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1. BaegenHe 

Kaaa~c~noTeHuHanbHbiii nonxoA B KBaHToaoii TeopHH nons, npenno)!{eH­

/1/ 
Hbiii nepaoHa'lanbHO floryHOBhiM H TaaxenHA3e , anocnencTBHH 6hin yc-

nelliHO npHM9H9H npH HCCnellOB8HHH CBR38HHblX COCTORHHH H 38Jl8'1 pacceR­
/2-5/ 

HHR B CHCTeMe llBYX '18CTHU ( CMo 1 HanpHMep, 0630pbl . ) • 

B pRll9 pa60T 118 OCHOB9 KB83HnoTellUH8nb!IOrO 'ypaBllellliR 6binH HC-

cnellOB8Hbl ananHTH'I9CKH9 CBOHCTB8 8MIInHTYllhl pacceRHHR H1 B 'IOCTHOC.TII, 

H3Y'191lhl TpaeKTOpHH PeJl)K9 nnR cny'laR cynepn03HUiili IOK8BCKHX KB83Hn0-

/6-8/ 
T9HUH8nOB 

B nacTORllleii pa6oTe H3y'laeTCR MeTOll npu6nn)l<ennoro pe111eHHSI KBa-

3HnoTeHuHanbuoro ypaB119HHSI nnSI llBYX 6eccnHIIOBblX '18CTIIU B cnyqae, 

KOrAa SlllpO peaonbB9HTHOrO ypaB119HHSI He SIBnSieTCSI KB8Jlp8Tii'IIIO HHTerpH­

pyeMbJM1 a nHlllb orpaHH'IeHHbiM. Pe111eHHe npeJlCTaanSieTCSI B BHlle cyMMbi 

llBYX 'lneHOB
1 

Olllill !i3 KOTOpblX npeJlCTaBnSieT co6oii OTH0111911H9 llBYX nonH-
" /9 10/ 

IIOMOB no KOHCT8HT9 · CBS13H 1 a BTOpOll 1!83bJB89TCSI OCT8TKOM 
1 

• B '18CT-; 

HOM cny'lae KB8Jlp8TH'Ill0 HHTerpHpyeMhiX Slll9P nony'laeTCSI pelllellli9 <l>peA­

rollbMB. B H9KOTOpblX cny'IBSIX B031\10li<IIO Jl0611TbCSI CHTY8UI!H 1 KOrJla OCT8-

TOK "JlOCT8TO'IHO Man" H pellleHI!e npHilHM8eT Bllll nane-npo6H. 
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HeKoTopbie MeTOJlbi pewemm KBasnnoTeHuxranbHbiX ypaBHeHnii MO)KHO 
I 11-141 

HaiiTn B pa6oTax • IToapo6Hoe )1(9 nsno)KeHne Teopnn nHTerpanb-

" 1151 
Hb!X ypaBH9Hllll1 CMo 1 HanpnMep, B 

2. MeTon aeonpeaeneHHbiX KoadxlmuneHToB 

Ill 
PaccMoTpnM KBasnnoTeHunanhHoe ypaBHeHne anSI aMnnnTyJlbi pac-

ce.HHHSI: 

...... ..... _, ...... ... 
.. .. .. .. dq V(E;p,q)T(q,k) 

T(p, k)=V(E;p, k)+f :.:;;·~::::;:s~ 
y m 2 + 3 2 q 2 - m2 + E ~ ~.i 0 

( 2.1) 

3aecb P 1 k - OTHOCllTenbHbl9 llMnynbCbl JlByX '18CTllU B Haqanb-

HOM 
..;-;-

n KOH9'1HOM COCTOSIHllSIX 0 COOTB9TCTB9HHO E = --
2
-- 0 rae 'S- KB8Jl-

paT nonnoii aaeprnn cncTeMbi JlByx ·qacTnu B c.u.M., Ha noBepxaocTn aaep­

rnn s = 4E 
2 

= 4 ( m 2 + p 2 ) = 4 ( m 2 + k 2_!. 

0TM9TllM 3Jl9Cb )1(9 0 'ITO OCHOBHbl9 pesynbTliTbi, nony'leHHb19 B 9TOH 

pa6oTe, nerKo MoryT 6biTb nepeaeceHbi Ha cny'laH, Koraa ncxoJlHbiM nyHK-
1 161 

TOM SIBnSieTcSI ypaBl!eHne KaJlbiiUeBcKoro anSI aMnnnTYJlbi pacce.HnnSI, 

nnn paccMaTpnBaeTcn BapnaHT KBasnnoTenunanbHoro noaxoaa, npeano)Ken-
·. I 111 

Hbiii ToaopoBbiM • 

B nanbneiiweM 6yneM pa6oTaTb c napunanbl!biMll Benn'lnHaMn. Onpe­

nennM nnSI aToro napunanbHoe pasno)KeHne, HanpnMep, nnn aMnnnTyJlbi pac­

cennnSI cnenyromnM o6pas_oM: 

-> .. 
·-· -· ' 1 "" ' p k r r P, k J = -- I ( 2 e + 1 J re r P, k J P e c J • 

2pke:o pk 
( 2.2) 

BBeneM Bennqnny 

R e c P, k J = ¢ c P J re r P, k) ¢ r k) , ( 2.3) 

rne: 

¢ ( P) = V h [ V ~ + m 2 ( E2 - m 2 - p 2) ] 
-Y, 

( 2.4) 

4 

JlerKO BllJlSTb, 'ITO R e 

R e ( p , k ) = K e (E ; p 

Re ( p ; k) Mo)KHO paceM< 

HllSI C SIJlpOM: 

f17 
Ke(E; p,k)= 2 

yE - n 

B aanbHeiiweM 6y1 

noB roKaBcKoro ~nna. B 

00 

v e c E; P ,k J = r d 
2 

Jl. 
. ITpeanonaraeTcSI, • 

Sinpo nHTerpanbHoro yp. 

llMSTb MSCTO, HanpnMep 

nopSIJlKBX UO KOHCTaHTe 

Jl9HCTBHSI g cp 4 
• 

Mbi onycTnM Bpe~ 

ero B onepaTopHoii ~op 

R 7 K+.\KR, 

rne ,\ - B9IU9CTB9Hllbli 

B cnyqae .\ = 1 ) • 

HHSI 

. ITpencTaBnM npn61 

JlBYX KOH9'1HbiX 
N , 
I lP 

PSI/l 

k+l R _ k=O -------
Q (.\) 



anbHblX ypaBHeHHfi MO)KHO 

eHne Teopnn HHTerpanb-

a#nuneHTOB 

Ill 
e. Jlmi aMnnnTyJlbi pac-

p,q)T(q, f) 

- m2 + E~ ·.i 0 
( 2.1) 

::bl JlBYX 'IaCTHU B HatJ:anb-
y-:;-

= -
2
- 1 I'}le ·s - KBaJl-

lloMo1 Ha llOBepXHOCTH aHep-

NiTbl, nonytJ:eHHbie B aTOll 

:an, · KOI'Jla HCXOJlHbiM nyHK­

nSI aMnnHTYJlbl pacceSIHHSI, 

JOI'O llOJlXOJla, npeJlnO)KeH-

bHbiMH aenH'IHHaMH. Onpe-

pnMep, JlnSI aMnnHTYJlbi pac-

( e 

J] 

-> -> 
p k 

pk 
) . ( 2,2) 

( 2.3) 

( 2.4) 

JlerKO BHJleTb, 'ITO R e ( p, k) YJlOBne'rBOpSieT ypaBHeHIUO 

00 

R e ( p, k) = K e ( E; p, k) + J d q K e ( E; p, q) R e ( q, k). 
0 

( 2.5) 

Re ( p , k) MO)KHO paccMaTpHBaTb KaK peaonbBeHTY HHTerpanbHOI'O ypaBHe-

HHSI C SIJlpOM: 

2 " v e c E ; P , k > 1 < 2. a) 
Ke(E; p,k)= I 2 2 2 2 14 2 2 2 yE - rn -p [(m 2 +p 2 )(m +k 2 )l yE -:m -k • 

B JlanbHefirneM 6yJleM paccMaTpHBaTb cynepnoanunn KBaannoTeHuna­

noB roKaBcKoro ~una. B aToM cnyqae: 

V e ( E; p , k ) = J d v,a ( E ; v ) .Q e 
2 

( 2. 7) 

IL 
ITpeJlnonaraeTcSI, 'ITO cneKTpanbHaH £i>yHKUHSI a ( E ; v) TaKoBa, 'ITO 

SIJlpO HHTerpanbHOI'O ypaBHeHHSI ( 2,5) orpaHH'IeHOo TaKaS! CHTyaUliH MO)KeT 

HMeTb MeCTO, HallpHMep, JJ.nSI KBa3llllOTeHUHanoB, B03HliK810lliHX B IIII3lliliX, 

nopSIJlKaX ITO KOHCTaHTe CBSI3H B Teopl!H nonSI C narpBH>KllaHOM B381IMO­

JlefiCTBliSI g cp 4 

Mbl onycTliM BpeMeHHO HHJJ.eKC e B ypaBHeHIIH ( 2.5) II 38llllllleM 

ero B onepaTopHofi 4>opMe: 

( 2,8) 

rile A. - aernecTBeHHbifi napaMeTp ( ypaaneHne ( 2,5) nonyqaeTcH 113 ( 2.8) 

B cnyqae A. = 1 ) • 

ITpeJlcTaBHM npn6nn)Kennoe perneHHe ypaaneHHH ( 2.8) n BHJJ.e oTnome-

HIISI JlBYX KOHe'IHbiX 
N 
I lP 

k=O k+l 
R=-----

Q (A.) 

pHJlOB: 

N 

Q (A)= I ( 2,9) 

k=O 

5 



,. 

r.oe P k - neHsnecTHbie onepa'l'opbll C k - nponsnonbHbie nocTosrHHbte. 

no.uciannsrsr ( 2.9) B ypannenHe ( 2.5) I nonytmM 

p 
k +1 

nplPJeM 

PI 

C K + K P 
k k 

K. 

( 2.10) 

TaK KllK sr.opo K y ( E; p , k J orpaHH'JeHo 1 To k -oe HTepHponannoe sr.opo 

(k) ~ 
Kp (E:k,p)= f dqi, •• dq Ky(E;p,q )Kp(E;q ,q ) ... K{E;q ,k). 

0 k-I 1 I 2 . k-1 

nenpeph!Bilo. 

npe.OCTllDIIM onepaTOp p 
I< 1 I 

p 
kt1 

N, 

!. 
n=U 

c 'K (II f I) 

k+I.,n+I ' 

( 2.11) 

B BH.Oe: 

( 2. 12) 

r.oe C k - HensnecTIIJoie Koa<jlqtnunenThi, Hcnonhsysr ( 2,10) 1 nony'IHM cne-" . 

.OYIOIUee peKyppeHTHOe COOTIIOIIICI!lle: 

c =c l'i +c 
k·l1,nti k no kn 

( 2.13) 

npn'IeM: 

C I o = C oi = O ' 

TaKIIM o6pasoM1 C = C [ Q] - Tpeyronbuasr MaTpnua. 

Ypannenne ( 2.12) MO>KHo sanucaTb n MllTpll'IHOfi lflopMe 

P=C[Q]K, ( 2.14) 

r.oe K- cTon6eu c aneMeHTllMII K(k) P - cTon6eu c aneMeHTaMH 

pk (p,k) 

11HTepeCHO OTMCTIITb, 'ITO MaTpllUbl 

-1 
C[Q,Q')=C[Q)C [Q'] ( 2.15) 

6 

-l-'l• :;. 

tf 
Ll 

r: 

!·I 
~··~ \ 

•• 1~ ~ ' 

o6pasyroT nonyrpynny 

c [ Q , Q , ] = c. [ ~ 

srnnsrromyrocst nonyrpyr 

PloJ-= cro;xJ 

· Hsno>KeHHbiH Me' 

CBSI38Tb C. ll3BeCTHbiM 

CTBHTenbH0 1 nne.oeM n 

p 

S [ K] = !. A k 
p 

k=O 

II K09Ql!flHUllellTbl. 

A 
:N,k 

Ak ck 
.N k 
!. A . C 

k=O 
HeTpy.imo ·noKasaTb1 ~ 

N k 
l A P 

k=O ·~ R [N ,N J 
= 

I xk c 
k =0 

Bbtpa>Kenue (2.20) np1 

30M, ecnu cyMMhi Hbl 

lOT Koneqaoe pemenHe 

3. 0 

Heonpe.oenenHhie Koa¢ 

no.oo6pa11w TaKHM o6p 

JJIISI, 



Ip01i3BOnbHbl9 llOCTOHHHbl9o 

IM 

( 2.10) 

k -oe MT9pMpOB8HH09 HJlpO 

1
(E;q ,q ) ••• K/E;q 

1
,k), 

' 1 2 (. k-

( 2.11) 

( 2. 12) 

nonh3YH ( 2.10), nony"'HM cne-

( 2.13) 

1 MaTpnua. 

MllTpii'IJIOfi 4JopMe 

( 2,14) 

·P - cTon6eu c sneMeHTBMH 

(2.15) 

tf 
ll ...., 

o6pa3yroT nonyrpynny 

c [ Q ' Q ' ) = c [ Q ' Q " ) c [ Q" ' Q ' ) ' ( 2.16) 

stBnstromyrocst nonyrpynnoii noncTaHoBoK nnst "'MCniiTenst 

P [ Q) = C [ Q, X ) P [X) • ( 2,17) 

l13nO)K9HHbiH M9TOll p91U9HHH KB83MUOT9JIUHOnbHOrO ypaBH91lHH MO>KJIO 

CBH38Tb C H3B9CTHbiM M9TOllOM CYMMHpOBBIIHH pOCXOJlHIIlliXCH pHllOBo lleii-

CTBHTenbno, nneneM napunanhHbie cyMMbi 

S [ K) = 
p 

A k K (k) 

A 
N,k 

HeTpynao 

[N ,N I 
R 

N 
!. A k C 

k=O k 
noKa3aTb, 'ITO 

N k 
~ A p 

k=O k+l A S [.K l . 
N.N-k k 

( 2,18) 

( 2.19) 

( 2.20) 

k =0 
Bbipa>KeHMe ( 2.20) npencTannneT co6ol1 cyMMY Hbopnynna. TaKHM o6pa-

30M1 ecnM cyMMbl Hbopnyana nnst peweanst ( 2,9) cy~ecTiiyroT 1 To onM na­
/18/ 

roT KoHe"!aoe peweane nnst peaonbBellTJioro onepaTopa 

3. Onpeneneane Kos~K),MuneHToB C k 

HeonpeneneHHble Ko~4JMuneHTJ,J C k 1 nnenenHhJe B ( 2.9) 1 MoryT 6biTb 

nono6paHbi TOKHM o6pa30M, 'IT06bi nony'lanncb npocTbie n yno6Jibie pewe-

Jill H. 

7 



HarrpnMep, ecnn 

co = 1 ' C1= ... =CN 0 ' ( 3.1) 

TO rronyqaeTCSI 6opHOBCKIIil: pSIJl 

R = I A k K(k+l) 
k • 

(3.2) 

B cnyqae, Korna mrryp orrepaTopa K cymecTByeT H KoHe'leH, nnst 

aaaMenaTenSI B ( 2,9) MO>KHO Bbi6paTb cnenyromee Bbipa>KeHne: 

Q (A)= det 11 -A K 1.= expSpfni1-AKI. • (3.3) 

B aToM cnyqae Bbipa>KeHHe ( 2,9) coBrranaeT c II3BeCTHbiM pemeaneM <l>pen-

ronbMa. 

OrrpenennM Terrepb BenH'IHHY 

R '(p,k) = R (p,k) - R[N,N) (p,k) I ( 3.4) 

BbJ6epeM Koa<P¢nuneHTbi C k TaKHM o6paaoM, 'IT06bi I R ' ( P, k) I 6bm MHHH­

ManbiibiM, HeTpynao rroKaaaTb 1 'ITO R ' yJloBneTBopsteT ypaBHeunro 

rne 

R'= 

N 
N+l I 

A k=O 

c K (N+2- k ) 
k 

+A K .R' 

I Ak C 
k 

k=O 

( 3,5) 

PaanocTb R
• • /9,10/ 

6yJleT MHHHM8nbHOH 1 ecnH MHHHManbHO Bb!pa>KeHHe 

N 
( N +2- k) 2 

N 1-l II k}O ck K II. 
A (3.6) 

I. 
k 

c k I 2 A 
k =0 

00 
2 

II K II = I K. (E;p,q) K (E;q,p)dq . ( 3. 7) 

0 

8 

ITpn noKaaaTenbCTBe rrocnE 

stnpa K • 

nn~~epeaunpyg (3.6) 

rronyqaeM JlBe cucTeMbi yp 

o6paaoM: 

' 

N N 
I. I. 

k=O k~O 
c c*.IAk 

k k . 
( 

a 'oo (N+2-k(' ' 
A I (K E ;p, q) 

o. 

BTopast cncTeMa ypaBHeHn 

HarrpHMep, rrpn crreu1 

'N = 1; a = 1 ; k = 0,1 

rronyqaeM: 

j [K(2) (E;p.CJ 

0 
c .. -

1 00 

(2) 
f[K (E;p,CJ 

0 
ITpnMeHSISI K (3,10).Teop~~ 

rnn, rronyqaeM: 

K(3
)( E) 

c1 =------
Kc2>(E) 

TaKHM o6paaoM, pemeune 

ITane-npo6n: 

. (1 +A 

R [ 1,1] ( k) = . e . p, . 

IToncTaBnSISI K e B ( 2.9) I 



( 3.1) 

(3.2) 

1ee BbipameHne: 

L . (3,3) 

l!3BeCTHbiM peweHHeM 4>pen-

I ( 3.4) 

qTo6hi IR '(p,k)\ 6bm MHHH-

neTBOpHeT ypaBHeHliiD 

( 3.5) 

/9 10/ 
: MHHHManhHO Bbipamemre' ' 

( 3.6) 

( 3. 7) 

ITpu noKaaaTenbCTBe nocnenHero yTnepmneHHH cymecTneHHa orpaHnqeHHOCTh 

Hnpa K • 

nu!fl!flepeHUllpyH ( 3,6) no C k ll ncnonh3YH ycnonue ~ ,\ k C f, 0 
k k 

nonyqaeM nne cncTeMbi ypanHeHnil:, onHa 113 KOTOpbiX BbirnHnHT cnenyromuM 

o6paaoM: 
N N 
~ ~ 

00 2 , * 
C c* ,I ,\k f (K(N+ -k >(E;p,q) K(N+2-a)(E;q,p)dq-

k k 
0 

,\a j ( iN+2-k{E ;p, q )/ K(N+2-k) (E; q, p) dq I 

0 

(3~8) 

BTopaH cncTeMa ypanHeHHil: oTnnqaeTcH oT ( 3.8) onepauneil: corrpHmemm. 

HanpnMep, npn cneuuanhHDM. Bbi6ope nennqnH N , a , k , k' 

·N = 1; a = 1 ; k = 0,1 ; k ' = 0,1; 

j [ K (2) ( E; p, q) - ,\ K (3 > ( E; p, q)] * K(3) (E; q, p) dq 

0 

00 3) * (2) f [ K(2)(E;p,q)- ,\K( (E;p,q)l K (E;q,p) dq 

0 

( 3.9) 

( 3.10) 

ITpnMeHHH K (3.10) TeopeMy o cpenHeM n nepexons Ha nonepxHocTh sHep-

rnn, nonyqaeM: 

K(3
)( E) 

ct =------
K (2)( E) 

( 3.11) 

TaKHM o6paaoM, peweHne ( 2.9) MomHo npenc·.ranuTh B anne 

ITane-npo6n: 

[ 1,1] . 
R ( p, k) = ----------~---. e 1 + ,\ c1 

( 3.12) 

IToncTannss K e B ( 2,9). c yqeTOM ( 2.6) rronyqnM: 

9 



00 

[ 2,Il 
Ty. (p,k) 

( 1 + C I ) Ve ( E ; p , k) + f Ve ( E ; p, q) Ve ( E ; q, k) dq ¢/ ( q) 
0 ,( 3~ 13) 

1 + C I 

rile 
00 

2 2 -f Vp (E;p,q1)cp (q1)Vy (E;q1,q2)cp (q2)Ve(E;q2,p)dqidq2 

c = 0 ·-----···- (3.14) 
1 00 2 

f Vp (E;p,q) Vy (E;q,p)dqcp (q) 
0 

llnH cnyqaH nemecTBeHHhiX xnasnnoTeuunanon napunanbHaH aMnnnTy/la 
[ 1,1 1 

T p yJlonneTBOpHeT cne/lyiOWeMy JlByxqacTnquoMy ycnoBHIO yHHTapHOCTH 
• 

T v '1] (E) - r1/ '1 ] (E) 

2·i 

1T 

2 pym 

2 

2 + p 

• ri1
,'I] (E) T ~1 ,I] (E),(3.15) 

Dpn s <4m2 nynn slwMennTenn B (3,13) onpe/lenHIOTCH KaK CBH3aHHbie 

COCTOHIIIIH CIICTeMhl 1 II ycnOBife 

r 2.11 "" 2 2 
Zy (E,t.) = J VP. (E;p,q) dqcp (q)-

0 

oc 2 -f Vn (E;p,q ) cp (q) V (E;q , q Jcp2(q )V (E;q ,p)dq dq=O 
I 1 1 f 12 2P 2 I2 

0 

Momuo paccMaTpiiBDTb KaK ycnosne, ananornquoe ycnoBHIO ncqesuoBeHnH 

KOIICT8HThl nepeHOpMllpOBKH, 

3aKniOqenne 

l1snomeHHbiil 3/leCb MeTO/l ueonpe/leneHHbiX xoa¢<jmuueuToB nosnonHeT 

pemaTb ypanueune KBasimoTeuunanbuoro Tuna B cnyqae, xor/la H/lpo pesonb­

BeHTHoro onepaTopa HBnHeTCH orpannqeHHbiM, Kor/la me cncTeMa ( 3.8) 

nMeeT perneune, noxasana nosMomnocTb npe/lcTaBUTb ero B snne nane-Jlpo-

6n. 

10 
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2 
p, q) Vr ( E ; q, k) dq ¢ ( q) 

,(3~13) 

ra.noB napunam:'nast aMn.nnTyna 

H'IHOMY yc.llOBHID yHHTapHOCTH 

• 
T~t;t] (E)T~t,t] (EJ,(3.15) 

pene.nSIIDTCSI K8K CBSI381IHble 

rnoe yc.noBHID ncqeanoBeHHSI 

ib!X Ko9¢qmuneHTOB no3BO.llSieT 

l B' c.nyqae, 'Korna SIIlPO peao.nb­

• Korna' IKe cucTeMa ( 3,8) 

lCTOBIITb ero B B!Hle flane-llpO-

Peruenne KB83HHOTel!UH8.1lbl!OI"O ypaB!Iel!HSI 8THM CITOC060M MO>KeT OK8-

38TbCSI rro.ne3l!hlM 1 narrpnMep, rrpn ana.nnae CBSI38!1llhlX COCTOSIHHfi1 TpaeKTO­

pnii: Pen>Ke n neKoTophiX npyrnx xapaKTepncTnK llBYX'IaCTH'Il!Ofi cncTeMhi. 

ABTophr Bhrpa>KaiDT r.ny6oKyiD 6.naronapnocTb A.B •. EcppeMoBy, B.A. MaT­

' BeeBy, n.A.C.nerrqeUKO, A.H.TaBxe.nnnae, 11.T.TonopoBy, A.T.ct>n.nnrrrroBy aa 

o6cy>K!lenne aaTponyThiX anecb BorrpocoB. 
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TipenpHHTbi H coo6meHJ 
HMHOro o6MeHa 1 YHHB9pCWf< 
H8Y'lHblM rpynnaM H OT.Uen 

TionytJaTeliSIM H3Jl8H,Hfi 
SIBHTb HHHUH8THBY B 6ecnn 
o6MeH8 npHHHM810TCSI H8yt; 
ny6nHK8UHH no TeMaTHKe ( 

EnHHCTBeHHbifi BHJl ny 
9TO , penpHHTbl l OTTHCKH CTll 

~ pstne cnyt~aeB Mbi c 
6onee KpynHbiM nonyqaTenf 
cnaTb H8M K8KHe-nH60 KHHl 
>KypH8nbi1 H3Jl8~11IH9CSI B HJ 

11anaTenbCKHfi oTnen e 
COB Ha BblCbinKY H3ll8HHfi I 
YK83biB8Tb HHll9KC aanparu: 

TIHcbMa no BceM Bonp 

oTnenbHbie HanaHHSI cnenye'I 

1 
c 
I1 

Anpec nnst nocbmKH B 

6ecnnaTHofi nonnHCKH Ha He 
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