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BonKOB M.K. P2 - 6393 
YHilTapHOCTb S -MaTpl!llbl B TeOplll!X C HenonHHOMHanbHbiMH 

narpaHlKHaHaMH 

lloKa3aHa YHI!TapHOCTb S -Ma.TpH!lbl B TpeTbeM nopllllKe TeOpHH B03Myme 
Hili! no G B HenonHHOMHanbHhiX reopiHIX, Bhil!CHeHa ponb aHoManbHhiX. oco6eu 

HOCTei!, PaCCMOTpeHa T8KlKe 6MIInHTYil6 pacCel!HHll B "!eTaepTOM. IIOpllllKe IIO 
·a • 

Coo61l(eHHe 06'be,!IHHeHHOrO HHCTHTyTa H,llepHbiX HCCJie,QOBaHH~ 

,ll;y6Ha, 1972 

Volkov M.K. 

S -Matrix Unitarity in Theories with 
Nonpolynomial Lagrangians 

P2 - 6393 

Unitarity of s matrix in the third order of pertur
bation theory in 'G in nonpolynomial theories is proved. 
The role of anomalous singularities is cleared up. The 
scattering amplitude in the fourth order in 'G is also con 
sidered. 

Communications of the Joint fustitute for Nuclear Research. 
Dubna, 1972 

npa ll3Y'I9HHH Te,opll 

6neMa AOKa3aTenbCTBa YH 

pHil aoaMyiUeHHll: no rnaaH 

cnoxmyro H 'Ipeaabi'Iall:Ho 

npo6neMbi CBSI3aH c acno.n 

a6cop6THBHbiX '18CTell: aMn 

MYIUeHHi!:/1 •21. TaKoll: no.r: 

B TeOpHSIX C HenonHHOMH~; 

MOBbiM, KOTOpb!il: AOKa3an 

nollieHHOI'O HM MeTOAa/3/. 

llpyroe peweHae arc 

Tax/4-B/. 0Ho OCHOB8HO 

HOI'O npeACTaBneHHSI AnSI c: 

npeAcraaneHHe noaaonSieT 

cocrogmefi H3 cynepnponai 

OT 8MITnHTYAhi, COOTB9TCT: 

naraTopoa c5o6oAHhiX 'lac· 

pHUhl B HenonHHOMHanbHhl 

06bi'IHbiX nonllHOMilanbHb!X 

'18CTHOCTil, HCITOnb30B8Tb l 

Hb!X '18CTefi aMnnHTyA, COO 

. nponararopoa. 



Ill. BaeaeuHe 

Dpn nay'leHHH Teopnil nonSI c aenonnHoMnanbHhiMH narpamKnaaaMH npo-

6neMa aoKa3aTenbCTB8 YHHTapHOCTH S -MaTpHUhl B Bh!Cll!HX IIOpMK8X TeO

pHH B03Myll!eHHfi 110 rnaBHOfi KOHCTaHTe CBSI3H G npeacTaBnSieT co6on BeCbMa 

cno)I<HYIO n 'lpe3Bhi'Iafiao aa)KHYIO aaaa'ly. OaHH na cnoco6os peJ?eHHSI aTo:H 

npo6neMbl CBSI38H C HCIIOnb30B8HHeM npaaHna KyTKOCCKOI'O anSI HaXO)KaeHHSI 

a6cop6THBHbiX '18CTe:H 8MIInHTya pacceSIHHSI B Bb!Cll!HX IIOpSiaKaX TeOpHH B03-

Myll!9HH:ill 1 ,2 I. TaKo:H noaxo~ K aoKaaaTenbcTBY yunTapuocTn ·s -Ma TpHUhi 

a TeopHSIX c aenonnuoMnanhHhiMH narpaH)!(HaHaMH 6hm npeanmKeH LB. E!fln

MOBhiM, KOTOpb!H aoKa3an BhinOnHeHHe npaann KyTKOCCKOI'O B paMKaX npea

no)KeHHOI'O HM MeToaa131 • 

.D.pyroe pell!eune aTofi npo6neMhi 6bmo npeano)KeHo B Hall!HX pa6o-

Tax14-61. 0Ho OCHOB8HO Ha HCIIOnb30B8HHH nony'leHHOI'O H8MH cneKTpanb

HOI'O npeacTaaneHHSI anSI cynepnponaraTopoa 6eaMaccoBbiX qacTHUI 4,5, 7 I. 3T~ 
npeacTaaneane noaaonSieT nro6y10 aMrrnHTyay, cooTaeTcTsyromyro aHarpaMMe, 

cocToSime:H na cyrreprrporraraTopos, aarrHcaTb a !flopMe HeKoToporo HHTerpana 

OT 8MIInHTyahl, COOTBeTCTBYIOll!eH aHai'p8MMe, COCTOSill!e:H H3 06bi'IHhiX Ilp0-

118I'8TOpOB c5o6oaHhiX 'lacTnu. TeM caMhiM ripo6neMa yHHTapHOCTH S -MaT

pHUbi B HeiiOnHHOMHanbHbiX TeOpHSIX CBOaHTCSI K aHanOI'H'IHOfi IIpo6neMe B . 

o6hi'IHhiX rronHHOMHanbHbiX TeopnSix. 31-o rrpeacTasneaHe rroasonSieT HaM, s 

'laCTHOCTH, HcrronbaoaaTb rrpaanno KyTKOCCKoro anSI uaxo)KaeHHSI a6cop6Tna

HhiX '18CTefi 8MIInHTya, COOTBeTCTBYIOlllHX nnarpaMMaM, COCTOSill!HM H3 cynep-

. rrporraraTopos. 
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/4-6/ u 

B pa6oTa x . paccMaTpuaanacb Teop!H! B03MymeHHH no rnaaaoft Koa-

cTaHTe CBH3H He BbJ!Ile TpeTbero nopsr.r:tKa no 'G • nocKOnbKY B nocne.naee ape

MH aa6mo.naeTCH HeKoTopoe yaenuqeaue HHTepeca K ynoMHHYTbiM. npo6neMaM 

co cTop~Hbi psr.na aaTopoa18- 101 , HaM Ka)l{eTCH uenecoo6pa3HbiM no.npo6aee 

OCTaHOBHTbCS! Ha HCCne.r:tOBBHHH 9THX BOnpOCOB 1 B '18CTHOCTH 1 Bb!S!CHHTb pOnb 

aHOManbHbiX oco6eaaocTeil npu BbiBO.r:te ycnoauft yauTapaocTu B -MaTpHUbi 

1i nonbiTaTbCS! paCCMOTpeTb Bb!Cl!lHe, no cpaBHeHHIO C TpeTbHM 1 IiOpS!.r:tKH TeO

pUH B03MymeHHii. PemeHHJO yKa3.aHHbiX 3.r:tecb BonpocoB H nocBsrmeHa HacTo

srmasr pa6oTa. 

§2. YHHTapHOCTb "S -MaTpliUbi B TpeTbeM nopsr.r:tKe TeopHH 

B03Myl!leHHll no 'G 

PaccMoTpHM HenonHHOMHanbHhiii narpaH)I{HaH CKansrpHoro 6e3MaccoBoro 

nonsr ¢ ( x) caMoro o6mero BH.r:ta 

L · (x) 
B3 

00 

'G I 
0 n! 

U (n) ': ¢n (x) ( 1 ) 

·(U (0) == U(l) ==·U(2) == 0) • .Unsr .nayxTo'le'lHbiX !flyHKUHii fpuHa - cynepnponara-

TOpOB 1 B03HHKaJO!IlHX B TeOpHS!X nonS! C TaKHMH narpaH)I{HaHaMH 1 M0)1{!10 Ha

ITI!CBTb cne,nyJO!IlHe HHTerpanbHb!e npe.r:tcTaBneHHS! B HMnynbCHOM npocTpaHCT

BeX/ 

F (p) =lim Fy(P) 
y ... 1 

-a+ioc -ITTz r(l-yz)C(z+1) (p2+ il)z-1 = 

=lim}; fdz ctg" z e. 'r(l+z)(411)2z (1>a >0) y ... 1 -a-foe 

2 (z-1) 

(2a) 

C( 1) + lim 
= - p2 +·i( y ... t 

f3+ioc 

_i_ f dz 
217{3-ioc 

COS1T'Z. r (1-y ziC(Z+ 1) 

r(l+z)(41T) 2z 
f d!l 
0 

!l ' • 
/!2_ p 2 -·h 

(26) 

r_o < f3 < 1 I y J 

x/ 
0llHY HeonpeneneHHYJO KOHCTaHTy, KOTOpast IIMOeTCst B npellCTaBneHHSIX 

(2a) 11 (26), Mbi nonaraeM paauofi uymo, cornacuo .. npHHUHny MHHifManbHbiX 
ClfHrynstpHOCTefi" neMaHa If nonMafiepa/1 1 I. 

4 

3.necb iflYHKUHH C.( z) B u 

ocH onpe.neneHHbiM o6pa3o 

nH npe.ncTaaneHue (2a) n< 

nopsr.r:tKaX TeOpHH B03Myl!l 

(26) 1 KOTOpoe Mbl 6y.r:teM I 

nponaraTopoa, Mbi .r:tOKalKe 

pHUbl B 3-M nopS!.r:tKe TOO! 

KOCCKOI"O .r:tnH HaXOlKAeijHS! 

BeTCTBYJO!Ileii !fleiiHMai!OBC: 

poa. 

PaccMoTpHM Tpeyro• 

P2 H p 3 H .r:tOKa/KeM 1 ' 

masr aToii .nuarpaMrvie, paE 

3YS! ycnOBHe YIIHTapi!OCTH 

BhmumeM aTo ycnoaue. S 

s .. n 
1 +I G Sn 

1 

Tor.na H3 ycnoausr yHHTapJ 

'53 +S! == -StS{ 

A6cop6THBHasr qacTb aMnn 

paBHa MaTpH'liiOMY sneMe 

H nOKa)I{OM 1 'ITO OHa B T1 

OT npaBOll CTOpOIIbl onepa 

BbinOnHeHue ycnOBHS! YHI 

DycTb c OAHOil H3 ae 

nponaraTopoB, CBH3aHo 

APYI'Oll BeplllHIIOll - m 2 E 

'ITO BCe 9TH '18CTHUbl Han 

THU C 06l!lHM HMnynbCOM 

aMnnuTy.r:ta 



3Mymeanii no rnasaoii Ko:t

ocKonbKY B nocnenaee npe

K ynOMSIHYTblM. npo6neMaM 

enecoo6pa3HbiM nonpo6aee 

'i8CTHOCTH 1 BblSICHHTb pOnb 

YHHTapHOCTH ·s -MaTpHUbl 

l C TpeTbHM 1 nopSIIlKH TeO

lOCOB H noCBSI!IleHa H8CTO-

nopSIIlK9 TeOpHH 

CKanSipHOI"O 6e3M8CCOBOI"O 

( 1 ) 

aii fpnHa - cynepnponara

!rpaH)KHaHaMH, MO)KJIO 118-

, HMnynbCHOM npOCTpaHCT-

) ( 2 • ) z-1 
- p + H = 

.J) 

!z 
f d~t 
0 

(l>a>O) 

2 (z~t) 
I' 

r_o < {3 <: 1 I r J 

(2a) 

(26) 

nMeeTCSI B npeacTasneunSIX 
) .,ITpHIIUlmy MHIIHManbHblX 

3aecb <flyHKUHSI C.( z) B ueno'incneHHbiX .TO'iKax na peanbHoii nono)KHTenhnoii 

OCH onpeaenenHhiM o6pa3oM Bhipa)KaeTcSI ttepe3 Koa¢¢nuHeHThi D(n) !61, Ec

nH npeJlcTannenne (2a) no3nonSieT naM llOK83f!Tb KOHe'iHOCTb Teopnn no ncex 

nopSIIlKaX TeOpHH B03MY!Il9HHii no 'G 14- 61 , TO C nOMO!IlhiD npeJlCTaBneHHSI 

(26), KOTopoe Mhi 6yJleM Ha3hiBaTb cneKTpanbHbiM npencTanneHneM JlnSI cynep

nponaraTopon, Mhi noKa)KeM 31leCb BhmonaeHne ycnonnSI ynnTapnocTH ·s -MaT

PHUhi n 3-M nopSIJlKe Teopnn B03MymeHnii no 'G n BhmonHeane npanHna KyT-· 

KOCCKOI"O )lnSI H8X0)Kil9HHSI a6cop6THBHOii 'i8CTH. aMnnHTYJlbl paCC9SIHHSI
1 

COOT

BeTCTByromeii <jleiiHManoacKoii JlnarpaM.Me, cocTanneuuoii U3 cynepnponaraTo

pon, 

PaccMoTpHM TpeyronhHyro JlnarpaMMY c npon3nonbHhiMH KOHUaMH Pj 

P3 H Jl0K8)!{9M 1 'ITO a6cop6THBH8SI 'i8CTb 8MnnnTyllhl1 COOTBeTCTBy!O-

lll8SI 9TOii llHBI"paMMe, paBHa Bblp8)K9HHID1 KOTOpoe MO)KHO nonyttHTh, HCnonb-

3YSI ycnonne yHHTapHOCTH S -MaTpHUbl B 3-eM nopSIIlKe TeOpHH B03MY!Il9HHI1, 

BhiiTHllleM aTo ycnonHe, S -MaTpnuy MO)KHO npeJlCTaBH.Tb B <jlopMe 

s 1 + £ a" s n 
1 

(3) 

Torna H3 ycnOBHSI YHHTapHOCTH s s+ = 1 nonyttaeM 

A6cop6TnnuaSI 'iaCTh aMnnnTyJlhi, cooTaeTcTnyromaSI TpeyronbHoii JlHarpaMMe, 

pa.BHa MaTpH'iHOMY aneMeHTy OT nenoii cTopOHhi paneHCTBa ( 4), HaiiJleM ee 

H nOK8)KeM, 'ITO OHa B TO'IHOCTH paBHa nOJl06HOMy MaTpUttHOMY aneMeHTY. 

o:r npanoii CTOpOHhi onepaTopaoro paneHCTBa ( 4), TeM caMbiM Mbi JlOKa)KeM 

BbmonHeHHe ycnoBHSI yHu:rapHOCTH S -MaTpHUbi n 3-M nopSIJlKe no G , 

DyCTb C OllHOii 113 BeplllHH TpeyronbHOii llH8I"p8MMbi1 COCTOSI!Ileii 113 cynep-

nponaraTopon, CBSI3aHo rn 1 nnelllHux nuHuii c o6muM uMnynhcoM P1 , , c 

llPYI"Oii BeplllHHOii - rn 2 BH9lllHHX n!fHHii C 06lUHM HMITynbCOM P2 , DonO)KHM, 

ttTo nee a:rn ttac:rn~hi HaneTaro:r, a H3 :rpe:rbeii neplllHHhi BhineTae:r rn
3 

ttac

THU C 06l!llfM lfMITynbCOM P3 , TOI")la TaKOii JlHai"paMMe COOTBeTCTByeT 

aMnnHTyJla 
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m 00 

1 -) :£ 
U (m rt-n2+n3 ) U (m zt-n1 +n~ U(m:tnrt-n:JJ 

~i <m3 ! S3l m2 m1 > = > 9 ((217 )3/2,; 2p~ o· X 
n1 ! nz! n 3 ! 

(5) 

4 4 4 -i(PJxfrP2x:z-P3x3) c n c "2 c "1 xI d x1 d x 2 d x 3 e l-i~ (xrx2)] 3£-iL\ (xrx~ [-iL\ (x2 -x3)] • 

(m =tr.t+m 2 +m 3 ) 

C nOMOillblO npe.QCT8BJ19HIHI TUna (26) MO>KHO nonytJIITb ,QJlfl aMnJlHTY.tlhl (5) 

B IIMnyJibCUOM npOCTpaHCTB9 CJ19.tiYIOill99 Bblp8>I<9Hife: 

, (4) m 1 . 
A = ·d3 (I p; - I p k) II ( --

1 
-=) I 1m 

(ml+m2) (m3) I (2rr/ 2y2p7 y->I 

{3. +i~ -2z; 
3 , I (4rr) r(l-yjZj) 
II I ...,!_ J d Z; cos 77 ~ X 

1 277 f(l+z.)f(2+Z;) (3
1
-j oc I 

"" 2 2 (z; -1) 
xi dp.; p. 1 IU(m1+Z 2 +z 3 +2)U (m 2+zJ+z1 +2) U (mJ+Z1 +z2 +2) x 

0 
(6) 

X I d 4 q [ ( p. ; - ( p 2 + q ) 2 - i ( ) ( f1 ; - ( p 1 - q ) 2 - i ( ) ( p.; - q 2 - i ( ) ] -1 • 

3.QeCb ,QJlfl npOCTOTb! OT6pOU!9Hhl 'IJ19Hhl, COOTB9TCTBYIOIIIII9 3H8'19Hiff!M n i = 

=0,1. (CM, (5)), flOCKOJlbKY lfHTerpaJlhl no dz 1 B (6) f!BJlf!IOTCfl .QefiCTBII

T9JlbHbiMII1 BKJ18,Q B a6cop6TIIBHyio tJaCTb H8III9fi aMnJllfTY.tlhl MO>K9T ,Q8Tb Jliiillb 

pe8JlbH8fl '18CTb ,IIHT9I'p8J18 no d 4 q 1 KOTOpaSI B 06JlaCTif HOpM8JlbUb!X nopo-

I'OB pacna.Q89TCH H8 Tpii '18CTifx/ 

x/ 3TO J19I'KO ,QOK838Tb1 Bb!p8>K8H npii'IHHHhle 4JyHKUJIJI, CTOHillli9 llO,Q 

IIIIT9I'p8J10M no d 4q 1 tJepe3 _38ll83,Qb!B8IOIIIII9 4JyHKUIIH H f1(+)(p) / 4 -6/, 

6 

l 

Re J d 4q [ (p;- (P
2 

2 4 8 . 0· 
= -2TT I d q I (P2 

+ 0 (qo)(J (P/-qo) 

+ 8 (-qo) o (P2o+q 

p - 3H8K l"J18BHOI"O 3Hl 

BO,Qfl lfHTel"plfpOB8Hife ITO 

HhiM z 1 1 nonyqaeM 

. 2 1m A = A 1 + A 2 + · 

TpJI tJaCTJI 1 ua Koropbie 'J: 

OTB9TCTBYIOT T9M TpeM 'I 

IIHTerpaJJia no d 4 q (eM. 

' 2 (4) 
At=-;(2") o (Pz +P2 -P3 ) 

x J dp2 Jl2(z-itJ(m +n +Z + 
O . 2 I 



(5) 

y•uiTh anH aMnnHTY/lhi (5) 

iie: 

+i~ -2z; 
. (.Jrr) f(l-yizi) 

d z1 cos "2i --. ---x 
r O+z1Jr (2+Z1 J 

-joe 

(6) 

( 2 2 . ) ] -1 • () JL3- q -I( 

:TBYloiUHe 3Ha'!eHH5!M n I = 
B (6) 5!Bn5!IOTC5! /leitCTBH.:_ 

anHTY/lhl MOlKeT /l8Th nHWh 

5nacTH aopManhHhiX nopo-

Ie <iJyHKUHH, CT05!IUHe nOll 
CUHH H fl(+)(p) /4~6/, 

(7) 

1 +0(-qo)()(p
2
o+qo)S.(ft2-q2)S(ft2-(p +q2)) P 

3 1 2 /l 2 - ( p - q) 2 
2 1 

P - aaaK rnaauoro aHa'IeHHH auaMeHaTenH, noacTaanHH (7) a (6) 11 npo-

2 
BO/l5! HHTerpMpOBaHMe no llBYM M8CC8M JL i H COOTBeTCTBYIOIUHM nepeMeH-

HhiM z 1 , nonyqaeM 

2 1m A = A t + A 2 + A 3 • (8) 

Tpa '!aCTa, Ha KOTOpbie pacnanacb a6cop6THBHa5! '!aCTh aMnnMTY/lhi A , co

OTBeTCTBYIOT TeM TpeM 'I8CT5!M, Ha KOTOpb!e pacnanaCb peanbH85! 'I8CTh OT 

MHTerpana no d 4
q (eM, (7) ). BhmHweM BhipalKenae anH A 1 . 

{3 +loa 

2 (4) m 1 00 00 u (rr. +n +n ) j COS11Z f(l-yz) 
At=-(217) 5 (I} +P2 -P3) n ( ) ~~ 3 2 1 tim -fdz- :. __ X 

1 (2rr//2,f2p 0 2 2 n !n ! y-+1 217 (417)2Zf(l+Z)f(2+Z) 
i 1 2 {3 -ioo 

(9) 
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3necb n n ( p) - <jla30BbiH OO'beM n -CKamipHblX 5e3M8CCOBbJX '18CTHU. no

llOOHble )1{9 Bblpa)KeHHSI nony'laJOTCSI nnSI A 2 H A 3 • 3TH ~5cop5THBHbJe 'lac

TM aMnnHTYilbl A COOTBeTCTBYJOT pacce'leHHbiM llH8I'p8MM8M1 II300p8)1{9HHbiM 

Ha puc. 1. Pacce'leHHblM nnHHSIM B MaTpH'IHbiX aneMeHTax A 1 cooTBeTCTBYJOT 

<jlaaoBbJe oo'beMbl 'laCTMU, nepeceKaJOJUMX nnHHJO ce'leHHSI 1 a Hepacce'leHHblM 

nnHMSIM cooTBeTCTByeT peanbHaSI 'laCTb cynepnponaraTopa, coenHHSIJOJUero He- · 

paaneneHHbJe BepWIIHbJ, HeTpyaao BHileTb 1 'ITO nony'leHHaSI HaMn a5cop6TMBIIaSI 

'18CTb aMnnMTYilbl 'A B TO'IHOCTII paBHa TOH 1 KOTOpaSI nonyqaeTCSI nocne npM

MeHei!IISI npaBnna KyTKOCCKoro K nayqaeMoi1: HaMH anarpaMMe, 

~ !1-q ~' ' 
q __,. I P,3fP. ~~ P. t t 11 

Pl!c,l. 

DoKa)KeM renepb, 'ITO TaKoe )Ke Bblpa)KeHne rrony'laeTcSI npn Bbi'IMcneHMM 

MaTpM'IHoro aneMeHTa oT npaBoi1: CTopoHbl orrepaTopaoro paBeHCTBa (4). Ha'IHeM 

C Bbi'IHCneHHSI MaTpM'IHOI'O aneMeHTa 

·i < m 3 I S 1 S ; I m 2 m 1 > x/ 

·i < m 3 I S I S ; I m 2 m 1 > •ii. f ;, <m 3 1 SII k> [<mim 2 1 S 2 1 k> ]* 

=-J Iff d4x1d4x2d4x3I. I. I. I. U(ni)U(n2)U(n,Y[·i~c(xz-~]m 1 

"I•"2•"J•m=O (ni-m)!(nrm)! n3! m! I.fid<m31 .. 
( 10) 

"3 n -m nz-m I ·: cp ( x 3 ) ·: I k > < k 1·: cp 2 ( x 2 ) x cp ( x 1 ) ·: m2 m I> • 

x/ ( KaK H B !flopMyne 5), Mbi oyAeM H3 nona oro MaTpH'IHOI"O aneMeHTa 

·i < m
3

1 S I 5
2 

I m
2 

m 1 > oToHpaTb nHlllb Ty qacrh, Koropas:r cooTBeTCTByeT 

llH8I"p8MM9 C mi .nHHHSIMH, BXOASIIUHMH B OAHY B9plllHHy, m 2 nHHHSIMH, BXO-

llSI!UHMII B APYI"YIO aepmHHY, H mJ - ni!HHSIMH, BbiXOASIIUIIMH 113 TpeTbell: aep

lllHHbi, MaTpll'lllbie aneMeHTbl, COOTB9TCTByiOIUHe T8KHM All8l"p8MM8M1 YAOB

neTBOpS!IOT ycnOBHSI~ yHHT8pHOCTII S -MaTpHUbl H938BHCHMO OT M8TpH'IIIb!X 

aneMeHTOB 1 COOTBeTCTBYIO!UHX OCTanhHblM AH8I"p8MM8M 1 K8K Mbl YBIIAHM HI!)Ke, 

8 

3HaK I f o5oaHa'laeT cy"N 

COCTOSIHIISIM, C HHTepecyJOJU 

HynJ01 '18CTb M8Tpll'IHOI'O al 

m 1 ~ oo 
A 1 =ll( ) I. 

1 (277 / (2 p 0) f,k,ni 
I 

x exp i(P3 x3-P1 xi-P:zx
2 

.nns:r · cyMMbi no m onl!Tb M 

I. U(m+k+mi)U(m+l+m2){i 

m=2 m! 

x lim 
y-.1 

f3 +loo 

i - f dz cos 77 z r (J 
277 ( 2z · 

{3 -loo 417) f(l+Z) 

noacraanHH ( 12) a ( 11) II 

i(277/ o(4)(P -P -P ) ll [(277/ 
3 I . 2 I 

xU (z+k+m
1 

+1)U(z+l+m
2 



oe3MaCCOBbiX "!aCTHU. Do-

• 8TH ~OCOpOTUBHbie "!aC

arpaMMaM1 nao5pa>KeHHbiM 

~eHTaX A; COOTBeTCTBYIDT 

l"'eHHSI, a Hepacce"!eHHbiM 

~aTopa, coennHSIIDmero He- · 

'leHH851 H8Mll aocopoTUBIIaSI 

aSI nony"!aeTcSI nocne npn-

[lllai'paMMe. 

>ny"!aeTCSI npn Bbi"'HCneHHH 

ro paaeHCTBa ( 4). H a"!HeM 

(10) 

I'O M8TpH'lHOI'O aneM8HT8 

KOTOpaSI COOTB8TCTByeT 

WHHy, m2 nHHHSIMH, BXO-

OASIIUHMH H3 Tp8Tbelt Bep

KHM JIH8I'p8MM8M, YJIOB

BBHCHMO OT MaTpH'lHb!X 

ABM, KBK Mbl YBHJlHM HU>Ke. 

3HaK I f oooaHa"!aeT cyMMHpoaaHne n HHTei'.pnpoaaHne no npoMe>KyTO"!HbiM 

COCTOHHHHM. C llHTepecyromefi HaC Jillai'paMMOfi CBH3aHa cnenyromasr, He paBHaH 

fiYniD, "'aCTb MaTpH"'HOI'O aneMeHTa ( 10) • 

!lnsr CyMMbl no m OnSITb MO)KHO HCnOnb30B6Tb npeACT8Bn8HH8 (25) 

{3 +leo 

X lim ..i_ f dz COS 17 z r (1-yz) 
y->1 217 fl (417/zr(l+z) r(2• 

~-leo 

noACTaBnSIH (12) B (11) H HHTePpHpysr no 
4 

d Xi , nony'laeM 

9 



3JleCb Mbl onHTb OCTaBIIJlll Jllllllb Ty 'iaCTb MaTpH'iHOI'O sneM9HTa, B KOTOpOfi 

HIIJl9KCbi f , k 11 m He npnHaMaiOT 3Ha'ieHnfi 0 n 1. CpaaunaaH ¢opMynbi ( 13) 

u ( 9), nei:'KO ~6eJlHThCH, 'iTO At= -1m A 1 • 

f10Jl06HbiM Me o6pa30M MOMHO y6enHTbCH, 'iTO 113 MaTpll,'iHOI'O 9neMeHTa 

+ - -!i < m 3 J S 2 S 1 I m 2 m 1 > nonyqaiOTCH <!JyHKUHH A2 u A 3 , MHIIMbie 'lac-

Til KOTOpbiX B TO'iHOCTH paBHbi A 2 11 A 3 (eM. <!JopMyny (8)), a peanhHbie 

'iaCTII <!JyHKUHfi A I B3aHMHO COKPa,maiOTCH 

Re A 1 + ReA 2 + 'Re A 3 = 0 • (14) 

TeM caMhiM yHnTapuocTb S -MaTpHUbi B TpeTbeM nopHJlKe Teopnn B03Mymeunfi 

no ·a JlOKa3aHa. 

3aMeTHM 1 'iTO JlOKa3aTeJlbCTBO yHHTapHOCTU 5 -MaTpiiUbl 6binO npOB9Jl9HO 

JlUlllb C yqeTOM HOpMaJlb!IbiX nopOI'OB aMnJlUTYJlbi _pacceHHHH, COOTBeTCTBYIOIIIefi 

Tpeyi'OJlb!IOfi Jlii8I'paMM9 C np0113BOJlbHbiMII BH9lliHIIMII JlHHIIHMII, nnH nOJlHOI'O 

JlOKa3aTeJlbCTBa YHHTapiiOCTII 5 -Ma TpHUbl B paCCMaTpHBa9MOM nopHJ:IK9 TeOpllll 

B03MyllleHHfl Ueo6XOJliiMO noKa3aTb, 'iTO yqeT aHOMaJlhHb!X OC06eUHOCTefi He 

napylllaeT ycnOBUH YHHTapHOCTII 5 -MaTpiiUbi, 

§3, AuoManhHhie oco6eHHOCTU 

f10CKOJlbKY B IIHTei'pallbHOM I1p9JlCT8BJ19HIIII (6) 1 KOTOpoe Mbl HCnOJlb3yeM 

JlJlH Bbl'iiiCJleHIIH aMnJlUTYJlbl paCCeSIHIIH 'iaCTIIU, COJlepMaTCH HHT9I'panbi no 

2 2 2 
MaCCaM llt , /l

2 
II /l

3 
, TO O'i9BHJlHO, 'iTO ITpll npOH3BOJlbiibiX, HO <lJ!IKCH-

pOB8HHbiX auemunx uMnynbcax P 1 11 P2 uMeeTcH anonue orrpenenenuaH o6-

nacTb e TpexMepHoM npocTpancTae Mace ll; , B KOTOpOll MOI'YT cymecT-

BOBaTb aHOMaJlbiib!9 oco6eHHOCTH B aMITJ1HTYJl9 1 COOTB9TCTBYI01U9fi "sneME'H

TapHOII" Tpeyi'OJlbHOfi JlH8I'paMM9, ( "3neM9HTapHofi" Jlllai'paMMOfi Mbl 6yJleM 

Ha3biBaTb Jlllai'paMMY, COCTOHIIIYIO 113 06bi'lHbiX nponai'a TOpOB CB060JlHbiX 'iaC

TIIU C M8CC8MII /l i ) • 

B 9TOfi OOJlaCTII COOTHOlli9Hll9 (7) He oy)leT cnpaBeJlJlllB01 II MHUMaH 

'l8CTb aMnJlHTYJlbi, COOTB9TCTBYIOIIIefl "9JleMeiiT8pHofi" Tpeyi'OJlbHOfl J:III8I'p8MMe,. 

6yJleT paBH8 COB9plli9HHO llHOfi <iJyHKUIIII/ 12 •13/, Ha nepBblfi B3I'nHJl, 9TO MO

/K9T npuBeCTH K HapyiiieUUIO TeX COOTHOllleHHfi M9/KJlY MaTpii'iHh!MU 9J19M9H

TaMII1 KOTOpbie Bb!TeKaiOT 113 yCJlOBUfl yHnTapHOCTII 5 -MaTpHUbl ( CM, npeJlbl-

10 

\ ~~ 
j~ i 

1 
Ll 

JlYlllHfi napai'pa<!J) • , 0nHaKO 

nocne IIHT9I'pllpOBaHIIH ITO 

OKa3biB89TCH paBHbiM Hyn 

nefiCTBHT9JlbHO, o6nac 

HOCTII y "aneMeHTapHofi" a 

I10B9pXHOCTb B Tp9XM9pHOM 

3~Jla9TCH ypaBH9HII9M/
12

/ 

' • 2 ' 
1+ 2YtY2 y3 -yl -y: 

r:ne 

yl 

2 2 ' 2 
llj +Ilk- PI 

2 llj Ilk 

l1HJl9KCbl ~i t j , k o6pa3yiO 

f10CKOJlbKY MHIIMaH 'l 

MaJlbUbiX OC069HHOCTefi ( 1 

Mep,/12,131), a caMa o6J 

:! 2 2 
paHCTB9 ill t ll2 t /l 3 

a6cop6TUBHyiO 'iaCTb aMnJl 

HaXO)!(Jl9HIIII a6cop6THBHOfi 

TOJlbKO OT HOpMallbHbiX n 

napal:'pa<!Je. 

f1pHB9Jl9HHhl9 3Jl9Cb 

30BaHHH npaanna KyTKocc: 

TYJlbl pacceHHIIH, COOTB9TC 

I'aTopoa. 



~HOI'O sneMeHT81 B KOTOpOfi 

I. CpaaanaaH 4JopMymr ( 13) 

TO H3 MaTpH~HOI'O 9neMeHT8 

n .42 n .43 , MHHMbre ~ac

¢opMyny (8)), a peanbHbre 

( 14) 

nopHnKe Teopnn aosMymeanii 

S -MaTpHUbl 6btn0 npOBeneHO 

'8CC9HHHH1 COOTBeTCTBYIOIUefi 

HMH nnHHHMHo nng nonHOI'O 

arpnaaeMoM rropHnKe reopnn 

)ManbHb!X oco6eHHOCTefi He 

3), KOTopoe Mbi ncrronbsyeM 

conep>KaTCH HHTer-panbr no 

: rrpOH3BOnbHb!X1 HO $HKCH

~ BrronHe onpenenenHaH o6-

' B KOTOpofi MOI'YT cymecT

~OOTBeTCTByromefi 11 sneME>H

)H11 nnar-paMMoii Mhr 6yneM 

)IT8I'8TOpOB CB060llHb!X ~aC-

!T cnpaBellnHB01 li MIIliM8H 

,fi" Tpeyr-onMroii nuar-paMMe,. 

·a rrepBb!H BSI'nM, 9TO MO

DKllY M8TpH~HbiMH sneMeH

If S -MaTpliUbi (eM. npenhr-

llY!UHH napar-pa4J) • 0llH8KO Ha C8MOM nene 9TOI'O He npOHCXOllHT1 nOCKOnbKY 
. 2 

nocne liHTei'plipOB8HHH no M8CC8M ~~ BKnall OT "aHOManbHOfi" o6naCTH 

OK83b!BaeTCH paBHbiM Hymo. 

nefiCTBHTenbHO, o6naCTb, I'lle MOI'yT CyiUeCTBOB8Tb 8HOManbHbie OC06eH

HOCTH y "sneMeHTapHoii" aMnnHTYllbi1 npellCTaBnHeT co6oii I'nBllKYIO llBYMepHyiO 

nOBepXHOCTb B TpexMepHOM npOCTpaHCTBe fl ~ 1 fl i H fl; • 3Ta nOBepXHOCTb 

s~naeTCH ypaBHeHneM1121 

p.f +flJc- P/ 

2 flj flk 

HuneKChr ·i , j , k o6pasy10T UHKml'IeCKYIO rrepecrauoaKy ns 1,2 ,3. 

(15) 

( 16) 

TIOCKOnbKY MIIHM8H ~aCTh "sneMeHTapHofi" aMnnRTYllbl B o6naCTH ,aHo

ManbJibiX OC06eJIHOCTefi ( 15) HBnHeTCH OI'p8HH~eHHOH 4JyHKUHefi ( CM. 1 Han!JH

Mep/12,13/), a C8M8 o6naCTb HMeeT HyneByiO Mepy .B TpeXMepHOM npoCT-
2 2 2 

paHCTBe fl1 , fl 2 , fl 3 1 TO nocne HHTei'pHpOB8HHH no M8CC8M BKnan B 

a6cop6TnBuyro ~acTb aMnnnTyllhr oT sToil: o6nacTn paBeH Hynro. TiosToMy npn 

HaXo>Knennn a6cop6TnBHoil: ~acTn aMnnnTYllbi A cnenyeT y~HTbrBaTb BKnanbr 

TOnbKO OT HOpManbHb!X nopOI'OB, K8K 9TO H 6brno cnenaHO B rrpellbillyiUeM 

napar-pa4Je. 

TipnBelleHHbie SlleCb paccy>Kll9HHH nOllTBep>KA810T S8KOHHOCTb HCnOnb-

30BaHHH npaBnna KyTKOCCKOI'O nnH HaXO>KlleHnH a6cop6THBHOii ~acTn aMnnn-: 

TYllbl pacceHHHH1 COOTBeTCTBYIOIUeil: llH8I'p8MMe 1 COCTOHIUefi liS cynepnpona-

I'8TOp0Bo 
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§4. YHuTapuocTb S -MaTpHUbi ltnSI aMnnHTYAbi pacceSIHHSI 

B 'i91'BepTOM nopSIAKe TeOpHH B03MYill9HHH no 'G 

B 'i9TBepTOM nopSIAKe TeOpHH B03MYill9HHii no 'G Mbl 6yAeM BCTp9'i8TbCH 

C aMnnHTYA8MH paCC9HHHH1 KOTOpbi9 COOTB9TCTBYIOT AHarpaMM8M Qlei1:HM8H8
1 

COCTOHillHM H3 cynepnponaraTopoB C OAHHM1 ABYMH H TpeMH H938BHCHMbiMH 

llHKnaMH ( H COOTB9TCTBYJOillHM KOnH'ieCTBOM HHTerpanOB no BHpTyanbHbiM HM

nynbC8M B aMnnuTyAaX paCCeSIHHH) • I.JTO K8C89TCSI aMnnHTYA paCC9HHHH
1 

CQ

OTB9TCTBYJOillHX AHarpaMMaM C OAHHM llHKnOM 1 TO AnH HHX CTOnb )1{9 CTpOI'0
1 

KaK · H B np9AbiAYill9M naparpa4J9, MO)KHO nOK838Tb 1 'iTO npu npOB9pK9 ycnOBHH 

YHHTapHOCTH S -MaTpHUbl cneAyeT Y'iHTbiB81'b nHillb BKnaAbl OT HOpManbHbiX 

noporos. 3Ta npo6neMa 3Ha'luT9nbHO ycnO)KHHeTcsr npn paccMoTpeunn aMnnu

TyA paCC9HHHH1 COOTBeTCTBYIOillHX AHarpaMMaM C H9CKOnbKHMH llHKnaMH. Mbl 

oyAeM npeAnonaraTb 1 'iTO H B TaKHX aMnnuTyAaX cneAy9T Y'iHTbiBaTb BKnaAbl 

B a6cop6THBHYJO 'iaCTb TOnbKO OT HOpManbHbiX nopOI'OBo B paMKaX TaKHX 

npeAnOnO)K9HHtl: Mbl AOK8)!{9M YHHTapHOCTb S -MaTpHUbi AnSI aMnnuTyAbl paccesr

HHH B 'i9TB9pTOM nopHAK~ no 'G • . 

PaCCMOTpHM aMnnHTYAY paCC9SIHHH1 COOTB9TCTBYIOillYIO AHarpaMMe, H3o-

6pa)K9HHOtl: Ha pHCo 2, H AOK8)!{9M YHHTapHOCTb S -MaTpHllbi B ·s -KaHane AnH 

TaKOtl: 8MnnHTYAbi. pacceHHHHe D.oKa3aTenbCTBO YHHTapliOCTH S MaTpHUbi Mbi 

npoBeAeM TeM )1{9 cnoco6oM, KOTOpbri1: 6bm uano)K9H B KHure H. T. ToAoposa 

Ansr cnyqasr npocToi1: 'ieTbip9xyronc'uoi1: AHarpaMMbi/13/. 

~ 

t.Jli~A.rJ 

(1!3, f) 

~ 
( ~'1,/'z-I':J+ K+r+tJ) 

P11c. 2. 

12 

llnH H8XO)KlJ9HHSI a6Cot 

nonbayeM npaBnno KyTKOCCK 

np9ACTaBn9HHH Tuna (26) no. 

aMnnnTy AY. 

3aT9M Ta )1{9 · a6cop6T1 

Me~Ta ·i.< 341 s2 s;112 > n 

pa)K9Hnii. TeM caMhiM 6yA91 

CMaTpHB89MOH aMnnnTyl!~Io 

AMnnnTyl!y pacc9~1HIIH, 

puc. 2, MO)KHO aanucaTb en! 
' 

(4) 
li (p +p2-p3-p· . 1 

=-!l 0 c 
A
04is 112> 4(2 )6·'pOpOp p 

4 . TT y1234 

X U (4 + Z 
1
+z

3
+z 

5
)U(4 +Z 

1
+Z 

4 

4 4 4[ 2 2. xfd'kdCdq (t.trq-u)( 

X ( /! 2 - ( p. - q - f ) ~ i£ )( /! 2 -
5 1 6 

<PyHKUHH A 2 ( ·s) cooTBeTc 

poi! ua M9CT9 onuoro nnn u 

npOCTO 093M8CC0Bbl9 CBOoOAl 

MH (CM. (25) ). 3aM9THM1 '11 

H938BHCIIMO Apyr_ OT l!pyra 

B cyMM9 A 1 +A 2 9TH pacxol! 

TSIX A 1 II A 2 pacxoAIIM( 

q Toobl uafiTil a5copoTil 

nacTn 2 
s = ( p1 + p2 ) > 0 



MnJII:ITYil:bi pacceSIHI:ISI 

SMyllleHI:Ifi no 'G 

fi no 'G M:bl 6yJleM BCTpeqaT:bCSI 

TBYIOT lli:I8I'p8MM8M cllefiHMaHa, 

lBYMSI 1:1 TpeMSI HeSaBI:ICI:IM:biMI:I 

ITei'panon no Bl:lpTyanbH:biM I:IM-

3TCSI aMnni:ITYil pacceSIHI:ISI, co-

TO Jlnst HI:IX CTOnb me CTpOI'O, 

lTb, 'iTO np1:1 nponepKe ycnoBI:Ist 

ni:IWb BKn8Jl:bl OT HOpManbH:biX 

TCSI np1:1 paCCMOTpeHI:II:I aMnni:I-

C HeCKOnbKI:IMI:I UI:IKnaMI:I, M:bi 

ax cneJlyeT Y'ii:IT:biBaTb BKnall:bi 

.rx nopoi'oB, B paMKax TaKI:IX 

tTpHUbi JlnSI aMnni:ITYilbi pacceg-

·9TCTBYIOIIlYJO lll:lai'paMMe, 1:13o-

S -MaTpi:IU:bi B ·s -KaHane Jlnst 

' YHI:ITapHOCTI:I S MaTpi:IU:bl M:bi 

romeH B KHI:II'e .11.T. Tollopona 

!M:b/13/, 

I . 

Llnst HaxomneHHSI a6coo6THBHOll 'i8CTH HaWefi aMnnHTVllbl P8CC9SIHIISI IIC-
/1 2 13/ 

nonbsyeM npan1:1no KyTK.OCCKOI'o ' ' , npellBapuTenbHo Bbipasun c noMOWb!O 

npe/lCTanneHHSI Tnna (26) nonnyro aMnnHTYllY pacceSIHIISI tiepes "9neMeHTapnyro" 

aMnnnTy llY. 

3aTeM Ta me a6cop6TI:IBHast 'iaCTh 6yaeT nail:aena 1:13 MaTpH'IHOI'O 9ne

Me~Ta ·i < 34 I s 2 s; I 12 > II 6yaeT noKasana TOX<ll9CTB91IHOCTb 9TI:IX llBYX Bbl

pameHI:Iii. TeM caMbiM 6yaeT llOKasana rr YHHTapnocTb S -MaTpHUbi ami pac

CMaTpHnaeMoil: aMnnHTYllbi, 

AMnnHTYllY paccestHI:ISI1 COOTBeTCTBYJOIIlYJO llH8I'p8MMe, H306pamel!HOfi Ha 

puc, 2, Momno sanucaTb cneayrowuM o6pasoM: 

(4) {:3+ioo 
00 lJ (p+p -p -p) 6 i COSTTZ r(l-y Z) 

A<34IS lt2>=-~i 1 2 3 ~lim 91 2fdzi 2z ; ; i . fcip.:p.;(zi-1>Jx 
4 .4(2TT)6ypOpOpOpO Y->1 "(:3-·oo (4TT) ;r(l+z1)r(2+z

1
) o 

1 2 3 4 1 

( 17) 

lf>yHKUHSI A 2 ( S) COOTBeTCTByeT TOll 'i8CTH aMnnHTYilbl pacceSIIIHSI, B KOT0-

2 
pofi Ha M9CTe OllHOI'O Hnii HeCKOnbKHX HHTei'panOB no dp.i H dz/ CTOSIT 

npOCTO 6e3MaCCOBbie CB060llllhie nponaraTOpbl C COOTBeTCTBYIOIIlHMH HMnynbC8-

MH (eM, (26)), 3aMeTIIM, 'ITO peanhHbie qacTu A 1 u A
2 

l!enhsst Bbi'iHCnstTb 

He38BHCHMO llPYI' OT llpyi'a, TaK K8K no OTJlenbHOCTI:I OHI:I paCXOilSITCSI, HO 

s cyMMe A 1 +A 2 9TII pacxoauMocTu KOMnencupyroTcst, OaHaKo B MHIIMhiX tJac

TstX A 1 II A 2 pacXOilHMOCTefi HeT II IIX MomHo Bhi'iucnstTb l!esaniiCHMO, 

4T06bi HBllTII a6cop6TIIBHYIO 'laCT:b IIHTepecyromeil: Hac aMnnllTYil:bl B 06-

nacTu s = ( p1 + p 2 )
2 > 0 · , ucnonbsyeM npan11no KyTKOCCKOI'O: 

13 



(4) fJ+ioo , 
8 ( 6 00 c' 

2 ·r A Pt+P2-p3p4)1. IT I ·i I dzt cosrrz{r(l-yizi) Id 2 2(z -1) I 
m 1 = - zm 2rr --2- Jt, Jt, i x 

.:4(217/..jpOpgpopcl-->11 17 
(417) z1 r(l+.~)r(2+zi) 0 

1234 {3-ioo 

x'U(4+z1 +z3+z5 ) U(4+z
1

+z4 +z 6 )'U(4+z2 +z3+z6 ) U (4+z
2

+z
4

_+z
5

) x 

x I a
4 
x a

4
e a 

4 
q P 

0 0 0 0 0 0 0 0 0 0 0 0 . (18) 
ere J O(p3-e -k J O(pJ-q -00(p2-P3+q +f+kJ 

X 

(lli-q2) (/Lff-k2). 

x8 (/L;:.e2) 8 (/L~-(p3-f.-k)2) 8 (/L~ -(prq -f) 2)8(1L:-(P;z-p3+q+f +k) 2). 

3t:tecb tteTbtpe nponaraTopa c MaccaMH 11 3 1 Jt 4 1 11 5 n 11 6 not:t HHTerpa

naMH no npoMe)KyTO'!HhiM HMnynbCaM SaMeHeHhl COOTBeTCTBYIOIUHMH Bbtpa)Ke

HHSIMH .2 17 (} ( k Y) 8 ( 11 ~ . - k f ) 1 KaK no cnet:tyeT 1:13 npaBHna KyTKOCCKoro. 

d 2 d .! • 
l1HT9I'pHpySI no p. i H Z i C HHA9KC8MH '1 =3 14 15 H 6 1 nonyttaeM 

(4) P+IOO. 

8 (p1+PrPrP) 6 oo 1 2 ·. ·i dz 1 2'1m A =- . IT (I -)lim 9 I -I~ 
1 4(2 )2 .I 00 0 0 3 2 nJ! y-->1 217 6417) ZJ 

· . 17 vP1P2P3P4 {3-ioo 

cos 17 z 1 r 1(1-rt zt J 
X 

r (l+z 1) r (1 + z 1 J 

00 xb all: p.~(zi -1)1 U(2+Z1+n3 +n/U(2+z1+n6+n4) U(2+z2+n3 +n6) U(2+z2+n4 +ns) X (19) 

x I a 'l d4 e a4 q P 
OnJfJ 0 n

4 
(pz-p 3+Hf+k) On5 (p1-q -£JOnJp3-£-k) 

(/12- q2) ( 112 - k2;) 
1 2 

Un ( k) - ljl8::10Bb!H OO'b9M n -oe::IM8CCOBbiX '18CTHU C OOIUHM HMllYllbCOM k •. 

Tenepb natl:t:teM aTy )Ke a6cop6THBHYIO ttacTb ns ycnoBHSI yHHTapaocTn · 

'S -MaTpHUb11 KOTOpoe B 4-0M iJopSIAKe no 'G. 38llHCbiBaeTCSI B 4JopMe 

·s ·s+ s ··s+ ·s ·s+ s s+ 
4+4=-22-13-3 1.' (20) 

14 

B paccMaTpHBaeMoM 

MaTpli'lHOI'O 9lleMeHTa d < 

~i <34 1 s~ s 2 1 12 > .. 
=!I;"' 

C JlH8I'p8MMOti1 H300p8)K91l! 

M8TPH'lllOI'O aneMeHTa (21) 

·i 
A = -~:::::;::;:::;::::;::. 

4(217) 6 ..; popopo Po 
1 2 3 4 

3 

.oo U( 
I 
0 

r d ki 4 4 
xqii 3 lfdx1d: 

(217) 2CIJ i 

'1 

- p2x2-p1xt+(xt-x3) ~ k 

l1cnonb3YSI AllSI CYMM 

saMeHy nepeMeHHhiX 

x; = x1 -x4 , x; =x2·-

li npOBOASI HHTei'pHpOB8HHe l 

AYIOIU9MY Bb!p8)K91llil0 AllSI Bl 

8(
4

)(Pt+ P2-p3-p4) 

A = i o o 
. 

1 
4(2rr;2 V P~PfP3 P 4 

.. . 

J 2 2(z·-1) J · 
X dp.l p.l I U(2+Zl+t 

0 



-qo-eo) O(p~-pj\qo+eo+ko) 

~- k2) 
X 

I X 

(18) 

JLC3 , JL 4 , JL 5 H JL 6 non HHTerpa

!i!Hbi COOTBeTCTBYIO!IlHMH Bbipame

cnenyeT ua npaanna KyTKOCCKoro. 

m ~i =3,4,5 H 6, nony'laeM 

. p+too_ 

:i f dzi 
2; (417/Zf 

{3-ioc 

k) On5 ( p1 ~q -f)O. n/ p3-f-k) 

2 ...: k2:) 
2 

lt 'laCTHU C OO!llHM HMnynbCOM k •. 

, 'laCTb na ycnoBH.H YHHTapaocTn 

'G. aanHCbiBaeTC.H B <flopMe 

(20) 

B paccMaTpnaaeMoM cnyqae aac 6yneT HHTepecoaaTb numb BKnan OT 

MaTpH'Iaoro aneMeHTa •i < 34 I ·s Js2 I 12 > 

!i <.341 s~ s2 112 > = !ii J .L [ < k 1 s2 1 34 > l *< k 1 -s2 1 12 > • (21) 
k! 

C nnarpaMMo:ii:, nao6pameaao:ii: aa puc. 2,_ 6yneT ca.Haaaa cnenyroma.H qacTb 

MaTpH'IHoro aneMeHTa (21 ). 

rl 

- p2x2-p1X1+(x1-x3) I 
. 1 

l1cnonb3y.H lln.H CYMM no m H no f npencTaaneHHe THIIa ( 12) 1 IIpOH3BOil.H 

aaMeay nepeMeHHbiX 

(23) 

H npOBOil.H HHTerpHpOB8HHe no 8THM HOBbiM nepeMeHHbiM1 Mbl IIpHXOilHM K cne

llYIOIIleMY Bbipameanro nn.H aenH'IHHbi . .4
1 

· 

{hioo 
2 • d n I_.,_ f--z_, 
1 217 (417 )2zl 

{3 -!ioo 
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COS17 Z 1 r(l-ylz/) • 
X 

r(1+z1Jr(2+Z1 ) 



., 

xI d 4q rfe d 4k P 
Or/e) Or

2 
(pcq-f} Or

3 
(p 3 -k-f) Or/P:rPJ+-q+k +e) 

(p.2-q2) (p.2-k2) 
t 2 -

(24) 

At OTJIH~89TCH OT A T9M1 ~TO 3A9Ch onyiUeHbl ~JI9Hbl CO 3H8~9HHHMH na-

paMeTpOB t~j 1 m H £ 1 paBHbiMH 0 H 1 , ,CpaBHHB8SI !jlopMyJibl (24) H 

(19), HSTPYAHO BHA9Tb, ~TO 

2~i lm At =-At , 

K8K 9TO H AOJI)KHO CJI9AOB8Tb H3 ycJIOBHH yHHT8pHOCTH S -MaTpHUbi (eM, pa

B9HCTBO (20)), TeM C8MbiM Mbl ITOK838JIH 1 ~TO ITOCTp09HH8SI no . H81U9MY Me

TOAY aMITJIHTyAa pacceSIHHSI ~ B ~eTaepToM nopSIAKe no'G ynoBneTBopSieT yc

JIOBHIO yHJiTapHOCTH S -MaTpHUbi, 

. TIOA06H09 )1(9 paCCMOTp9HH9 MQ)KHQ iipOB9CTH H B 6onee BbiCOKHX nopSIAK8X 

TeOpHH B03MYIU9HHfi no 'G , 

§5. 3aKniO~eHue 

TipOB9A9HHbl9 BbiiUe pac~eTbl noKa3biB8IOT1 ~TO C ITOMOIUblO cneKTpanbHOI'O 

npeACTaBJI9HHSI AJISI cynepnponaraTOpOB THna (26) MO)KHO JII06yiO aMnJIHTYAY 

pacceSIHHSI1 COOTB9TCTBYIOIUYIO !jlefiHM8HOBCKOfi AHarpaMMe, COCTOSIIU9fi H3 cy

nepnponaraTOpOB1 Bbipa3HTh HHTerpaJibHbiM o6paaoM ~epea "aneMeHTapHyiO" 

aMnJIHTyAY pacceHHHH, 3Ta 
11

9Jl9M9HT8pHaSI" aMnJIHTyAa paCC9HHHH COOTB9TCT

ByeT y)Ke 06bi~HOfi !jlefiHM8HOBCKOif AH8I'paMM91 . COCTOSIIUeif H3 nponaraTOpOB 

CBo6oAHbiX cKanHpHbiX ~aCTHU c paann~HbiMH MaccaMH, TeM caMbiM npo6neMa 

AOK838T9JlbCTB8 yHHTapHOCTH S -MaTpHUbl B HenOJIHHOMH8JlhHbiX TeOpHHX no-

JISI CBOAHTCSI K aHaJIOI'H~HOfi npo6JieMe, HM910IU9ii M9CTO y)Ke B 06bi~HOii no-

JIHHOMH8JlhHOfi TeOpHH nonS!, TIOCKOJlhKY B nOJIHHOMH8JlhHbiX TeOpHS!X yKa3aH

H8SI npo6neMa XOpOWO H3y~eHa H HM910TCSI AOCT8TO~HO TIU8T9JlbHO paapa6o

T8HHbl9 MeTOAbi AJISI peweHHSI TaKoro pona aonpocoal 1,2,13/, Mbi nony~aeM 

B03MO)KIIOCTh HCnOJih30B8Th HX AJISI H9ITOJIHHOMH8llhllbiX T90pHfi1 npenaapHT9Jlb

HO npHM9HSISI npeACT8BJI9HHSI THna (26), 3TO rtp9)KA9 BC9I'O OTHOCHTCSI K HC

nOJih30B8HHI01 HanpHMep, T8KOI'O npH9M81 K8K H8XO)KA9HH9 a6cop6THBHbiX ~ac

Tefi aMnJIHTYA pacceHHHSI C ITOMOIUhlO npaanna KyTKOCCKOI'O, 

16 

TiocKOllbKy B HCITOJib3Y 

HHSI COA9p)K8TCSI HHTerpaJibl 

A8X p8CC9HHHH BCTp9~89MCH 

Hbl9 oco6eHHOCTH, 0AH8KO B 

ITOJIHOfi 8MITJIHTYAbl p8CC9HHi 

OKa3biB89TCSI paBHbiM HYJIIO, 

HbiX AHarpaMM, Bonee cno> 

KHX UHKJIOB B H3y~aeMOfi Al'l· 

0KOH~8T9JlhHO pe310Mf 

38Th CJI9AYIOIUee, Y HHTapH• 

MO)KHO C~HT8Tb ITOJIHOCTbiO l 

.no 'G • B 6onee BbiCOKHX nc 

HHTbCH1 eCJIH npH HCITOJih30E 

aMnnnTynax y~HTbiBBTh BKJI 

noporoB, 

B 38KJI10~9HH9 8BT0p 

o6cy)KA9HHH n.l1. BnoxHHUSB 

By, l1.T. TonopoBy H A.T. ct 

1, R.E.Cutkosky. J.M< 
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5. M.K.Volkov. Cornrnul 

6, M.K. BonKOB, npenpMHT 

7. M.K.Volkov. Ann.Pl 

8, K. Pohlrneyer. Prepl 

9, M.Daniel and P.K.l 
land, N. 72-056, I 

10, I. G. Taylor. Prepr: 
(1971) • 



----------r-:----------------:--~~~---~-~·~·-·---~- ~~----

' . 
D3,~k-£) flr/P;tPJ+:Hk + £) 

(24) 
ll2-k2) 
2, 

I119Hhl 'IJI9Hhl CO 3H8'!9HHSIMH na

·~ .CpaBHHB8SI <jlopMyJihl (24) H 

TapHOCTH S -MaTpHUhl (eM, pa

~0 nocrpoeHHaSI no ·Hallie My Me

)PSIJlKe no 'G YAOBJieTBOpSieT yc-

:Tn H B 6onee Bh!COKHX nopSIJlK8X 

, 'ITO c noMOlllbJO cneKTpanbHOI'O 

(26) MO)KHO nro6yro aMnJIIITYAY 

AII8I'p8MMe, COCTOSI!Ilefi 113 cy-

5pa30M 'Iepes "aneMeHTapHyro" 

JnJIIITyAa pacceSIHHSI COOTBeTCT

~. QOCTOSI!Ileii 113 nponai'aTopos 

faccaMH, TeM caMbiM npo6neMa 

:enOJIHHOMHaJibHhiX TeOpHSIX no

llefi MeCTO y)Ke B o6bi'!Hoii no

liHOMHBJibHhiX TeOpHSIX yKa3aH

•CT~TO'IHO T!IlaTeJibHO paspa6o

nip~cos/ 1,2,13/, Mhi nonytiaeM 

IBnhHhiX reopHii, npeAsapHTenh

tpe)I{Ae BCei'O OTHOCHTCSI K HC

~aXO)I{AeHIIe a6cop6THBHhlX 'IaC

KyTKOCCKOI'O, 

nocKOJibKy B HCnOJib3yeMb!X H8MH npeACTaBJieHHSIX AJISI aMnJIHTYA pacceg

HHSI COAep)K8TCSI HHTei'paJibl no MaC CaM, TO Mbl B u 9JieMeHT8pHblX .. aMnJIHTy

ABX pacceHHHH BCTpetiaeMCH C o6naCTSIMH1 I'Ae MOI'YT Cy!IleCTBOB8Tb 8HOM8Jib

Hbie oco6eHHOCTH, 0AH8KO BKJ18A OT 9THX OC06eHHOCTeii B a6cop6THBHYIO 'I8CTb 

nonHoii aMnnHTYAhi pacceHHHH nocne nposeAeHHH scex HHTei'pauHfi no MaccaM 

OKa3biBaeTCH paBHhiM Hynro, 8TO MO)KIIO CTpOI'O AOK838Tb AJIH BCeX OAHOUHKJIH'I

IIh!X AH8I'p8MM, Bonee CJ10)KH8H CHTY8UHSI HMeeT MeCTO npH H8JIH'IHH HeCKOJib

KHX UHKJIOB B H3y'IaeMOii AH8I'p8MMe, 

0KOH'I8TeJibHO pe3JOMHpyg nonytieHHh!e 3AeCb pesynhT8Tb!1 MO)KUO CKa-

38Tb cneAyJO!Ilee, Y HHTapHOCTb S -MaTpHUhl B HenOJIHHOMH8JibHbiX TeOpHSIX 

MO)KHO C'IHT8Tb liOJIHOCTb!O AOK838HHOH B TpeTbeM IIOpSIJlKe TeOpHH B03MYIIl9HHfi. 

.no 'G • B 6onee BhiCOKHX rropSIAKax yHHTapHhre ycnoBIISI 6YAYT TaK)Ke Bhrnon

HSIThcH, eCJIH !IpH HCIIOJib30B8HHH IIpeACT8BJieHHH THIIa (26) B "aneMeHT8pHb!X" 

8MIIJIHTYA8X Y'IHThiB8Tb BKJI8Ahl B a6cop6THBHhie 'IBCTH JlHlllb OT HOpMaJibllb!X 

!IOpOI'OB, 

B saKJIJO'IeHHe asrop Bhrpa;>!caeT Pny6oKyro 6nai'oAapHOCTh sa rronesHbre. 

o6Cy)I{AeHHH n.I1. BnoXHHuesy, B.H. Banyesy, A.B. EcppeMosy, B.K. MenhHHKO

sy, I1.T. ToAoposy H A.T. ¢HnHrrrrosy. 
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