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BaeJleHHe 

XapaKTepHbie caoAcTBa ceqeaHA rny6oKoaeynpyroro nenToH-aJlpoH

aoro pacceHHHH /1/ aawnH noJlTBep~JleHHe B paMKax nony~eHoMeaonorH
qecKofi napTOHHOfi MOJlenH 121• HecoMHeHHbifi HHTepec npeJlCTaBnHeT Hc

cneJloBaaHe rny60KOHeynpyrHX B38HMOJleHCTBHH H8 OCHOBe CT8HJl8pTHOfi 

KB8HTOBOH TeopHH rrOnH. 

B aeaaaaefi pa6oTe Eoromo6oaa, BnaJlHMHpoaa H TaaxenHa3e 13 1 

9Ta 38):1aqa 6bina paCCMOTpeHa C TOqKH 3peHHH o6WHX 8KCHOM8THqeCKHX 

rrpHHUHITOB TeOpHH KB8HTOBOrO ITOnH. 
/4-8/ EonhWOe qHCnO pa6oT ITOCBHWeHO HCCneJlOB8HHID HeynpyrHX npo-

ueCCOB B paMKaX TeopHH B03MyWeHHH nyTeM CyMMHpOB8HHH !{HarpaMM 

~eHHMaHa B 6~epKHHCKOM npeaene. 

Yao6HbiM cnoco6oM TaKoro cyMMHpoaaHHH HBnHeTcSI ~yHKUHOHanhHbiA 

ITO!IX0!1 1 IT03BOnHIDWHH B 38MKHyTOfi ~OpMe 38ITHC8Th cyMMy COOTBeTCTByiD

wero Knacca !IHarpaMM. 0CHOBH8SI rrpo6neMa, B03HHK8IDIU8SI Ha 9TOM rryTH 1 

CBSI38Ha C BblqHCneHHeM ~yHKUHOHBnhHblX HHTerpanoB. 3aecb HCITOnh3yeT

CSI npH6nH~eHHblfi MeTOJl 1 rronyqHBIUHfi H83B8HHe rrpH6nH~eHHSI rrpSIMOnHHefi

HblX nyTefi (HnH afiKoaanbaoro), KOTOpbifi ycnewao npHMeHRnCSI anSI Hccne-

!IOB8HHSI BbiCOKOaHepreTHqecKOrO pacceHHHSI qacTHU B KB8HTOBOH TeopHH 

nonR 191• 
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I 

B aacTosrmeA pa6oTe aTHM MeToAoM nony~eHo ce~eHHe rny6oKo-

Heynpyroro nerrToH-aApoaHoro paccesrHHH B cKansrpHoii aneKTPOAHHaMHKe: 

- a Lint= -g 1/J * i a a 1/J Aa + g2 A a A 1/J * 1/J • 

TiocneAHHe 9KCrrepHMeHTanbHbie AaHHbJe ITO H3MepeHHIO OTHOIIleHHH 

as I aT B rny6oKoHeynpyroM e - p /10/ 
pacceHHHH CBHA9TenbCTByiOT 

0 TOM1 ~TO aneKTpOMarHHTHbiii TOK 1 y~aCTByiOtUHii B 9TOM B3aHMOAeiiCTBHH1 

rrOCTpOeH1 ITO-BHAHMOMY1 rrpeHMytUeCTBeHHO H3 rroneii CITHHa 1/2. TioaTOMY 

Harne paCCMOTpeHHe MOAenH CKanHpHOii aneKTpOAHHaMHKH HMeeT uenbiO rrO

KaaaTb 9~~eKTHBHOCTb rrpeAnaraeMoro ITOAXOAa. 

llpeAITOCbinKa1 ne>KatUaH B OCHOBe rrpHMeHHeMoro rrpH6nH>KeHHH ( OT

HOCHTenbHaH MHrKOCTb HMrrynbCOB pO>KAaiOtUHXCH ~aCTHU) 1 ITOATBep>KAaeT

CH pac~eTaMH ITO TeopHH B03MytUeHHii AnH OTAenbHbiX AHarpaMM /6/. 

TIOMHMO aT oro B HallleM ITOAXOAe He Y~HThlBaeTCH rronsrpH3aUHH 

BaKyyMa1 TO 9CTb AHarpaMMbl C aaMKHYTbiMH rreTnHMH rronsr 1/J • Hccne-

AOBaHHe, BbiiTOnHeHH09 ITOKa TOnbKO AnH cny~asr g 2 << 1 / 8/, ITOKa3biBa

eT1 ~TO ITOBeAeHHe HeyrrpyrHX ~OpM~aKTOpOB MO>KeT HMH MOAH~HUHpoBaTb

~~· B paMKaX ~yHKUHOHanbHOrD ITOAXOAa rronHhlii y~eT 9TOro Knacca AHar

paMM AOBOnbHO cno>KeH. 

KaK B TeopHH BoaMymeaHii 14-81, TaK H B ~YHKUHDHanbHDM MeTo

Ae 1111, yAo6ao paccMaTpHBaTb ae caMH nHarpaMMbi Heynpyroro B3aHMo-

AeiiCTBHH1 a HaxoAHTb MHHMYIO ~aCTb aMrrnHTYAbl BHpTyanbHOrO 

~~eKTa. C 9TOii BenH~HHOii npOCTbiMH COOTHOIIleHHHMH CBH3aHbl 

HbJe ~yHKUHH W 1 H W 2 - HeyrrpyrHe ~OpM~aKTOpbi /12/. 

KOMITTOH-

CTpyKTyp-

Te 

<f>yHKUHOHanbHbiM MeTDAOM 9TH BenH~HHbl HCCneAoBanHCb B pa6o

/11/ B MonenH Bnoxa-HopACHKa c aeiiTpanbHbiMH BeKTopHbiMH Meao-

HaMH, B3aHMOAeiiCTBYIOtUJIMH C ~aCTHUaMH CITHHa 1/2. l.JT06bJ H36e>KaTb Ha 

npoMe>KyTo~HbiX aTanax HBHO pacxonsrtUHXCH Bbipa>KeHHii, Hcrronh30Banocb 

4 

r'r 

;~ 

o6peaaHHe HMrrynbCOB BHpTyanbHbiX Me30HDB1 DT KOTOporo 

• XoTsr BBe. aaBHCHT OKOH~aTenhHOe Bbipa>KeHHe AnH W; 
/7/ 

HHH MO>KHO HHTepnpeTHpOBaTb ~H3H~eCKH , OAHaK01 TaH 

He srBnHeTcsr nocneAoBaTenbHDii B paMKax TeopHH nonsr /5, 

ll09TOMy npeACTaBnsreT HHTepec rrpoBeCTH pac~eTbl e 

TaK KaK npoueAypa rrepeHOpMHpOBKH B HallleM ITOAXOAe yc1 

paCXOAHMOCTH. 

OcHOBHbie pesynbTaTbi1 nony~eHHbie B pa6oTe, cneAy 

CTpyKTypHaH ~YHKUHH v w2 B 6~epKHHCKDM npene 

KBaApaT ynpyroro ~OpM~aKTOpa, Bbl~HCneHHblii B ABa>KAbl J 

KOM rrpH6nH>KeHHH B AaHHOii MOAenH. CKeiinHHr-HHBapHaHTH 

CH norapH~MH~eCKOii aaBHCHMOCTbiO OT aCHMITTOTH~eCKOii I 

CooTHOIIleHHe npenna-.HHa- BecTa 1131 Me>KAY noporOBbiM 

V W 2 H aCHMITTOTHKOfi ynpyroro ~OpM<jlaKTOpa BbiiTOnHHE 

HaS! ~yHKUHH W 1 B HallleM 1IpH6nH>KeHHH CTpeMHTCSI K H~ 

cyeTcsr c yTBep>KAeHHeM Kannaaa H fpocca 
1141 xl. 

KaK cneAyeT Ha acHMIITOTH~ecKHx oueaoK rrony~eHHbJ 

oHH crrpaBennHBbi B OKonorroporoBoil o6nacTH ( w -~: 1 ) HE 

uecca. 

B rrepBOM naparpa~e ~YHKUHoaanbHbiM MeTOAOM B rr.r: 

MOnHHeiiHbiX IIyTeA rrony~eHO 3aMKHyToe Bbipa>KeHHe AnH a 

TyanbHOrO KOMIITOH-9~eKTa B paccMaTpHBaeMOll MOAenH. 

parpa~ IIOCBHtUeH HCCneAOBaHHIO 9Toro Bbipa>KeHHSI B o6nac 

~ecKHx rrepeMeHHbiX, orrpeAenHIOtUHX rny6oKoaeynpyroe pa 

>Ke o6Cy>KnaeTCSI CBSI3b IIOpOrOBOro IIOBeAeHHSI CTpyKTypHO 

V W 2 C aCHMITTOTH~eCKHM IIOBeneaHeM yrrpyroro ~OpM~aK, 

HHH IIOny~eHHbJe pesynbTaTbl CpaBHHBaiOTCH C pesynbTaTall. 

XOAOB K 9TOii aaAa~e. 

x/ 
3TH aBTOpbl IIOKaaanH1 B ~aCTHOCTH, ~TO ecnH aneKTp 

6HnHHeeH ITO IIOnHM CITHHa 0, TO B 6~epKHHCKOM IIpenene W 1 
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o6pe38HH9 HMrrynbCOB BHpTyanbHhiX M930HOB1 OT KOTOpOrO cyrueCTB9HHO 

aaBHCHT oKoaqaTenhaoe Bhipa*eaHe ~nH W; • XoTH aae~eaHe o6peaa
/7/ 

HHH MO*HO HHTeprrpeTHpOB8Tb $H3HqeCKH , O~H8K0 1 TaKaH rrpoue~ypa 

He HBnHeTCH rrocne~oBaTenbHofi B paMKax TeopHH rronH 151. 

OoaTOMy rrpe~cTaBnHeT HHTepec ITpOBSCTH pacqeTbl 6ea o6pe38HHH 1 

TaK KaK rrpoue~ypa rrepeaopMHpoBKH B aarueM rro~xo~e ycTpaaHeT ace 

paCXO~HMOCTH. 

OcaoBHhie peaynbTaThi, rronyqeHHhie B pa6oTe, cne~yJOruHe: 

CTpyKTypaaH $yaKuHH v w2 B 6~epKHHCKOM rrpe~ene y6hlB89T KaK 

KBa~paT yrrpyroro $opM$aKTopa, BhiqHcneHHhifi B ~Ba*~hi norapH!jJMHqec

KOM ITpH6nH*9HHH B ~aHHOfi MO~enH. CKefinHHr-HHBapHaHTHOCTb HapyruaeT

CH norapH!jJMHqeCKOfi 38BHCHMOCTb!O OT aCHMITTOTHqeCKOfi rrepeMSHHOfi V 

CooTHOlli9HHe npenna-.Haa- BecTa I 13/ Me*~Y rroporOBbiM ITOBe~eHHeM 

v w2 H acHMITTOTHKOfi yrrpyroro ¢opMQaKTopa Bh!ITOnHHeTcH. CTpyKTyp-

HaH !jlyHKUHH W 1 B HallieM ITpH6nH*9HHH CTpeMHTCH K HynJO, qTO corna-

/14/ 1 
cyeTCH c yTBep*~eaHeM KannaHa H fpocca x • 

KaK cne~yeT H3 acHMITTOTHqecKHx oueHoK rronyqeHHhiX peaynbTaToB, 

oHH crrpaBe~nHBhi B OKonorroporoBofi o6nacTH ( w ·• 1 ) Heyrrpyroro rrpo-

uecca. 

B rrepBOM rraparpa$e !jlyHKUHOHanbHhiM MeTo~oM B rrpH6nH*eHHH rrpH

MonHHefiHhiX rryTefi rronyqeHO 38MKHyTOe BhiP8*9HH9 ~nH 8MITnHTY~hl BHp

TyanbHOrO KOMITTOH-a~eKTa B paCCMaTpHBaeMOfi MO~enH. Cne~y!OlliHfi rra

parpa$ ITOCBHlli9H HCCne~oBaHHIO STOrO Bhip8*9HHH B o6naCTH KHHeMaTH

q9CKHX rrepeMeHHhiX, orrpe~enHJOruHx rny6oKoHeyrrpyroe pacceHHHe. 3~ecb 

*9 06Cy*~aeTCH CBH3b ITOporoBOro ITOBe~eHHH CTpyKTypHOfi $yHKUHH 

v W 2 c acHMITTOTHqecKHM rroBe~eHHeM yrrpyroro $opM!jlaKTopa. B aaKnJOqe-

HHH rronyqeHHhl€ peaynbT8Thl cpaBHHB810TCH C peaynbTaTaMH ~pyrHX ITO~-

XO~OB K STOfi 3a~aqe. 

x/ 
3TH aBTOpbl ITOK838nH, B qaCTHOCTH 1 qTO ecnH aneKTpOMarHHTHhlll TOK 

6HnHH99H ITO ITOnHM CITHHa 0, TO B 6~epKHHCKOM rrpe~ene W 1 -> 0 
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§ 1 

KaK HaBecTHO /15/, ceqeHHe Heyrrpyroro nerrToH-anpoHHoro saaHMO-

neifCTBHSI OITHCbiBaeTCSI llByMst CTpyKTypHbiMH !flyHKUHSIMH Wl H W2 , Ha-

xo~neHHe KOTOpbiX H COCT8BilsteT aanaqy llHH8MHqecKOH TeopHH, B H8lliHX 

pacqeTax 6yneM HcrronbaoBaTb cneny~mee orrpeneneHHe nnst aTHX !flyHKUHA: 

WIL
11 

= (2rr/ 2w(Ii) (d4z eiqz <:pI [.jiL(z), j
11

(0)] IP > = 

=(2rr) 2 2w (p) I <pJj (O)In"<nl j (O)IP" (2rr) 4 8(4)(q+p-p) 
n IL V _ n 

(I) 

q q 2 I pq pq 2 
- ( ~ - ~ ) Wr (q ,v) + -2 (pi'- -2- qiL) (It- -2 qv) W2 (q, v), 

/LV q2 m q q 

rne I p > -onnoqacTHqnoe cocToHHHe CKanHpnoro uyKnona c Maccoii rr. 

J" ( Z ) - aneKTpOMarHHTHbiH TOK B p8CCM8TpiiB8eMOH MOJlellH, 8 m F = 
IL 
pq 

06nacTb rny6oKo neyrrpyroro paccestHHst, KDTopy~ Mbi HccnenyeM, 

aanaeTCSI cneny~lliHMH 3HaqeHHSIMH KHHeM8THqeCKHX rrepeMeHHhlX! 

-q 2 ,mv 
2mv -I ( 2) -+ +oo 

' 
=W = X = const . 

-q2 

Ha ypasneHHst (1) ~yHKUHH W; MDryT 6b!Tb Bbipa~eH-bl SIBHO / l2/ • 

1 1 
2 

B W2 = 1 [-(1- ~) A dB] , (3) W1 =--A+-
1-£' 2 2 2r1-LJ 2 q 

q2 q2 
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, . 
.1~(' 
.fl,~ 
i. 

' ~~!~ 

~-~ 

rne 

A I W IL 
IL IL 

B 
1 -I ,fw a 
m2 IL·a /La p • 

TeH30p W ITpOCTbiM COOTHOllieHHeM CBSI38H C 8MITI1HTynot ·IL v 

8/lbHOro KOMITTOH-a~~eKT8 BITepenX/: 

1 
WIL 11 = -;;- lm MIL 11 (p, q; p, q). 

TaKHM o6paaoM, aanaqa csonHTcst K naxo~nenn~ MHH~ 

TYllhi M B o6nacTn ( 2) KHHeMaTHqecKnx rrepeMeHHbiX p 

ayeM llllSI 9THX ueneti ~YHKUHOH811bHbiH ITOJlXDJl, 

Bnaqane, KaR o6biqHo /9/, rrocTpoHM Me00H-HYKI10HHYI 

fpHna. B rrpeHe6pe~eHHH rronstpHaauHefi BaKyyMa OHa rrpenc· 

ny~meM BHne: 

GIL
11 

(x ',y'; x,y) 
'l 8 

exp ~- [[ d~ d~ ---De (~ 
2 . . I "'.? 8 A ( ~ ) a fl 

a 1 

xG(y',y\A) AIL(x')A1Jx) !A=O' 

rae G (y', y ! A ) - ~YHKUHSI fpHHa HYKI1DH8 BD BHemHeM 

none A , ynosneTsopst~mast ypasneHH~: 

x/ 
M bl HCITOilb3yeM 0JlHQq8CTHqHhle ~O~TOSIHHS1 1 HOpMHp 

8 -!flyHKUH~: 
< p ' J p ' 

(3) ... ... 
=8 (p'-p). 

Dpu ;o,ToM aMrrnHTyna M cnenyiDIIIHM o6paaoM csstaaHI 
ueti: 

, , A , . s . (4 A 'r :'I • .u.v 
P 'q' 'p, q,A > =1+i (2rr)4 8 )(p' , ) e, QJ M' (p',~ +q -p-q ,.. 

(2rrlv2w(p .... ') 2w 

7 



rae 

A I w ll 
ll ll 

B 
1 -I rfw a 
m 2 ll•a 1-1a P • 

TeHaop W rrpoCThiM cooTHollleHHeM CBSI3aH c aMrrnuTyaoR M, v BHpTy-·!lv r 

811bHOrO KOMITTOH-9~~eKT8 Brrepeax/: 

1 
wllV = -;;- lm MllV (p, q; p, q). (4) 

TaKHM 06pa30M1 3aaaqa CBOaHTCSI K HBXO*aeHH~ MHHMO~ qacTH 8MITI1H

Tyahl M B o6nacTH ( 2) KHHeMaTuqecKHX nepeMeHHhiX p H q • Jllcnonb

ayeM anSI aTHX uene~ ~YHKUHOH811bHbiH noaxoa. 

BHaqane, Kak o6hiqHo /9/, nocTpOHM Me:JoH-HYKilOHHY~ ~YHKUH~ 

fpHHa. B npeHe6pe*eHHH ITOI1S!pH38UHefi BaKyyMa OH8 npeacT8BHM8 B cne-

ay~llleM BRae: 

G ll J! (X '' y ' ; X' y ) 
~ 8 8 

exp ~- rr d~ d~ ---DC (~ -~)---I X 
2 . . 1 "'2 BA (~ ) ap I 2 8A (~ ) 

a 1 p 2 

xG(y',y\A) All(x')A1Jx) !A=O' 
(5) 

rne G ( y', y ! A ) - ~YHKUHSI fpHHa HyKnoHa so BHelliHeM KnaccuqecKHM 

none A , yaosneTBopH~lllaSI ypaBHeHu~: 

x/ 
M bl HCITOilb3yeM OllHOqacTHqHhJe fCO\:TOfiHHfl 0 HOpMHpOBBHHhie Ha 

[j -¢yHKUH~: 
< p ' j p > 

(3) -> -> 
=8 (p'-p). 

Dpu 8TOM aMrrnnTyaa M cneay~IIIHM o6pa3oM CBH3aHa c S - MaTpH-

ueii: 

p',q',A ··s: p,q,A> 1 
'(2 )4 .,(4)(, , e~·(qj#v(p',q';p,q)e~(q) 

= +I 7T u p +Q -p-q) --!:.~========__, 
(2rr/-v2w(p_,') 2w(i/') 2w(p) 2w(fb 
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I 

[(ia -gA (x)) 2 -m 2 ] G (x,ylAJ =-Ei(x-y). 
IL 1L 

PeweaHe aToro ypaBHeHHSI MO)I(eT 6biTb sanHcaao c noMoiUbJO !flyHKUH0-

1161 
aanbaoro HHTerpana : 

rne 

"" 2 4 4 (J 

G (x,ylAJ =i Jdre-im r J[Ei v]~exp 1-·ig Jd z ju(z)A (z) I x 
0 

T 

X [j (x-y-2 f V(TJ) dTJ) 
0 

T ( 4 ) T 
j (:z) = 2 f de V (e) [j (z-x+2 J V(TJ)dTJ) 
(J 0 a e 

[8 4 v ]' ~ 
0 

T 

exp I -i b v2(1J) d1J I Eiv 

T 

f exp { .... ; J v 2(1J) d1J I 8 v 
0 

( 6) 

( 7) 

08Cne ll01lCT8HOBKH (6) B (5), B3SITHSI BapH8UHOHHOA npoH3BOilHD~ H 

HCKnJO'I9HHSI HeCBSI38HHblX JlHarpaMM !flyHKUHSI Gp.v (x', y'; x,y) npHHHMaeT BH/l: 

"" . 2 2 -Im T 

Gp.v (x',y';x,y) = ig f dr e 
0 

4 r r A a 
f[Eit;]of delde22v re1)2v re2Jx 

0 

T 

(' , f c f DvA ( x -y + 2 v(TJ) d1J) Dup. (y-2 v(TJ) dTJ - x) 

el e2 

( 8) 

2 T 

exp 1-i 1Jfdz
1

dz2 ja(z
1

) D~A(zrz2 ) jA(z 2 ) I 8(4 )(y'-y-2fv(1J)d1J). 
2 0 

8 

.• /! :.( . 

. : .. ~.{ 

.<\~{' 
'>:d 

'*'" ·· .. A~ 
i/\ 
\·\ 
:l 

3necb 
kvkA 

4 Ikz (.< ---) 
dke svA p.2 

j q (X 
1 

(277) 4 f IL2 - k2 -·if 

c 
Dv>..( z) • a 

onpeneneao !flopMynoA (7). 

OepeXOilSI H8 M8CCOBYIO fiOBepXHOCTb no HyKnOHHbiM KC 

!flyHKUHH fpHH8 ( 8) H BbiJleng;g; non10ca BH9liiHHX M93DHHbiX E 

x ' ) I 171 , nonyqaeM B paccMaTpHaaeMoA Monenu cneny10u: 

HHe JlnSJ: aMnnHTYilbl KOMfiTOH-a!fl!fleKTa anepell xl: 

+oo 
.2 [4]+"" /:[ Mpu (p, q;p, q) = zg f 8 v _,f de, 2v/O) +2pp+q ( 

-oo p 

[2va(eJ +2pa +qa(l-20(~))) e2ipqe+lq2lelx 

xl 

2 4 A 
exp I -·i + f __2__!.

4 
jv (-k) Dv\(k) j (k) I . 

(277) 

AMnnHTyna BHpTyansaoro KoMnToa-a!fl!fleKTa c !floTDH 

ne)l(alUHMH He H8 M8CCOBOA fiOB9pXHDCTH 1 CBSI38H8 C !flyHKUHE 

JOilleA !flopMynoA: 

Mp.v(p',q';p,q) = q2q'2~im (p2-m2) (p'2-m2) 'Gp.v(p',q 
p2, p , 2-.m 2 
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3aecb 

c 
Dv>..(z) 

1 

(217 J 4 I 

orrpeaeneHo ~opMynoft (7). 

d4k e I k z ( lev k A 
gvA---) 

JL2 

JL2 - k2 - ·i£ 
a j a (x) 

OepeXOJlH H8 M8CCOByJO ITOBepXHOCTb ITO HyKnOHHbiM KOHU8M ( y 1 y ' ) 

~YHKUHH fpHH8 ( 8) H BbiJl9nHH ITOnJOC8 BH9WHHX M930HHbiX KOHUOB ( X 

x ' ) I 111, nonyqaeM B paccMaTpHBaeMoft MoaenH cneayJOwee npeacTaane

HHe JlnH aMrrnHTYJlbl KOMrrTOH-acP~eKTa BrrepeJl xl: 

+oo 

Mpa (p,q;p,q) ""ig 2 I [8
4
v].:

00I d~ [2v/0)+2pp+q (20(~)-1)] x 
-oo p 

[2va(~) +2pa +Qa(1-2(}(~))1 e2ipq~+lq2!~1x 
( 9) 

4 

I . g 2 I d k .v ( c .A exp -~z .,_ --4 1 -k) D , (k) 1 (k) I . 
~ (217) v 1\ 

xl 
AMrrnHTyJla BHpTyan_gHoro KOMrrTOH-acP~eKTS C ~OTOHHbiMH KOHUSMH, 

ne*8lliHMH H9 HS MSCCOBOft ITOBepXHOCTH, CBSI38H8 C ~YHKUHeft fpHHa cneay
JOllieft ~opMynoA: 

M ( , , ) 2 , 2 o · ( 2 2) ( , 2 2) 'G ( , , ) JL v P , q ; p, q = q q czm p - m p - m JL v p , q ,· p, q • 

p2, P '2._.m2 
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I 

3oecb 

j a ( k) = j a ( k I p,q ' ~ ' v (q ) ) 

+~ a a a 
fda[2v (a)+2p +2q(0(~-a)-0(-a))] x 

a 
x exp I -2·ik f [ v(71) + q (0 (~ -71)- 0 (-71 )J] d71 - 2ia kp I . 

0 

( 10) 

~opMyna (9) npeocTaBnHeT cooofi KOMnaKTHy~ aanHCb cyMMbi acex AHar

paMM ~efiHM8H8 THna npeACT8BneHHblX H8 pHC. 

9 

~ 
..... 

PHc. 1 

llanee HcnOnbayeM npH6nH:H<eHHy~ OUeHKy AnH <jlyHKUHOH8nbHOrO HHTer-

4 +~ 
pana no [ 8 v ] -oo 19,17 I. 3To npH6nH:H<eHHe, HaaaaHHoe npH6nH:H<eHHeM npH-

MOnHHefiHbiX ny Teft, CBOAHTCH K cneoy~llleMy: 

f [84v ]:eF[v)_ e <F[v]> 
( 11) 

roe 

< F [v] > 4 ~ 
f[8v] F[v] 

-co 

10 

·~ 

\' 

[.,l' 

ll 

HafioeM < j v (-kIp, q,~ ,v) /' ( kl p, q,~, v )>, HcnonbayH 1 

v A i[k 2+2(p+q)k] ~ 
<j (-k) j (k) > = 2(1-e ) 

A 
(2 p +k) v (2 p + 2 q + k ) v ] [ (2 p +k) (2, - - -

k 2 + 2pk k2+2(p+q) k k 2 + 2pk k 2; 

TaKoe npH6nH:H<eHHoe Bbi'IHcneHHe <flyHKUHOHanbHoro HW 

na ( 11)) COOTBeTCTByeT B AHBrpaMMHOfi TeXHHKe OTOp8CblBI 

HbiX nponaraTopax ( npHMbie nHHHH Ha pHc, l) cnaraeMbiX B 

T,e. aaMeHe: 

1 1 
( p + I k. ) 2 - m 2 -. _2_l_p_k_;_+--l-k"""_2~ 

I I I I 

3TO 03H8'18eT, 'ITO B H8WeM paCCMOTpeHHH npoMe:H<yTD 

HHHMH HBmi~TCH OOHH Bb!COK03HepreTH'IeCKHft HyKnOH H np01 

MHrKHX ( TopM03HbiX) MeaoHOB (none A P. ) • 

KpoMe Toro, HcnonbayeMoe npH6nH:H<eHHe He y'IHTbiBae• 

wuHbi, cooTBeTCTBy~mHe aaaHMooeftcTBH~ r.jJ * r.jJ A 2 • Hccn 

pHH B03MyllleHHft OTAenbHbiX AHarpaMM C T8KHMH BepWHH8MH 

'ITO B ObepKHHCKOM npeoene (2) OHH A8~T MeHbWHfi BKn8A1 

AHarpaMMbl, 

C nOMOillb~ <jlopMyn ( 9). ( 1 1) H ( 12) 1 nonyqaeM OKOH' 

:H<eHHe om1 aMnnHTyllbi KoMnToH-a<jl<jleKTa anepen a paccMBTJ: 

Mup= ig2 (2p+q)a(2p+q) f d~ 
p 0 

2 
2/pq~+lq ~ 

e 

11 

F(~) 
e 



·~ 

,. il 

HafineM < j 11 (-k I p,q,,,ll) /(kl p,q,, ,11 )>, Hcnonb3YH (10). 

II A 
< j (-k) j ( k) > 

(2 p +k ) II 

k 2 + 2pk 

. [ 2 
2 (1-e~ k +2(p+q)k]' 

) 

(2 p +2q + k) II ) 

k2+2(p+q) k 

A 
(2 p +k) 

k 2 + 2pk 

( 12) 

A 
(2p+2q +k) - -----]. 

k 2+ 2 (p+q) k 

TaKoe npH6nHmeaaoe Bhi'IHCneaHe ~yHKuHoaanbaoro HHTerpana (~opMy

na ( 1])) COOTBeTCTByeT B llHBrpaMMHOfi TeXHHKe OT6p8Cb!B8HHJO B HyKnOH

HhiX nponaraTopax ( npS!Mbie nHHHH HB pH c. 1) cnaraeMhiX BHila . I . k; k i , I~ I 

T.e. 3aMeHe: 

1 1 
( p + I k. ) 2 - m 2 ... -2-I--p -k -. +--I-k.....,?~ 

I I I I I 

3TO 03H8'18eT
1 

'ITO B HaUieM paCCMOTpeHHH npoMemyTO'IHb!MH COCTOSI

HHSIMH S!BnSIJOTCSI OllHH Bb!COK09HepreTH'IeCKHfi HyKnOH H npOH3BOnbHOe 'IHCnO 

MS!rKHX ( TopM03HhiX) Me3oHOB (none A 11 ) • 

KpoMe Toro, Hcnonb3yeMoe npH6nHmeHHe He yqHThiBaeT nsoftHbie sep

mHHhi, cooTseTCTByJOlllHe B3aHMoJleftcTBHJO 1/J * 1/J A 2 
• HccnenosaHHe s Teo

pHH B03MyllieHHft OTJlenbHhlX llH8rp8MM C T8KHMH BepUIHH8MH llOK83b!B8eT/6/ 1 

'ITO B 6'bepKHHCKOM npeJlene ( 2) OHH ll8JOT MeHbUIHI\ BKn81l 1 'leM 06b!'IHbie 

JlHarpaMMhlo 

C llOMOlllbJO ~opMyn ( 9) 1 ( 11) H ( 12) 1 nonyqaeM OKOH'IBTenbHOe Bb!p8-

meHHe JlnH aMnnHTYJlhl KoMnToH-a~eKTa snepeJl s paccMaTpHBaeMoft MonenH: 

00 

Mup= ·ig2 (2p+q)u(2p+q) f d' 
p 0 

2 
21 pq' +lq ' 

e 

11 

( 13) 
F(') 

e 



t 

rile 

F(~) = -ig2 f ~ 
(217 )4 

kvkA 
gvA- -p:2 

[ 1 
i [ k 2+2 (p+q)k] ~ 

] X 

( 2pv+ kv 

k2+2pk 

,_,.2_ k2 

2p '+2q v + kv 

2 
k +2(P+q) k 

-e 

2 A+ kA 
)( p ' 

2 
k + 2pk 

A A A 
2p + 2q +k 

2 ) 
k +2(p+q)k 

TaKUM o5paaoM, aa)laqa CBOJlUTCH K aaxoJKJleHHJO B 5'bepKUHCKOM 

ITpeJlene (2) MHUMOA 'i8CTU iflopMynhi ( 13). 

§2 

( 14) 

Oocne Bbl'iUCneHUH UHTerpana ITO d 4k B iflopMyne ( 14) 8CMITTOTUKY 

F ( ~ ) MOJKHO aaATu, uciTonh3yH, aaiTpHMep, ITpeo5paaosaaue Mennuaa 

(eM. OpunoJKeaue). Opu sToM OK83biBaeTcH, 'iTo rnaBHbill: BKnaJl B o'bep--. 
KUHCKOM ITpeJlene B F ( ~ ) JlBeT nUllib ITepeKpeCTHbiA 'ineH, ITony'iB!OlliUACH 

ITpU ITepeMHOJKeHUU KpyrnhiX CKOOOK. 3To COOTBeTCTByeT TO My t 'iTO B pac

CM8TpUBaeMoA 8CUMITTOTU'ieCKOA o5naCTU rnaBHblMU OK83b!B810TCH JlUarpaM

Mbl TUIT8 ITpeJlCTBBneHHOH H8 puc. 2. 

Puc. 2 

12 

K TaKOMY JKe BbiBOJlY ITpUXOJlSIT aBTOpbi pa5oTbi 
161 , aaa 

8CUMITTOTUKY OTJlenhHblX )lUarpaMM TeOpUU B03MyllleHUA. 

He ocTaaasnuBaHcb aa JleTanHx aaxoJKJleHUH acuMITTOTHKJ 

( CM. OpunoJKeHUe) t ITpUBe)leM OKOH'iaTenbHbiA peaynhTBT: 

~ 
F (~) v -q2 »1 

-. 2 
m m· 

-2>.. fn 2 ~ - 2A fn ~ fn m2 ~ 
m m 

lU = canst 

rile A = 
g2 

"16;;T • 

HaTer pan ITO d ~ B iflopMyne ( 13) TeiTepb nerKo Bhi'iUt 

MHUM oft 'i8CTU aMITnUTYJlbl M up ITonyqaeM cneJlyJOillee Bb!pa: 

-1+2A fn ~ 
.J..rmM =_i!(2p+q)(2p+q)(1..!::.r1 (1-x) m 

17 OR m2 0 0 P P m 21(2AfnE)cos(17Af.rl 
m 

00JlCT8BnSIH 8TOT peaynhT8T B iflopMynhi ( 3), H8XOJlUM 

~ w2 = g2x (2x-1) 
m 

w1 ... o. 

-1+2A fn ~ 
(1-x m 

' 2v 2v 
1 (2>.. fn -) cos ( rr A fn - ) 

m m 

CTpyKT: 

KaK cneJlyeT ua iflopMynhi ( 17), aBTOMOJlenhaoe ITOBeJleHJ 

o'hepxuacKoM ITpeJlene aapyweao aasucuMoCThiO OT norapuif!Ma 
2v 

qecKOA ITepeMeaaoA v • TeM He Meaee, ITpU 2A fn m - 4 

peaynhTaT JlaeT ITpasunhaoe oKonoiToporosoe ITOBeJleaue vW2 

x/ 
KaK uasecTao, sKciTepuMeHTanhHbie JlBHHbie B oKonoiT' 

o5naCTU XOpOlliO OITUCbiB810TCSI BbipaJKeHHeM v W - ( J - X ) a t 

13 



/6/ 
K TaKoMy *e BbiBOJlY rrpHXOJlHT aBTOpbi paooTbi 1 aHanH3HpyH 

acHMIITOTHKy OTJlenhHbiX JlH8rpaMM TeOpHH B03Myl!leHHlt. 

He ocTaHaBnHBaHCb Ha JleTanHx H8XO)I(JleHHH aCHMIITOTHKH F ( ~ ) 

( CM. npHnO)I(eHHe) 1 IIpHBeJleM OKOH'I8TenbHb!lt pe3ynbT8T: 

r11e 

____.., 
F(~)v -q~»1 

-, 2 
m m· 
cu = canst 

g2 
"""16;;r • A = 

-2>.. f.n2 .3..!:_ - 2A f.n ~ fn m2 ~ 
m m ( 15) 

HHTerpan rro d ~ B ¢opMyne ( 13) Terrepb nerKo Bhi'IHCnHeTcH. DnH 

MHHM olt '18CTH aMIInHTYJlbi Map rronyqaeM cne}lyJOl!lee Bb!p8)1(eHHe: 

-1 + 2 A fn ...3..!:... 
...!.. lm M = -L

2
(2p +q ) (2p +q) r1..J:.r1 (1-x) m • ( 16) 

1T Of? m2 a a p p m 2 r (2A f.n E) cos ( 1T A f.n .1.£) 
m m 

no}lCT8BnHSI 9TOT pe3ynbT8T B ¢opMynhi ( 3) I H8XOJlHM CTpyKTypHbie cPYHKUHH: 

~ w2 = g2x (2x-1) 
m 

w1 _. o. 

-1 +2A fn ll 
(1-x m , 

2v 2v f' (2>.. fn -) cos (TTA f.n-) 
( 17) 

m m 

KaK cne11yeT H3 ¢opMynhi ( 17) 1 aBTOMOJlenbHoe rroBeJleHHe v W 2 B 

6~ePKHHCKOM rrpenene HapyrneHO 38BHCHMOCTbiO OT norapHcf>Ma 8CHMIITOTH-

2v 
'18CKOlt rrepeMeHHOlt v • TeM He MeHee, IIpH 211 f.n m - 4 rrony'leHHb!lt 

pe3ynbTaT 11aeT rrpaBHnbHOe oKonorroporoaoe rroBeJleHHe vW2 
x/ 

x/ 
KaK H3BeCTH0 1 aKcrrepHMeHTanbHbie JlBHHhie B oKonorroporoaon 

oonaCTH XOpOlliO OIIHCbiB810TCH Bb!p8)1(eHHeM v W - (1 - X ) 
8 

1 rne a - 3 • 

13 



~ 

Heo6xoaHMO OTMeTHTb, qTo cnoco6 Haxo~eHHH acHMnToTHqecKHX 

Bhipa~eHHA (16) H (17) cnpaseanHB TOnbKO B aToA oxononoporosoA o6nac-

TH nepeMeHHOfi X 1 - x - ~ • OTc10aa cneayeT, qTo npH 11 _. oo 11 W2 
II 

nponopuHoHanbHO 
-2>. fn ~) 

e ( m , To ecTb y6hiBaeT KaK KBaapaT ynpyroro 

<l>opMcjJaKTopa B asa~bi norapHcjJMHqecKOM npH6nH~eHHH 161 

-1 + 2>. fn ...!:_ 
OpH X -> 1 • II w2 - ( 1- X ) m • CornaCHO COOT-

HOllieHHIO llpenna-RHa-BecTa B aTOM 
- q2 

cnyqae ynpyrHA cjJopMcjJaxTop npH 6onb-

----- aon~eH secTH ce6H 
2mx 

11 
-1+2,\fn m + 1 

• 2 

umx v KBK 

(..!!L) 
v 

A fn ...!:__ 
(...!!!..) m_ 

f/ ( 18) 

OpH aToM npHxoaHTCR aonycKaTb 38BHCHMOCTb noKa3aTenR cTeneHH oT 

norapncjJMa 8CHMnTOTHqecKOA nepeMeHHOfi V 0 TBK KBK B HallieM cnyqae 

CKefinHHr ToqHO He BhlnOnHReTCH, 

B paccMaTpHBaeMofi MoaenH COOTHOllieHHe (18) aefiCTBHTenbHO HMeeT 

MecTo, TaK KaK B asa~ahmorapHtPI\mqecxoM npH6nH>KeHnn ynpyrnii tflopMcjJaK-
-A fn2-1L ,\ fn ~ 

..:J:OP paBeH e m = ( _..!!!.. ) m 
I' 

B pa6oTe 161 npRMWM cyMMnposanneM anarpaMM B 6bepKl!HCKOM 

npeaene 6wnH nonyqenw cneay10wne 3HaqennR cTpyKTypnwx ¢ynKuHfi B Tofi 

~e MoaenH cxanRpHoii anexTpoannaMHKH: 

v 
m 

W2 = 2A 

w1 _. o . 

2 x (1 + x) fn 2m!· (1-x) -1 + 2,\ fn 
2 ~--- (1-x) 

IL 

4mv(1-x) 

1.1 

HanHqHe aaecb aononHHTenbHoro norapHcjJMHqecxoro MHO~HTenR no cpasne

HHIO C cjJopMynoA (17) 06bRCHReTCR 0 nO-BHaHMOMy, TeM, qTo pacqeThl pa-

60Th! /6/ BbJnOnHeHbl B o6naCTH nepeMeHHOfi X 0 rae 1- X > 

ne pacnpocTpaHRIOTCR Ha oxononoporoay10 o6nacTb, 

14 

m 
II ' H 

~OpMyna (17) nHWb HeCyllieCTBeHHO OTnHqaeTCH OT peay 

60Thl /11/, B KOTOpOfi HCnonb30BanOCb o6pe38HHe HMnynbCOB 

q&CTHU. OoaTOMy T8K8H npoueaypa, BepOHTHO, onpasaaHa no ~ 

B oxononoporosofi o6nacTH w - 1 

3axniOqeHHe 

OonyqeHHhie peaynbTaThi H Hx cpasnenHe c apyrHMH noa 

HOfi aaaaqe 0 nOK83b!B810T 0 qTo HCnOnb3yeMOe H8MH npH6nH~eHJ 

CMOTpeHHe npouecca po~aeHHH qaCTHU K8K TOpM03HOrO Hany• 

seHHO npaBHnbHO nepeaaeT noseaeHHe 11 W 2 B noporosolt o( 

MeHHOii w /11,18/, HacxonhKO sepeH Taxoii MexaHH3M rny6o 

B38HMOaeJ1CTBHH MO~HO 6binO 6bi cyaHTb0 3KCnepHMeHT8nbHO 8 

3HepreTHqeCKOe pacnpeaeneHHe BTOpHqHbiX qaCTHU 0 T.e. BbiHCH 

cR nn B TaKHx npoueccax 6onbwoe qncno cpaBHHTenbHO MHrKH 

H8pRay C cymecTBOB8HHeM Bb!COKOaHepreTHqecxoii "nHaHpyiOwe 

B aaxniOqeHHe aBTOpbi 6naroaapRT 38 nnTepec x pa6oTe 

WHe o6cy~aeHHR n.H. EnoxHHuesa, A.B. EcjJpeMOBa, P.M. Mn 

M.A. MapKoBa, B.A. MaTBeesa, B.H. OepBylliHHa. 

OpHno~ enne 

Kax oTMeqanocb BbiWe, rnaBHhiii BKnaa B 6bepKHHCKOM n 

F ( ~ ) aaeT nHllib nepexpecTHbifi qnen, nonyqaiOWHfiCR npH nE 

KpyrnhiX cxo6ox B !f>opMyne ( 14). 11cnonb3YR TO>KaecTBO 

R 
1 

aR 
e - 1 = R J da e 

0 

H o6biqHyiO !fleiiHM8HOBCKyiO 08p8MeTpH38UHI00 aTO Bbipa~eHHe ( 

Kp8TKOCTH 6yaeM o503HaqaTb T8K>Ke F ( ~ ) ) MO>KHO npeaCTI 

HHTerpHpOB8HHR no d 4k B cneayiOWeM BHae: 

15 



~opMyna (17) nHWb aecymecTBeHHo oTnHqaeTCH oT peaynbTaTa pa-

6oThl /11/, B KOTOpOA HCITOI1b30B8110Cb o6pe38HHe HMITYilbCOB BHpTyanbHbiX 

qaCTHU. noaTDMY TaKaH rrpouenypa, sepoHTHo, orrpasnaaa rro Kpaaaen Mepe 

B OKOilOUOpOrOBOH 06118CTH W - 1 

3aKnJOqeaHe 

nonyqeHHbie peaynbTaTbi H HX cpasaeHHe c npyrHMH nonxonaMH K naa-

HOlt aanaqe, ITOK83b!B810T0 qTo HCITOilb3yeMoe H8MH rrpH611H>KeHHe, T,e, pac-

CMOTpeHHe rrpouecca po>KneHHH qaCTHU K8K TOpM03HOrO H3nyqeHHH KaqecT-

seHHD rrpaBHilbHD rrepenaeT rroseneaHe v W 2 B rroporosofi o6nacTH rrepe-

MeHHDii w /11,18/, HacKonhKo sepea TaKofi MexaHH3M rny6oKoHeyrrpyroro 

B38HMoneil:CTBHH MO>KHO 6bil10 6bi cynHTb 0 9KCrrepHMeHT811bHO 8H811H3HpyH 

3HepreTHqecKoe pacrrpeaeneaHe BTopHqHhiX qacTHu, T.e. BhiHCHHH, po>KnaeT

cH llH B T8KHX npoueCC8X 60ilblliOe qHCilO Cp8BHHTellbHO MHrKHX qacTHU 

H8pHilY C cyrueCTBOBBHHeM BhlCOK09HepreTHqeCKOlt "nHnHpyJOWelt" qaCTHUhl. 

B 38KilJOqeHHe 8BTOpbi 6naroaapHT 38 HHTepec K pa6oTe H CTHMyllHpyJO

WHe o6cy>KneHHH n.H. EnoxHHuesa, A.B. EljJpeMoBa, P.M. MypallHHa, 

M.A. MapKoBa, B.A. MaTBeesa, B.H. nepByWHHa. 

npHilO>KeHHe 

KaK OTMeqanocb BbiWe, rnaBHblH BK1181l B 6'bepKHHCKOM rrpeaene B 

F ( .f ) naeT nHWb rrepeKpecTHhifi qneH, rronyqaJOruHficH rrpH rrepeMHO>KeHHH 

KpyrllblX CK060K B QJOpMyne ( 14), 11CITOI1b3YH TD>KnecTBO 

R l aR 
e - 1 = R f da e 

0 

H 06bJqHyJO QJei1HM8HOBCKYIO rrapaMeTpH38UHI0 0 9TO Bbipa>KeHHe ( KOTOpOe nnH 

KpaTKOCTH 6yaeM o6oaHaqaTb TaK>Ke F ( ( ) ) MO>KHO rrpencTaBHTb rrocne 

HHTerpHpOB8HHH ITO d 4k B cnenyJOIIIeM BHile: 

15 



~ 

F (g) 
1 ~ da dp x 

;j 2mvg fda £(a +P +ag)2 - 2 0 471' 

x exp l-2·imv g a [p + (1-x) a g] 
a+p+a[ -i 

m2(p +ag)2 

a + p +a [ 
• 2 

- lf.l a 

( 18) 

HaillleM aCHMITTOTHKY F ( g ) , HcnonbaySI rrpeo6paaoBaHHe MennHHa 

rro 6eapaaMepHoil rrepeMeHHoil 2m v g I 19/. llnSI aToro Bbi'IHCnHM MennH-

HOBCKHil o6paa F ( g ) ) • 

<ll (j) 
~ -j-1 . 
J (2mvg) F (g) d(2mvg ) • ( 19) 
0 

BapHueHTpHqecKaSI aaMeHa nepeMeHHhiX 5 !jlopMynax ( 18) H ( 19): .... 
a = {3a ' , p =f3p', a =f3a' 

H rrocnenyiDmee HHTerpHpoBaHHe rro df3 da ' 1 dp ' B6nH3H Hyml 

U03BOnSIIDT BbiilenHTb Kpai'iHHil npaBblfi noniDC <Jl ( j) ) B KOMIIneKCHOil IInOC-

KOCTH j 

<ll(j)-

BoaBpamaSicb K 

nonyqaeM: 

2 
- _g_ 

4rl 

Fa) 

1 

/ 

c rroMOIUbiD o6paTHoro npeo6paaoBaHHSI MennHaa, 

16 

~ 

,. 
, I (2~t V ~) j , 

' c .. I~ 

Ret>:, 

,\, " lv . 2v o 
'\2>.. ftl'l...j .IIi il fll lll2 t 

I 

~2 
-,, 

16"' 

h'rll P 
l.lT"-. 

-2A P.n 22mvg -

-.o:t pa 
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c+ioo 

F (e) = I dj <ll(j) (2mv e); = -2A fn
2
2mve -

c-ioo 

'Re c > 0 

-=. -2>.. fn 2 ( 
2
:.) - 2A fn :: fn m

2 e , 

rae A 
82 
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TeMaTHqecKHe KaTerop 

ny6JIHKaQHH 

06be~HHeHHOrO HHCTHTl 
H~epHbiX HCCJie,nOBaHHi 

Ha~eKc I TeMaTHKa 

1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 

10. 
11. 
12. 
13. 
14. 

3xcnepHM9HT8llhH8SI ciJH3HK8 Bb!COKHX 9Hepr 

TeopeTH'IecxaH ciJH3HKa BbiCOKHX sueprHA 

3xcnepHM9HT8llhH8SI HeATPOHHSSI ~H3HK8 

TeopeTH'IecxaH ciJH3HKa HH3KHX sueprHA 

MaTeMaTHKa 

gl1epH8SI CD9KTpOCKODHSI H paJJHOXHMHSI 

¢lH3HK8 TSDK9nbiX HOHOB 

KpHoreHHxa 

YcxopHTenH 

AsToMaTH3aUHH o6pa6oTKH sxcnepHMeHTam. 

Bbi'IHCnHTem.uaH MaTeMaTHKa H TeXHHKa 

XHMHSI 

TeXHHKa ciJH3H'Iecxoro sxcnepHMeHTa 

11ccnel10B8HHSI TB9pl1biX Ten H )KHl1KOCTeA .5l 

M9TOl18MH 

15, I 3xcnepHM9HTam.HaH ciJH3HK8 SIJlepHbiX peaxu 

npH HH3KHX SHeprHSIX 

16. I D03HM9TPHSI H ciJH3HK8 38UIHTbl 


