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llpH B38HMOll9ACTBHH 'l8CTHU B o6naCTH Bb!COKHX aHeprHA CyiUeCTBeH

HYIO ponb arpaiOT HeynpyrHe npoueccbi, TeopeTH'leCKOe aay'leHae TaKHX, 

npouecCOB H8'l8nOCb Cp8BHHTenbHO H9ll8BHO, HO DpOBOllHTCR llOCT8TO'lHO 

HHTeHCHBHO, H B H8CTORIUee BpeMg Jlng H9KOT0pb!X :3HepreTH'l9CKHX o6nac

Tel cyiUeCTByeT uenbiA PRll MOJleneA. 

CyiUeCTBYIOIUHe MOJlenH OllHH8KOBO XOpOIUO ODHCbiB810T RBneHHR, HO 

HCD<>nb3YIOT JlnR :3TOA UenH paanH'lHbie TeopeTH'l9CKHe DOllXOllbl H COOTB9T

CTB9HHO paana'lH&Ie llHHaMH'leCKHe nepeMeHHbie, B aToA CBR3H aeCbMa ax

TyanbHOI gangeTCg 38Jl8'l8 BhlRCHeHHR 06IUHX CBOACTB T8KHX MOJlenel H ny

Tel BX B38HMHOI'O nepeXOJl8, 

B nocnellHee apeMR BHHMSHHe TeopeTHKOB, aaHHMaJOIUHXCR aay'leHHeM 

rny60KO Heynpyr'HX B38HMOJleiCTBHA 8Jlp0HOB, npaane'l9HO K T8K H83biB8e

/l 2/ 
MOl MOJlenH iJieliHM8H-r'838 ' , BMeCTe C TeM H9KOT0pbi9 8CD9KTbl Ta-

/3 4/ 
KBX B38HMOJleiCTBHI MOI'YT 6biTb ycneiUHO H3Y'l9Hbl B CTpyAHoA MOJlenH ' , 

UenbJO aacTomileA pa6oTbi RBnReTcg BbiRCHeHHe o6max MOMeHTOB 

:3TBX MOJlenel, HHlK9 6yJleT DOK838H8 B03MOlKHOCTb lj!OpMYnHpOBKH MOJlenH 

'ljleiHM8H -raaa H8 Sl3b!Ke CTpyiHol MOJlenH, H H8 :3TOI OCHOBe npeJlnOlK9H8 

o6o6meaaag MOJlenb, 
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B pa3)lene I npHBelleHo KpaTKOe COJlep*aHHe pa6oT no <PefiHMaH -ra-

3Y. B pa3Jlene II paccMOTpeHbi ocaoaHbie MOMeHTbi CTpyfi:aotl: MOJlenH. Bbi

BOJl pacnpeJleneHH.II JlnR qieti:HMaH .-ra3a H3 ypaaHeHHfi: CTpytl:aoa Mo)lenH 

)laH a pa3Jlene Ill • B pa3aene IV npeJlnO)KeHo ypaaaeHHe Jln.ll o6o6wea-

HOt!: MO)lenH, 

cl>ei!HMaH-ra3 

lln.11 OllHCaHH.II MynhTHilepa<lJepH~eCKHX npoueCCOB 0 npO.IIBn.II~IIIHX CBOti:

CTBa MaCIIITa6HOfi: HHBapHaHTHOCTH, cl>eti:HMaHOM 6bina npeJlnO)KeHa aHanOI"'H.II 

C I"'a30M, 

KoopJlHHaTbi ,, -~acTHUbi ra3a r~ CB.II3aHbl C HMllynhCOM $H3H~ec
l .... 

Kofi ~acTHUbi K 1 cneJly~IIIHM o6pa3oM: · 

X = k xi 
kzi+ko; ( 1 ) 

k y i ' yi z, In 
m.1.1 

2 2 2 1;2 
l"'Jle m 1 . = ( m +k + k ) -rz i xl yi 

, llepeMeHay~ Z,j B HHKn~3HBHbJX npo-

ueccax Ha3biBa~T ewe penHJlHTH 

3aKOHbl COXpaHeHH.II 9H8pl"'HH-HMllynbCa )ln.ll $H3H~eCKHX ~aCTHU HaKna-

JlbiBa~T orpaHH~eHHe Ha npO)lOnbHY~ KOOpJlHHaTy ~aCTHU I"'a3a Z i , T,e, 

ilO.IIBn.lleTC.II HeKOTOpOe il0Jl06He CTeHOK, paCCTO.IIHHe Me)KJly KOTOpbiMH 3a

BHCHT OT peiTHJlHTH (a KOHe~HOM C~eTe OT 9Hepl"'HH) Ha~anbHb!X ~aCTHU 

H nponopUHOHanbHO In s I fL 1 fL 2 , r)le s - KBaJlpaT nonaoli saeprHH Ha-

~anbHbiX ~aCTHU, ILl H fL 2 - HX MaCCb!, 

OrpaHH~eHHe nonepe~Horo HMnynhca aTOpH~HbiX ~aCTHU (a3.11Toe KaK 

9KCnepHMeHTanbHb!H $aKT) llpHBOJlHT K CT.III"'HBaHH~ ~aCTHU ra3a B Tpy6Ky 

c paJlHYCOM nopHJlKa 300 Msa, 

no aaanorHH co cTaTHCTH~ecKoti: $H3HKOfi peanhaoro ra3a JlnR <Petta-· 

MaH-I"'a3a MOI"'yT 6biTb BBe)leHbl OJlHO~aCTH~Ha.ll H JlBYX~aCTH~Ha.ll <iJYHKUHH 

pacnpe)leneHH.II, llpeJlnonaraeTCH, ~TO CHnbi B $eti:HMaH-I"'a3e .IIBn.ll ~TCH KO-

4 

pOTKOJleii:CTBY~IIIHMH, 3To ll03BOn.lleT nony~HTb <iJeti:HMaHOBI 

/5/ 
HOCTb B UeHTpanbHOti: o6naCTH H I"'HllOTe3y orpaHH~eHf 

/6/ 
UHH B6nH3H TOt!: CTeHKH 0 KOTopa.ll COOTBeTCTByeT ~aCT 

KOpOTKO)leti:CTBHe Be/leT TaK)Ke H K He)KenaTenhHOMY CBOfi:C 

OHHbie WHKUHH Bbiiiie BToporo nopRJlKa nonara~TC.II paBHbl 

K8K B 9KCnepHMeHTe 9T00 llO-BHJlHMOMY 0 He Ha6n~)laeTC.II, 

121 
M~nnep , paccMaTpHBa.ll pacnpeJleneHae MHO)KeC1 

3HBHbiX npoueccax B cny~ae Jl0MHHHpOB8HH.II H30nHpOBaHHC 

eMoro peJl)Ke-non~ca, nony~an KaK ~aCTHbiA cny~afi: (a IT] 

fn = 0 npH n '> 2 ) cneJly~wee pacnpeJleneaae )ln.ll <PE 

t 2 {2 (Z) - {J (Z) 
£2 (Z) n/2 n un e 

lfl (Z) = -- =- ( 
2 

) (-i) Hn ( i 
n II! 

utot 

I"'Jle Hn ( 11 , 12 ) - nonHHOMbi 3pMHTa, a £1 (Z) 

HO nepBaSI H BTOpaSI KOppen.IIUHOHHble <iJyHKUHH 

1 du 
£1 (z) = -- J -- dz = a 1 z + f3 1 u tot dz 

H 

2 1 du 1 du 
1 (zJ = -- r dz dz - (-- r -- dz) 
2 u tot dz 1 dz2 

1 2 dz 
u tot 

£2 

(nocneJlHHe ~aCTH paaeHCTBa B03HHK8~T H3-3a JlOMHHHpOi 

HOI"'O H citaKTOpH3yeMOI"'O peJl)Ke-non~a) 0 3)leCb Z - non1 

KOTOpaSI YJlOBneTaOp.lleT COOTHOIIIeHH~ 

·s 
z = ln--

IL 1 II- 2 

I"')le s - KB8)lp8T nonHOil: 9Hepl"'HH Ha~anbHbiX ~aCTHU, p. 

MaCCbJ, 

Heo6XOJlHMO OTMeTHTb )lBa <PaKTa, nepaoe: B pa601 

COJlep)KHTCSI HHK8KHX yKa3aHRA OTHOCHTenbHO 3HaKa <iJyHKI 
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-
}1{8HHe p800T ITO tjle:ii:HMaH -1'8-

0MeHTbl cTpy:ii:Ho:ii: MOJlenH. Bbi-

8BHeHa:ii: CTpy:ii:HOH MOJlenH 

}1{9HO yp8BHeHHe JlnR o6o6weH-

pOUeCCOB1 IIpORBnRIOwHX CBO:ii:

OM 6bin8 rrpeJlnO}KeH8 8HanorHR 

SI38Hbl C HMIIynbCOM tPH3H'IeC-

i +k Oi (1) 

Hy!O Z,j B HHKni03HBHhiX npo-

Jlng tPH3H'IeCKHX '18CTHU H8Kn8-

8TY '18CTHU 1'838 Z; , T,e, 

TORHHe Me}I{JlY KOTOpb!MH 38-

Hepi'HH) H8'18nhHhiX '18CTHU 

KB8Jlp8T rronHo:ii: aaeprHH Ha-

OpH'IHhiX '18CTHU ( B3RTOe K8K 

B8HHIO '18CTHU 1'838 B Tpy6Ky 

oli pe8nbHoro I'83a JlnR tjleAa-· 

8R H JlBYX'I8CTH'IH8R tPYHKUHH 

$eliHMaH-I'83e RBnR IOTCR KQ-

.. 

pOTKdaeACTBYIOlliHMH, 3To II03BOnReT rrony'IHTb cPeAHM8HOBCKYIO HHBapHaHT

/5/ 
HOCTb B UeHTpanhHOA o6naCTH H I"HIIOTeay OI"p8HH'IeHHOA tjlparMeHTa-

/6/ 
UHH BOnH3H TOil: CTeHKH 1 KOTOpag COOTBeTCTByeT '18CTHUe-MHWeHH, Ho 

KOpOTKO)leii:CTBHe Be)leT T8K}Ke H K He}KenaTenbHOMy CBOACTBy: KOppenRUH

OHHbie WHKUHH Bhiwe BToporo nopRilKa nonaraiOTCR paBHhiMH ayn10, TorJla 

K8K B 9KCIIepHMeHTe 9T01 IIO-BHJlHMOMy1 He HaoniOJl8eTCR, 

121 
M10nnep , p8CCM8TpHB8R pacnpe,!leneHHe MHO}KeCTBeHHOCTH B HHKni0-

3HBHhlX npoueccax B Cny'lae AOMHHHpOB8HHR H30nHpOB8HHOI"O H tPaKTOpH3y

eMOI"O peA}Ke-noniOca, nony'IHn KaK qaCTHhiA cny'laA ( B npeAIIono}KeHHH 

fn = 0 npH n '> 2 ) cneAyiOwee pacnpeAeneaHe AnR 

t 

un 
212 (Z) - 11 (Z) 

{2 (Z) n/2 n 
'l'n (Z) 

e 
( ) (-i) Hn 

0 tot 
n! 2 

rAe Hn ( f 1 , f 2 ) - nonaaoMhi 3pMHTa, a f 1 (Z) 

HO IIepB8R H BTOpag KOppenRUHOHHhle tPYHKUHH 

f (Z) 
2 

1 

u tot 

1 

0 to t 

da 
r--dz = a1Z + 131 · dz 

du 
r-~

dz 
1 

dz
2 

1 da 2 
d:z 1 dz2- (-- r -- dz) 

u tot · dz 

«PeAaMaa-raaa: 

f 2 (z)- 11 (z) 
(i . ) ' 

y 2{2 (Z) 

(S) 

(nocneAHHe '18CTH paBeHCTBa B03HHK8IOT H3-38 AOMHHHpOB8HHR H30nHpOB8H

HOI"O H «<laKTopuayeMoro pe,!l}Ke-noniOca), 3AeCb z - nonsag peiiii.IlBTif 

KOTOpag YilOBneTBOpReT COOTBOWeHHIO 

·s 
z =In---

P.tP.2 

I"Ae ·s - KB8AP8T IIOIIHOA asepi"HH B8'18nhBhiX '18CTHU, p. 
1 

, p. 
2 

M8CCbl, 

(4) 

HX 

/21 
Heo6xoAHMO OTMeTHTb ABa «<laKTa. IIepBoe: B pa6oTe Mronnepa se 

coAep}KHTcg HHKBKHX yKaaasaA OTHOCHTenhHO aaaKa IJ!yBKUHH f2 (~ (IJ!ysK-
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I 

UHSI 11 (Z) no CBOeMY CMbicny1 o'leBHJlH01 nonoxmTenbHa). H3 3KcnepH-

MeHTa cneJlyeT1 'ITO WHKUHSI 1
2 

(Z) MeHsteT 3HaK, BTopoe: pacnpeJlene-

HHe (2) B JlaHHOM BHJle He SIBnsteTCSI HOpMHpOBaHHbiM Ha e}lHHHUy1 T,e, 

I 1p n f. 1 • nns: npaBHnbHOft HOpMHpOBKH HY.lKHO nH60 H3MeHHTb noKa-

n ~ 
3aTenb 9KCnOHeHTbl B (2) Ha - -'1 £

2 
(Z) + f

1 
(Z) 1 nH60 3aMeHHTb tPaKTOp 

(-i) n Ha (i) n , 0TMeTHM1 'ITO TO H Jlpyroe B03MO.lKHO 6e3 KaKOH-nH60 

MOJlH«<!HKaUHH BbiBO}la1 npHBe}leHHOrO M10nnep0M B pa60Te 1 XOTSI BTOpOe 

6onee ecTeCTBeHHO, 

CTpyftHast MOAenb 

/3 4/ 
OcHOBHbiM npeJlnono.>KeHHeM cTpyftHoft MOJlenH 

1 
stBnsteTcs: cneJly-

IOIUee: }lnSI OnHCaHHSI B3aHMOJleftCTBHSI 'laCTHU B o6naCTH Bb!COKHX 9HeprHft 

MO.lKHO npHMeHHTb npH6nH.lK9HH9 Cny'laiiHbiX npoueCCOBj npH 9TOM BeCb 

npouecc MHO.lKeCTBeHHoro po.>K.ueHHst pa36HBaeTcs: Ha PM aneMeHTapHbiX 

npOUeCCOB pO.lK}leHHS11 K8.lKJlOMY H3 KOTOpb!X CTaBHTCSI B COOTBeTCTBHe onpe

}leneHHaSI Bepos:THOCTb, TaKHM o6pa3oM1 }lns: nonHoft BepostTHOCTH po.>Kne

HHSI n '18CTHU onpe}leneHHOro COpT a ( HOpMHpOBaHHOrO pacnpe}leneHHSI MHo-

"'>keCTBeHHOCTH) MO.lKeT 6b!Tb nOCTpOeHO ypaBHeHH9 1 HCnonb3YIOIUee 3aKOH 

COXpaHeHHSI B9pOSITHOCTH, 

/3/ 
B HaMH 6hma paccMoTpeua TaKas: MOJlenb .uns: o6pa3oBaHHst nHo-

HOB1 KaOHOB H rHnepOHOB B pe3ynbTaTe B3aHMO,!leftCTBHSI JlBYX n106b!X 'laC

THU aTHX copToB. PaccMaTpHBanHcb aneMeHTapHbie npoueccbi TOnbKO Ta

Koro THna1 B KOTOpb!X B KOHe'IHOM COCTOSIHHH o6pa3yeTCSI OJlHa .UOnOnHH-

TenbH8SI 'laCTHU8, 

/4/ 
B HaMH npeJlno.>KeHa auanorH'IHast MOJlenb Jlnst pp aHHHrHnst-

UHH B nHOHbl1 KaOHbl H rHnepOHbi, 0pH 9TOM B aneMeHTapHbiX npoueccaX 

3aps:.>KeHHbie nHOHbi npeJlnonaranHcb pO.>KJla!OIUHMHCSI TonbKO napaMH 1 a Ka

OHbi, rHnepOHbl H HeftTpanbHbie nHOHbl - pO.lK}la!OIUHMHCSI nOOJlHHO'IKe ( TO'I-

Hee 1 npeJlnonaranocb po.>KneHHe napbi KK HnH K Y ). 
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B nepBoft pa6oTe pa3BHTHe npouecca paccMaTpHBan< 

CTBe1 a BO BTOpOft - BO BpeMeHH, 0JlHaKO 9TO 06CTOSITeli 

CyiUeCTBeHHOrO 3Ha'leHHS11 TaK KaK pacnpe}leneHHe MHO.lK9C 

CHT TOnbKO OT nonHOft BepOSITHOCTH pO.lK}leHHSI1 T,e, npoH.:: 

TapHOft BepOSITHOCTH 3a e}lHHHUy BpeMeHH (eJlHHHUy JlnHHl 

HMOJleftCTBHSI ( xapaKTepHbil!: pa3Mep o6naCTH B38HMOJleftC1 

OycTb 1 HanpHMep1 B03MO.lKHbi TOnbKO npoueCCbi OJlH< 

JleHHst, TorJla Ha'lanbHbie 'laCTHUbi1 KOTOpbie nonaraeM np 

OTO.lK}leCTBnsteM C KaKHMH-nH60 H3 BTOpH'IHbiX1 'ITO 3Ha'IE 

'IHCnO CB060JlHbiX napaMeTpOB1 MOryT npOH3BOJlHTb cneJly 

Ha'lanbHb!e '18CTHUbl + 11 + eiUe 'ITD-HH6YJlb 1 C BepOSI 

3a eJl, BpeMeHH a1 I 

Ha'lanbHbie 'laCTHUbl ->K + eiUe 'ITD-HH6YJlb 1 c Bep051 

3a e,!l, BpeMeHH a2 

Ha'lanbHb!e 'laCTHUbl -> y + eme 'ITo-HH6YJlb1 c Bepos 

3a eJl, BpeMeHH a 3 , 

KpoMe aToro B03MO.lKHbi peaKUHH pa3MHO.>KeHHSI nHo 

pH'IHbiX 'laCTHU, 

11 ... 11+11 

K->K+11 

(K .. K + 11) 

y .. y + 11 

BepOSITHOCTb 3a eJlHHHUY BpeMeHH 

BepOSITHOCTb 3a eJlHHHUy BpeMellU 

BepOSITHOCTb 3a eJlHHHUy BpeMeHH 

H peaKUHH YHH'ITO.lKeHHSI nHOHOB: 

11 _, K + K Bepos:THOCTb 3a eJlHHHUY BpeMeHH {3 2 • 

06o3Ha'last 'lepe3 p:: ( t) BepOSITHOCTb pO.lK}leHHSI 

k 
n nHOHOB1 'lepe3 p n ( t) - BepOSITHOCTb pO.lKJleHHSI 3a 

OHOB H 'lepe3 p: ( t) - BepOSITHOCTb pO.lK,!leHHSI 3a BpeM 

nony'laeM }lnst HHX cne,!ly!OIUYIO CHCTeMy ypaBHeHHl!: 
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onenbaa). 113 aKcnepH

K. BTopoe: pacnpeaene-

hiM Ha eaHHHUy, T.e. 

HO nH60 H3MeHHTb llOKa-

, nH60 38MeHHTb ~KTOp 

·3M0)1(H0 6e3 KaKOH-nH60 

pa60Te, XOTH BTOpoe 

/3 4/ 
' HBnHeTCH cneay-

nacTH Bb!COKHX 3Hepi"Hi1 

COBj npH 3TOM BeCb 

a PHil aneMeHTapHbiX 

CH B COOTBeTCTBHe Ollpe

ji aepoHTHOCTH po)l(ae-

oro pacnpeaeneHHH MHo-

HCITOnh3YIOUiee 3aKOH 

anH 06pa30BaHHH llHO

CTBHH aayx nJ06biX 'laC-

llpOUeCCb! TOnbKO Ta-

ayeTCH oaaa aononaH-

anH PP aHHHI'Hn.H-

eaTapHbiX npoueccax 

TOnbKO napaMH, a Ka

HCH nooaHHO'l:Ke (To'!-

y ). 

', .. ,~ 
i: 

\ 1 

' , 
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f i~,; 
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B nepaoi1 pa6ore paaBHTHe npouecca paccMaTpHaanocb a npocrpaa

CTBe, a BO BTOpoi1 - BO apeMeHH. 0aH8KO 3TO 06CTOHTenbCTBO He HMeeT 

CyUieCTBeHHOI"O 3H8'l:eHH.H, TaK K8K pacnpeaeneHHe MHO)I(eCTBeHHOCTei1 38BH

CHT TOnbKO OT nonaoi1 BepoHTHOCTH pO)I(JleHH.H, T.e. npOH3BeaeHH.H aneMeH

TapHOi1 Bepo.HTHOCTH 38 eaHHHUY BpeMeHH (eaHHHUY anHHhl) H8 BpeM.H 538-

HMOaeiiCTBH.H ( XapaKTepHbii1 paaMep o6naCTH B38HMoaei1CTBH.H) • 

nycTb, HanpHMep, B03M0)1(Hbl TOnbKO npoueCCb! OaHO'l:8CTH'l:HOI"O pO)I(

aeHH.H. Toraa Ha'l:anbHbie 'l:aCTHilhi, KOTOpbie nonaraeM npoHaaonbHbiMH Hnn 

OTO)KaeCTBn.HeM C K8KHMH-nH60 H3 BTOpH'l:HbiX, 'ITO 3H8'l:HTenbHO COKpauraeT 

'l:HCno CB06oaHh!X napaMeTpOB, MOI"yT llpOH3BOaHTb cneayiOUIHe peaKUHH: 

Ha'l:anbHbie '18CTHUbl + 11 + eure 'l:TD-HH6yab, C aepO.HTHOCTbiO 

aa ea. apeMeHH al • 
Ha'l:anbHbie '18CTHUbi -+K + eure 'l:TD-HH6yab, C BepOHTHOCTbiO 

aa ea. apeMeHH a2 

H8'18nbHb!e '18CTHUbl -+ y + eure 'l:TD-HH6Yilb 0 C BepOHTHOCTbkJ 

aa ell. apeMeHH a 3 • 

KpoMe aroro B03MO)KHbi peaKunn paaMHO)I(eHHH nHoHoa 3a C'ICT nTo-

PH'l:Hb!X '18CTHU. 

fT-+fT+1T 

K-+K+" 

(K -+ K + 11) 

y -+ y + 1T 

BepORTHOCTb 38 eaHHHUy apeMeHH {3 J 

aepoHTHOCTb aa ellHHHUY apeMemt H
3 

BepO.HTHOCTb 38 ellHHifUY BpeMeHif (3 4 

H peaKUHH YHH'l:TO)KeHH.H ITHOHOB: 

11 -+ K + K aepoHTHOCTb aa ellHHHUY BpeMeHH {3 2 • 

06oaaaqag 'l:epe3 P;: ( t) aepoHTHOCTb pO)KJleHH.H 3a apeM.H 

k 
n ITHOHOB, 'l:epea p n ( t) - BepOHTHOCTb pO)KJleHHSI 38 BpeM.H t n Ka-

OHOB H 'l:epea p: ( t) - aepO.HTHOCTb pO)KJleHH.H 38 BpeM.H 

nonyqaeM llnH HHX cnellyiOUIYIO CHCTeMy ypaaHeHHA 

t n I"HllepOHOB, 
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P 17 
(t) = - [ n ( t:l1 - {:l2 ) + a 1 + 2 ( I. n P k ( t J) f:l + ( I. n P Y ( t)) t:l ] • 

n n n 3 n n 4 

·P"(t) +[(n-1)(/:l-t:l )+a +2(I.nP (t))f:l +(I.n~P (t))f:l]P (t) /r k y 1T ' ) 

n I 2 I n n 3 n n 4 n-1 l_ :J 

• k 
pn (t) 

1T k 
-[a 2 +(;nPn (t))f:l

2
] [Pn (t) 

k 
pn-1 (t)] 

p: ( t) [ 
y y 

- a3 pn (t)- pn-z(t)] 

C H8'18JlbHbiMH yCJIOSHHMH 

{ 

1 n = 0 . , . 
k - y 0 = 

p 
17 

(0) = P ( 0) - P n ( ) 0 n f. 0 
n n ' 

(6) 

nnH peweHHH 9TOA CHCTeMbi Heo6XOllHMO ClleJI8Tb onpe)lJieHHbie npell-

noJIO)I{eHHH o nose)leHHH seJIH'IHHbi N a = I. n P a ( t) 
n n 

• B npellbillYIUHx 

aawax pa6oTax npaMeHHJIOCb nepsoe npa6JIH)I{eHae 

Na (t) = Na(1) = const, (7) 

KOTopoe 03H8'18eT, 'ITO see npOUeCCbi S Te'leHHe speMeHH S38HMOlleACTSHH ..... 
npOHCXOllHT SHpTy8JlbH0 1 8 38TeM see '18CTHUbl npesp8IU810TCH S tPH3H'IeC-

KHe, 

3JleCb fiOll'lepKHeM ewe pas, 'ITO llJIH llOJIHO~O 38ll8HHH MOlleJIH Heo6-

XOJlHMO CJleJiaTb npeJlnOJIO)I{eHHSI 0 

1) K8H8JI8X pO)I{JleHHH (s KOHe'IHOM C'leTe 0 TOM, K8KHe '18CTHUbl o6-

pa3yiOTCH, 

2) 'IHCJie KOHe'IHbiX '18CTHU S 9JieMeHT8pHbiX peaKUHHX ( T,e, 0JlHo

'18CTH'IHOe, JlSYX'I8CTH'IHOe H T,Jl, pO)I(JleHHe), 

3) nose)leHHH tPYHKUHH Na (t) 

HaMeHeHae n106o~o as 9THX npeJlnono)l{eHHA MeHHeT HOPMHposaaHoe 

pacnpelleneaae MHO)I{eCTSeHHOCTH, Ha o6mee nose)leHHe KoppenHUHOHHbiX 

tPYHKUHA OK83b!S8IOT SJIHHHHe TOJlbKO nepsb!A H sTopoA nyHKTbi, 

8 

~ 
,'t 

~ 

~eAHMaH-~83 S CTpyAHOM ll08X0Jl9 

nnH TO~O 'IT06bi llOJIY'IHTb pacnpe)leJieHHe (2) S p8MK8: 

)lena, aeo6XOJlHMO CJlenaTb PSIJl JlOnymeaaA. Bse)leM tiJopMaJib 

HHH 

a ( t) 
1T 

a 1 + 2 (I. n P nk ( t) ) f:l 3 + (I. n P: ( t)) {:l
4 n n 

ak ( t) 
1T 

a 2 + r; n p n ( t)) t:l2 

a ( t) = a 3 • y 

BenH'IHHbi a a ( t) HMelOT CMbiCJI sepOHTHOCTH pO)I(JleHHH 38 

MeHH OJlHOA '18CTHUbi COpTS a SCeMH S03MO)I{Hb!MH S peaKUII 

llPY~HX COpTOs, 

npe)lllOJIO)I{HM Tenepb 1 'ITO S03M0)1{H0 p0)1(Jl9HH9 S 9JieM 

8KUHHX llSYX '18CTHU COpTa a C sepOHTHOCTblO 38 eJlHHHUY E 

HOA b a ( t) 

nanee, nyCTb 

t:lt = t:l2 

3TO 03H8'18eT, 'ITO nOJIHOe 'IHCJIO nHOHOS1 o6pa30S8HHbiX S p 

8KUHH1 pasHO 'IHCJIY llHOHOS1 o6pa30S8HHbiX H3 H8'18JibHO~O C1 

npa 9TOM yCJIOSHH ypasHeHHH HOpMHpOS8HHOA MHO)I{eCT: 

THU J11060~0 COpTS OllHOTHllHbi H MO~YT 6b!Tb 38llHC8Hbl CJiell; 

0 a a a a a 
P ( t) = - a ( t)[ P ( t) - P ( t)] - b ( t )[ P ( t) - P ( t)] 

n a n n-1 a n-t n-2 

noJIO)I{HM Tenepb tiJopM8JibH01 'ITO 

~Jle 

a a ( t) 

b ( t) 
a 

f' 
I H 

CH S SHJl9! 

.... 

f; - t; t, 

~~ t, 

l' 
2 

He aasHCHT OT t • To~Jla ypasaeaae (10) 

9 



·I 

-~) 

~ 

~eAHMaH-~83 B CTpyAHOM noaxope 

.llJJSI TO~O 'ITOObl nony'IHl'b pacnpepeneHHe (2) B paMKaX CTpyAHoA MO

QeJJH, Heooxot:tHMO ct:tenaTb PSIB t:tonymeHHA. Baet:teM !j>opMa.llbHbie ooosHa'le-

HHSI 

a ( t) 
71 

ak ( t) 

ay ( t) 

a 1 + 2(I nPnk(t)){3 +(I nP:(t)){3 
n 3 n 4 

71 
a 2 + (I n p n (t)) {3 2 • 

n 

a 3 • (8) 

BeJJH'IHHbi aa ( t) HMeiOT CMbiCJJ BepOSITHOCTH pO)I{t:teHHSI sa et:tHHHilY Bpe-

MeHH OtlHOA '18CTHilbl COpTa a BCeMH. BOSMO)I{HbiMH B peaKilHSIX '18Cl'HI18MH 

BPY~Hx copToa, 

npet:tnOJJO)KHM Tenepb 1 'ITO BOSMO)I{HO pO)I{tleHHe B 9JJeMeHT8pHbiX pe

BKilHSIX BBYX '18CTHI1 COpTa a C BepOSil'HOCTblO sa et:tHHHilY BpeMeHH
1 

paa

HOA ba (t) 

.llanee, nycl'b 

f3z=f32 
(9) 

3To OSHB'IaeT, 'ITO nOJJHOe 'IHC.IJO nHOHOB, oopaSOBBHHb!X B pesy.llbTaTe pe

BKilHH, paBHO 'IHCJJY nHOHOB, OopaSOB8HHbiX HS H8'18.1lbHO~O COCTOSIHHSI. 

npH 9TOM YCJJOBHH ypaBHeHHSI HOpMHpOB8HHOA MHO)I{eCTBeHHOCTH 'IBC

THil .IJIOOO~O COpTa OtlHOTHnHbl H MO~YT Ob!Tb sanHC8Hbl CJJet:tyiOillHM oopaSOM: 

0
a a a a a 

P ( t) = - a ( t)[ P ( t) - P ( t)] - b ( t )[ P ( t) - P ( t)] , 
n a n n-1 a n-1 n-2 

no.IJO)KHM Tenepb !j>opMa.IJbHO, 'ITO 

aa(t) = f;- 1; t, 

b ( t) = f' t' 
a 2 

( 10) 

( 11) 

~Be f' 
1 H I' 

2 He saaHCSIT OT t • To~t:ta ypaaHeHHe (10) nepenHCbiBaeT-

CSI B BHt:te: 

9 
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" a P (f)=-I'[P (f)-P 
n 1 n n -1 

a 
~-/f)]• (f)]+f'f[Pa 

2 n 

a 
(f)- 2Pn-/ f) (12) 

PemeHHe 9TOI'O yp8BHeHHSI npH H8'i8nbHhiX ycnoBH SIX (6) H AnSI .PH3H'iec-

KHX 'i8CTHU ( T,e, B MOMeHT f = T nonHoe BpeMSI B38HMOAeii:CTBHS1) HMe-

eT BHA 

a 
pn (t) 

-t'r+.l..t' r
2 

[';' I' r-1
1
' 1 22 1 2 n . 2 

e - ( i - r ) Hn ( r __..::..,__--.;;;._ 
n 2 v 2f' 

2 

(13) 

H npeACT8BnSieT COOOA HOpMHpOB8HHOe p8CnpeAeneHHe MHO*eCTBeHHOCTH 

AnSI .PeHHM8H-I'838 C ll8p8MeTp8MH 

{~ T = £1 ' t; t2= {2. ( 14) 

T8KHM o6p830M, KOppenSIUHOHHhie IPYHKUHH B IPeAHM8H-I'83e CBSI38Hbl 

c BepoHTHOCTSIMH PO*AeHHSI CTpyDHoA MOAenu. BTop8S1 KOppenSIUHOHH8SI 

!PyHKUHSI p8BH8 B9pOSITHOCTH pO*AeHHSI ABYX 'i8CTHU COpT8 a BC9MH B03-

MO*HhiMH 'i8CTHU8MH APYI'OI'O copT8 B Te'ieHHe nonHOI'O BpeMeHH B38HMo

AeHCTBHSI, nepB8SI KOppenSIUHOHH8SI !PyHKUHSI p8BH8 nonHOA BepOSITHOCTH 

pO*AeHHSI 'i8CTHUhr copT8 a , T.e. cyMMe BepoSITHocTeA PO*AeHHSI OAHOA 

H ABYX 'i8CTHU BC9MH OCT8nbHhlMH 'i8CTHU8MH APYI'OI'O COpT8 38 TO *9 

BpeMSI, 

/1/ 
KpoMe TOI'O OTM9THM1 'iTO ecnH, Cn9AYSI p800T9 1 C'iHT8Tb 'iTO 

.PeAHM8H-I'83 llOA'iHHSieTCSI p8cnpeAeneHH~ C KOppenSIUHOHHhlMH !PyHKUHSIMH 

He Bblille BTOpOI'O nopHAK8 1 TO MO*HO C'iHTSTb !Pei!:HM8H-I'830M n~Obie pe-

meHHSI yp8BHeHHSI (10) 1 I'Ae a a (f) H b a (f) , Booome I'OBOpS11 p83nH'i-

Hbre nonHHOMhi no f 

C sToA TO'iKH 3peHHSI, p8cnpet:teneHHe (2) 1 nony'ieHHoe M~nnepoM1 

He SIBnSieTCSI C8Mb!M 00illHM1 llOCKOnbKY t:tnSI TOI'O 'iTOObl ei'O nony'iHTb 

TpeoyeTCSI nHHeAH8SI 38BHCHMOCTb aa (f) H ba(t) OT t 1 npH'I9M cne-

10 

UH!PH'ieCKOI'O BHtl8, 3To XOTSI H Bbii'nSit:tHT tl0CT8TO'IHO ecTeCTI 

8ITpHOpH He SIBnSieTCSI eAHHCTB9HHb!M HnH C8Mb!M OOillHM, 

06o6meHHag Mopenb 

0TK8*eMCSI OT HCKyCCTBeHHOI'O B p8MK8X CTpyii:HOil: MOt:! 

no*eHHSI (9) 1 Ho coxp8HHM B03MO*HOCTb t:tByx'laCTH'iHOI'O pO> 

MeHT8pHhiX npoueccax. ToPt:ta t:tnH HopMHpoBaHHOI'O pacnpet:tel 

BeHHOCTeil: HMeeM cnet:ty~my~ CHCTeMy yp8BHeHHA 

"" " " P (f)= -({:3 -{:3 )[nP (f) -(n- 1)P (f)]-
n 1 2 n n-1 

" " " " - a Tr ( f) [ P n ( f) - P n _1 ( f) ] - b Tr ( f) [ Pn _ 
1 

( t) - P n _
2 

( t) ] 

~k,y(t)=-a (f)[Pk,y (f)-Pk,y(f)] 
n k,y n n-1 

- b (f)[Pk,y(f)- Pk,y(f)]. 
k,y n-1 n-2 

11cnonb3Yst npet:tnono*eHHSI ( 11) H Ha'ianbHhre ycnoBHSI 

p8Cnpet:teneHHSI THna .PeHHM8H-I'838 (13) t:tnSI K80HOB H I'Hllei 

OHOB pacnpet:teneHHe MO*eT Ob!Tb 38llHC8HO B BHt:te 

p" I' 
2 

n n 
( T) = exp (- 2 I T - {' 

2 
1 y a n 1 2 T - -;-)--

-- 212 n! a y" 
• exp I ..J .5_ [ In ( 1- Y) 11 2 

I't:te 

2 --1 I 
8- -(:3.' I' ' 1 2 2 

Y = 1 - exp (- {:3 T - {:3 T) • 
1 2 

K COJKaneHH~ 1 9T8 !PopMa SIBnsteTCS'I CnHlliKOM I'p0M03AKOA1 H• 

B H3BeCTHhiX IPYHKUHHX1 H, cnet:toBaTenbH01 MO*eT ObiTb pac< 

'IHcneHHO, B CBSI3H c 9THM B03HHKaeT Bonpoc1 uenecoo6pa3E 

B ypaBHeHHSI 'lneHbl 1 38BHCSiillHe OT n H n - 1 1 llOCKOnbKY 

11 



UH<jlH'l9CKOI"'O BHaa. 3To XOTSI H Bbii"'nSiaHT aoCT8TO'IHO eCTeCTBeHHbiM, HO 

anpHOpH He SIBnSieTCSI eaHHCTB9HHbiM HnH C8MbiM OOIUHM, 

06o6meaaaa Mogenb 

0TKa~eMCSI OT HCKYCCTBeHHOI"'O B paMK8X CTpy~HO~ MoaenH npeano

nomeHHSI ( 9), HO COXpaHHM B03MO~HOCTb aayX'I8CTH'IHOI"'O po~aeHHSI B ane

MeHTapHbJX npoueccax. Toraa anSI HOpMHpoaaHHoro pacnpeaeneHHSI MHO~ecT

aeHHocTe~ HM99M cneay!OIUYIO CHCTeMy ypaBH9HH~ 

'rr TT TT 
P (t) =-((3 -(3 )[nP (t)-(n-1)P (t)]-

n 1 2 n n-1 

TT TT TT TT 
- aTT(t)[P n (t)- Pn_1 (t))- bTT (t)[Pn_ 1 (t)- Pn_

2 
(t)] 

~ k' Y ( t) = - a ( t) [ P k, Y ( t) - P k, Y ( t) ] 
n k,y n n-1 ( 15) 

-b (t)[Pk,y(t)-Pk,y(t)]. 
k,y n-1 n-2 

11cnonbay.II npeanono~eHHSI ( 11) H Ha'lanbHbie ycnoBHSI (6), nony'laeM 

pacnpeaeneHHSI THna <jle~HMaH-raaa (13) anSI KaoHoa H rHnepoHoB, DnSI nH

oHoa pacnpeaeneHHe Mo~eT obiTb aanHcaHo a aHae 

TT f' 2 p n ( T) = exp (- 2 f 1 T -
2 

T 

rae 

• e.xp I v .&_ [ In ( 1- Y) 
2 f3. ~- (3.2• 

2 n 
f't y 

-21' )-, 
2 n. 

f , 2 
- _1 1 I f' , 

2 

Y = 1- exp(-(3 r -(3 r). 
1 2 

a" 
a yn ( 16) 

(17) 

K COiKaneHHI0 0 !9Ta <jlopMa SIBnHeTCSI CnHWKOM rpOM03aKO~, He Bbipa~aeTCSI 

B HaaecTHbiX <jlyHKUHSIX, H, cneaoaaTenbHo, Mo~eT ObiTb pacC'IHTaHa nHwb 

'IHCneHHO, B CBSI3H C !9THM B03HHKaeT BOnpoc, uenecooopa3HO nH BBOaHTb 

B YP8BH9HHSI 'lneHbi, 38BHCSIIUH9 OT n H n - 1 0 llOCKOnbKY OHH cyweCTBeH-

11 
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HO ycnO*H'HIDT pacnpeaeneHHe no MHO*eCTBeHHOCTH? 0TBeT Coaep*HTC'SI 

B Bbi'SICHeHHH <fJH3H'IeCKOI'O CMbiCna 'lneHOB H ycnOBHi!: 1 npH KOTOpb!X HMH 

MO*HO npeHe6pet~b, 

llpe*ae BCei'O paCCMOTpHM 3aBHCHMOCTb CpeaHei!: MHO*eCTBeHHOCTH 

oT aaeprHH, CpeaHaa MHO*eCTBeHHOCTb no pacnpeaeneHHID (13) pasHa 

N
8 

( r) = l; r. (18) 

0Tcroaa, Hcnonbayg ( 14), ( 3) H ( 4), nonyt~aeM 

N8 ( r) "' Ins, (19) 

~ng pacnpeaeneHHB (16) cpeaaaa MHo*e~TBeHHOCTb paaaa 

l' 
N(r)=-

1 le~({31 r-{32 r)-JI 
TT {31-{32 

(20) 

HnH, npHanexaa Te *e cooTaoweaHa, nonyt~aeM 

Nrr (r) 
ln(s/s0 ) s t!y 

y [ (-) - '1]. 
ln(s/'s0 ) ·so 

(21) 

-._ B aTOM cnyt~ae cpeaHaa MHO*ecTaeHHOCTb nHOHOB pacTeT nponopuHoHanhHO 

nH6o aexoTopotl: (ae6onbwoi!:) cTeneHH aaeprHH, nH6o norapH<fJMy aaeprHH. 

C TO'IKH apeHH'SI HMeiDWHXC'SI B HaCTO'SIIUee .BpeMB 9KCnepHMeHTanbHbiX JlaH

HbiX aonyCTHMO KaK TO, TaK H apyroe noaeaeHHe, 

~anee, OCTaBHM B nepBOM ypaBH9HHH (5) TOnhKO t~neHbl 1 nHHei!:Hbie 

no n H ( n - 1) , Toraa 

ITT TT TT ) p (t) =-(tl- tl J[(n+ 1)P (t)-nP (t) o 
n 1-' 1 ~-'2 n n-1 (22) 

PeweHHe 9TOI'O ypaBHeHH'SI MO*HO aanHCaTb B BRae 

TT n 
p (t) = y ( 1- y)' 

n (23) 

rae Y onpeaenaeTca ( 17). CpeaHaa MHo*ecTaeHHOCTb Tax oro pacnpe}lene

HHB llaCKang: 

12 

j• 

y 
N ( T) = 

TT 1 - y 

nH6o aoo6me He aaaHCHT oT aaepruH, nH6o HMeeT cna6y~ 

BHCHMOCTb, noao6Hhii!: xapaKTep noaeaeHHB cpeaHeii MHO~ 

6 
,h u 17/ 

nroaaeTC'SI B npoueccax aH~paKUHOHHOH aHCCOUH8UHH , 

TaKHM o6paaoM, t~neHhi, aaBHCBWHe OT n H (n- 1) 

( 15 ), MOIKHO HCKniD'IHTb TOnbKO npH aocTaTO'IHO 60nbWHX 

BKnaaoM npouecCOB aH<flpaKUHOHHOH aHCCOUHaUHH MO*HO n 

B aaKnrot~eHHe oTMeTHM, 'ITO B paMKaX cTpyil:Horo 1 

WHM o6o6weHHeM aanaeTca Moaenh, onpeaenaeMaa ypaaa 

c npoHaaonbHhiMH <flyHKUHBMH aa (t) H b8 (t) , Pacnt: 

*eCTBeHHOCTH nHOHOB B 9TOH MoaenH MO*HO aanHC8Tb B 

" y"a" P"(t)=e~l-2f[a (t)+ 2
1

b (t)]dtl--o 
n o· TT TT n! ayn 

Y(T) 

e~ I f [a ( t) + 
2
1 b ( t) dt I o 

O TT TT 

TaKoe Bbipa*eHHe, XOTB H OTnHt~aeTC'SI OT pacnpeaeneHHSl 

C HHM no 06IUeMY noaeaeHHID KOppenBUHOHHbiX <flyHKUHH, 

HOI'O H3y'leHH'51 KOppenBUHOHHbiX <flyHKUHH B CTpyil:HOM nOJJ 

roT C8MOCTOBTenbHbiH HHTepeCo 0HH noapo6HO 6yayT pac< 

aetl:weM, 

flHTepaTypa 

I, K.G.Wi1son. Preprint CLNS-131, 1970. 

2, A.H.Mue11er. Phys.Rev. 04, 150 (1971). 

3, H.K.~ywyTHH, B.M, Manbuea, llpenpHHT 011.HI1 P2-58 

4, B,M. Manbuea, H.K. ~ywyTHH. llpenpHHT 011.HI1 P2-6l 

5, I.D.Bjorken. Phys.Rev., 179, 1547 (1969) 
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5I 

H 

TH 

18) 

9) 

0) 

1 ) 

HO 

e-

y 

N (r) ~ 1 Y 
17 -

(24) 

nu6o soo6me He aasucuT oT aHepruu, nu6o HMeeT cna6yro cTeneHHyro aa

BHCHMOCTb, llOt:l06Hblil: XapaKTep ITOB9t:l9HHR cpet;lHeil: MH0}1{9CTB9HHOCTH Ha

/7/ 6nroJ;laeTCR B npoueccax t:lH~paKUHOHHOH t:lHCCOUHSUHH , 

TaKHM o6paaoM, qneHbi, aasncRmHe oT n H (n- 1) s ypasHeHHRX 

( 15 ), MOJKHO HCKniD'l[HTb TOIIbKO llpH t:lOCTaTO'l[HO 6onbWHX 9HeprHRX, KOrJ;la 

BKnaJ;lOM npoueCCOB t:lH~paKUHOHHOH t:lHCCOUHSUHH MO}KHO npeHe6peqb, 

8 38Knroqeaue OTMeTHM, 'l[TO B paMKaX CTpyil:Horo nOJ:lXOJ:la J;lanbHeH

WHM o6o6meaueM RBnReTcsr MOt:lellb, onpet;lensreMasr ypasHeHHeM Tuna ( 15) 

C npoH3BOnbHblMH ~YHKUHRMH 8
8 

(t) H ba (t) • Pacnpet:leneaue no MHo-

}1{9CTBeHHOCTH nHOHOB B 9TOft MOJ:lenu MO}KHO 38nHC8Tb B BHJ:le 
17 ynan 

P17 (t)~expl-2f[a (t)+ 
2
1 b (t)]dtl--. 

n 0 17 17 n! ayn 
Y(r) 

exp I J [a ( t) + .1. b ( t) dt I . 
17 2 17 (25) 

0 

TaKOe Bb!p8}1{9HHe, XOTSI H OTnHqaeTCSI OT pacnpet;leneHHSI ( 16), HO CXOJ:lHO 

c HHM no o6meMY noseJ;leHHID KOppensrunoHHhiX ~YHKUHH, Bonpocbi t:leTallb

Horo H3Y'l[9HHSI KOppenSIUHOHHblX ~YHKUHil: B CTpyil:HOM nOJ;lXOJ;le npet;lCTasnsr

IDT C8MOCTOSIT91IbHblil: HHTepec, 0HH not;lp06HO 6yJ;lyT paCCMOTpeHb! B J;lanb-

Heil:weM, 

nuTepaTypa 

1, K.G.Wi1son. Preprint CLNS-131, 1970. 

2. A.H.Mue11er. Phys.Rev. D4, 150 (1971). 

3, H.K.nywyTHH, B.M. Manbues. llpenpHHT OJ1.HJ1 P2-5829, ny6aa, 1971. 

4. B,M, Manbues, H.K, nywyTHH, llpenpHHT OJ1.HJ1 P2-6500, ny6Ha, 1972, 

5, I.D.Bjorken. Phys.Rev., 179, 1547 (1969). 
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6. !.Benecke, T.T.Chou, C.N.Yang, E.Yen. Phys.Rev., 
1881 2159 (1969} • 

7. M.Good, W.Wa1ker. Phys.Rev., 120, 1857 (1960}. 
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