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B 1935 ro~y c uenb~ ycTaHosneHHR CBR3H Me*~Y $H3HKOA H MaTeMa-
/11 

THqeCKOH TeopHeH rpynn llupaK H3yqan, K K8KHM nocne~CTBHRM 

npHBO~HT 3aMeH8 MHp8 nyaHKape - MHHKOBCKoro MHpOM ~e CHTTepa. B 

3TOH paooTe OH npe~nO*Hn 38MeqaTenhHOrO BH~8 CfiHHOpHOe ypaBHeHHe 

~nR noBe~eHHR aneKTpoaa HnH no3HTpoaa B MHpe ~e CHTTepa. EcTeCTBeHHO, 

B03HHKna 3a~aqa KB8HTOB8HHR CfiHHOpHOrO nonR, no~qHHR~merocR TaKOMY 

ypaBHeHH~ llupaKa. llnR c$epHqeCKOrO MHpa - O~Horo H3 ~BYX MHpOB ~e 

CHTTepa - aTa 3a~aqa no~~aeTCR ~osonhHO npocToMy pemeHH~. Cnocoo 
, /2,3/ B , /4/ 

KB8HTOB8HHR B T8KOM cnyqae YK838H B pauOT8X • pauoTe ~nR 

ypasHeHHR llHpaKa B c$epuqecKoM MHpe pemeHa o6mag 3a~aqa KomH, B 

pe3ynhT8Te qerO nonyqeH B RBHOM BH~e aHTHKOMMyTaTOp CfiHHOpHOrO nonR. 

C$epHqecKHA MHP ne CHTTepa HHTepeceH eme H TeM, qTo H3yqeHHe 

B HeM RBneHHM caMO co6ofi npHBOnHT K oco6oMy MeTO~Y H3yqeHHR RBneHHM 

B nnoCKOM MHpe nyaHKape-. MHHKOBCKOro. J-13no*eHHe 3TOrO MeTo~a -

MeTona HHBapHaHTHOrO RlliHK8 - nnR KB8HTOBOH TeOpHH CIIHHOpHOrO nong 

/3/ aaqaTO B pa6oTe • npRMbiM ee IIpOnOn*eHHeM RBnReTCSI H8CT0Silli8SI 

pa6oTa. 
3nech ypaBHeHHe llHpaKa B c$epHqeCKOM MHpe pernaeTCR IIyTeM 

pa3neneHIHI nepeMeHHhiX. nonyqaeMb!M 6a3HC B npocTp8HCTBe perneHHH 
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\ 
.tilt 

B CHny KOMfi8KTHOCTH C~epHqeCKOro npOCTp8HCTB8 OK83hlBaeTCH cqeTHhlM, 

qTo fi03BOnHeT BBeCTH cqeTHy~ COBOKYfiHOCTb onep8TOpOB po~aeHHH H 

yHHqTo~eHHH 9neKTpOHOB H fi03HTpOHOB, 

1, 11cxoaHb!e nono~eHHH 

1, C~epuqeCKHA MHp npeacTaBnHeTCH B BRae oaaononocTHoro runep-

a I> ( 1 ) 2 ( 2 ) 2 ( 3) 2 ( 4 ) 2 ( 0 ) 2 2 6onouaa Ti a!. x x = x + x + x + x - x = r 

B fiHTHMepHOM nnOCKOM MHpe C MeTpHKOft J~ = T/al> Jxa Jxl> . 

I 1 2 3/ 2. YpaBaeaue .llHpaKa B c~epuqecKoM MHpe HMeeT sua ' ' 

IA'y, = '""', 

rae m = ~ c q - 6eap83MepHb!ft napaMeTp, COCTaBneHHhlft H3 M8CCb! aneKT-

poHa -II03HTpOH8 

HOA nnaHKa 1i 

m 1 paaHyCa _. MHpa r 1 CKOpOCTH CBeTa c H fiOCTOSIH-

1/J - CIIHHOp B 683HC9 J X 
,, 
M - onepaTop, paBHbiil 

" 
M =--1-[HaH"lma~>+21 

B aTOM onepaTope m a1> - BeKTopHb!e nonS! Kunnuara B c~epuqecKoM 

MHpe 

mal> 
a 

Xa ax~> -
a 

x,. ax a 

H a - M8TpHUb!, yaosneTBOpSI~l!l~e ycnoBHSIM 

H a H" + H" Ha = 2., a!. , iH 0 H 7H2 H3 H 4 l. 

KsaapaTHhle CK06KH 3aecb H aanee oaaaqa~T anbTepauposaaaoe npoua

seaeaue MaTpHU, .RBHb!ft BRa H apyrHe CBOftCTBa 3THX MaTpHU CM, B pa-

6 
/2,3,4/ 

oTax 

4 

' 

"'{/ 

/· 

'9,i"\ )J~ .. 
·'*\ :,y 

·'-

' 

3. Ecnu cnuaopb! u , v - noaqHHH~T 

nonaaH npocTpaHCTBeaao-noao6aaH runepnoBei 

pHqeCKHil MHp Ha aBe qaCTH1 TO HHTerpan 

( v, u) f v X [ cl, X c/2 X c/3 X 
r 

He aaBHCHT OT Bb!6opa I . B aToM HHTerpa. 

J x ax J ' ' 2 3 a 1 =~ aq , ••• , q , q, q - napaMeTpb! 

YcnoBHH KBaHTOBaHHH Bbrpa~a~TCH qepea aTo1 

HHTerpana npeacTaBnH~TCSI R BTOpHqHo KB8HTO 

4. Bee KOMnoHeHTbl CnHHOpHoro nonS! 

"' c apyroM, PaBHhiM o6paaoM, aHTHKOMMyTHpy~· 

KOMIIOHeHTb! CnHHOpHoro nonS! ifi = 1/J * H o 

= V* U + U V* asyx onepaTopoa auaa V*= ( 

V 1 U - HeKB8HTOB8HHhle CflHHOpHb!e nonH, r 

.llHpaKa 1 paBHSieTCH 

V*, U I = ( v, u ) . 

A 
5, nuaellHOMy orrepaTopy K 

1 aetkTByiOU 

perneHHil ypaBHeHHH .llHpaKa, COOTBeTCTByeT BTC 

paTop 

K =(1/J,KY,) 

CaMaSI npocTaH orrepauHH - yMHo~eaue Be 

*e qucno, TaKoll orrepauuu cooTBeTcTayeT orrep 

&=-e(tfr,¢). 

OrrepaTopbi 

KL = -im L- -' [H HL] 
ao Oo 2 o o 
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MDSKTHOCTH C~epH~eCKOI'O DpOCTp8HCTB8 OK83b!B89TCH C~eTHbiM, 

HeT BB9CTH C~eTHy~ COBOKYDHOCTb onepSTOpOB PD*aeHHH H 

HH aneKTpOHOB H fi03HTpOHOB, 

1, kfCXOIJHbie DOD0*9HH8 

epH~ecKHit MHp npeacTaBnHeTca B BHae onuononocTHoro rHnep

ah x.,x" =(xl)2+(x2)2 +(x3)2+ (x"J2 -(x0)2 = ,2 

1i 

; 
-2 

C MeTpHKOft Jsl = 71a& Jxa Jx& 
I 1 2 3/ 

L1Hp8K8 B C~epH~eCKOM MHpe HMeeT BHa ' ' 

fA'ifJ=mifJ 1 • 

6e3p83MepHbllt napaMeTp, COCT8BOeHHbllt H3 MSCCbl 9DeKT-

m , paaHyca ,. MHpa , 
0 CKOpOCTH CBeTa c H DOCTOHH-,, 

1{1 - CDHHOp B 6a3HCe c/x t M - onepaTop, paBHbiit 

H ., H " 1 m .,,. + 2 i 

m .,, - BeKTOpHbie nona KHnDHHra B c~epH~ecKOM 

a a x., ---- - x,.----ax" axa 

HUbl, yaoaneTsopa~nme ycnoBHHM 

" + H" H.. = 2., .,, I iH 0 H 1 H 2 H3 H4 l . 

CK06KH aaeCb H aanee 03H8~8~T 8DbTepHHpOB8HHOe DpOH3-

HBHblft BHa H apyrHe CBOftCTB8 9THX M8TpHU CM. B pa-

4 

,.. 

\,-.. ~~.··. ..... 1. 
t, \ 

' ~'· ~··'·~.' 
,'•\ ·, 

· ... , ... ·, /.·. :,, 
•• I 

.. : 

:)\ 
.::~.· 

t 
.. :~ 
·~. '{ ' . 
::'I~., 

· .. 

" 

3. EcnH cnHHOpbi u , v - noa~HHH~TCH ypasaeaH~ LlHpaKa, l 

nonHaH npocTpaacTseauo-noao6HaH rHnepnosepxaocTb, paaaenH~maH c~e

PH~eCKHit MHp Ha ase ~8CTH, TO HHTerpan 

(v-
1 

u) f v X [ c/1 X c/2 X c/3 X 1 u , 

He aa&HCHT oT Bbi6opa I . B 9TOM HHTerpane v = v* Ho 1 X = x., H., 
1 

c/ X ax cJ r r 2 3 ~ 
1 = aqr- q 1 • • • 1 q 1 q 1 q - napaMeTpbi aa rHnepnosepxaocTH k 

YcnoBHH KBaHToBaHHH Bbipa*a~TCH ~epea 9TOT HBTerpan. B BHae TaKoro 

HHTerpana npeacTaBnH~TCH 1!: BTOpH'IHO KB8HTOB8HHbie onepaTOpbi, 

4. Bee KOMnoaeHTbi cnHHopaoro nonH 1/1 
8HTHKOMMyTHpy~T apyr 

c apyroM, Pa&HhiM o6paaoM, aHTHKOMMyTHpy~T apyr c apyroM H see 

KoMnoaeHThi cnHaopaoro nonH ifj = 1{1 * H 
0 , A HTHKOMMyTaTop I V * 

1 
U I = 

= V* U + U V* aayx onepaTopoa &Hila V*= (;
1 
1/J), U =(if; 

1 
u ) , rae 

V , U - HeK&8HTOB8HHhie CnHHOpHbie fiODH, fiOil'IHHeHHbie ypaBHeHHIO 

LlHpaKa, p8BHHeTCH 

I V* I u I = (;I u ) • 

A 
5, nHHeltHOMy onepaTopy K 

0 aeftCTBYIOIIIeMy B npOCTp8HCTBe 

peiiieHHft ypasHeHHH LlHpaKa, COOTBeTCTsyeT BTOpH~HO KB8HTOB8HHblft one-

paTop 

" K =(1{1 1 Kl{l) 

CaMaH npocTaH onepauHH - YMHo*eHHe acex peweHHit HR oaao H To 

*e 'IHCno. TaKolt onepauHH cooTseTcTayeT onepaTop aapHaa 

~=-•(i/11¢). 
OnepaTopbi 

K.,,. = -im .,,.-
2 [H., H"] 
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fa - - 1- [ Ha H P H" 
2 

" 

m + .2i_ Ha 
pq 2 

KOMMYTHPYIOT c M H neA:cTByiOT, TaKHM o6paaoM, B npocTpaHCTBe pewe-

HHA: ypaBHeHHSI llHp8K8o 11M· COOTBeTCTBYIOT BTOpH"'HO KB8HTOB8HHbie one-

paTOpbi 

.f( all ( f , K all 1/J ) , 
~ "a s = (1/J , s t/1 ) • 

2. Bucpepu"'eCKHe KoopnHHaTw 

3anasaH runep6onoun Tfa 11 xa x II = ,2 napaMeTpHqecKHMH ypaBHe-

HHSIMH 

xo r tg (} , x' 

x3 r 
cos (} sin ' cos ( , 

r 
cos(} 

sin( sin ( , 

x4 r 
cos(} 

x2 -' - cos (sin TJ 
cos(} 

cos' cos Tf• 

Mbl BBOJlHM. B c<j>epH"!eCKOM MHpe KOOpJlHH8Tbl (} ( TJ ' OHH MeHHIOTCH B npenenax - _!!.. < (J < ....!!.... , 0 < ( < 2 11 , 0 < TJ < 2 11 
2 2 - - -

0 ~' ~ + o noclleJlHHe TpH H3 HHX-cyTb 6uc<jlepH"'eCKHe KOOpJlHH8Tbl 

na TpexMepnott c<j>epe 0 = 0, • Bbi6paB :aTy ccpepy-ropnoBHHY runep6onouna 

- B Ka"!eCTBe nonaoA runepnosepxHoCTH I 

V 1 U ) B BHJle 

(v,u) = r 3 r v* u t/0. 
d=O 

, nony"'HM HHTerpan 

rae t/0. = sin ( cos ( tl( dTJ tl( -. :aneMeHT o6'heMa enHHH"'HOA c<jlephi. 

6 

I 

,~. 

.. I_,,~, 

• .. f>_ . 

' ; .. 
1:~ 

. , .. · ... . 
\ 

. 
l.!fl, 

.;j·A ,. 
'·',<'1' 
:~;· 

t' ; 

i, 

Ypasaeaue llupaKa B c<j>epH"lecKoM MHpt 

nepeMeHHbie (} 
' 

( 
' TJ ' ' • Ycnex 

" so " " TeM, "'TO onepaTOpbl M 
' ' K31, K4; 

nepeXOllSI K nepeMeHHbiM (} • ( • TJ • ' npe*lle, 6ylleM OTHOCHTb CDHHOp K 6aaucy 

" M npeo6paayeTcSI K cnenyiOweMy suny: 

ii. =2i-
2 

cos (J X(-l_ E a 
a( 

1 ax 
+-- --

t sinl( a( cos2( aTJ 

AaanorH"!Hbiti BHll npHHHMaeT onepaTop S0 

So =.!!_Ho-iHoL(-l_ aL_a_+-
2 sin 2 ( a ( a ( C< 

rne 

L = (H 1 sin ( + H3 cos() sin( +(H2 si1 

" " OnepaTopbi K31 H K42 npeo6paayiOTCH K 

R 31 = - i _a_ - ....L H 3 H' , K4z 
a( 2 

TaK KaK 

X =rH 0 tgO + -'-L 
cosO 

TO 

~ = (H 0 + L sin 0 ) fD + IL H0 (cos 

7 



- _]_ [ Ha H P Hq 
2 

" 

m pq 
+ _li_ Ha 

2 

pyiOT c M u ne~crsyror, taKuM o6pasoM, s npocrpaacrse pewe-

HeHUSI llupaKa. HM COOTSeTCTByJOT STOpU'I.HO KB8.HTOB8.HHbJe one-

, ( f , K ab 1/J J , 
:"b "a s =(I{! , s 1{1 ) • 

2. BucdJepuqeCKHe KOOWIHH8Tbl 

asaH runep6onoun Tfa, xa x" = r2 napaMerpuqecKHMH ypaane-

r tg (} , x' r 

cos(} 

r 
cos (} sin ' cos e , 

sin( sine , 

x4 r 
cos(} 

x2 -'- cos ( sinTf 
cos(} 

cos' cos Tf• 

HM. S c4JepU'19CKOM MHpe KOopnHH8Tbl (} e 1f ' HJOTCH B npenenax - _!!_ <(} <...!!..... t 0 < e < 2 1T , 0 < 1f < 2TT 
2 2 - - -

; • OocnenHUe !pH U3 HUX-cyTb 6uc4JepH'I9CKHe KOOpnUH8Thl 

epHO~ c4Jepe (} = 0 • Bbi6pas 3IY c4Jepy-ropnoBUHy runep6onouna 

crae nonHol runepnosepxHocru I , nony'IUM UHTerpan 

) s aune 

, u ) = r 
3 

J=o v* u tl 0 

sin ( cos (tie t/Tf J( -· aneMeHT o6'beMa enuHU'IHO~ c4Jepbi. 

6 

~ 

1 .• ~ .. :, 

' ·;~ 

t 'l;~ 

I "' 

Ypasaeaue llupaKa s c4JepU''IeCKOM Mupe 6yneM pewatb, pasnemrH 

nepeMeHHbie (} g Tf ( • Ycnex Ha atoM nyru o6ecnequsaercg 
" " " reM, 'ITO oneparopbi M so • K3 1 , K42 KOMMyrupyror npyr c npyroM. 

OepexonH K nepeMe.HHbiM o • e , Tf 1 ( 1 Mbl1 TeM .He MeHee, K8K 

npe)l<ne, 6yneM OTHocurb cnuaop K 6asucy tlx • Opu atoM oneparop 
" M npeo6pasyercH K cnenyroweMy suny: 

fi. = 2i-
2 

COS· 0 X(_!_ E 
t sin2' ae 

a 
ae 

1 ax 
+-- --

cos2( aTf 

a 
aTf 

ax 
+-

a( 
a 

at;; 
ax .!._J, 
ao ao 

AaanorU'IHbi~ sun npuHuMaer oneparop fo 

5o= .!i_Ho -iHoL (-'- aL_a_+-'- aL _a+ aL _a J 
2 sin 2' a e a e cos2' a Tf a Tf a' a' 

rne 

L (H, sine+ H3 cose) sin( +(H2 sinTf + H4 COSTf) cos'. 

Oneparophi 

R 31 = 

TaK KaK 

X 

TO 

~ 

r 

" " K31 u K42 npeo6pasyrotcH K suny 

- i a . a~: - -'- H H 
I> 2 3 I ' 

r H0 tgO + -'-L 
cosO 

c a · 
1\ = - i - - _l_ H H

2 
• 

42 aTf 2 4 

( H 0 + L sin (} ) fo + I L H0 (cos (} :(} + + sin(} ) + --j- . 
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3o Co6cTeeHI!hie ,Hcna onepaTopoe l 0 
I f<'J, I K~z 

" 
npeaCT8BHM onepaTop so 

4 a b 
~ H H mab 
b=l 

4 
!. I 
2 a=l 

G 

B BHae 

3 
2 

S0 =iH 0 G , rae 

TaK KHK i H0 H G KOMMYTHPYJOT, TO co6cTBeHHhie '!Hcna onepaTopn 

S 0 paBHHJOTCR npoHseeaeHHRM co6cTeeHHhiX 'IHCen onepaTopoB i H0 11 G 0 

Co6CTBeHHbie 'IHCna onepaTopa iHo paBHhl :!:, 1, ITOCKOnbKY 

i H0 i H 0 = 1 o Co6cTBeHHbie '!Hcna g onepaTopa G MO)I{HO H8MTH C 

noMombJO TO)I{aecTBa 
4 3 J +-)(G--) 

2 2 
(G -1'1 

J 4 
--I 

2 a=l 
~ mob mob b=l 

nocKOnbKY C06CTBeHHbie 'IHCna CK8nRpi!OrO onepaTopa nannaca f'1 H8 

eaHHH'IHOH TpexMepHofi c¢epe p8BHHJOTCH - p 

TO C06CTBeHHb!e 'IHCna g paBHHJOTCH nH60 

( p + 2), 
1 

p + 2 I 

rae p = 0,1,2, o o o1 

3 
nH6o -p- -

2
-

3aecb Mhi nonaraeM, 'ITO KOMITOHeHThi cmmopHoro nom1 e 6a3HCe J x 

oaH03H8'1Hble H He HMeJOmHe oco6eHHOCTeM <flyHKUHII H8 ccpepeo 

J 
CpeaH yKasaHHhiX '!Hcen y He HBnHeTcH, oaHaKo, co6cTBeHHhiM 

" 
'IHCnOM orrepaTopa G 0 neMCTBHTenbHO, TaK K8K onepaTOpbi Kab ap-

MHTOBhi, To co6cTBei!Hhie 'IHCna onepaTopa 

J 4 4 " ,, 
- I I K K =-1'1 
2 a=l b=l ab ab 

G 

HeoTpHUaTenbHblo J.1s npHBeaeHHOJ:'O Bb!We TO)I{aecTB8 38KnJO'I8eM, 'ITO 

J 4 
-I 

2 a=l 

4"," 2 3 
I "bKb=G --
b=l 0 0 4 

H, cneaoBaTenbHO, g 2 ~ 
3 
4 

T8K 'ITO 

OcTaeweecs:c MHO)I{eCTBO 'IHCen BHaa 

J 
g.;, -2-. 

3 
p + l H 

3 
-p - T, rae, KaK 

rrpe)l{ae 1 p = 0,1,2,, o o1 HHBllpH8HTI!O OTHOCHTenbHO yMIIO;>KeHHR H8 -1o 

8 

,, 
" ' 

•, ' ,, 

noaToMy co6cTBeHHbie '!Hcna onepaTopa fo pae 

G , rrpHHaane)l{aT aToMy MHO)I{eCTBYo HH)I{e ans:c ~ 

3 3 
P + 2H - P - T rrocTpoeHo poBHo ( p + J ) ( 

CHMbiX C06CTBeHHb!X <flyHKUHI!: orrepaTopa fO 

H0 1 'ITO Bee 'IHCna T8KOJ:'O BHaa aei!:CTBHTenbHO RBJ 
" 

'IHCnaMH OITepaTopa S O o nnSI eaHH006pa3HR 3T~ 
1 

ChiBaTb eme H e BHne s + T , rae s = p + 1 H.n 

nepeftaeM Tenepb K C06CTBeHHb!M 'IHCnaM OITE 

PaccMoTpHM cne"yJOmHe KOM6HHauHH orrepaTopoe 

,, ' ,, " " M I = - ( K 43 + K 12 ) H, 2 

" 1 " " " M2 = -( K23 + K,,) H2 2 

,, . J ,, ,, 
" MJ = -(K3l + K,2J HJ 

2 
,, 

" - 2 "2 "2 "2 H 2 M =M 1 +M
2

+ MJ 

Co6cTBeHHhie 'I:Hcna nByx rrocneaHHX onepaTopoe pa 

II 1 ( s 2 - 1) COOTBeTCTBei!H01 ITOCKOnbKY 

,, ,, 
-2 -2 
M + H " (So)2_.1_ 

8 

,, ,, 
-2 -2 
M - H 

" nanee, Bee onepaTopb! M I KOMMyTHpy!OT CO BCeM 

H o6e TpOI!:KH 3THX onepaTopoB YllOBneTBOpR!OT CTp~ 

rpynnbi TpexMepHhiX BpameHHfi, a HMeHHo: 

''" ,,,, ,, ,, " ,, ,, 
M,M2-M2MI =iMJ I M3 M 1 -M 1 M 3 =iM 2 , 

9 



3. CoocTBeHHhie qn:cna onepaTopoa S0 
I f<'n I K~z 

ACT8BHM orrepaTop 's'o 

1 4 
- I 
2 a=l 

4 " b 
I H H m"" b=l 

B BHAe 

3 
2 

S0
=iH 0 G , rae 

iH0 n: G KOMMyTHpyJOT, TO COOCTBeHHhie 'IHCJia onepaTOpil 

HJOTCH npon:aaeaeHH.HM co6cTBeHHbiX qn:cen onepaTopoa ; H
0 

11 G • 

TBeHHbie 'IHCJ18 onepaTopa iHo paBHbl :!:., I, DOCKOJibKY 

• CoocTBeHHhle qn:cna g onepaTopa G MO>KHO H8HTH C 

O>KAeCTBa 

3 1 4 4 1 + yJ ( G --) ~ - ;\ = --! ! m m 2 2 a=l b=l ab ab 

co6cTBeHHbie 'IHcna cxan.HpHoro onepaTopa nannaca 1'1 aa 

TpexMepHofi c¢epe paBH.HJOTC.H - p 

eHHbie 'IHCJia g paBHSIIOTCSI JIHOO 

( p + 2), 
1 

p + 2 . 
r.ne p = 0, 1,2, ••• , 

3 
nn:6o -p- -

2
-

nonaraeM, 'ITO KOMDOHeHThl CDHHOpHOI'O DOJIR B 083HCe Jx 

Ie H He HMeJOIIIHe OCOOeHHOCTeH ¢yHKUHII Ha c¢epe. 

1 
n: yKa3aHHhiX 'ln:cen y He .HBJIS!eTcSI, o.nHaxo, co6cTBeHHbiM 

" epaTopa G • llencTBHTenhHo, Tax KaK onepaTopbi Kab ap-

o co6cTBeHHbie 'IHcna onepaTopa 

4 4 " ,, 
! ! K K = -.1 - G ab ob '=I b=l 

I JihHhi. 113 npn:ae.neaaoro Bbii.Ue To>KnecTBa 38KJIJO'IaeM, 'ITO 

44 ',, 2 3 
! I K K =G --
·=1 b=l ab ab 4 

enbHo, g 2 ;: 
3 
4 1 T8K 'ITO 

I.UeecSI MHO>KeCTBO 'iHCen BH.lla 

g I ~1 __ 
2 . 

3 p + 3 l H -p - T, r.ne, KaK 

= 0,1, 2,. o •• HHBltpllaHTHO OTHOCHTeJibHO yMHO>KeHIHI Ha - J. 

8 

,... 

;~~:; 
'Th 

._,,:_.-~_ .. ~_ .. 
,, 

". ; 

I :~~· 
·.;. 

\ 
l ., 

flosTOMy COOCTBeHHb!e 'IHCJ18 OnepaTopa fo 
paBHo, xax H onepaTopa 

G , npn:Ha.nne>KaT 3TOMy MHO>KeCTBy. HH>Ke .nn.H Ka)f{.noro 'IRena BH.lla 

3 3 
p tyn: -p- T nocTpoeao poaao ( p + 1 

CHMbiX COOCTBeHHb!X cPYHKUHit onepaTopa f'O 
) ( p + 2 ) nn:aeltao aeaaan:-

H TeM CBMblM Jl0Ka3a-

H0
1 

'ITO Bee 'IHCJia TaKOT'O BH.lla JleltCTBHTenbHO IIBJISIIOTC.SI COOCTBeHHb!MH 
" 

qn:cnaMn: onepaTopa S 
0 

• llnSI ean:aoo6pa3HS! 3TH 'IHcna Mhi 6yaeM aann:-
1 

CbiBaTb eme H a BHJle s + -z- , rae s = p + 1 n:nn: s = - p - 2 • 

nepeit.neM Tenepb K COOCTBeHHb!M 'IHCJiaM onepaTopoa K 31 H ~2 • 
,, ,, 

PaccMoTpH.M cneayiOIIIHe KOM6Haaun:n: onepaTopoa K "" 

" l '" ,, ,, 7 ,, ,, lot 1 = - ( K 43 + K 12 ) H, = - (K43 + K2, 2 
2 

" 1 " " ,, 1 ,, ,, lot2=-(K23+K4,J 
H 2 = -( K32 + K

41
) 2 

2 
,, . 1 ,, ,, 

" J " " lot3 = -( K3, + K42) 
H 3 = - ( ~4 + K 3 I) 2 

2 - . ,, 
" - 2 ''2 "2 ,, 2 

- 2 ''2 ,, 2 "2 lot = lot I+ lot 2 + lotJ H = H 1 +H 2 + H3 

Co6cTaeHHhie 'IHCna .nayx nocne.nan:x onepaTopoa 

I< + ( s2 - 1) COOTBeTCTBeHHO, DOCKOJihKy 
paBH.IIIOTCSI - 1 s ( s + 2 ) 

4 

" -2 
lot 

" -2 
+ H " 

= ( s 0 ) 2 

" 

_..!_ 
8 , 

,, ,, 
-2 -2 

lot - H __ 1 s 0 

2 

,, llanee, Bee onepaTopbi lot 1 KOMMyTn:pyJOT co aceMn: onepaTopaMH 
HI 

H o6e TpOitKH STHX onepaTopoB YJlOBJieTBOpSIIOT CTpyKTypHb!M ypaaHeHH.SlM 

rpynnhi TpexMepHhiX apamean:it, a HMeaao: 
,, " ,, ,, 

" ,, ,, ,, ,, " " ,, ,, lot I lot 2 -lot 2 lot 1 = i lot 
3 lot3 1ot 1-lot 1 1ot 3 =ilot 2, lot 2 1ot3 -lot

3
1ot

2 j lot I , 

9 

~ 
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\; 
~ 

"' ,, ,, ,, 
H

1 
H 

2 
- H2 H1 

" ; H l 
,, ,, ,, " ,, ,, ,, ,, 

NlH 1 -H1 Hl=iH 21 H2 Hl-HlH 2 =iH 1 

" 
008TOMY C06CTBeHHhle qHcna m H n onepaTopoa M l H H l paBHH-

p+l p+ J 
IOTCH m = - -- - -- + J 2 I 2 p;J 1 n = --f 1 --f+'l""'l' +I I • • • I 

ecnH s = p + J • H 

m = _ _2_2 I - ...£....2 + J 1'"'1 ...£....I . 2 
n - .2.:±1 

2 
- ..E..;±_l + J I • • • I ___~!_±]_ 

2 2 

" ecnH s = - p- 2, Co6cTBeHHbie )Ke qHcna onepaTopoB Kll H K42 pas-

HHIOTCH m + n H m - n 1 COOTBeTCTBeHHO, 

4. OTneneaHe nepeMeHHblX € H 7) 

YpaBHeHHe nHpaKa Mbl 6yneM pernaTb llnH HeKBaHTOBaHHOro cnHHOp-

aoro nong H noaToMy 6yneM o6o3aaqaTb sTo none 6yKBoft 

Q6mee perneHH9 CHCTeMbl ypaBHeHHft 

u , a ae 

" 
Kll u 

ecTb u = I 
It= I 

" 
=(m+n}u 1 K42 u = ( m- n ) u 

J It <iJ k 1 rl-!e <IJ It - npOH3BOnbHbie <jJyHKUHH OT ( H 8 

a cnHHOpbl. J lc cnelly!OlUHM o6pa30M 3aBHCHT OT € H 'f/ 

J I 

J2 

Jl 

J4 

J lrr I 1 exp 1 

J lrr 12 exp I 

i(m+n--1-J€+ 
2 

(m-n + _J) 71 
2 

i(m +n + fJ€ + i(m-n -+)'f/ I 1 

2rr 
I l exp I i ( m + n + -

1-) € + i ( m- n + -
1
-) 'f/ I 1 

2 2 

J 
---;;-- 14 exp I i(m+ n- -1-J~ + i(m-n --

1 
)'f/ I. 

2 2 

10 

I 

l/1 • 

5' 

' 

' '~ 

B CBOIO oqepellb 1 CnHHOphl I" 3Blla!OTCSI KOnOHHaM 

It 
= __ J 

(J) lz 
J (:} 13 = -t 2 I =2 

MaTpHUa, COCTaBneHHaH H3 8THX KOnOHH 1 paBHa 

(1 1 12 1l 14 ) = +(H
2 

-Hl) (H
4 

+ iH
0 

5, OTneneaHe nepeMeaaoa ( 

4 
DOllCTBBHB U = I, J It <IJ lc B ypaBH9HHe 

It= I 
"0 J ·s u = ( s + 7 1 u 

nonyqHM CHCTeMy ypaBH9HHft 

a<~~, 

at; 
J 

=(s+1-2n) <112 +[(m-n+l) tg( + (m+n-

a<~~ 1 )' 
...:::....:.1.. = _ ( s + 1 + 2 n) <11 1 - [ ( m- n - 2) tg., + ~ 

at; 

a <Ill 

at; 
1 

= (s-2m) <114 +[(m-n +y)tg(- (m+• 

a<~~ 1 
~ =- ( s + 2m) <Ill - [ ( m- n --) tg€ - ( n 
at; z 

pacnaBlliyJOCH Ha llBe no CyllieCTBy OllHHaKOBbie nOllCI 

DOnyqaeTCSI C noMOlUb!O TeCHO CBH38HHhlX C nonHHOM 

e e 
z a,b f() = P-o,b ( cos2() , paBHhiX 

11 



2 

,, ,, 
N

2 
N

1 
" iN

3 

,, ,, ,, " ,, ,, ,, ,, 
N

3
N

1
-N

1 
N

3
=iN

2
, N

2
N

3
-N

3
N 2 =iN 1 

,, 
o6cTBeHHhle qncna m H n orrepaTopoB M 3 n N 3 paBHSI-

-~ - ~+1 2 , 2 I • • • I 
~, n = _ _p_, _ _p_+1, ... ,. L, 

2 2 2 2 

p + H 

-T· --t+ 1 , ... , -t, n = - ..e..±I , - .£.±._1 + 1 , ... , _1!_±]_ 
2 2 2 

1<3, H " K42 paa-p- 2, Co6cTBeHHbie )l(e qncna orrepaTopoB 

+ n ll m - n 0 COOTBeTCTBaHHOo 

4, OTneneHne rrepeMeHHblX £ H 1] 

eHne llnpaKa Mbl 6yneM pernaTb AnSI HeKB8HTOB8HHOrO CIIllHOp-

ll IIOSTOMY 6ygeM o603HaqaTb 3TO none 6yKBO« u , a He if! • 

eHne cncTeMbi ypaBHeHnft 

" =(m+'!)u, K42 u = ( m- n) u 

1. J k Y k 1 r;~e <I> 1c - I1pOll3BOnbHbie cjlyHKUHH OT ' H (J 
=1 

J lc cnellyiOUlHM o6p830M 38BllCSIT OT ~ ll T/ 

l h 1, exp l i(m+ n- - 1-J ~ + i (m-n+ _l J11 
2 2· 

_,_, 
2rr 2 exp l i(m+n +-1)~ + i(m-n 

2 
- _1)., 

2 
I , 

1
3 

exp l i(m + n + -
1-J ~ + i(m-n + -

1-J 11 I , 
217 2 2 

l 
k/4 exp l i ( m + n - - 1-J ~ + i ( m- n - -

1 ) 11 I . 
2 2 

10 

...... 

~ 

·1'7'' .. . ' 

.. ~ 
'.I.·, 

w 

I. \ . 

B CBOIO oqepellb 0 CIIHHOpbi '" 38ll8IOTCSI KOnOHH8Mll qncen 

11 = _1 (i) , I = _1 

(:J '• . + (i·) . •, . +(:' )-2 2 2 

-1 . _, 

MaTpHua, COCTaaneHH8SI ll3 STHX KOnOHH, paaaa 

(1 1 12 13 1
4

) = -
1-(H

2 
-H

3
) (H

4 
+ iH

0
). 

2 

5, OTneneHHe rrepeMeHno« ( 

4 
no.QCT8BHB u =I J,. <I>" 

lc==1 
B ypaBHaHHe 

s'o u = ( s + +) u 

rronyqnM cncTeMy ypaanenHft 

a <I>, 

a' 
1 1 

=(s+1-2n) <1>2 +[(m-n+l) tg' + (m+n- y) ctg'] <1> 1 

a<I> 1 1 
...:....:..L_ = - ( s + 1 + 2 n) <I> 1 - [ ( m- n - -) tg' + ( m + n + -

2 
) ctg ' ] <I> 2 a' 2 

a <1>3 1 
-- = (s-2m) <1>4 +Um-n +-) tg' a' 2 

1 
( m + n + 2) ctg' ] <I> 3 

a<I> 1 1 
~ =- ( s + 2m) <1>3 - [ ( m- n --) tg~ - ( m + n --) ctg~ ] <I> 

4 
, 

a' ~ 2 

pacrraarnyiOCH aa .QBe rro cymecTBy DllHHaKOBbie rroncncTeMhi, PemeHne 

IIonyqaeTCH C IIOMOlllblO TeCHO CBH38HHhlX C IIOnllHOM8MH HKo6n cjlyHKUHH 

e e . 
z a,b ( () = P-a,b ( cos2() , paBHhiX 

1 1 

r 



.tilt 

e 
.zo,& (') 

-o-, )' 2 e 
i y'(f-a)!U+a)!(f-b)!(e+b)! (cos~) x 

X ~ ( -l} It ( fg ' ) 2k- o- & 

lt=A lc! ( e + a -lc)! U+b -lc}! (le-a-b)! 

rJJe 2 e • e + a • e + b - HeoTpHuaTellbHb!e uellble 'IHCJia, A= max(O, a + b), 

B = min ( e +a , e + b ) • CBOJlKa MHOrO'IHCJieHHbiX CBOI!CTB 3TIIX ¢yHK

/5/ 
UHII npl!BeJJeHa B • C llOMOIUbJO 3THX CBOIICTB MO)KHO npoBepl!Tb npn-

BOJlHMbW 3J]eCb pe3yllbT8Tblo 

npH s = p + J o6IUee Heoco6eHHOe peweHHe eCTb 

<I> I = .z I g cos (} , <I> 2 = .z 2 g cos (} <I> 3 = i .z 3 I cos e , <I> 4 = i .z4 I cos e, 

rJJe I H g npOH3BOilbHble 4JyHKUHH OT (} 

y p+2 - n 
--1'-.±..!. 

= -i y p+ l -m 
J!._ 

.z = .z 2 I (' ) , .z3 .z2 1(,), 
I 1 m,·n-2 2 n,mi 

~ ..£.. 
E!_ 2 I ( t; ) . .z = .z =V +m .z 

2 
1 y P+2 +n 

2 
.z 2 d"· m,n+2 4 2 n,m--;-

npH S = - p - 2 o6IUee Heoco6eHHOe pemeHHe eCTb 

<1>
1 

= i .z 1 I cos e , <1>2 = i .z
2 

I cos e , <1>3 = .z 3 9 cos e , <ll4 = .z4 g cos e , 

rJJe 

.z I y .£...±1 
2 

+n 
...JL.. 

.z 2 1(,), 
m,n- Z 

p+l _.e_ 
.z =-i y -- -n .z 2 1 (') , 

2 2 m,n+2 

-L.±l__ 

.z3 = i·/ ...e..±J v 
2 

+ m .z 2 
n, m +_L (') 

2 

.L±...! 
.Z 2 I (') 
n,m-2 

.Z = .I p+ J 4 v----m 
2 
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~ 
.1!, 

I~ 
,,:,~ 

'il: 
·~ 
-~, 

I· 

···~ I t 
~ 

I 
t 

·.;· , 
7 ' \ 

HeaaBHCHMo oT s 4JyHKUHH .z" CBH38Hbl 

.z 3 sin ~ - .z 4cos ' = - .z 1 , .z 2cos' + .z 1 si 

.z 3 cos' + .z 4 sin ' =- .z 2 , .z 2 sin ' - .z 1 c 

6. PeweHHe epeMeHHoro yp 
,, 

HaM ocTaeTCH y.aoeneTeopHTb ypaBHeHHJO M 

KOToporo 

a <t> I 
cos (} -- + ( s + 2) sin (} <I> 1 = ( s + l + i"' ) ( 

ae 

a<t>2 
cose-- +(s+2) sine <1>2=(s+l +im)l ae 

cos (} 
a <1>3 
- - ( s - l ) sin (J <1>3 = ( i"' - s) (<I> ae 

cos (} ~ - ( s- l) sin(} <I> 4 = ( i"' - s ) ( <1>2 
a a 

0TCJOJl8 38KilJO'l8eM, 'ITO npH s = p + J H npH S = -

H g llOJl'IHHSIJOTCSI CHCTeMe ypaBHeHHA 

~ cos (} - i ( p + l ) I sin (} 
J(J 

.J!JL cos (} + i ( p + 2 ) g sin (} 
J(J 

13 

(p + l- j 

(p + 2 + 



; -a - b v ( e - a) ! ( e + a) ! ( e - b ) ! ( e + b ) ! 
2f 

(cos~) x 

( -1} k ( tg ~ ) 2k- a- b 

(E+ a-le)! U+b-lc)!(lc-a-b)! 

a • e + b - HeOTpMuaTeJihHbie ueJibJe 'IMCJia, A= max(O, 0 + b) I 

I e + b ) • CBOJlKB MHOI'O'IMCJieHHbiX CBOA:CTB 3TIIX <l'YHK

/5/ 
B • C IIOMOIUh!O 3TMX CBOfi:CTB MO>KHO rrpoBepHTb IlpH-

pe3yJihT8Tbl. 

p + 1 o6IUee aeoco6eaaoe peweHMe eCTh 

cos 0 , <112 = z 2 g cos 0 , <11 3 = iz 3 I cosO, <P 4 =iz4 I cosO, 

~ IIpOM3BOJihHhle ~yHKUMM OT 0 

p+2 
___.e._±_!. 

= -i y p+ 1 -m 
..JL_ 

---n z 2 1 ( ~ ) , %3 z 2 1lO, 
1 m,n-2 2 n,m-+;-

~ p v p+2 z 2 dO, ..£il_ ZT 1 ( c; ) . -- +n z =v +m 
2 m ,n+2 4 2 n,m-2 

2 o6IUee aeoco6eaaoe pemeHMe ecTh 

cos o , <~~2 = i z2 1 cos o , <~~3 = z 
3 9 cos o , ct> 

4 
= z4 g coso, 

~ +n 
....JL __e_:t.!_ 

z 2 1(~), z = iy ...e..H+m Z n • m2 +_L ( ~) ' m,n- 2 3 2 
2 

~ -n 
___e_ 

= y --E..!:_
1- m 

...e...±.2 
z 2 1 (() , z z 2 1 (() 
m,n+2 4 2 n,m-2 

12 

....-

,~'· 
i 
'f' 
~I, 

·} 
-$.: 

·:~' , 

i~ 

1 \ 

He3aBMCHMo oT s ~YHKUHH z,. CBSI38Hbl CJieJly!OIUMM o6pa30M: 

z 3 sin ~ - z 
4

cos ~ = - z 
1 

, z 2 cos~ + z 7 sin~= -z
3 

z 3 cos~ + z 
4 

sin ( =- z 
2 

, z 2 sin~ - z 1 cos~ = -z 
4 

• 

6. PeweaHe epeMeHHoro ypaaneHHSI 

,, 
HaM ocTaeTCSI yaoaneTBopHTh ypaaaeHH!O M u = m u 

t B CHJiy 

KOToporo 

a$ 
cos 0 --

1 
+ ( s + 2) sin 0 $ 1 = ( s + J + i m ) ( $ 3 sin ~ - $ 4 cos ~ ) ao 

a$ 
cos0--

2 
+(s+2) sinO $ 2 =(s+l +im)($3 cos~ +<P4 sin~) ao 

cos o a$ 
a 0 

3 
- ( s - 1 ) sin (J $3 = ( i m - s ) ( $2 cos ~ + $1 sin~ 

cos (J ~- (s-1) sinO $ 4 = (im -s) ($2 sin~ -$
1 
cos~). a a 

OTCIO.Qa 3aKn!O'IaeM, 'iTo rrpH s = p + 1 H npH s =- p - 2 ~YHKUHH I 

H g IIOJl'iHHSI!OTCSI CHCTeMe ypaBHeHHft 

Jl 
J(J 

cos 0 - i ( p + l ) I sin 0 

..!!JL cos (J + i ( p + 2 ) g sin (J 
J(J 

13 

(p+l- im)g 

(p+2+imJI, 
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'\ 
~ 

oaHO H3 perueHHft KOTOpoft HMeeT BHa 

-I( p+J ){} 
H P + 7 e F P +J ( (} ) I 

g H p+J 

p + 2 + i m -1 (p+2) (} F ( (} ) I 

e p+2 
p + 2 

rae Fp+J - rHnepreoMeTpHqecKaH ~yHKUHH 
_,(} 

F,.+ J ( (}) = F ( - i m 1 1 + i m ; p + 2 ; 
e 

2 COS (} ) I 

H P + 7 - aopMHpoaoqHbift MHO)KHTenb, paBHbift 

Hp+J 

v r (p+2 + im) r (p+2-im) 

r 3/2 (p + 1) ! 

npH BbiqHCneHHH HOpMHpOBQqHoro MHO)KHTenH Haao yqeCTb 0 qTQ 

F 
7
(0) 

p+ 

r ( p+2 ----) 
2 

r ( P + 3 

r ( p + 2 -I m ) r ( 
2 

p+3 + im 
2 

nonyqeHHbie TaKHM o6p830M perueHHH ypaBHeHHH nHpaKa 0603HaqHM 

• +.L 
U m,} ( (} 1 e 1 7J 1 '), 0HH onHCbiB810T aneKTpOHHbie COCTOHHHH, no3HTpOH-

Hble COCTOSIHHSI onHCbiBBIOTCH perueHHHMH 

J J 
s+

v 2 (ele17JI(J =iH 0 u-·- 2c-e~L7J~<:J I 
n, m m,n 

KOTOpblM COOTBeTCTByeT apyroe perueHHe CHCTeMbl ypaBHeHHft anH I H 

!1 0 a HMeHHO! 

14 

;·; 
:"" 

' 
,-., 
1 

\f 
" ( 

{ 
! 

_I\ 

I' 
•I 
I 

I 

1 
I 

' /. 

I 
l 
{ 

,J 

I 

!I 

I (p+l ) (} 
= -f Hp+ 7 e Fp+J (-e) 

= f Hp+J 
p + 2 + im 

p + 2 

I ( p+2) (} F 
• p+J (- (} J 

rae £.= J npH S = p + J H f =- J npH s =- p - ~ 

7. OnepaTopbi po)KLieHHH H yaHqTo)KeHHH 

H n03HTpOHOB 

CnHHopHbie nona 
• + ..l. s+ ..l. 

u 2 • v 2 COCTaB.n 
m, n m, n 

6a3HC B npOCTp8HCTBe perueHHft ypaBHeHHH nHpaKa, 

t/1 • ~ B pHahi no 9TOMY 6a3HCy 

I J J J 
( •+"T A•+2 •+2 s+-

t/1 = I 8 2 * U m,n m,n + V m,n m,n 

~ 
J J I J 

I ( u·+zA•+z!v•+2 8•+2 J, 
m,n m,n m,n m,n 

nonyqaeM 

•+~ I 

A 2 ( 
s+-

jj 2 
I t/1 ) I 

•+~ 
8 2 = ( 

m, n m, n m,n 

J I 
s+- - s+-

A 2*=(1/J,u 2) 
• +_!_ 

8 2 *= ( 
m,n m,n m,n 

OnepaTOpbl A H A* cneayeT aa3biBaTb onepaTop. 

po>KaeHHH aneKTpoaa, a on epa TOphi 8 H 8 * - onepa1 

H pO)I{AeHHSl n03HTpoaa. 

TaK KaK BCe KOMllOHeHTbl CnHHOpHoro nonSl tP 
s+_l s+.! 

apyr c apyroM, TO onepaTophl A 2 H 8 2 
m,n m,n 

15 



eHHH KOTOpOH HMeeT BHa 

-I ( p+1 ) 0 
Hp+ 1 e Fp+1 (0) 

H 
p + 2 + i m 

p + 2 

-l(p+210 F ( 0) , 
e p+2 p+1 

- rHrrepreoMeTpHqeCKBSI ~yHKUHSI 

0) =F (-im 1 J +im; p+2; 

HOpMHpOBOqHbiH MHO)I{HTenb, paBHbiH 

..j I' (p+2 + im) r (p+2-im) 

r 3/2 (p + l) ! 

-10 

-·--) 
2 cos() , 

eHHH HOpMHpOBOqHoro MHO)I{HTeng Haao yqeCTb, qTo 

I'(~) r ( P + 3 

(0) 2 2 

r ( p+2-i m) r ( ..J!..±L+ im 
2 2 

eHHbie TaKHM o6pa3oM pemeHHH ypaBHeHHH DHpaKa o6o3HaqHM 

~ , TJ , ( ), 0HH OITHCbiBBJOT aneKTpOHHbJe COCTOSIHHSio no3HTpOH-
I 

HHSI OITHCbiBBJOTCSI perueHHSIMH 

1 

(O,~,TJ,() ; H 0 u-.- 2 ( -0 I ~I TJ I ' ) I 
n, m 

ooTBeTcTsyeT apyroe pemeHHe CHCTeMbi ypasHeHHlt anH I H 

HHO: 

14 

....... 

;, 
I 
I 

.. , 

J 

"·I 
\ 

tl 
~~ 
! 
I 
'I 
.I 
j 

j 
I 

j 

I 
( 

I 

g 

I (p+l) 0 
= -f Hp+ 1 e Fp+ 7 (-0) 

= f Hp+1 
p + 2 + im 

p + 2 
I ( p+2) 0 F 

• p+1 (- 0 ) , 

rae f.= l rrpH s = p + l H f =- l rrpH s = - p - 2 • 

7. OrrepaTOpb! pO*lleHHH H yHHqTo)l{eHHH aneKTQOHO'l 

H IT03HTQOHOB 

CrrHHOpHbJe rronH 
• + _L 

u 2 
s+ _L 

v 2 COCTaBnHJOT OpTOHOpMHpOBBHHbiH 
m • n m • n 

6aaHC B rrpocTpaHCTBe pemeHHlt ypasHeHHH DHpaKa. Pa3naraH orrepaTOpbi 

1/J 1 ¢; B pSillbl ITO 3TOMy 6a3HCy 

1/1 I ( 
1 

• + ""T 
U m,n 

1 
s+-

A m,n2 + 
I 

•+2 
V m,n 

1 
8. +2* 

m,n 

¢; 
I 1 I 1 

I ( u·+zA•+z!-v•+2 8•+2 1, 
m,n m,n m,n m,n 

rronyqaeM 

• + .1_ s+.l_ 
A 2 = ( ii 2 , 1/1 ) 

I m, n m, n 

•+.1_ 
8 2 = ( 1/1 

m, n 

•+_1. 
V 2 ) I 

m, n 

1 I s+- - s+-
A 2 * =(1/Jiu 2) 

• +.I. • +_!_ 
B 2 *= ( v 2 

I 1/1 ) • 
m,n m, n m, n m, n 

OrrepaTOpbi A H A* cneayeT HB3hiBaTb orrepaTopaMH yHHqTo*eHHH H 

pO)I{JleHHH aneKTpoHa, a orr epa Tophi 8 H 8 * - orrepaTopaMH yHH'ITO~eHHSI 

H PO*lleHHSI n03HTpoHa. 

TaK KaK see KOMnoHeHTbi cnHHOpHoro rronH 1/1 aHTHKOMMyTHpyJOT 

s+_l s+.L *• 
Jlpyr c JlpyroM, To urrepaTopl>l A 2 H 8 2 aHTHKOMMyTHpyJOT 

m,n m,n 
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1\. .,.. 

0·+.2. 
co BCeMH orrepaTopaMH Ap..~ 

a.+_!_ * 
u B p.,v 2 

, a TBK KaK aHTHKOMM)'THPYIOT 

llPYI' C JlPYI'OM H BCe KOMI10H9HThl CITHHOpHOI'O I10ll.ll if, , TO onepaTOpbl 

•+_]_* 
A 2 . H 

m, n 

• +_]_ 
B 2 aHTHKOMMYTHPYIOT co BCeMH orrepaTopaMH 

m, n 

Aa++~ 
p.,v H 

B a++ • B JlOIIOnHeHRe K 3TOMY HMeeM (eM. 11cXOJ1Hhie nono>KeHR.II, rr,4): 
p.,v 

II A •++ 
m, n ' 

I 
A •+2 

m, n' 

Ba+~ 
p.,v

2 I 

a+ I* 
A 2 

p.,v I 

0 I 

I 

I* I * I A •+2 8°+2 I 
m,n 1 p.,v = 0 

I 
s·+T 

m • n 

O+ I* 
B T 

p.,v 
8 8 8 sa mp. nil 

B. OnepaTophi a rrpocTpaHCTae peweHHA vpaaHeHH8 

L!Hp8K8 

B paccMaTpRsaeMoM 6a3HCe B rrpocTpaHCTBe peweHHH ypaBHeHH.II . 

llHpaKa TpH OIIp9J19ll.IIIOlllHX 3TOT 6a3HC orrepaTopa IlpHHHM810T rrpeJlellbHO 

IlpOCTOit BHJl! 

s'o u •+-T 1 =(s+-)u 
2 m,n 

•+.!_ •+.!_ 
u 2 = m u 2 

m, n m, n 
" 
M3 

I I 
N u • +r = n us +T I 

2 m,n m,n 

" 

I s+-
2 

m,n 

16 

" s+_l_ 1 s 0 v 2 =-( s+ -) 
m,n 2 

" s+~ s+~ 
M v 2= n v 2 

3 m, n m, n 

" •++ N v = m v 

I 
•+T 

m, n m, n 

• + __!_ 
v 2 

m,n 

r 

113 orrepaTopoB M 1 , iA' 2 H H 1 , H 2 y 

KOM6HH8UHH iA't = fl.'l ± ;M'2 H ;;t =HI ± ;N' 

,, 1 1 c~+TJI a a a · 
M = - e ( c:tg( - - tg (- - i -) +! 

+ 2 a( a71 a( ~ 

" 1 -~c~+TJI a )' a • a J 
M_= 2• (-c:tg( a~+ tg.,--a;j"- •az +-

" 1 1 c~-TJ ' a a . a J 4 
N+ = 2 • (- ctg( a~ - tg( a;j -'--a( 

" N a )' a ; _l_J · 1 -I (~-TJ) ( ctg '-i: + #go, a7J- a( -• a.-. 2 

11 Jl9itCTByiOT Ha 6a3liCHbl9 peweHll.ll CneJly!Ollil!M 06 

I 
" • +- s+ 2 ( ____! + m M+ u 2=V(-+m) 

m, n 2 - 2 

" I ---1 s-J -
M •+r v ( s+ J + v = -- t.n ( -+ n) 

_ m,n 2 2 

--I 
N' •+T - v ( s+ l ) s-J 

+u - --+n (-- n) 
_ m, n 

2 
- 2 + 

I 

~ 
• +- 1 (....L -m) v 2 = ,j(!..±.-+m) 

2: m, n 2 - 2 + 

17 



MH orrepaTopaMH 
a+.2. 

Ap..~ H 

a+_!_ * 
B p.,v 2 

, a TaK KaK aHTHKOMM)'THpy!OT 

apyroM H ace KOMnoaeHThi crrHHopHoro nons if; , ro oneparopbi 

_L* 
2 H 

• +_L 
B 2 aHTHKOMMYTHPYIOT co aceMH oneparopaMH 

m, n 

Aa++~ 
p.,v H 

n 

J 
T • B aorronaeHHe K 8TOMY HMeeM (eM. HcxoaHhie nonmKeHHSI, n.4): 

J 
A s+y 

m,n' 

J 
A •+2 

m, n 1 

J 
Ba+-p.,/ I 

a+.2. * 
A 2 I 

p.,v 

0 I 

l 

I A •+-f* 
m, n 1 

B a+.2. * 
p.,v

2 I = 0 

s +..2. B 2 
m, n 

a+ '* B 2 I 
p.,v 

8 8 8 sa mp. nil 

B. OnepaTophi B npocrpaacree peweHHA ypaeueuHa 

llHpaKa 

paCCM8TpHB88MOM 6a3HCe B npoctpaHCTBe peweHHif ypaBHeHHS . 

TpH onpenenSI!OlliHX aToT 6a3HC onepaTopa npHHHMa!OT npeaenbHO 

tl BH):I: 

:"o +' S s -
' u 2 

" 
M3 

m, n 

• +..!_ 
u 2 

m,n 

1 =(s+-)u 
2 

• +..!_ 
m u 2 

m, n 

J J 
N u•+y=nu 5 +2 , 

2 m,n m,n 

,.._ 

J s+-
2 

m, n 

16 

" •+..2. 1 s 0 v 2 =-( s+ -) 
m,n 2 

,, • +_!_ s +_!_ 
M v 2= n v 2 

3 m, n m, n 

,, •++ 
N v = m v 

I 
•+T 

m, n m, n 

s+_!_ 
v 2 

m,n 

,, ,, 
" " H3 onepaTopoB M, I M 2 H N 1 , N 2 yao6Ho cocTaBHTb 

,, ,, 
" 

,, ,, ,, 
KOM6HH8UHH Mt. = M J ±; M2 H N t. = N 1 .± i N 2 • OnH paBHSIIOTCSI 

" 1 ,c~+.,, ( ;- a 
M+ = l e ctgc, a( tgi;...E.... -i..l...) +L(H -iH) (H -iH ) a., a;; 4 2 4 1 3 

" 1 -1(~+71' a a a · 
M -= 2• ( -ctg/; a[+ tg I;~- ia[) + -j-lH2 + iH4 )(H1 + iH3 ) 

" 1 , c~-., ' a a a ; N =- e (-ctgl;-- tg/;- -i-) --(H2+ iH) (H 1 -iH ) 
+ 2 a~ a., a;; 4 3 

" N _1_.-1(~-r!l(ctg/;---..£. + tg/;_2_- ;_2_) --1-(H
2 

-iH
4

) (H
1 

+iH
3

) 
2 a~ a., a;; 4 

H net!CTBy!OT Ha 6a3HCHbl8 peweHHSI CneJ:ty!OlliHM o6pa30M 

I J 

" • +- V ( __!_:!:_ 2 + m ) (~ +m} 
s+-

M+ u 2 = u 2 
m, n 2 - 2 m + l,n 

" I 1 s-1 - I 

M v •+r =..; ( ~ t.n) 
s+T 

( -+ n) V m, n±l t. m,n 2 2 

J 
..j(s+1 

J 

ll' •+- s- 1 s+-
u 2 = t. n) (-- n) u 2 

± m,n 2 2 + m, n± I 

I I 

~ 
• +- 1 

(...!... -m) 
s +-

v 2 =.J(Lt-+m) v 2 
+ m, n 2 - 2 + m;:!: I, n 

17 



( 
. .tl'l 

" 
tiTOObi uai!:TH peaynbTBT Aei!:CTBHSI onepaTopoB K 0 a Ha f5aaHCHbie 

perneHHSI, JlOCTaTo'IHO 3H8Tb HX Bbipa)KeHHe npH 0 = 0 , HanpHMep, 

,, ,, ±'' 
(K03 ± iK 07 ) i

0
=

0
=isinr: e 

_a I ; a o O=o -THo (H3 ± ;H 7 ) • 

J 
•+-u 2 

m, n 
I p+ J H , Of5oaHa'laSI gp+J 3H8-YAof5Ho H8'18Tb c perneHHI!: 

'19HHSI !flyHKuHI!: I H g npH 0 = 0 , HaxoAHM scnoMoraTenbHbie !flopMynbi 

(p+2+im) I 
1

=y(p+2J2+m2g 2 ,(p+l+imJI+1=y(p+l)
2

+m
2

g p+ p+ p p 

(p+ 2-im) gp+J =y(p+2) 2 +m 2 lp+2 ,(p+l-im)gp+J =vlp+l)
2 

+m
2 

IP. 

llOBOnbHO rpOM03JlKHe, XOTH H aneMeHTapHbie BbiKnaJlKH II03BOnHJOT npo-

sepHTb cneAyJOUIHI!: peaynbTaT: 

J 
,, ,, J 

•+T 
U m,n 

:!:1m 

s(s+lJ 

S - S+ J 
y (- + m) ( -- ±.n) 

u -•- T + 
( Ko3 ;l; ; K OJ ) 2 2 

J 

m+..L, n+..L 
-2 -2 

·--u 2 
m+...J., n+...J. 

i .1 2 2 .1 ( s - ) ( s-1 -+- v s + m v - + m -- +n 
s . 2 2 - 2 - 2 

• + _2 
u 2 

m+..L, n+.L 
- 2 - 2 

. 2 l 
- 1- y( s + l ) 2 + m 2 y ( ...!.:!:.. + m ) ( ..!..±._ +ft ) 
S+l 2- 2 

18 

t 

BocnonbaosaBrnHCb Bbipa)KeHHeM 
• +_!_ 

v 2 'lepea m,n 

ueTpYAHO nony'IHTb peaynbT8T Jl91!:CTBHSI paCCMaTpl 

• +..L 
TOpOB H8 perneHHSI V 2 

m,n 

J ,, " •+-
(K03.:!: iKoJ) vm,/ .f:im .I(S-)(S· ---v -+m -

s(S+l) 2 2 

- .J_ y s 2 + m2 y ( -j + m ) ( ~ + n ) 
!I 

·-v 
m+ 

; 
+ -- Y (S+JJ2+m2 

s+J 
• I ( S+2 ) ( S+J v -+m - +~ 

2 - 2 -

tJ TO Obi Hai!:TH peaynbTaT Ael!:cTBHH Ha f5a3HCHI 

napbl onepaTopoB, H9T Hy)I<Jlbl IIOBTOpHTb 8HanorH'IJ 

K8K MO)KHO BOCIIOnb30B8TbCH KOMMyTaTopOM 

,., " " " ,, 
K04 ~ iK 02 = i< N_ ,K03 ~ ;K 07 > 

+ 

C IIOMOUibiO 9TOI!: cpopMynbl H8XOJlHM 

A A J 
( K 04 ± 1 K 02 ) u • +2 

m, n 

-Fm y..!-tm)(~ 
2 2 s ls+ll 

• 1 m2' s 
+vl+-,v(-+m 

s 2 
( s -J ) 

- +ft 2 -
·-u 
m:f 

+ y l + 
m2 .l(s+2 )( s+l-) v -- +m --+n 

2 - 2 (S+l)2 

19 



,, 
HaATH peaynbTaT aeAcTBHH onepaTopoB K 0 0 Ha 083HCHbi9 

ll0CT8TO'IHO 3H8Tb HX Bb!p8)1{9HH9 llpH 0= 0 HanpHMep, 

" • ±1( a i 
3 ±iK01 ) I = i sin~ e ae- 1o=o -THo (H3 ± IH 1 ) • 0=0 

' •+-
I Tb C pelli9HHA u 2 • 0oo3H8'18SI p+l H gp+l 3Ha-m, n 

HH I H g npH 0 = 0 1 H8XO/lHM BCfiOMOr8T91IbHb19 <flopMyllbl 

2 + im) lp+l =v (p+2J2 +m 2 g p+2' (p+1+im)lp+l=y(p+1)2 +m2gP 

2-im) gp+l =y(p+2) 2 +m 2 lp+2 ,(p+1-im)gp+l =y(p+1) 2 +m2 lp, 

peaynbTaT: 

;K'o,) ' •+-r 
U m,n 

SII9M9HT8pHb19 BbiKII8JlKH fi03BOIISIIOT npo-

s( s + l) 

± im S - S+ 1 
V (- + m) ( -- ±..n) 

2 2 

' 

-· --u 2 + 
m+_L, n+..L 

-2 -2 

2 • 1 ( s - ) ( s-J - ) +m v -+m --+n 
2 2 

·--u 2 
m+-l., n+-l. 

- 2 - 2 

• + .2 
u 2 

m+-L, n+.L 
- 2 - 2 

y( s + 1 ) 2 + m 
2 y ( S+ 2 + m ) ( ..!..:!:....!.. + n ) 

+ 1 2 - 2 

18 

...... 

Bocnon&aoeaBiliHCb Bbipa)KeHHeM 
• +__!_ 

v 2 
m, n , Terrepb 

'I -·--u 2 
n,m 'lepea 

H9TPYilHO IlOIIY'IHTb peaynhTaT ll9ACTBHSI paccMaTpHBaeMoH rrapbJ orrepa

• +.L TOpOB H8 p9Ili9HHS1 V 2 
m,n 

' •+- ' (lf
03 

.:!: iK
01

) v 2 + j m • I ( S - ) ( S+ 1 ) 
-- v -+m --+n ---m, n v 2 

m+-L, n+_L 
s(S+l) 2 2-

- _!_ V s2 + m2 
~ 

• 1 ( s - ) ( s-1 - ) v ~+m --r-+n 

- 2 - 2 

' •--;r + 

v ' ' m + 2• "±z 
.; 

+ -- V (S+1J2+m 2 
S+1 V ( ~+2 +_m) ( s;1 t_n) 

3 •+z 
v ' ' 

m .±y• ".:!:T 
tJroobi aaltTH peaynhTaT aeltcTBHH Ha 6aaHCH&Ie pellleHHH apyrolt 

rrapb! OrrepaTopoB, HeT HY)I{Jlbl IlOBTOpHTh 8H81IOrH'IHbie Bb!KII8J:IKH, TaK 

K8K MO)KHO BOCilOIIh30B8ThCSI KOMMyT8TOpOM 

,, " 
Ko4 :!:: 1 K 02 

A A "' ; < H _ , K
03 

:!:: i K 
01 

> 
+ 

C IlOMO!llbiO STOlt <flopMyllbi H8XOJlHM 

" " +' ( K 04 .± ; K 02 ) u • 2 -Fm ~- ' s S+1 -·--v-+m)(--+n) u 2 + 
m, n 

2 2 m+.l.,n+-L 
- 2 2 

s ls+11 

---------------~ 
• 1 m2 S - s -1 +v 7+--... v(- +m) (- +n) ' ·- 7 

+ v 1 + 

s~ 2 2 -
u ' - ' m±z· n+2 

m2 
• I ( S+ 2 ) ( S+ 1- ) v --+m -+n 

2 - 2 (S+1)2 
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•+.L 
2 u 

m-~o.L,n=t-L 
- 2 2 

,· 



l 
.....-

I I 
v -·--r 

m-t-L,n+.L 
( i<o4 ± ; i( 02 

•+2 +m S S+J 
v = -- y (- +m) (-- + n ) 

m,n siS+ll 2- 2 -

-v J + 
m2 

s2 

m2 

-v'+ JJ2 (s+ 

v (...!. 
2 

±_m 
( s-l 
-2- +") 

I ·--v 2 
m-..l.,n+.L 

+ 2 - 2 

•+ .1. 
v 2 y ( 5+

2 - m ) ( _!:!:.!__ +n ) 
2 + 2 - •m - __J, n + .L. 

+ 2' - 2 

2 - 2 

"o 
Mbi 3HaeM, KaK nell:cTsyeT aa 6a3HCHhie perneHHH S - O!lHH H3 

ITHTH onepaTOpOB ~ 0 
, Pe3ynhT8T !19HCTBH5l OCTanbHblX 'leTbipex T8KHX 

onepaTopos MO~Ho nony'IHTh, socnonh3oBaBLUHCh ~opMynoll: 

rne 

~ 0 = 

obcpq 
f 

f obcpq 'k ~ 
4 b c p" 

- aHTHCHMMeTpH'IHblH T9H30p1 
0 I 2 3 4 __ J , C nOMOLUbiO ( -

STOll: cjlopMynbi H8XO!!HM 

I 
~ " •+-(;, I + j S 3) U 2 = - j m 

I -·--u 2 
I I 

2s + l V (..! + m ) ( s + l - n ) 
s( S+ l ) 2 - 2 + m,n m--, n--

+ 2 + 2 

I s--
U 2 + _;_ y s 2 + m 2 y ( 2.. + m ) ( ....!::::...1 + n ) 

- s 2 - 2 - m-~ n- ..1. 
+ 2' + 2 

• +.!.. 
u 2 

I I m--, n--
+ 2 + 2 

; 
+--
- S+ J 

• 1 2 2 S +2 S + J v (s + l) + m y (-- m ) (-- n) 
2 + 2 + 

20 

' 

( s'1 + ; s"3 ) 
•+_!_ 2s+l s 

v 2 =-im y(-+m) 
s(S+l) 2-

V s2 + m2 V ( _! + m) ( s-l + n) 
2 - 2 -! s 

+ _; _ . 1( 5 + 1 ) 2 + m 2 • 1 ( s + 2 _ m) ( ....!!._l _ 
- s+ l v v 2 + 2 + n 

" s +..!.. (f 2 +iS 4 )u 2 = m 
2s+l y(~±ml 

sls+ll 2 m, n 

±. V l + ';_
2 

V ( -f + m ) 
s 

( ..!=.i-n) 
2 + 

us 

m 

+ v J + __!!:!!.. y ( S+l - m) (-.!±..!. + n) 
(S+lJ2 2 + 2 -

"2 . . ''4 + 1 2s+ l s (S +iS ) v• T =-m y (-- m) ( · 
m, n S I S+ J I 2 + 

V (...!.. -m) (__!::]+n) 
2 + 2 - m· 

• + m2 

s2 
"t.. v J v 

- V l + ~ V ( 5+
2 + m )( ..!.±..!... - n) 

+ (S+l) 2 2 - 2 + 
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" 
± iKo2 

I 
•+2 

V m,n 
+ m .I ( S ) ( S+l -- v - +m -- + n ) 

sIs+ 11 2 - 2 -

I -·--r 
v ' I m..f:"-'-,n+-

..; 1 + 
m2 

s2 

y 1 + m2 

l ·--..; (.!.. 
2 

±_m 
( s-l -2-- + n) v 2 

m-..l,n+L 
+ 2 - 2 

.I ( S+2 ) ( s+J ) v --- m -- +n 
•+2 v 2 

2 - 2 

(s+1)2 2 + 2 •m- ....1, n + .L. 
+ 2 - 2 

"o s bl 3HaeM, K8K neHCTByeT H8 6a3HCHbie pemeHHSI - OAHH H3 

TopoB Sa • PesynhTaT neii:CTBHSI ocTaJibHbiX '!eTbipex TaKHx 

MO*HO flOJly'IHTb 1 BOCflOJlh30B8BWHCb $OpMyJlOH 

f abcpq 1< t( 
4 b c p q 

- 8HTHCHMMeTpH'IHblH TeH30p1 
0 l 2 3 4 __ 1 , C flOMOWbiO f -

H8XOAHM 

l 
lo' " s+-
.)l + ;$3) U 2 =-im 

m,n 
2s + 1 .I( s ) ( s+ l ) v -+m --n 
s( s+ 1 ) 2 - 2 + 

_;_V s2+ m2 y(-2-+m) (....!::..1+n) 
s 2 - 2 -

I ·--u 2 
m--L n- ..l + 2. + 2 

l -·--u 2 
l I m--, n--

+ 2 + 2 

.1( 1)2 2 s+2 s+1 
1 

v S+ +m y(---m)(---n) 
S+ 2 + 2 + 

•+L 
u 2 

I I m--,n--
+ 2 + 2 

20 

.....-
r 

" I ( s'l 3 •+-+iS)v 2=-im 
2s+1 s s+1 
--y(-+m) (-+n) 

I -·--r 
V I 

.! s 

+-;
- S+ 1 

s(s+l) 2- 2 m+2• "+2 

V s2 + m2 V ( _! + m) ( s-1 + n) 
2 - 2 -

y( S+ l ) 2 + m 2 V ( S+ 2 - m ) ( ....!:!:...1 - n ) 
2 + 2 + 

I 
v -·- "'T 

m;--f• n;---f 

3 
•+-:r 

V 1 I ' 
m+2• "+2 

" •+_L (f 2 +iS 4 )u 2 
2s+1 .I( s ) ( s+l ) -•-~ v -+m ---+n u 2 

sls+ll 2- 2 - m-L n+_L 
=m 

m, n 

±. V l + ';_2 V ( -f + m ) 
s 

( ..!..=.! - n ) 
2 + 

•-L u 2 
m--L, n+-L 

+ 2 - 2 

+ ~ V ( s + 2 _ m ) ( -s + l + n ) 
3 

•+u 2 

+ 2 • -2 

.f ..; J 
(s+lJ2 2 + 2 m--L, n+...l. 

+ 2 - 2 

"2 .''4 s+ 1 2s+l s s+l 
( S +iS ) v T =-m y (-...: m) (-- n) 

~ ..; l + m2 
s2 

m, n 5 1 S+ J I 2 + 2 + 

y (..!. -m) (~+n) 
2 + 2 -

I •-z 
v I I 

m±..2•":;:2 

• +.!.. 
v 2 

I 
-· --r v I I 
m±"'T• n~"'T 

m+-L,n-_L 
-2 + 2 

y l + ~ y ( s+ 2 + m)(.!.:!:..!....- n) 
+ ( S+ 1) 2 2 - 2 + 
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9. JlTOpH,HO KB8HTOB8HHb19 onepaTOpbl 

0o03H8'1HM Ha BpeMSI oyKBOll: J 
/l Tpoll:Ky HH/l9KCOB S + ""'2 •, m , 

A 

n • EcnH aexoTophlll: onepaTop K /l9ll:CTByeT B npoCTpaHCTBe peweaHll: 

ypaBHeHHSI nHp8K8 DO npaBHny 

" K up. 
I K(7J 

p.v uv 
" K v =I K(2J 

ll p.v vv 

TO eMy coo'1-seTcTsyeT BTOpH'IHO KBaHTOBaHHbill: onepaTop ( ~ , K t/J 

HOpManbHaSI ~OpMa KOTOporo HM99T BH/l: 

" J{ = I (A * K 
01 

A - B * K (
2 1 B 

v p.v p. p. p.v v 
) . 

), 

CooTBeTcTBHe Me>K.IlY onepaTopaMH 'k H f( DpOSIBnHeTCSI B KOMMy-

TaTope 
,, 

<t/1 ,K > =Kt/1 

BbmHweM npocTell:wY.e onepaTopbi: 

~ 
l • I I 7 

.. e I (B•+T B •+"T -l+"T* A •+r 
· m, n m, n m, n m, n 

" •+L• •+~ .+J-• •+~ 
SO =I ( s +j_J (A 2 A 2 + B 2 B 2 ) 

2 m, n , m, n m,n m, n 

" 7 • . 7 7. 7 

m3 =I (mA•+T A •+2 -ns•+'T B •+2 ) 
m,n m,n m,n m, n 

" 7 • 7 7 • 7 
)t

3 
=I (n A•+r A •+2-m s•+2 s•+T) 

m, n m, n m, n m, n 
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OcTanbHbie onepaTopbi JlnH no.11po6aoll: 3anHcH cnHm 

" MeTHM TOnbKO, 'ITO onepaTOpbi J{ 
0 

b , TaK, >KE 

" K 0 , , YllOBneTBOPHIOT CTpyKTYPHbiM ypaBHeHHHM r 

Jle CHTTepa, T.e. 

A /& A A A 

< J{ J{ > = ., J{ -., J{ +71 J{ 
ob' pq bp oq op bq bq po 

Bee onepaTOpbi, paccMoTpeHHbie 3.1lecb H s p 

OTHOCHTenbHO KaHOHH'I9CKOll: DO/lCTaHOBKH 

rile a 

7 
u•+r ... 

m,n 

7 v•+r ... 
m, n 

7 
A•+T ... 

m,n 

7 
s•+T ... 

m,n 

7 (u•+-m,: -IA*(-J)• -·-v 
n,' 

I {3 7 7 
-•-- ( v •+z + lA (-J)• u-•-z 

vl+IAI2 m,n n,m 

-Ia 7 1 
e ( A•+T + iA (-J)• B -•--r 

n, m . 

..;~ m,n 

• 1{3 
7 7 

(s•+T+ IA(-l)•A-•--r' 

yJ+fXI 2 m, n n, m 

H {3 - ni06bie Jl9ll:CTBHTen&Hbi9 'IHCna, A 

KoMnnexcHoe 'IHCno. 3Ta no/lCTaHOBKa aaanorH'IHa 
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H.H. Boroni06os B co3.1laHaoll: HM TeopHH cse. 

TaxHM o6pa3oM, onepaTOpbi, nocTaBnHeMbie H 

'lecxoll: rpynnoll:, B cny'lae Jle CHTTepa ae JlaiOT so 

ODpe/lenHTb BaKYYMHOe COCTOSIHHe. He yMeH!'WaiOT 

BaxyyMa H npOCTpaHCTBeHHbl9 39pKanbHbl9 OTpa>K9H 
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9. .B.TopH"iHO KB8HTOB8HHbie onepaTOpbl 

aa BpeMSI 6yKBOl!: J.L 
A 

1 
Tpol!:Ky HH,IleKCOB S + l • 1 m 

aeKoTophll!: onepaTop K ael!:CTByeT B npocTpaacTBe perneaHl!: 

UJ.L 

nHpaKa no npaBHny 

~ K(11 
J.LV uv K v = ~ K(2 ) 

J.L J.LII VJI 

oTBeTCTByeT BTOpH'Iao KBaHToBaHHhil!: onepaTop ( if; 
~OpMa KOTOpOrO HMeeT BH.Il: 

=~(A*K 01 

V J.LV 
A -8 * K(

21 
8 

J.L J.L J.LV V 
) . 

" 
' K 1/J ), 

Me:lK.IlY onepaTopaMH 1< H f( npOS!BnSieTCSI B KOMMy-

" K > =KI/J 

npocTetlrn:!e onepaTophr: 

•+ I • s+ 7 I • 
= .e ~ ( 8 T 8 "T _ A• + "T 

m,n m,n m,n 

I 
A•+r 

m, n 
) 

• +L • • +_L .-+-4. • • +-L 
= ~ ( s +.]_) (A 2 A 2 + 8 2 8 2 ) 

2 m, n m, n m,n m, n 

I • . I I • I 
= ~ (mA•+-z A •+y -n8•+-z 8 •+y ) 

m, n m, n rn, n m, n 

'· J '· +' = ~ (n A•+r A s+2-m 8•+-z 8• 2 ) . 
m, n m,n m,n m, n 
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OcTanbHbre onepaTOphi ansr no.11po6aoa aanHcH cnHrnKoM rpoM03.11KH. OT-

" 
MeTHM TOnbKo, 'ITO onepaTopbr K 0 11 0 TaK :lK9 K8K H onepaTOpbl 

" K
0 11 , yaosneTBOpSIIOT cTpyKTYPHhiM ypaBHeHHSIM rpynnbi HaoMeTpHA MHpa 

ae CHTTepa, T.e. 

A A A A A A 

< K K > = ., K -., K +'11 K -'11 K oil' pq bp oq op bq bq po oq pb 

Bee onepaTophi, paccMoTpeHHhie 3.119Ch H B paa.11ene 8, HHBapHaaTHhi 

OTHOCHTenbHO K8HOHH"i9CKOA llO.IlCT8HOBKH 

I •+-u 2 .. 
m, n 

J 
v•+r -+ 

m," 

r 
A•+T -+. 

m,n 

J 

8•+-2 .. 
m,n 

Ia J e ----(u•+.!... m,: -IA*(-l)• -·--v 2 
n, m 

I {J I I 
-•-- ( v•+"T+ ;>.. (-l)• u-•-"T 

'1./~2 m,n n,m 

-1a 1 1 
• ( A•+T + ;>.. (-l)• 8 -•-,-•) 

'1./~ m,n n, m 

e I {J ' r 
( 8•+2 + 1>.. (-l) • A-•--r*) , 

v J +l>..f'2 m,n n, m 

) 

rae a R fJ - ni06bre .lletl:cTBRTenhHbie 'IRena, >.. - npoHaBonhHoe 

KoMnneKcHoe 'IHCno. 3Ta noacTaHOBKa aHanorH'IHa Toft, ·KoTopyiO Haman 
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H.H. Boron~oB B coaaaHHoA HM TeopRH csepxnpoBO.IlHMOCTH. 

TaKHM o6paaoM, onepaTopbi, nocTaBnsreMbre aenpepbiBHoA H30MeTpH

'IecKotl: rpynnoA, B cnyqae ae CHTTepa He aaiOT B03MO:lKHOCTH oaHoaHa'IHO 

onpeaenHTb BaKYYMHOe COCTOSIHHe, He yMeH,hlli810T npQIH3BOn8 B Bbi6ope 

B8KYYM8 H npOCTp8HCTBeHHbie aepK8nhHbie OTpS:lKeHHSI, tfTo6bi .llOK838Tb. 9TO, 

2S 

' 



liJ: 
~ 

aocTaTO~HO paCCMOTpeTb CHMMeTpH~ OTHOCHTenbHO rrrrreprrnOCKOCTH 

x 2 = 0 • 0Ha npencTaBnHeTCH onepaTopoM 

~ u( elgl711 ~) = H2 u ((}lgl -711,) I 

KOTOpbill: nell:CTByeT Ha 5a3HCHbie peweHHH cneny~WHM rrpOCTbiM o5pa30M: 

1 1 
•+2 -·-2 p u = u 

2 m, n n, m 

1 1 
•+T -•-T P v =-v 2 m, n n, m 

0nHaKO CHMMeTpliH OTHOCHTenbHO rrrneprrnOCKOCTH Xo = 0 HaKnanhiBaeT 

orpaHrr~eHHH a = f3 , A = A * • 8To nerKo nposepHTb, TaK KaK oaa 

npencTaBnHeTcs onepaTopoM 

P0 u ( (} 1 g 1 71 1 ( ) = i H0 u (- (} 1 g 171 1 eJ 1 

nell:cTBy~IUHM Ha 5aarrcHbJe peweHHH no npasrrnaM 

Po 
•+....!.. 

u 2 
m,n 

1 -s--
V 2 

rr I "' 

p 
0 

•+...!. 
v 2 

m,n 
-·--u 2 
"• m 

171 C TaKOJt :H<e CHTyauHell: Mbl BCTpe~aeMCH H B CKanHpHOM 
0 

a He TOnb-

KO B CITHHOpHOM BBpH8HTe, BaKyyMHOe COCTOHHHe B CKanHpHOM B8pH8HTe 

5binO Bbi5paHO TaK, ~T05bJ rrpH 5onbWHX 3Ha~eHHHX rnaBHOrO KBaHTOBOrO 

~HCna BOnHOBbJe 4JyHKUHH OllHO~aCTH~HhlX COCTOHHHil: rrpHHHMBnH KBa3H

KnaCCH~eCKHil: BHn. TaKoe :H<e C005pa:H<eHHe H B CITHHOpHOM B8pHaHTe aa-

CTaBnHeT C~HT8T& 0 ~TO liCTHHHQe BaKyyMHOe COCTOHHHe OTBe~aeT 3Ha~eHH~ 

A= 0 

nrrTepaTypa 

1. P.A.M.Dirac. Annal~ o~ M~t~e~at~Q~, 36, No. 3,657,~935, 

2. H.A. l.JepHHKoB, H.C. lllaBoxrraa. ITpenpHHT OHHH, P2-6109, .Uy6Ha, 
1971. 
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3, H. A.· l.JepHHKOB, H.C. lllaBoxrrHa. ITpenpHHT 011. 
1971. 

4. H.C. lllasoxHaa. TM<I>, 10, N93, 412, 1972. 

5. H • .H. BrrneHKHH. CneuifanbHbie ljlyHKUHH rr TeoprrH 
'HayKa', 1965. 

6. H.H. Eoron~5os. )1(8T<I>, 34, 58, 1958. 

7. N.A.Chernikov, E.A.Tagirov. Ann.Ins1 
v. IX, 2. Sect.A.Paris., 1968. 

ITpenpHHT OH.HH, P2-3777, Jly5Ha, 1968. 

PyxorrHCb nocTyrrHna B 
24 MapTa 
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o paCCMOTpeTb CHMMeTpH~ OTHOCHTenbHO l'HnepnnOCKOCTH 

• Oaa npeacTaBnHeTCH onepaTopoM 

u( e,e,TJ, t;) = H2 u (8,L -TJ,(), 

aeticTByeT aa 5asHCHbie pemeHHH cneay~ruHM npoCThiM o5pasoM: 

1 
•+2 

U m,n 
u -·-+ 

n, m 

J J 
•+T -•-z p V =-V 

2 m, n n, m 

OTHOCHTenbHO l'HnepnnoCKOCTH Xo = 0 H8Kn8AbiB8eT 

1 A =A * o 3TO nerKO npoBepHTb1 T8K K8K OH8 

onepaTopoM 

u ( 8, e, TJ , ( ) = i H0 u (- 8, L TJ , e) , 

s+_!_ 
u 2 

m, n 

5asHcHwe pemeHHH no npaBHnaM 

J -s--
V 2 ,, , Po 

•+__!_ 
v 2 

m, n 

-·--u 2 
n, m 

171 
)l{e CHTY8UHefi Mbl BcTpe'laeMCH H B CKanHpHOM 1 a He TOnb-

cnHHOpHOM B8fH8HTe, BaKyyMHOe COCTOHHHe B CKanHpHOM BapH8HTe 

Bbi5paao T8K, 'IT05bi npH 5onbiiiHX 3H8'1eHHHX rnaBHOl'O KBaHTOBOl'O 

BOnHOBbie cpyaKUHH OAHO'IaCTH'IHbiX COCTOHHHfi npHHHM8nH KBaSH

'IeCKHfi BHA. TaKoe )l{e coo5pa*eRHe H B cnHaopaoM BapHaaTe sa-

HeT C'IHT8T& 1 '1TO HCTHHHOe BaKyyMHOe COCTOHHHe OTBeqaeT 3Ha'leHH~ 
I 

nHTepaTypa 

A.M.D~rac. Annal~ o~ ~~t~e~at~~~, 36, No. 3,657,1935, 

• l.JepaHKoB, H.C. illaaoxRaa. flpenpHHT 011.HI1, P2-6109, .Qy5aa, 
1. 

24 

3. H. A." llepHHKOB, H.C. illaBOXHHa. flpenpHHT 011.HI1 P2-6173, .Uy5aa, 

1971. 

4. H.C. illaBOXHHa. TM4>, 10, N93, 412, 1972. 

5. H • .H. BRneaKHH. CneuuanbHbie cpyHKUHH H TeopHH npeacTaBneaHfi rpynn, 

•HayKa•, 1965. 

6. H.H. Eoron~5oB, )1(3T4>, 34, 58, 1958. 

1. N.A.Chernikov, E.A.Tagirov. Ann.Inst. Henri Poincare, 
v. IX, 2. Sect.A.Paris., 1968. 

• 

flpenpHHT OIUII1, P2-3777, .Uy5aa, 1968. 

PyKonHch nocTynHna B HSAaTen&CKHA oTaen 
24 MapTa 1972 roaa. 
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