

BonHOBbie ljlyHKUHU uMeJOT BUll 

. ~- . --X 
ifF ( x) = [ v 11 • n ! 2" l 

n .. 
e 

2 2 
(r) " 

2 H ( xv 5!!... ), 
n 2 

16 

(1;>~3) 

(5.4) 

'· 

rlle H, -nommoMbi 8pMHTa. 8HepreTH'IecKue ypoBHH on 

ljlopMynbr 

[/. 

E =mlch(y(r)(n+1/2)). n . 

V(x)=- Vo 

ch 2.£ 
a 

BonHOBhre ljlyHKUHH: 

rlle 

-2>.. ' . . 
~(x}=(ch~) . 2F1 ·(-A+K;-A.-~~'L;-sh2 .£), 

a 2 · a 

A=L(y4 V a 2 +1 
. 4 0 

-1 ), K = .!!lxiJ 2 . 

·YpOBHH aHeprHH HMeJOT BHll: 

1 1 2' 
E =cos I - [- -14 _V

0
a + 1 - ( n+ 1/2 )] l n a· 2 V 

111. 

n =0,1,2 •.. 

2 
V(x)=V (.E....-.£). 

o x a 

17 



'• ', 

( 4.11) 

ypoBH9H aHeprHH. 

lH8nbH09 ypaBH9HH9 

aaHemi~ ( 1.5 ). 3anaaano 

COBOH. UOB9pXHOCTH, TO Mom-

((5.1) 

(5.2) 

>IX ypaB~9HH9 (5,2) HM99T 

(f;>~3) 

(5.4) . 

I 
·I 
I 
l 
! 
f 
t 
j 

I 

.. 
I. 
I 
I 

'[ 

I 

I 
I 

J 
'1 
I . 
) . 

'I 
I 

~~ 
I 

rne Hn -nonHHOMbi 8pMHTa, 8HepreTHqecKHe ypoBHH onpenenmoTcn' H3 

cjlopMynhi 

II. 

E =mc2 ch(-.jcu(n+1/2)). 
n . 

Vo 
V(x}=- --

ch2...!. 
a 

BonHOBhie cjlyHKUHH: 

rne 

.\ = L ( y 4 V
0 

a 2 + 1 
4 

-1 ), 

YpoaHH aaeprHH HMeiOT ann: 

~·t .-il 
K=~• 

2 

1 1 2' 
En =cos! "'ii-["2-.j4V0a +1- (1!+1/2)]! 

1ll. 

n =0,1,2 ... 

2 
V(x)=V (.!!....-...!.). 

o x a 

17 

(5,5) 

(5.6) 

(5,7) 

(5,8) 

(5.9) 

( 5.10' 



I 

BonHOBbie ¢yHKUim: 

• I Vo 2 -v-;;;z-" 
1/J,. =XV e 2FI 

rAe 

Vo 2 
(-n,v +1/2; y-x ), 

a2 

v=if.J1-V
0

a 2+1 -1), n=O,l,2, ... 

YpoaHH saepruu 

E =chiL..j4V
0

[ n+L+L(..j4V
0
· a2 :J_,f"iv0 a

2J11. 
n · a 2 · 4 

1 

IV. 

211 
V = V 0 ctg -; x · 

Bonaoaas ¢YHKUHSI 

( . 11x )-2'AF( n n 1 2 11x ) c sw- -....,...-2>..,-r;-:cos --
PI a . "' - 2 a 

n =1,3,5 

1/1 (x}= 
PI 

-2A 
( 

. 11x ) 11x F( n .1 , 1 . n I . 3 . 2rrx ) 
C SW- COS- ----1\+ --.-+-.- , COS --

PI a· a 2. 2 2 2·2 a· 

n=2A,6, 

18 

(5.11) 

(5.12) 

(5.13) 

(5.14) 

(5.15) 

rile 

4V a2 · 
.A=L(- 1 0 +1 -1) . 

4 v 112 • 

YpoaHH sHeprHH 

E = ch!!.... ..jn 2 + 4n.A -2.A, n =1,2,3,4 ... 
PI a .. . 

0CHOBbiBaSICb Ha ypoaHeHHH (5.2) 1 MO)KHO H3ytiHTb .aHanHTH 

aMnnuTyllhi paccesHusr. Mbi npuaeJleM 3JleCb nHIIIb peaynh1 

HOe OTHOIIIeHHe JlnSI aMnnHTYJlbl npoXmK]leHHSI c ( q) ·· • 0HO 

-I 

Rec(E)=1+L P f 
11 ,00 

+ L p f.oo lmc(E ') 
11 • 

I E'-E 

npH'IeM 

lmc(E:.l_dE '+ 
E'-E 

dE'+ l: res[c(E} ,E.] , 
1 E-E I 

. \11-£2 
res[c(E),£

1
] = --- I , ,,· 

. . 'jdxf (E. :x)f (E ;x) 
_.;., .1 I 2 I 

I"Jle · !.
1

,
2 

(E; xJ.. ; ·- peiiieHHSI BocTa, yJloaneTaopSIIOIIIHe cne.n 

ycnOBHSIM: 

19 
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2 ), 
(5.11) 

(5.12) 

(5.13) 

(5.14) I 

j 
•I 

l 
f 

(5.15) 

~;cos~) 
I a. 

n =2.4,6, 

.. 

rae 

(5.16) 

YpoBHH sueprHH 

E =ch!!...yn2+4nA. -2A, n=l,2,3,4 ... 
n a " (5.17) 

0CHOBbiB8SICb Ha ypoBHeHHH (5.2) t MO>KHO H3Y'IHTb aHanHTH'IeCKHe CBOiiCTBa 

aMnnHTyahi paccestHHst. Mbi npHaeaeM aaecb nHmb peaynbTaT - aHcnepcHoH-

uoe OTHOlli8HH8 anst aMnnHTYabi npOXO>KaeHHSI c ( q) • 0HO HMeeT BHa: 

-1 
Rec(E)=l+L P f 

1T ,00 

·~ j__ ~ j 1mc(E ') 

· 17 1 E' -E 

I 

lmc(E')dE'+ 

E'-E 

dE,+ I res[c(E} ,E ,1 
I E-E 

I 

. \jl-E2 

res [c(E) ,E 
1 

] = --- ,_...:,1 ___ ~--

. . 'jdxf (E ;x)f (E ;x) 
_.;., ·1 I 2 I 

(5.18) 

(5.19) 

rae f. 1 , 2 (E ,x/ 

ycnOBHstM: 

pemeHHH AocTa, yaoaneTaopstromHe cneayromHM. rpaHH'IHbiM 



-•)(" 
fim e f (E,x)=1 

. I 
,..... 00 

tx_x 
Jl.im e f (E,x) =1 

2 

-2-.-
x = f'n (E + y E -1 ). 

(5.20) 

.. 
B aaKmo'!eHHe aBTOphi npnHOCSIT 6nar6.napHOCTb B.P .rapc€!BaHHIIIBHnH, 

A.n • .zioHK~By, B.r. Kan~I~eBcKoMy;M.n •. MaTeeBy, H.E.CKa'IKoBy H A.H.TaB~ 
xenu.n.ae aa noneaHhie 'o6cym.QeH·H·SI. , 

fluTepaTypa 

1. A.A.Logunov, A.N.Tavkhelidze. Nuevo Cimento 29, 380 

(1963) • 
2, V.~.Kadyshevsky. Nucl.Phys., B6, 125 (1968). 

V.G.Kadyshevsky, M.D.Mateev. Nuevo Cim., 55A, 275 
(1968) • 

3, A.N.Tavkhelidze. Lectures on Quasipotential Method in 
Field Theory, Tata Institute of Fundamental Research, 
Bombay (1964) • 

4. B.P .rapceBaHUIIIBHnn, B.A.MaTBeeB, n.A.Cnen'!eHKO, npo6neMbl ljJU3HKH 
sneMeHTapHhiX qacTnu u aToMHoro SI.Qpa TOM, 1, Bhm, 1, MocKBa, AToM-
na.naT 1970 ro.n, · . 

~ N . . 

5, · B.r;Ka.QhiiiieBcKHii, P ,M.MHp-KacHMOB, H.E;CKa'IKOB. TpexMepHaSI ¢opMy-
nnpoBKa penSITHBHCTCKOH npo6neMbl .QBYX Ten 'np0 6neMhl ljJU3HKH sneMeH
TapHbiX '!acTuu H aTOMHoro SI.Qpa" TOM, 2, -~hm, 3, MocKaa, AToMnattaT 
1972 (B o6aopax13-5/ uMeiOT no.npo6Hhie cnucKu nnTepaTypbi), 

6,· V .G;Kadyshevsky,' R~M.Mir-Kasimov, N. B.Skachko'v. Nuevo 
Cimento 55A, 233 (1968) • 

20 

7 • n.H .follh . .QMan,B.n~KpnB'!eHKOB,C6opHHK 3a.Qa'l no KB8HT 
rocTeXH3.Q&T, MoCKBa, 1951 r • 

8, l1.C.lllanHpo • .nAH CCCP, 106, 647 (1956); :>K8T4>, ~ 

·~ 

PyK-~nHc:b nocTynH·na ·. B · Ra.na tellhc 
11 HIOnsl: 1972 r. 
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(5.20) 

:::Tb B~P·.rapceaaHIHIIBHmr, 

H.B~CKa"'KOBY ·~ A.H.Taa-

' Cimento 29, 380 

~5 (1968) • 
Cim., 55A, 275 

>otential Method in 
1damental Research, 

1eJKo. · ripo6neMhi !jlu3HKH 
1, ahm• l, MocKria, AToM-

B"'KOB. "TpexMepHaSI !jlopMy-

I 
I 

I 
l· 

1 

I 

I 
I 
I 

! 

I 

r 

'ripo6neMhl !jlu3HKH sneMeH- ! . 
n. 3, · MocKaa, AToMu3naT 
:KH. nHTepaTypbl) • 

, . . ~ . 
N·.B.Skachkov. Nuovo: 

7. rJ.H.follbllMBH
1
B • .U.KpHB"'9HKOB.C6opHHK 38ll8"1 no KBBHTOBOii M9XBHHKe. 

rocT9XH3ll&'I', MocKaa, 1951 r. . . . 

B. H.C.lllanupo • .UAH CCCP, 106. 647 (1956); )K3T¢1, ~ 1727 {1962). 

Py:Koirucb nocTynu'.rla ·a H3natenbcKuii oTnen 
11 HIOmi 1972 r. · 

·-···.· 


