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3fiKoaanbaoe npencTaBneane aMnnHTYllhl pacceRHHR B paMKax KBaHTOBofi 

Teopnn nonR MoJKeT 6biTb nonyqeao paann'IHhiMH MeTonaMn I 1-31. XapaKTepao, 

'ITO BO Bcex nonxonax aTo npencTaBneHne_B03HnKaeT KaK nepBoe npn6nnJKeHne 

npll cyMMHpo~aHHH neCTHH'IHbiX H Kpocc-neCTHH'IHb!X llH8I'p8MM B Bb!COK09Hep

reTH'I9CKOH o6nacTH1 U09TOMY B8lKH8 OU9HK8 8CHMnTOTH'I9CKOI'O noBeneHHR 

nonpaBo'IHhiX qneHoB K aToMy npencTaBneHnro. B aaBHCHMOCTH oT Toro, KaKofi 

MeTOll HCnOnb30Bancg npH Bb!BOll9 9HKOH8nbHOH !flopMynhi, COOTB9TCTB9HHO npell

naranHCb paanH'IHbie nyTH nony'IeHHR nonpaBoK I 1- 31• OnHaKo pacqeTbi . B 

aTiiX · pa6oTax He 6hmH npoBeneHhi xl. 

B .[l8HHOM C006III9HHH HCCne.[lOB8HH9 nonpaBOK OCHOBb!B89TCR Ha UO.[lXOll91 

nony'IHBIUeM H83BaHne npn6nHJKeHH51 npHMOnHHefiHbiX nyTefi 
151. 3fiKoHanbaoe 

npe.[lCTaBneHH9 .[lnR cyMMbl o6o6meHHb!X neCTHH'IHbiX nnarpaMM 9THM M9TO.[l0M 

6hmo nony'IeHo B pa6oTax 13•51 , TaM JKe 6bm HaMe'IeH n cnoco6 aaxoJK.t~eHHR 
nonpaBO'IHbiX 'In9HOB. 

Hcnonb3YH Hafi.t~eHHyro oueHKY BhlCOKOaHepreTH'IecKoro noBe.t~eRHR nep

Boro nonpaBO'IHOI'O qneHa, MOlKHO yTB9plKll8Tb, 'ITO 9HKOH8nbH09 npellCTaBne-
2 

HH9 B CKamtpHOH MO.[lenH g t/J rp npaBl!nbHO BOCnpOH3BOllHT 8CHMUTOTHKY cyMMbl 

xl B paMKax KBaannoTeaunanbHoro nonxona aTa.aana'Ia paccMoTpeaa 

5·pa6oTe 141. . 
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o6o6meHHbiX neCTHII'IHbiX JliiarpaMM JlO 6-ro IIOpSIJlKa IIO g BKnJO'IIITenbHO, 

3To yTBeplKneane cornacyeTcSI c peaynbTaTaMn pa6oThi 16!, rne 6hmo Bhmon

aeuo llpH~Oe CYMMHpOB8HHe 8CIIMIITOTIIK COOTBeTCTByJOlUIIX <jJeilHM8HOBCKIIX Jlll-

arpaMM, 

npii nony'leHHH aToil oueHKH HaMil 6onee neTanbno o6cylKnaeTcSI a<jJ¢eKT 

38I183Jlb!B8HIISI B 8HKOH8nbHOil ~OpMyne, TO eCTb 38BIICIIMOCTb ailKOH8nbHOil 

!jla3bl OT BpeMeHHOil II IIpOJlOnbHOil KOMIIOHeHT "npHUenbHOrO I18p8MeTpa" II 

CBSI3b 8TOI1 38BIICIIMOCTII C COOTBeTCTBYJOIIleii anrrpOKCHM8UIIei1 HyKIIOHHbiX rrpo

rraraTOpOB, 

Hccnenoeaune cnenyJO.mnx nonpaBoK K aiiKonanbuoil tjlopMyne ( 8-ro II 

10-ro nopnnKa no g ) CBSiaano co 3Ha'lnTenhHbiMH TexHH'IeCKHMll TPYllHOCTH

M:n. noaTOMy BOIIpOC B38:UMHoro COKpalUeH:UH "8HOManbHbiX" { HeailKOHanbHblX) 

qneHOB B CyMMe COOTBeTCTByJOIIlliX necTHII'IllblX )lHarpaMM no-npemneMy OCTa

eTCSI OTKpbiThiM 111, Hcnonbayg ~yHKunouanbHhifi rronxon, Momuo nony'IHTb 

38MKHYTYIO 38I1l1Cb ( B ~OpMe OJlHOrO MHOrOKpaTHOro IIHTerpana) cyMMbl BCeX 

o6o6meHHhiX necTHH'IHhiX nnarpaMM nannoro nopSIJlKa no g • TaKoe npen -

cTaeneane, npneenenuoe B np:nnomeunn,. MolKeT 6biTb noneaHbiM npn nccneno

eannn BbiCoKoanepreT:nqecKoro noeenen:nn ecefi cyMMLI necTHH'IHhiX nnarpaMM 

B KlllKJlOM IIOpH)lKe TeOpllll B03MylUeH:UH, 

B KOime coo6men:ng KpaTKo o6cy:lKJlaeTcSI MonnqmKau:nSI ai1Konanbuoro 
2 

rrpencTaBneHHH B cKanHpnotl Monenn f. = g rf; ¢ npn y'leTe B narpanilmane 
rnt 

qneua A ¢ 
4 

, Beenenne TaKoro nononH:nTenbnoro eaanMoneiicTBIHI JliiKTyeT

CH COOTBeTCTBJieM paCCM8TpiiB8eMofi MOJlen:n C peanHCTII'IeCK:UM narpaH:lKH8-

HOM B Me30Jl:UH8M:UKe: g 'I' y T. 'P ¢. + A( ¢ . A. ) 2 
5~r ' z'P; 

II 

KaK 6binO uatlneno B pa6oTe I:JI, cyMMll Bcex o6o6ntennhiX necTIIIPIHI.!X 

)lllarpaMM B TOOpllll £ in t ~' g lj1 
2 

cf> npeJlCT8BIIM8 C IIOMOUlbJO l!JyllKUIIOII[liibHblX 

IIIITerpanoB B cneJlyJOmeM enne: 

. 2 2 
f(q ,q IP ,p J=g n 

2 1 2 

4 +oo i([>-q)b c , 
(f[8v] )fe 1 1 D(b)d"b 

I - !"' 
i= 1 

4 

I . 2 ·+oo 
xJd>..explig >.. J ,dxdy 

0 -oo 

+ 2x(p
1

()(-x)+q
1

()(x 

rne 

4 +oo 
Ui v}.; 

.llnSI Bb!'IHCneHl!H ljlyHKUl!Of 

soaanocb pasnomenne 

4 +oo 
([8 v}. e 

2 
II P(v) II ~<P 

e 

rne 

2' 
npn S=(p1+p2 )-> 

meunhiX necTHH'IHhiX n:narpa1 

HOMY BHJlYo ecn:n orpaHH'Il 

( 2) 131 • Ha H3hiKe n:narpa1 

OT6paChlB8HIIIO B HyKnOHHhlX 

k i - :UMIIynbCbl B:UpTyan 

COXp8HSIIOTCH ( 'ln_eHbl BllJl8 

OnuaKo afiKouanhuoe 1 

ueap:U30B8B "HyKnOHHbie." I: 

~ k; kl 
i> i 

I 1 I. B tPYHKUIIOf 

c 
HIIIO B apryMeJITe D -tjJyHK 



KB ITO g BKnJO'IHTenbHO. 

)Th; /6/, rne 6hino Bhmon

yJOmnx ql8HHM8HOBCKUX Ill!-

nb!IO o6cy>KnaeTCSJ a<jJ<jleKT 

BBIICHMOCTb 9HKOHBnbHOH 

uue'nbnoro napaMeTpa" II 

CJIMBUIIeli llyKnOII!IbJX rrpo-

~nbnoif <jlopMyne (8-ro II 

TexnnqecKUMU TpynnoCTSJ

lnhHhiX" ( !leaifKOHBnhllhlX) 

paMM rro-rrpe>KneMy ocTa

lOilXOil, MO>KHO rrony'IUTb 

uu~erpana) cyMMhi Be ex 

l rro g • TaKoe rrpen -

rroneaHhiM rrpn nccneno

tu lJeCTHU'IHhiX )lll8I'p8MM 

lU¢UK8UUS! 9HKOrranbHOI'O 

npn y'leTe B narpan)Jmane 

338UMO)leliCTBI!Sl )li!KTyeT

Il!CTII'I8CKHM narpa!Dl<HB-

0600ill8HilhlX neCTillf'llll.!X 

:oMOUlbiO l!Jy!IKUII011£1nhlll>!X 

l 
j 

l 
l 

•.':" 

I 2 +co c " y 

x(d>.explig >. J dxdyD [b +2 (vi(TJ)dTJ-2 ( v 2 {:TJ)dTJ + 
0 0 0 

(1) 
+ 2x(p 8(-x)+q e(x))- 2y(p28(-y}+ q28(y))l.l' 

I I . . .. .. 

rne 4 +oo 2 
8 vexp 1-i r v (TJ)dTJl 

4 +oo 
(8 v], .· = +oo. ' , 

(8
4
vexpl-i J v

2
(TJ).d_TJl 

4 
llnSI Bbl'IHCneHIISI <jlyHKUIIOHBnbHbiX KBBilpaTyp ITO 8 V J B STOll pa60Te IICITOnb-

30BBnOCb paano>Kenne 

4 +oo 
([8 v]. e 

2 2 
g P(v) 1: .<P> 00 2n 

e I. g -------
n=o n! 

( 2) 
.<( F (v)-.<F>t > 

rne 
4 +oo 

.<F> J[S v]. F (v) 

2' 
flpu t = ( p - q ) = const 

I I 
cyMMa Bcex o6o6-

ill8HIIb!X neCTHII'IHbiX )lli8I'p8MM ( <flopMyna ( 1)) nerKO llpUBO)lUTCS! K 9HKOHBnh

HOMy BHilY, ecm:J orpaHH'IIITbCS! rrepBbiM 'ln8HOM. ( n = 0) B paano>KeHHH 

( 2) /S/• Ha S13biKe Jl~arpaMM .<l>efiHMBHB TBKOe rrpufinli>K8Hlle COOTB8TCTByeT 

oT6pacbiBBHHJO B HyKnoHHhiX nponaraTopax cnaraeMbiX BUlla I. k. k 1 , rne 
i I= j I 

k ; - HMITynbCbl BllpTyBnbHblX • M830HOB •, HO KB8Jlp8Tbl 9TIIX IIMITynbCOB 

2 
COXpBHSIIOTCSI ( 'ln8Hbl Bllll8 I_ k ) • 

0JlH8KO SHKOHBnhHOe npeJlCTBBneHHe MO>KHO rrony'IIITb II rronHOCTbJO nH

H88pH30B8B "HyKnOHHbie" UpOUBI'BTOpb!,. T.e. orryCTHB Bee cnaraeMbie BIIJlB 

I. k. k. 
i> .1 I 1 

1 11 • B tjlynKuuonanbHOM noaxoae aTo cooTBeTCTByeT npene6pe>Ke'-

c 
HliJO B apryMenTe D -tPYHKUHH B cpopMyne ( 1) aaBncuMoCTbJO oT tjlynKunonanb-
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HOfi nepeMeHHOfi II • npH 3TOM B 060HX cny'ISSIX KOH9'1Hbl9 pe3ynbT8Tbl nony

'18nHCb OllHH8KOBb!MH /1, 2•3/ • 

TaKHM o6pa3oM, ynepmaHHe KBanpaTOB HMnynbCOB BHpTyanbHblX Me30HOB 

B HyKnOHHbiX nponaraTopax CBOAHTCH, K838nOCb 6bl, nHillb K 6onee yno6HOMY 

C M8T9M8TH'leCKO!l TO'IKH 3p~HHSI npHeMy, n03BOnHJOilleMy H36emaTb nOHBneHHSI 

6onee CHnbHbiX paCXOAHMOCTe!l B npoMemyTO'IHblX Bbl'IHCneHHSIXo 
2 

OnaaKo oKaabiBaeTcSI, 'ITO 'lneHbi BHna I k. npHBOAHT K 3anaanbiBa-
; ' 

HHJO B allKoaanbaofi $aae B npenene s ~ ~ , H B peaynbTaTe aToro ae nony

qaeTcH o6W'IH8SI aepenHTHBHCTCKBSI .KB8HTOBOM9X8HH'l9CK8SI ¢opMyna. 

l.fT06bi nponeMOHCTpHpOB8Tb 3T01 Bbl'IHCnHM aiiKOHanbHYJO ¢a3y X HHbiM 

no cpaBHeHHIO C pac'I~TBMH pa60Tbl /3/ nyTeM. 11cnonb3YSI ( 2) H ( 1) 1 AnSI X 

nonyqaeM cnenyJOillee BblpameaHe: 

X 

4 lhl& +oo 2 
2 d k e 2 

-g ( --4 2 2 J n d~. explik 1~.1 + 
( 2rr} k - ll -oo i= J 1 1 

+ r-1/2ie rP.or-e.; + q or~ JJ·k 1. 
1 1 1 I I 

4 
nocne B3HTHH HHTerpana no d k 

)( 

2 1T 2 ~ d ~~ de 2 d a 
g--4.( 2 

( 2rr) 0 (a + eJ + e2) 

~OpMyny (3) nerKO npHBeCTH K BHllY 
b 2 r-- e q + e q ; 

I [ .. 2 l l 2 2 ] 
exp -1 + 

a +el+e2 

b 2 b 2 
r-

2 
+ e P - e P ; . r-2 + 2 ~ p + 2 ~ q ; • ll 22 ll '22 

+ exp[-1 ], + exp[-i }.+ 

a+ 13 + E . I . 2 

b r-- e . 2 
+ exp [ -i 2 1 q 1- t 2 P 2 ) 

a+ e + e 
I 2 

a+ e + e 
l 2 

1 I. 

6 

(3) 

(4) 

X 

Kamnoe cnaraeMoe B noi 

e l e2 
expl±i s + 

a+ e + e 
l 2 

llpH s ~ ~ 

o6nacTb e l 
seane Momao 

, t"' const r; 

1 
H e ,. -

2 s 
nonomHTb e. 

' 
nepeMeHHO!l S • llanee 1 HI 

M8HOBCKHX HHTerpanoB /8/, 

X 
s-> oo 

2 (2 
-i-g-H 

8s · o 

rne 
( 2) 

H 
0 

-tjlyHKUHH XaaKeJ 

Tenepb cyMMa o6o6n 

2 4 i(t>,-

f ( s' t) = -i g r d b e 
0 

rAe 

2 
x(b ,s) naeTcH ¢oJ 

HanbHOii tjla3bl X ( 5) OT ,t 

3ana3AbiB8HHSI OCT89TCSI1 

H MHHMYJO '18CTHo 

OueHHM, HcnonhaySI 

nepso!l aeHc'le3aJOmell non 

{(s,t)"' f (s,t)+ A{ 
0 

tlf ('s,t) 
l 

1 . [. -f (s,l} X 
(j 0 



KOHe'IHble peaynbTSTbl nony-

lbCOB BHpTyanbHblX M930HOB 

bi1 nHIIIb K 6onee y.no6HoMy 

~llleMy Ha6emaTb fiOHBneHHH 

llbl'IHCneHHHX. 

npHBO.IlHT K 38fi83.1lblll8-

peaynbTaTe aToro He nony

'lecKaH ljJopMyna. 

fKOHanbHYIO ljlaay X HHbiM 

:nonb3YH ( 2) H ( 1) 1 .nnH X 

0 npHBeCTH K BH.Ily 

2 
+~2q2) 
----] + 

2 
+ 2 ~ q ) 

2 2 
----}.+ 

(3) 

X 

(4) 

Kam.noe cnaraeMoe B DO.IlbiHTerpanbHOM Bb!pa>KeHHH B ( 4) HMeeT BH.Il 

e l e2 
expl±i------s + il(b,pi,qi, ei.a)l. 

a+ e + e 
l 2 

llpH S -> oo 1 t = const rnaBHblll: BKna.ll B, HHTerpan no d e l H d e 
2 

.ll89T 

o6naCTb e l 
aea.ne Momao 

H e "" .!._ • no STOMy B fiO.IlbiHTerpanbHOM Bb!pa:H<eHHH B ( 4) 
2 s 

nonomHTb e.= 0 38 HCKniO'l9HH9M KoaljJijJHUH9HTOB npH 6onbiiiOfi 
I 

nepeMeHHOfi S • naneeiHCnonb3YH T9XHHKy H8XO:ll<.ll9HHH 8CHMnTOTHKH ljlell:H

M8HOBCKHX HHTerpanOB /8/ 1 nony'IHM! 

X 
s-> oo 

g 2 (21 -;-
-i-H (111./b J 

8s O 

( 2) 
r.ne H -ljJyHKUHH XaHKemi BToporo po.na. 

0 

( 5) 

Tenepb cyMMa o6o6meHHbiX necTHH'IHbiX .nnarpaMM ( 1) npHIIHMaeT BH.Il 

2 

c 
D (b) 

2 (e 
x(b , s J 

2 
iX(b , S) 

- 1) • { 6) 

r.ne X (b , s) .naeTcH tlJopMynon ( 5). CymecTBeHao1 'ITO aaBHCHMOCTb all:Ko-

HanbHOfi ljla3bl X ( 5) OT b o H b z He HC'ie389T npH S -+ oo , T,e, aljJijJeKT 

38fi83.1lb!B8HHH OCT89TCH1 npn STOM ljlaaa HMeeT K8K .ll9fiCTBHTenbHyl01 TSK 

H MHHMYIO "'SCTH. 

//[ 

OueHHM1 ncnonbayH paanomeane ( 2) 1 BbiCoKoaaepreTH"'ecKoe n6Be.neane 

nepBoll: · aencqeaaromell: nonpaBKH ( n = 2) K ljJopMyne ( 6): 

{(s,t) = f (s,t) + llf (s,t) + ... 
0 1 

llf ('s,t) 
l 

-co 

7 

( 7) 



rae 
X y 

w = b + 2 'r V ( n) d n + 2 { V ( 17) d l7 + 2 p X - 2 p y . 1 ., ., . 2 1 2 
0 0 

2 
g 

TaK KaK )( "' --
6 s , To nepBoe cnaraeMoe B !J.f 1 npn s ... 00 BeaeT ce6H, 

g f . 6 
KaK ---;•( ( s, t) ... canst ) ; To ecTb cpaBHHMO c ':lneaoM nopHnKa g B paa-s O.S-Jooo 

nomeann ¢opMynhi (~). Oaaaxo Taxoe acnMnToTnqecxoe noBeaeane nepBoro 

cnaraeMOI'O B ( 7) TO':IHO KOMneacnpyeTCH BTOpb!M ':lneHOM. 1.JTo6bi nOK838Tb 
· +oo c 2 . 

aTo, aattaeM acnMnToTnKy .< ( J J d x d y D ( w)) > npn s .... oo 

-oo 
+oo 

2 +oo +oo 
00 c 2 4 . 4 . <([ [dxdy D (w)) '> = 'll (i [[8 v] ( dx.dy (d k ( da 

.. . · I 1 I· I i 
-oo 1=1 -oo -oo 0 

(8) 

2 2 "; 'Yj 

exp I i a1 r k1 - fl. + i€) + 2 i k1 [ J v
1 

r TJ J dTJ - J v
2 
r TJ Jd TJ + p /

1
,... p

2 

r
1 

l + i bk 
1 

IJ. 
0 0 

4 
¢yHKUHOH8nbHb!e HHTerpanbi. no 8 vj H HHTei'panhi no BHpTyanbHh!M HMnynb-

4 

CSM d k j nel'KO BbiiTOnHH!OTCH. Ilocne 8TOI'O tflopMyna. ( 8) npHHHM89T BHJl 

2 +oo oo f ) 
1 -2 (x, r,a 
~ ll ([dx1 dy1 J da1 )C. (x,y,a)expli s + i!(x,y,a}l, (9) 
(4TT) i=l -oo 0 C(x,y,a) 

rae {(x,y,a) = (a 1 +:ix 1 1 + lr
1
i)x

2
y

2
+(a

2
+lx

2
1 + ir

2
1Jx

1
y

1

-

-a(x,y)(x
2 

y
1 

+x
1 
y~), 

C(a,x,y)=(a +lx l+ly .j)(a +lx l+lr IJ 
1 1 1 2 2 2 

2 
-a (x,y) 

a(x,y)=x (}(x j'-t X (}(x)- X (}.(X -X )-X (}(x -X )+(X. -+y .. ). 
1 1 ·2 2 1 1 2 2 2 '1 ' ' 

8 

] 

\7 
,] 

KaK xopomo naBecTHo, r 

· o6naCTb HHTei'pHpOB8HHH
1 

aeane HHTer~ana B' aTott 

x = A x' ;- x 
1 1 1 2 

dx 'dx dy dy
2 

... A 
1

A 
2 1 2 1 . 

Ir~ 

Tenepb o6nacTb f(x,y,'a) 

noaToMy B nOJlh!HTerpanbH 

i:: A =· 0 
2 

+oo· 
c 2 . 

<(J(dxdyD (w))> .... , 

8(x' +x'· -1}8(y' +y' 
. 1 2 . 1 . 2 

(a a ) 2 

1 2 

b 
-i

a1 

CymecTBeaao, ':ITO npn A] 

(9) Boaanxno aa·c':leT cnar 

B (8) nocne B3HTHH tflyHKU~ 
4 

pHpOBSHHH no d k 1 H d 

o6nacTn s ... oo paannqne 

aaeT,· To eCTb nx BKnanhi, I 

CH • .lleHCTBHTenbH01 Hcnonb: 

M8HOBCKHX HHTerpanOB1 'ITO 
'J." 

+oo 
c 

.<( J [,dxdy D (w 

-oo 



2p r 
2 

rrpn s ... oo BeneT ce6sr, 

6 
'lneHOM IIOpH}:IK8 g B pa3-

qecKoe rroseneane rrepsoro 

i qneHOM, tJT06bi IIOK838Tb 

> rrpn 'S -. oo 

4 00 

f d 'k r da 
I · I 

0 

( 8) 

,)d'T/+P x.,....P.r.]+ibk 1). 
' l 1 2 1 I. 

I no BHpTyanbHbiM 'HMnynb-

>Myna. (8) npnHnMaeT BHA 

~a) 
- s +if (x,y,a)l, (8) 
'• a) 

2 
[)-a (x,y), 

n(1 -x 
1 

)+(x .'-> y .. ·)·. 
2 V 2 '• I I 

KaK xopomo nasecTHo, npn ·s -> oo rnaBHbiil: BKnan B nHTerpan ( 8) naeT 

o6naCTb nHTerpnposaansr, rne f(x,y, a) "' 0 , tJTo6bi nccnenosaTb nose

neane nHTerpana B aToil: o6~acTn, cnenaeM cnenyromne aaMeHbi nepeMeHHbiX: 

X 
1 

A x'· , 
1 1 

x ·= A x' 
2 1 2 r - A y' . 

1 - 2 1 ' 

d x 1 d x ~ d r 1 d r 2 ... A 1 A 2 d x ' 1 d r '
1 

d x' 
2 

d r '2 8 r x '
1 

+ x '
2 

...: 1 J 8 r r ~. + r ~ - 1 ') . · 

f (X' r' a) ... A 1 A 2 f (X', y,; a) . 

Terre ph o6nacTb f ( x, y, a) "' 0 orrpenensreTcsr aaaqeansrMn A 
1 

n A 
2 

"' 0 

II09TOMy B IIO}:IbiHTerpanbHOM Bb!p8)!<9HHH B ( 8) B93Jle MO:lKHO nonO:lKHTb A 
1 

= 
= A2 = 0 

+oo 
c 2 

<(( f dxdy D (w)) > 

o(x' +x' -l)o(y' +y' - 1) 
l 2 I 2 

(a a ) 
2 

1 2 

exp 

2 2 

. 
a X 

li >.. 
1 

lo. 
2 

l 2 

b b 2 
-i--i--ip. (a +a )1. 

ai a 2 I 2 

dx'· 
i 

d • 
y i 

00 

r d a . ) 
1 

0 

y: + a x'· y' 
2 1 I 

s -
al a 

2 

( 10) 

CyruecTBeaao,. qTo npn A 1 "' 0 n A2 "' 0 a(x,y)=O. a(x,y)B cpopMyne 

(8) B03HHKnO 38 ·CqeT cnaraeMbiX BH}:I8 ~ k. k.. B nOK838Tene 9KCnOHeHTbl 
;f, I I 1 4 4 . 

B (8) nocne B3HTHH 
4 

pHpOB8HHH no d k I 

cpyHKUHOHanbHbiX HHTerpanOB no 8 II H 8 11 H llliTer-
4 . l 2 

n d k , • 0Tcrona cnenyeT, qTo B acnM~ToTnqecKolf 

o6nacTn s ... 00 paannqne Memny nepBbiM n BTopbiM cnaraeMbiM E\ ( 7) ncqe
g6 

aaeT,· To ecTb nx BKnaAhi, nponopunoaanbHbie 
1 B38HMHO COKp8l!l8IOT-

s 2 

CH, lleficTBHTenbH0 1 HCIIOnbaysr Ty :lKe TeXHHKy H8XO:lK}:IeHHH 8CHMIITOTHK cpelfH-
.• 

M8HOBCKHX HHTerpanoB, qTo H BO BTOpOM paanene, rronyqaeM H3 ( 10) 

4 
g (2) 2 2 

--
2 

(H . (p. yb )) 
64 s 0 . 

c 2 
.<( J (,dxdy D (w)) > 

+oo 

'S--+ oo 
-oo 

8 



TaK KSK rnaBHbi6 SCHMnTOTHKH B <fJopMyne ( 7) B38HMHO COKpaTHnHcb, TO 

noseneane tl f ( s, t) npu s .. oo 

MH qneHaMH, KOTOpbte npH S -+ 

onpenenHeTCH MnSillliHMH SCHMnTOTHqeCKH-
6 

g 
oo MeHbllle HnH nopHllKS (MoJKeT 

s 

6btTb, c aeKoTopoit nono)KI{TenbHOit cTeneHbJO l n s ) • 0TCJOil8 cnenyeT, qTo 

B n1060M nopHilK6 no KOHCTSHTe CBH3H g 
2 BK~Sll !l {I B aMnnHTYllY { 

npH S -+ oo M6Hbllie no CpSBHeHHIO C BKnSllOM qneHOB TOI'O :lK6 nopHilKS no 
2 g B afiKoaanbHOit aMnnnTyne f 0 ( s, t) • Ho, aaquaas c qeTBepToro no-

2 
pHilKS no g t He06XOilHMO yqHTbiBSTb cnellyJOUIYIO nonpaBKy f!l f ( R = 3 

2 

B pa3nomeHHH. (2)). 
Hccnenys BbtcoKoaHepreTuqecKoe noseneaue nonpasoqabiX qneaoB tlf 

- 2 

/!lf 
3 

H T.Jl., MOmHO 6btn0 6bt B UpHHUHne BbiHCHHTb BOnpoc, COKpSUISIOTCH 

HnH HeT SHOMSnbHbJe \He <lHKOHSnbHbJe} BKnSilbl npH CYMMHpOBSHHH BCeX of>o!S-

UieHHblX necTHHqHbiX nnarpaMM /7 I. OnaaKo nccnenosaaue aTnx nonpaBOK css-

3aHo CO 3HaqHTenbHbiMH TeXHHqecKHMH TpyllHOCTHMH. 

K sonpocy o cymecTBoBaHHH aeafiKoHanbHbiX BKnanoa B cyMMe nec'rauq

HbiX llHSI'pSMM MOmHO nOilOHTH H npHMbiM cyMMHpOBSHHeM B TeOpHH B03My

rueHHH. 3aeCb none3HbiM MomeT OK838TbCH 38MKHyToe npellCTSBneHHe ( B lf>op

Me OllHOI'O MHOI'OKpSTHOI'O HHTerpana) BCeit COBOKynHOCTH o6o6UieHHhlX necT

HHqHbiX llHSI'pSMM llSHHOI'O nopHilKS UO KOHCTSHTe CBH3H g 1 KOTOpoe MOmHO 

nonyquTh, ucnonb3YH if>yHKUHOHanbHbiil: noaxon (eM. npnnomeaHe). 

IV 

B aToM pa3aene KpaTKo paccMaTpHBaeTCH MOilH<fJHKaUHH ail:Koaanbaoro 
2 

npeacTaaneHHH aMnnHTYllbi paccesHHH B TeopHH g 1/1 c/J npH yqeTe aononHH-
4 

Tenbaoro B3aHMoneficTBHH anna A c/J • B BbiCoKoaaepreTnqecKoit o6nacTH 

cyMMHpy!OTCH llHarpaMMbi THna npe.acTaBneHHOH HS pRe. 1 ( B npH6nH:lK6HHH 

npHMOnHHeitHbiX nyTeit /5/) • 

10 

I 
1 

It 

~ 

1 ~ 

nocTpOeHHe <fJyHKUHH fpHHS 

' nepexo.a K aMnnnTy.ae pacce 

noaTOMy npHB6.1l6M cpa3y 

CyMMbi paCCMaTpHB86MbiX .ll 

2 
=(pl +p 2) .. t = I 

{(s, t) is (d 2 be-ib(,1-ql 

4 2 -IA'h g . . 
+i-(>.(d ke (c/J(k s . 

2 

2 1 . • 
.p ( k J = k arc s" 

2 
ll(k )- perynSJpH30B8HHOE 

K~ 



' B381IMHO .COKp8THnHCb1 TO 

'Mn8llllliiMII 8CIIMDTOTII'19CKII-

Ill'. D,0PSillK8 

6 g 
s 

(MomeT 

S ) , 0TCIOll8 cnellyeT, 'ITO 

:-!~all /1 { l B 8MDnHTYllY { 

'lnel!oB Toro me nopRilKa no 

·, Ha'IJiliaR ~ c 'leTBepToro no

[YIO nonpaBKy !1 f ( n = 3 . 2 

nonpaBO'IHbiX 'lneHOB /1 f 
2 

ITb BOnpoc, COKp8lll8IOTCSI 

pii cyMMIIpOB8HIIIi BCeX o()ot:)-

!llOB8HII9 STIIX nonpaBOK CBSI-

MII, 

:' BKn8llOB B cyMMe neCTHII'I-

1pOB8HIIeM B TeOpiiii B03MY

yToe npellcTaaneHJie (a ¢op

KynHocTH o6o6meHHbiX necT-

CBR3H g 1 KOTOpoe MOX<HO 

:, npunomeHHe), 

MoriR¢RKaUJIR aftKoHanbHoro 
2 

g 1/J cP Dpii y'IEiTe llODOnHH-

OK9SHepreTII'19CKOft o6naCTH 

Ha p~c. 1 (a npJI6nHmeHHH 

[ 

PHc, 1 

flocTpoeHJie tPYHKUIIII fpHHa, COOTBeTCTByiOUlefi ll8HHOMy Knaccy llii8I"paMM, H 

nepexoll K aMnnuTylle pacceRHIIR nonHoCTbiO aHanorR'IHbi pacqeTaM pa6oTbflO~ 

TioaToMy npHBelleM cpaay OKOH'IaTenbHOe aftKoHanbHoe npellCTaaneHHe llnR 

cyMMbl paCCM8TpHB89MbiX llli8I"p8MM B BbiCOKOaHepreTH'IeCKOft o6naCTII ( ·s 

2 ) • 
t = ( p 

1 
- q 

1 
) =cons t • 

2 

f(s, t) 
2 -lb(,- q ) g 

is ( d b e ·1 1 I exp [ i -- K (" b J + 
4"s o 

4 
2 -lie, 2 2 2 2 -ill&h 2 2 2 

+i..£(>,fd ke (cp(k )) +,\ Jd ke cp(k )U(k )cp(k J)]-11,(11) 
s 

2 1 . 1 
¢ ( k ) = T arc Sin 

2 

v 1+ 4 :2 
2 

1 
¢(0) =-

2" 

IJ(k )- perynHpnaosaHHoe 3Ha'leHne cneAyromefi AnarpaMMbi: 

Pnc, 2 

11 

( 12) 



k 2 

2 2 
ydy 2(1- 2y) 2 

ll(k) =-irr J 1-1 ·n (k 2 . k ( 13) 

. k 2 
; } ;~ ln 2 

0 1+2y(l-y} 1-1 
2 

p. k .. "" 

KaK Bnaao H3 ~opMynhi (11), ao6aBKa K sfiKoHanbHofi-~a3e, o6ycnoBneHHaR 

B3anMoaeficTBHeM >.. ¢ 4 
, · nMeeT TaKoe )1(9 saepreTn'leCKoe rroBeaeane, KaK 

'g 2 . 2 
H OCHOBHOH 'lneH --· K ( 1-1 b ) 1 B03HHK810lUllll H3 B38HMOaefiCTBHR g t/J ¢ 

4 rrs o 
2 2 2 • 

nosToMy, ecnn g >.. "' 1 n g A "' 1 , To sTa nonpaBKa cpaBHHMa c ocaoB-

HhiM 'ln9HOM. 

Hcnonh3YR (12) n (13), nerKo noKa3&Tb, 'ITO nonpaBKn K sfiKoHanbHofi 
2 

~a3e, nponopunoaanbHbie A n A , cnarynRpHbi npn b .. o ( oan Be-

ayT ce6R, K8K l n b ) 1 T,e, CO~TB9TCTBy!OT 9~~9KTHBIIOMY CHJirymipliO~ 

no~eaunany. KpoMe Toro, nonpaBKa nopRaKa A 
2 

aaeT 'IHCTo MHHMbiii BKnaa 

B 9HKOH8nbliYIO ~a3y, 

B 3aKn10'19HHEl Kp8TKO OTMeTHM OCHOBHb!e pe3ynbT8Tbl1 nony'leliHbi9 B 

pa6oTe: 

}, 3fiKOII8nbH8R· ~OpMyna ( 6) npaBHnbHO BOCITp'OH3BOaHT 8CHMITTOTHKY 

cyMMbi o6o6rueHHhiX necTHH'IllhiX anarpaMM ao 6-ro nopRaKa no g BKn!O'IH-

TenbliO. 
2 

2. KBaapaTbi BHpTyanbllbiX HMnynhCOB :£ k B "HyKnOIIHhlX" npona-
i 

raTopax OTB9TCTB9HHbl 38 38IT&3abiB8liH9 B 9HKOH&nbHOH ~OpMyne ( 6), 
. 4' . 

3, llononliHTenbHOe B38HMoaefiCTBHe BHaa ·A. ¢ . npHBOaHT K nonpaBKBM 

B 9llKOII8nbliOll ~839 1 

C OCHOBHb!M 'lneHOM 

Bb!COKO 9li9preTH'IeCK8R 8CHMITTOTHK8 
g2 

-- K 0 .(p.b) • 
4 "· s . 

KOTOphlX cpaBHHM8 

ABTOpbl C'IHT&IOT CBOHM npHRTIIb!M aonroM no6naroaapHTb 38 HliTepec 

K pa6oTe H CTHMynnpy!OIUHe o6cy~eHHR n.H. EnoxnHueBa, A.B. E~peMOBa, 

c. n. Kynemosa, B.A. MaTBeesa, B.H. DepBymnaa, A.H. CncaKRHa, 

M.A. CMoHahipesa. 

12 

' 

I 

l 

f 

n1 

Paano:nmB nocnellHIOJO s~ 

4 
HblG KBallp&Tbl no 0 Vi MO 

cyMMY Plllla Teopnn noaMymeJ 

38MKHYTYJO rjlopMy: 

• 2 ' 
"". i ] " ~ [· --. {(s, t) =~- (211) 4 

n= 0 

~ 
(n + I 

" . 2·. 2 
exp ( i I a ( k - p. ) + i a 

u·=J a· u n+1 

·n 

+ 2i I k k 
i./=1 ; I 

c
11 

(x
1 

•. x
1 

;.y
1

• 

I> I 

-r.fP or-r J + q or, J)l 
I 2 i 2 i 

rue c (x ,x ;.v .y) _, 
; I i i 

a(z
1
,z

2
) zl(}(zl}+ =20( 

nanee, ncnonhaySI CT[I!IJlapTHyl 

4 
BllpTyanbHblM HMnynhCll:\1 d k 

2 n+l ,.. 

- I .!..!.!._L --1 
- I 

n=o (n+] )! (4rr/" IP 
{(s,t) 

3necb Dn (s,t,a,x,y) n 

KBBllpaTH'IHOI! ljlopMbl ITO k i 

c 

Myne ( 14); a , x. • y 05( 

napaMeTpbl a l . OTHOCSITCSI K !1. 

COITOCTaBnliJOTCSI HyKnOHHblM np 



• .. 

2 
! 
) ;, " .( 13) 

ln 2 
p. 

2 
-+ 00 

IbHoil'~aae, o6ycnoBneHHaH 

TH'I9CK09 ITOBe~eHH9 0 K8K 

·2 
'13 B38HM0~9HCTBHH g 1/J ¢ 

ip8BK8 CpaBHHMa C OCHOB-

ro ITOITpaBKH K SllKOHanbHOll 

lHbl npH b -+ 0 (DHH Be-

~~eKTHBHOMY CHHrynHpHO~ 

~aeT 'IHCTo MHHMbiil BKna~ 

JeaynhTaTbi, nony'leHHbie B 

)CITpOH3BO~HT 8CHMITTOTHKy 

ro nopH~Ka no g BKmo'IH-

B "HyKnoHHhiX" npona-

nhHDil ~opMyne (6), 
·4' '· ¢ ',. npHBO~HT K ITOITpaBKaM 

·,, 
ITTOTHKa KOTOpb!X Cp8BHHM8 

no6naro~apnTh aa HHTepec 

oxnHueBa, A.B. EljlpeMoBa, 

Y'lllHHa, A .H. CncaKHHa, 

I 
I 

I 
I 
i 
! 

I 
l 
! 

PaanOlKHB nocneaHIOIO SKCflOHeHTy B ¢opMyne ( 1) B pn~, QyHKUIIOHanb-

Hbie KBaapaThl no MOlKHO nerKO BblllOnHIITb, B pe3ynbT8Te ITonyqaeM 

2 cyMMy pSiaa TeopHII B03Myl!leHHSI, rae (n + 1) - il '!neH no g II MeeT 

38MKHYTYIO ¢opMy: 

00 • .. 

{(s,t)""-~ [-'-
4

] 

""" 0 (2 ,.) . 

. 2 n+1 '"'n+1 n +"' 4 

(' g J ( II d a. II ( d dy 
1
• ( d !c 

I 1 ( "1 i ) 
( n + 1 ). o i= 1 i = 1 -oo 

( 14) 

, n , . 2 2 
exp ( i ~ a ( k - p. ) + i a [ ( p - q + ~ 

2 2 2 
k . J - p. 1 "' i ~ tl" I + I r I Jk + 

CJ·=J CJ· CJ n+J 1 1 i= 1 
1 (J• (J• (J 

CJ= I 

- r. (p2 or-r. J + q O!l. J)J 
1 I 2 I 

rae 

( 15) 

z () ( z ) + z 0 ( z ) - z () ( z - z ) - z () ( z - z ~) . 
11 2 2 1 I 2 2 21 

ilanee, l1Cnonb3YSJ CTllli!IapTHYIO TeXHIIKy 181 , BLinOnHHM liHTerpllpOB8Hlle no 

d 4" BllpTyanbHblM liMnynbCll~l 

n 

2 n+1 to+] +oo n dx. dy. 
- l: ~ __ z- n J= 1 1 1 

2n J d alt. J 2 
n=o (n+J}! (411) lt.=l 0 C, (a,x,y) 

.D (s,t,a,x,y) 
expl i " ·1. 

C, (a,x,y) 
rr s, tJ 

( 16) 

3aecb D, (s,t,a,x,y) u 

KBaapaTH'IHOl! ¢opMbl no k ; 

C,(a,x,y) - aeTepMHHBHTbl LJncxonbMa/ 8/ 

, CTOSIUiel! B flOK838Tene SKCflOHeHTbl B cpop-

Myne ( 14); a , x , y 0003H8'1810T H800pbl COOTB9TCTByiOUIIIX nepeMeHHb!X, 

napaMeTpbl alt. OTHOCSITCSI K Me30HHblM nliHliSIM 0 a napaMeTpbl Xi 
0 

Y I 

conocTaBnSIJOTCn HyKnoHHhiM nponaraTopaM, 

13 



KaK H3BeCTHD /8;, Dn (s,t,a,x,y) - nuaefi:Hall ljlyHKUHSI no s H t 

D (s,t,a,x,y) 
n 

s·f (a,x,y)+t•g (a,x,y)+d (a,x,y). 
n n n 

noaeAeaue HHTerpana ( 16) npu s -+ .. aceueno onpeAenSieTcll cTpyK-

Typofi: 'ljlyHKUHH { (a, x, y) o TO'IHee, MHHHMSnbHbiM 'IHCnDM napaMeTpDB 
n 

a 
0 

X 
0 

y 
0 

KOTOpbie He06XOAHMO nonO)I{HTb paBHbiMU Hymo, 'IT06b!{ (a, x, y) = 0 • 
n 

f (a, x, y) paBHO Koaljllj!HUHeHTy npH p p B cneAYIOIUeM AeTepMHHSH-
n 1 2 

Te: 

a
1 

+ a + I" I + I r I 
n+J 1 1 · 

c + a 
12 n+l 

c +a 1n ,n+ 1 
X J pI 

cl2+ an+l a +a +I" I+ lr I ~ 
2 n+ 1 2 2 : 

c2n + an+1 "2 pI 

. 
• • • • • • • ............ It ••••• 

. •· ....... . ............... 
c + a 

Jn n+ l 
c + a 

2n n+1 
:a+a +lxl+lrl 

n n+l n n 

- r 1 P 2 -r 2 P 2 -r P 
n 2 

rAe c II"' c 11 (x 1 , "I ;y1 ,y 1 ) 

saAaiOTCSI '!jlopMynaMu ( 15). PacKpbiBaSI onpeAenuTenb, nony'IHM: 

n 

f (a,", Y) = ~ " y. A . (a, "• y) , 
n I 1 1./ 

i .1= I 

" p n 1 

2: 
c(a,p.) 

( 17) 

( 18) 

A 11 (a,x,y) - anre6pauqecKoe Aononaeaue (i,j) aneMeaTa B ( 17). 
rAe 

KaKBHAHOH3 (17) HnH (18), fn(a,x,y) = 0 , ecnu x I 

= X = ... =X = 0 
2 n 

8CHMUTOTH'19CKOMY 

HnH y = y = . . . = y = 0 , 3TO COOTB9TCTByeT 
1 2 n 1 

noaeAeHHIO n -ro qneaa pasno*eHHSJ ( 16) = -n- , 3TH 
s 

ABa aa6opa napaMeTpoB x 1 H r' o6pasyiOT afi:KoaanbHble t -nyTH. TaK K8K 
I 

c 
11 

(x
1 

,x
1

; y 
1

, y 
1 

)=0 u I.X
1 
l+lr1 I=O, ecnu ace x 1 H r 1 paBHbi ayn10, To 

aTO osaaqaeT, 'ITO qneHbi Tuna ~ k. k. (i -1 j n i=j) B ljlopMyne ( 14) ae anusr-
' 1 

lOT H8 aCHMUTOTHKY , onpeAenSieMyiO aTHMH AByMSI afi:KOHSnbHbiMH t -nyTSIMH, 

;· 

14 

I 
I 

;-

TaKHM o6pa3QM, ecnH 

HbiX aliKOH8nbHbiM 0 .TO npH6ll 

zneHHbiX necTHH'IHbiX JlHSrpal 

,llpyrHM nyTeM K STOMY 38Kl 

O.naaKo nos.naee aTH~I 

HMeiOtUHe 6onee KOpOTKHe .t 

EcTecTBeHHO B03HHKae 

Me o6o6meHHbiX necTHHqHf 

a ' " r C 06tUHM 

HbiM n ( npH'IeM JlB8 H3 

f (a,"· r) = 0 (n > 3) ,e 
n -

napaMeTpbl aToro aa6opa. 

'JlnH OTBeTa H8 aTOT 

!n(a, "· r) 
sa.na'leli. 
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meiiHali !jlyHKUHli no s H t 

+ d {a,x,y). 
" 

:eueno onpeAenHeTCH cTpyK-

nbHb!M '!HCnOM napaMeTpOB 

Hynro, 'ITO Obi( (a, x, y) ~ 0 • 
" 

B cneAyromeM A8TepMHH8H-

......... •· ....... . (17) 

+a +lil+lr I x P 
n+ 1 n n n 1 

-r P 
" 2 

c(a,,l) 

·enb, nony'IHM! 

( 18) 

:e (i,j) 

o· 
sneMeHTa B ( 17). 

, ecnH :x; ~ 

1 

0 • 8TO COOTBSTCTByeT' 

:O>KSHHSI ( 16) 
1 ,_ 
" s 

• 8TH 

lHBlibHbie t -nyTH. TaK KaK 

:x; I H y i paBHbl Hynro, TO 

1) B !jlopMyne ( 14) He BnHH

~ sf!:KOH8nbHbiMH t -nyTSIMH, 

, 

TaKHM o6paaoM, ecnH HeT apyrn:x -nyTefi, 6onee KopoTKHX HnH pae-

HhiX afiKoHanhHhiM, To npn:6nHlKeHHe I k 1 k1 ~o onpaeaaao anst cyMMbi o6o6-
~~./ 

meHHh;X necTHH"'HhiX an:arpaMM ~ BbiCOKoaaepreTH"'eCKofi o6nacTH. HecKonhKO 

apyrn:M nyTeM K aToMy aaKmoqeamo npn:mnH paaee THKTononoc H TpeltMa/1 !1 

OaaaKo noaaaee aTHMH aeTopaMH- 6bmH aafiaeHbi OTJlenhHbie an:arpaMMhi, 

HMeromn:e 6onee KopoTKHe t -nyTH HnH paBHbie afiKoHanhHbiM 17 I, 

EcTecTeeaao eoaHHKaeT eonpoc, cymecTeyroT nn: TaKHe t -nyTli B cyM

Me o6o6meHHbiX neCTHH"'HbiX an:arpaMM, HnH HHa'le: HM9IOTCSI nH H860pbl 

a t · X y C 06IUHM "'HCnOM napaMeTpOB, MeHbiUFIM HnH paB-

HbiM n ( npn:qeM aea H3 HHX OOSI38TenbHO a -napaMeTpbl) o T8KHe 1 'ITO 

f (a, x,y) = 0 (n ~· 3) ,ecnu OJlHOBpeMeHHO nonolKHTh paBHbiMR' Hynro see 
n 

napaMeTpbi aToro aa6opa. 

·unst oTeeTa aa aTOT e~npoc aeooxoan:Mo n:ccneaoeaan:e stBHoro en:aa 

f,.(a, x, y) (cjlopMynhi (17), (18)), 'ITO SIBnsteTCSI TeXHH"'eCKH TpyaHofi 
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TipenpHHTbi n coo5memm 
HMHOrO o5MeHa 1 yHHBepcHTeTl 
H8Y'lHbiM rpynnaM H OT.llenbHI 

TionyqaTemrM H3.llBHHii OJ 
HBHTb HHHUH8THBY ,B 6ecnnaTJ 

o5MeHa npHHHMaiDTCH H8Y'lHb 
ny5nHKaUHH no TeMaTHKe OM 

EnHHCTBeHHbiH BH.ll ny5n 

3TO penpHHTbl l OTTHCKH CTaTe 
' ~ ps!lle cnyqaeB Mbi caM 

, 6onee KpynHhiM nony'laTenHM 
cnBTb H8M K8KHe-nH60 KHHrH 

:lKypHanbi1 H3ll8IDIUH€CH B HX C 

l1anaTenbCKHii oTnen e:lKe 
COB Ha Bb!CbinKY H3.ll8Hlifi Oli. 
YK83b!B8Tb HH.lleKC sanpalliHBi 

Tin:cbMa no BceM Bonpoc. 

oTnenhHbie nsnaHHH cne.oyeT H 
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rn 
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srae_ 

Anpec nnH nochiiiKH Bee 

5ecnnaTuofi nonnn:cKn: Ha HaY" 
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