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K8nbHbill KB83HnOTeHUH8n B penSITHBHCTCKOll 38):18'18 I .,:· .. 
Tpex Ten 

OTpeH8 B03M0)1{HOCTb HCnonb30B8HHSI B Tp8XM8pHblX penSITHBHCT

~HHSIX ):InS! CHCT8Mbl TpeX Ten KB83HnOT8HUH8n8, KOTOpb!l! B npH-

8pl!OrO B38HM0):18l!CTBHSI CO.Q8p)I{HT "nOK8nbHbl8 .. ABYX'18CTH'IHbl8 

luu8nbi, noK838HO, 'ITO '18CTb T8KOrO KB83HnOT8HUH8n8, COOTB8T-

8pHb!M B38HMO):I8l!CTBHSIM, Bblp8)1{88TCSI onpe.QeneHHbiM o6p830M 

~8CKH8 ABYX'18CTH'IHb!8 8MnnHTYAbl p8CC8SIHHSI H838BHCHMO OT 

nocneAHHX no M8nOl! KOHCT8HT8 CBS13H, .aoi838HO, 'ITO npH 9TOM 

nHTYA p8CC8SIHHSI, nony'leHHbiX K8K peweHHSI 9THX Tp8X'18CTH'IHbiX 

H8 M8CCOBOl! nOB8pXHOCTH COBn8):18~T C ~H3H'18CKHMH, 

•HHT 06&e.QHHeHHOrO HHCTHTyTa .HAepHbiX HCCJieAOBaHHI. 

,lzy6Ha, 1972 

idze A.N., Stoyanov D.Ts. P2-6347 

cal Quasipotential in the Relativistic 
Three-Body Problem 

possibility of using the quasipotential, which is 
he pair-interaction approximation, in the three
elativistic three-dimensional equations is dis
is shown that the part of this quasipotential 

ing to the pair-interaction can oe expressed by 
ple physical on-shell amplitudes (decomposition 
of the week coupling constant is unnecessary) • 
~ed that all 16 amplitudes obtained as the so~u
hese equations on the mass-shell coincide with 

pt physical amplitudes. 
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/1 I 
B npettbiJlYIIleA pa6oTe Ha OCHOBe paCCMOTpeHHSI 3ail83JlbiBa!OIIleA 

"'aCTH TpeX"'aCTH"'HOA clJyHKUHH fpHHa 6hinH nony"'eHhl TpeXMepHble ypaBHe

HHSI JlnSI penSITHBHCTCKOA 3aJla"'H TpeX Ten, llpH"'eM OHH OTnH"'a!OTCSI OT 

/2/ 
HepenSITHBHCTCKHX ypaBHeHHft $a)l)leeBa nHIIlb penSITHBHCTCKOA KHH9MaTH-

KOft, 0JlHaKO aHanOI'H JlBYX"'aCTH"'Hb!X noTeHUHanOB B3aHMO)leACTBHA - KBa3H-

, /1 3/ 
noTeHUHanhl - OKaaanHCb ' B 06IlleM cny"'ae clJyHKUHeft C9MH api'yMeHTOB, 

HHBapHaHTHblX OTHOCHTenbHO TpeXMepHblX BpameHHA, H ilOSTOMy He CBSI3aHhl 

C KBa3HilOTeHUHanaMH, 3aJlaHHbiMH. B CHCTeMe U9HTpa MaCe JlBYX "'aCTHU, 

B JlaHHoA pa6oTe )lenaeTCSI nonhiTKa cctJopMynHposaTb periSITHBHCTCKYIO 

38Jla"'y Tpex CKanSipHblX "'aCTHU B TepMHHaX T8K Ha3biBa9MblX nOK8nbHhiX 

/4/ 
KB83HilOT9HUHanoB , 38BHCSIIIlHX nHIIlb OT JlBYX apr-yMeHTOB: OT C06CTBeH-

HOA SHepi'HH JlBYX qaCTHU H CKang:pHOI'O KB8Jlp8Ta pa3HOCTH penSITHBHCTCKHX 

, OTHOCHTenbHblX HMnynbCOB, 3TO HaMHOI'O ynpoCTHT ypaBHeHHSI B TOM CMhiCne, 

"'TO JlnSI 38Jl8HHSI HX HaM He06XOJlHMO 6yJleT 3HaTb JlBYX"'aCTH"'H.bie senH"iHltbl, 

B TOM "iHCne H BonHOBhle clJyHKUHH CBSI3aHHblX COCTOSIHHA, Bbi"'HCneHHhle nHIIlb 

e CHcTeMe ueHTpa Mace JlBYX "iaCTHU. HHme TaKme yKa3aH cnoco6 nocTpoe

HHSI noKanbHbiX KBa3HilOTeHUH8nOB "'epe3 clJH3H"ieCKHe aMnnHTYJlbl pacCeSIHHSI 

JlBYX qaCTHU npH n1060A BenH"'HHe KOHCT8HTbi B3aHMOJleftCTBHSI, 

B uenSIX ynoMHHaHHSI HeKOTOpbiX H3BecTHhiX csoAcTs noKanhHhiX KBa-

3HnoTeHuHanos o6paTHMCSI CHa"'ana K penSITHBHCTCKOft 3SJla"'e JlBYX Ten, 
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2. DoKallhHbiA KBaaHrroTeHuHan B reopHH nona 

KeaaHrroTeHUHanbHbiA rroJlXOJl K penSJTHBHCTCKOA aaJla'le JlBYX Ten,ocao-· 

/3/ 
BaHHbiA Ha TpexMepHOM ypaeHeHHH Doryaoea-TaexenHJl3e , HHTeHCHBHO 

HccneJlOBancH B pHJle nocneJlyiOIUHX pa6oT. BbinH npeJlno>KeHbi paanH'IHbie 

B03MO>KHOCTIJ rrony'leHHH ypaBHeHHA KBa3HIIOTeHUHanbHOI"'O THIIa H3 KB8HTOBOA 

/1 5/ 
reopHH rronH. B 'laCTHOCTH 1 OJlHO H3 HHX ' , HMeiOmee aerrocpeJlCTBeHHoe 

OTHOWeHHe K JlaHHOA pa6oTeo B cny'lae JlBYX 6eCCIIHHOBbiX 'laCTHU B CHCTeMe 

ueaTpa Mace HMeeT BHJl: 

V ( E, p, k) ik T ( E J, 71)• 
.r 2-+2 2-+2 ... ... 

2ym +k ym +k (ym 2+k 2+ym 2+k 2-E) 
l 2 1 2 

T ( E, p, q) = V ( E, p, q) + (2 .1 ) 

E ... ... 
3JleCb - 3Hepi"'HSI1 p 1 q H k - OTHOCHTenbHb!e HMIIynbCbl CHCT9Mbl UeHT-

pa HHepUHH B Ha'lanbHOM1 KOH9'1HOM H rrpOMe>KyTO'IHOM COCTOSIHHSIXo ~H3H-

'19CKaSJ penSJTHBHCTCKaH HHB8pHaHTHaSJ aMIInHTy)la pacCeHHHH orrpeJlenSJeTCSI 

H3 ycnOBHSI 

f(s, t) 
3 ... ... 

16TT T(E,p,q} s = (Vm2+ p2+ ym2+ p2}2= 
1 2 

2 -+2 2 -+2 2 
= (ym + q + ym + q = E . 

1 2 
(2.2) 

... ... 2 
- (p - q) 

YpaBHeHHe (3.1) HBnHeTqSJ OJlHHM Ha B03MO*HbiX o6o6meHHA ypaeaeHHSJ 

DHIIIIMaHa-lliBHH!"'epa Ha cny'laA KBSHTOBOA TeOpHH nonSJ. npH 3TOM KBa3H

IIOTeHUHan V SJBnSJeTCSI KOMIIneKCHOft 41YHKUHeA 3Hepi"'HH H OTHOCHTenbHb!X 

HMrrynbcoe. KBa3HIIOTeHUHanbHOe ypaBHeHHe CHnbHO yrrpomaeTCSJ, ecnH V 

SJBnSJeTCSI 41YHKUHeft TOnbKO pa3HOCTH OTHOCHTenbHbiX HMIIynbCOB H nonHoA 

4 
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\1 
:t 
"II' 

3Hep!"'HH 1 Toeo B cny'lae noKallhHOCTH KBa3HIIOT 

nOKBilhHOI"'O KBa3HIIOTeHUHana 6binO CTp0£'0 JlOK 

/4/ 
aH , npH'IeM 6bin yKaaaa cnoco6 ero nocTpc 

IIOCTpOeHHblft 3THM MeTOJlOM1 JlaeT peweHHe YJ:: 

Ha MaCCOBOA IIOBepXHOCTH C 4lH3H'IeCKOA aMrrnJ 

EcnH ot5oaHa'IHTb noKallhHbiA KeaaHrroTeHJ 

ypaBHeHHe (2.1) rrpHMeT BHJl 

T(E,p,q) V(E,(p-q/}+ ( V(E,(p-k/)dk 

2-' 2 
4

2 -vm +k vmz+~ 
1 2 

noMHMO T0£'01 'ITO peweHHe 3TOI"'O ypaBHeHHSI 

COBIIa)laeT C 4lH3H'IeCKOA aMIInHTYJlOA pacceSJHF. 

TpeX'I8CTH'IHOft 3a)la'IH 1 HaM IIOH8Jl06HTCSI1 'ITOl 

noniOcaMH no nepeMeHHOA E eeaJle, rJle cymec 

n ocneJlHee yTBep>KJleHHe MO)KHO CTporo Jl0Ka3~ 

HHSJX Ha noKanbHi.IA KBa3HIIOT9HUHan1 H HH>Ke ~ 

cnpaeeJlnHBO. l1HbiMH cnoeaMH, npeJlrronaraeTc. 

-- ---2-+2 2 ... 2 2-+2 2 ... 2 ... 
2 ym + p ym + p ( ym + p + ym + p - E)¢ (p, 

1 2 1 2 E 

HMeeT peweHHSJ npH aHa'leHHSJX aHeprHH E , p~ 

COCTOSIHHA, JlOIIYCTHMb!X B )laHHOA JlBYX'IaCTH'Il 

/1 5/ 
HOpMHpOBKH aarrHWeM B BHJl9 

1 

x/ E 
( nocKonbKY nonaaSJ aaeprHSJ BbiCTyn, 

MeTpa ypaBH9HHSJ1 3)leC!> TepMHH "noKanbHOCTI 

H 03Ha'laeT aanH'IHe TpexMepaoft 8 -41YHKUHH I 

B KOOpJlHHaTHOM rrpeJlCTaBneHHH). 
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2, DoKallbHbiH KaaaunoTeHuuan a Teopuu nona 

TeHUHanbHb!H ITOJIXOJI K penSITHBHCTCKOH 38Jl8'1e JIBYX Ten10CHO-· 

/3/ 
xMepHOM ypaaHeHHH DoryHoaa-Taaxenuaae 1 HHTeHCHBHO 

a p SIJie nocneayJOIIIHX pa6oT, Bb!nH npeano*eHbi paanH'IHbie 

nonyqeHHSI ypaBH9HHH KB83HITOTeHUHSnbHOI'O THna H3 KB8HTOBOH 

/115/ 
B 'ISCTHOCTH1 OJIHO ua HHX 1 HMeJOmee HenocpeacTBeHHOe 

BHHOH pa6oTe, B cnyqae JIBYX 6eCCITHHOBbiX 'IBCTHU B CHCTel\le 

HMeeT BHJI: 

V ( E, p ,k) ik T ( E ,k, q )' 
(E. i>. iJ + r ===.==--===--

2_.2 2->2 ->2 ... 2 
2ym +k .Jm +k (.Jm 2+k +.Jm 2+k -E) 

1 2 1 2 

(2.1) 

prHSI1 p 1 q H k - OTHOCHTenbHbie HMITynbCbl CHCT9Mbl UeHT

H8'18nbHOM1 KOHe'IHOM H npOMe)KyTO'IHOM COCTOSIHHSIX, ~H3H-

BHCTCKSSI lfHBapHBHTHBSI BMITnHTYJIB paCCeHHHSI onpeaenSieTCSI 

3 -+ -> 
16rr T(E,p,q) 8 = (.Jm2+ p2+ .Jm2+ p2)2= 

_.....;;l__ 2 
2 -+2 2 -+2 2 . 

= ( v m + q + .Jm + q = E . 
1 2 (2.2) 

-(p ... 2 
q) 

e ( 3,} ) SIBnSieTCSI OJIHHM H3 B03M0)1{Hb!X OOOOIII9HHH Y{JSBHeHHSI 

Hrepa Ha cny'laH KBSHTOBOH TeOpHH nonS!, npu 9TOM KB83H

SIBnSieTCSI KOMITneKCHOH ~yHKUHeH 9H9pi'HH H OTHOCHTenbHbiX 

83HITOT9HUHanbHOe ypaaHeHHe CHnbHO ynpOIIIaeTCSI1 ecnH V 

UHeH TOnbKO pa3HOCTH OTHOCHTenbHb!X HMnynbCOB H nonHOH 

4 

~~~ 
J·,, 

·;~i,j·l·· 'i*" 
'; ; 
. ~· 

.;:;t~ 

.I 
-~·· .,.. 

x/ 
9HeprHH1 T,e, a cny'lae noKallbHOCTH KaaaunoTeHuHana • CywecTaoaaHHe 

nOK8llbHOI'O KB83HITOTeHUHana ObinO CTpOI'O JIOK838HO B cnyqae cna60H CBSI-

/4/ 
3H 1 npu'leM Obln yKaaaH cnoco6 ero nocTpoeHHSI. DoKallbHbiH noTeHuuan1 

nocTpoeHHbiH aTHM MeTo.aoM1 aaeT pemeHHe ypaaHeHHSI (2.1) 1 coanaaaJOwee 

HB MBCCOBOH noaepXHOCTH C ~H3H'IeCKOH aMnnHTyJlOH pacCeSIHHSI, 

Ecnu o603Ha'IHTb noKallbHb!H KaaaunoTeHuuan qepea 

ypaaHeHHe (2,1) npHMeT BHJl 

2 
V(E,(p- q) ) 1 

.... ~ 2 !"t .... ....., 

... ... 2 V ( E, (p - k) ) d k T ( E, k , q ) 
T(E,p,q) V(E,(p -q) }+ J ::; -... --:-:r: 

2ym
2
+P .Jm

2
+k

2
(.Jm

2
+k

2
+.Jm 2+k 2-E) 

1 2 1 2 
(2,8) 

noMHMO TOI'01 'ITO peiiieHHe 9TOI'O ypaaHeHHSI Ha MSCCOBOH ITOBepXHOCTH 

COBITS)laeT C ~H3H'IeCKOH SMITnHTyJIOH pacceHHHSI, HH)Ke1 npH paCCMOTpeHHH 

TpeX'ISCTH'IHOH 38Jl8'1H1 HaM ITOH8JIOOHTCSI1 'ITOObl OHO o6na,nano npOCTb!MH 

nonJOCSMH no nepeMeHHOH E aea.ae1 rae CyiiieCTBYJOT CBSI38HHhie COCTOSIHHS!o 

nocneJIHee yTaep)I{JieHHe MO)KHO CTpOI'O JIOK838Tb npH H3BeCTHhiX OI'p8HH'Ie

HHSIX Ha noKanbHb!H KB83HITOTeHUHan1 H HH)Ke Mbl 6yaeM C'IHT8Tb1 'ITO OHO 

cnpaaeanuao, l1HhiMH cnoaaMH1 npeanonaraeTCH1 'ITO oaHopoaHoe ypaaHeHue 

-- ---2 ... 2 2 ... 2 2 ... 2 2 -+ 2 -+ ... ... 2 ... -+ ( ) 
2ym +p .Jm +p (.Jm +p +ym +p -E)¢ (p)={V(E,(p-q) )dq¢ (q) 2,4 

1 2 1 2 E . . E 

HMeeT pemeHHSI npH aHa'leHHSIX aHeprHH E 1 paaHhiX MaccaM oaS!SaHHblX 

COCTOSIHHiit1 )lOITyCTHMb!X B )l8HHOH JIBYX'ISCTH'IHOH ITO)lCHCTeMe, Y CnOBHe 

/1 5/ 
HOpMupoaKH aanumeM a auae 

1 

x/ E 
(nocKOIIbKY nonHaSI aHeprHH BhiCTynaeT a ponu BHemHero napa-

MeTpa ypaBHeHHSI1 3lleC!;> TepMHH "nOK811bHOCTb" If MeeT npSIMOH CMbJCn 

H 03Ha'laeT HanH'IHe TpexMepHOH 8 -~yHKUHH B KB83HITOTeHUHane,aanHC8HHOM 

B KOOpJIHHSTHOM npeacTaaneHHH), 
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,---:--:;:,· ~--- -+ .... -+ _. aV(E,(p--q/) _. 
(2.,jm~+p""ym 2 +p 2 ¢+(p)¢ (p)dp+ (¢+(p)- ¢ (q)=2E. (2.5) 

1 2 B B . B a£ B 

§3. PenHTHBHCTCKaH MaTpHua pacceHHHH Tpex '18CTHU 

B nocneayJOIUeM HanmKeHKH Mhi aai!:MeMCH Tpex'l:aCTK'l:HhiMH ypasHeHHH-

, /1 I 
MH H noKa)l{eM, 'ITO Hapo HX K MO)I{HO 38MeHHTb HOBhiM1 B KOTOpOM 

Y*e 'i8CTb 1 COOTBeTCTBYlOIIl8H napHhiM B38HMOaei!:CTBHHM1 6yaeT Bhlp8)1{8Tb

CH qepe3 noK8nbHhie KB83HllOTeHUH8nhio 3aecb B8)1{H0 noaqepKHyTb 1 'ITO BCe 

18 8MllnKTya, nony'l:aeMhiX K8K peweHHH STHX ypaBHeHHI!: C HOBhiM HapoM, 

Ha M8CCOBOI!: llOBepXHOCTH COBnaaaJOT C ~113H'ieCKHMHo 

.nng BBeaeHHH HOBOrO H,!lpa C nOK8nbHhiMH KB8311llOTeHUHanaMH OK83hi

B8eTCH aocTaTO'l:HhiM paccMoTpeHHe ypasaeHHH anH T -MaTpHUhi ynpyroro 

/1/ 
pacceHHHH Tpex qacTHU, o6oaaa'ieHHOI!: B pa6oTe qepea M 00 • B CHCTeMe 

UeHTpa M8CC Tpex 'i8CTHU OHO HMeeT BHa: 

::t.=::!~ , ~;!;t~ 
M (P ;p,p;q,q)=K (P ;p,p;q,q)+ 

00 0 0 

, ~~:! ~ ~ ~ ::!::. 
K (P

0 
;p,p;k,k)dk dk.M

00
(P

0
;k,k;q,q) 

+ f .... ... ... .... _, , 
2 w (k) w (k) w (k) ( w (k) + w (k) + w (k) - p ) 

1 2 3 J 2 3 0 

(3.1) 

rJle p. - TpexMepHhii!: HMnynbc i -ol!: 'l:aCTHUhi 1 P - nonuag aueprHH, 
• 0 ... ... 

KrpalOIU8H pOnb BH9WH91"0 napaMeTpa B aaHHOM ypaBH9HHHo P. t P.- Tpex-/1/ • , __ _ 
MepHhie OTHOCHTenbHhie HMnynbChi i -ol!: CHCTeMhi .Rxo6H , w. (p)= .,jm~+ P.2 

I I I 

41H3H'l:ecxag S -MaTpHUa Jl8HHoro nponecca csgaaua c M 00 cneJlyJOIUHM o6pa-

30M: 

8 

I 

'

"i 
. 

; 

< J',2',3'ISI1,2,3>: 8(p1- ii,J 8(p2- q2) 8 (~ 

3 

+ irr8(41(P- Q)[ II 
n=1 

-+ ... -~ 
w, (p) w, (q}] M I p = ~ 

0 0 0 n= 

CneaosaTenbao, 

3 
3-1 -+-+ 

MooiP =I w (1J=Iw (qJ 
=(16 77 ) I. 8(q - p )« 

l l 
1=1 

rae 

o 
11 

n , n 

S. • 
-+ ... 2 

(P,. + p; ) t 
i 

f (s , t ) - ~H31'1"19CKHe asyX'i8CTH'l:Hhie ! 
l l l 

aBYX'i8CTH'iHOI!: noaCHCT9Mhi 1 38BHCHIUH9 OT CB« 

[ T
00

] - qacTb, cqoTBeTCTBYJOIUaH CBH3HhiM aHa 

B ypaBHeHIIH (3.1) npoHaseaeM aaMeHy 1 

~ -+ ... 
HOBhiMH ~i 1 f i t 2_; : ... ... 

k; fi ... ... 
... :! ;;t "'" w. (k) - "' . w (k) - .... 
k. = k. - k. 1 1 " Wf (k) + wl ( 
-1 1 I 

.. 
.,Js. (k) 

I 

:! .. 
k i k I 

k - k 

w (k) -
; 

____ _.w,_. -~-) + w,. (k) + .,j ~) 
~ I i .,Js. (k) 

I 

x/ ( MaorHe csol!:cTsa npeo6paaosaHHH 3.· 
38llHC8Tb ~ro B BRae neocTpaHCTBeHHOI!: 'i8CTf 

T.e. l = A.(w. (lt), it.) , rae A,.- MaTpHUa 
-; I 1 1 

KOT0p8H nepeBOJlHT 4-BeKTOp (wi (k)+ Wlo (k) 1 

7 



... ... ... ... + ... aV(E,(p--q/) ... 
p 2 </J+(p}</JE(p)dp + (</JE(p) ¢ (q} = 2E. (2.5) 

E a£ E 

PenRTHBHCTCKaR MaTouua 

IUeM H3nO}KeHHH Mbl 38ti:MeMCR TpeX"'8CTH"'HbiMH ypaBHeHHR-

r 11 I 
TO Rapo HX K MO}KHO 38MeHHTb HOBbiM, B KOTOpOM 

eTCTBYIOIU8R napHbiM B38HMOaeAcTaHRM, 6yaeT ab!p8}1{8Tb

bie Ka83HllOTeHUH8nbio 3aecb a8}KH0 noaoqepKHyTb, 'ITO ace 

yoqaeMbiX K8K perneHHR 9THX ypaaHeHHA C HOabiM gapOM, 

pXHOCTH Coanaaa!OT C ¢H3H"'eCKHMH. 

g HOaoro Rapa C noKanJ:.HbiMH Kaa3HllOTeHUHanaMH OK83bi

biM paccMoTpeHHe ypaaHeHHR ang T -MaTpHUbi ynpyroro 

Ill · 
acTHU, o6oaHa"'eHHOA a pa6oTe "'epea M 00 • B CHCTeMe 

"18CTHU OHO HMeeT ana: 

=~ 
; q, q) 

... -+ ... .... , - - - -
K (P ;p,p;q,q) + 

0 

-+-+:!-+ _:-+ ,:-+,:-+ 
p,p;k,f)dk dfM

00
(P

0
;k,k;q,q) 

-+ .... ... _, ... , 

(J.) (k) w (k) ( w (k) + w (k) + (J.) (k) - p ) 
2 3 l 2 3 0 

(3~1) 

HbiA HMllYnJ:.C i -ott "18CTHUbi, p - nonHaR 9HeprHR, 
0 ... ... 

Hew Hero napaMeTpa a aaHHOM ypaaHeHHH. P. , P-.- Tpex .. 

. Ill' ·~ 
nJ:.Hbie HMllynJ:.Cbl £-ott CHCTeMbl .RK06B 

1 
ru. (p)= ym!+ P.2 

' ' ' aTpnua aaHHoro nponecca cagaaHa c M 
00 

cneay10IUHM o6pa-

6 

.,. 
~i; ' . ..... ,) 

·~~~-' ... ), .. ,, 
:·•.(,,f!;· 

'!dio 
-~·~·. . , ~ ·"' . ' '.'/; ·; ~ 

!1:_\<'; 

'' ~ 
;,···:· .j 
,;-::·;· 

:,~Y 

< 1 ', 2 ', 3 'Is 11, 2, 3 > 

3 

+ i118(
41(P- Q}[ IT 

n=l 

CneaoaaTenJ:.Ho, 

8(p,- i,J 8(p2- q2} 8(~- q~) + 

... ... -~ 3 ... 
w (p) w (q}] M I p = !. w (p) 

n n 00 0 n=I n 

3 ... 
!. w (q) 

n=I " 

(3.2) 

3 2 

Moolp =!. ru r1J=!.w (qJ 

3-1~ ... -+ ... , 71 
=(16 11 ) ~ B(q - p )w (p} (s , t ) +- [ T ] 

I I I l l i 00 

o ., n n n l=I 

si ... ... 2 
(plr. + pi ) t 

I 

... ... 2 
(plr.- tJ,.) ' 

(3.3) 

rae f (s , t ) - ¢H3H"'eCKHe aayx"'aCTH"'Hbie aMnnuTyahi pacceRHHR l -oa 
I I I 

aayX"18CTH"'HOA noacHCT9Mbi, 38aHCRIUHe OT CaOHX S H t - nepeMeHHbiXi 

( T ) - "18CTb, COOTaeTCTayiOIU8R CaR3HbiM auarpaMM8M cJleti:HM8H8o 
00 • -+ -+ -+ 

B ypaaHeHHH (8.1) npouaaeaeM aaMeHy nepeMeHHbiX 1i1 , p1 , q1 

HOabiMH !I , i; ... 
• IJ..; : ... ... 

... k; k; 

... 
k. = k. -· . 

;;t lllr. wi (k) - ll; W lr. (k} - rul (ky + ru~ (kJ ~ ~sl (k) 
k. • v s. (k) 

' ... 
... 

- ... 
k; k i 

w. (k) -
1 k - k w. ") + w (k) + v s. tl) 

I 
. . lr. • 
' _..,. ys. (k) 

I 

(8.4) 

xl . 
MHorue caoAcTaa npeo6pa3oaaHHR (8.4) nerqe abiRBnRIOTCR, ecnu 

38DHC8Tb ero a auae neocTpaHCTaeHHOA "18CTH 4-aeKTOpa A; ( W; (G;, '& i) • 
T.e. !, = A 

1 
(ru

1 
(It), if 

1
) , rae A1 - MaTpHUa .tJOpeau- npeo6pa3oaaHHSI, 

xoTopaSI nepeaoaHT 4-aexTop (w
1 

(k)+wlr.(k} , k 1 +(Jr.) a(ys 1 /k;• 0). 

7 



... ... 
aHanorH'IHO .!lnSI P. H if. 

' ' 
' r'.!le 

-> -> 2 -> ... 2 2 ... 2 2 ... 2 
s . (k) = [ w . (k) + w Jk)] - (k . + k. ) = y m . + f! . + y m. + _k . . 

' 1 .. 1 .. 1 ' .. ' 
(3.5) 

3aKOH rrpeo6pa30B8HHSI ~830B0r'O 06~eMa H3B9CTeH 

... 2 ->2 2 ... 2 
d~i (..jmi + J!; + .Jm,. + !; ) 

..jm~ + k ~ ..jm
2 + t.1 v~.2 + s. (kJ 

1 -' • -· • • 

dki 
(3.6) 

w (kJ w (kJ 
i lr. 

H eTpy.!lHO ITOK838Tb 1 'ITO rrepeMeHHbl9 rrepe,!lB'IIl HMITYnbCa t I t ~KrypH-

pyiOmlle B ( 3,3) B Ka'!eCTBe apryMeHTOB .!lBYX'IaCTK'IHhiX ~K3H'IecKHX aMrrnH

Ty.!l, MOr'yT 6hiTb Bbipa)KeHbi IIpOCTbiM o6pa30M 'lepe3 HOBbie IIepeMeHHhie 
... ... 
P H q , a KMeHHO: 
-1 - l 

t 
I 

-> 

(!t 

... 2 

~~ ) 

B HOBbiX nepeMeHHbiX ypaBHeHHe ( 3,1) IIpHHHMaeT BK.!l: 

... ... 
K ' (P ; p, p; q, q) + 

0 

... ... 
(P ; p' p; q, q) 

0 
M 

00 

_, .... --+ ~ -+ 

K 'rp ;pp;k,'&) dk
1 

d{ S. (k)M (P ; k,k; ;, q) 
0 - - -. • - 00 0 - -

+--~=2===z~2~~=2===-.=2=-~2=== ... =2~~~~2====~ ... ~~=2======. ... ~---... ----

2-../m.+k . ..jm +k. ym, +k. yk, +s.(k)(-../k.+s.(k}+w.(k)-P) 
• • • -· 1 -· • • - • • - • - ·0 

(3.7) 

(3,8) 

YTo6hl H36e)KaTb rpoM03.!lKOCTH B onpe.!leneHHH HOBoro TpexqacTH'IHoro 

KB83HITOTeHUHana, 38IIHllieM ypaBHeHHSI (3,1) H (3,8) B CHMBOnH'IeCKOA 

onepaTopHoA ~opMe: 

8 

I 

•<· 
l:f>, 

, i , 
M = K + 2 K G

0 
M

00 00 TT 

PaccMoTpKM ~YHKUHIO I M 00 I, CBSI3aHHYIO c M 00 cJ 

1 J -+ .... _, .... -+~ 
l.\1 I=-- I fi(p

1 
-q

1 
)w

1
(p)a

1 
(P)f, ((P

0 
-w

1 
(p)) 

OO J6 TT l=l 

r.!le 

... 
a (p) 

l 

r::-- . ... 2 :! 2 r--: J.::! 2 
(.,j(f'_- W (D)) -p +-Js. (_p)} p +S 

0 l * l I - I l 

,----::.: ... lJ t ... 
V s I f!} (Po - w l {J!) + V pI + s I fr:}) 

HeTpy.!lHO BH,!leTb 1 'ITO a
1 

(p) Ha MaCCOBOA IIOBepXJ 

... 
+w (p) rrpeapamaeTCSI B e.!lHHHUy, nosToMy, cornac 

3 
rroBepxHoCTH I M I H M coBIIa.!laiOT, Y'IHTbiBaSI 

00 00 

nerKO IIOK838Tb, 'ITO ~YHKUHH, COOTBeTCTBYlOIIlHe C 

i i 
IM I -G IM 1· .. -G 

0 0 TT 2 0 • 00 TT 2 
IM 

00 
I = F , 

Ha MaCCOBOA IIOBepXHOCTH HMelOT BH.!l, aHanOr'H'IHb 

F I 3 = I a (p - q ) w (p) F (s , t ) + F 
p =I l l I I l I I 

0 l=l 

r.!le F H F - ~YHKUHH pen.s~THBHCTCKH-HHBapHaH' 
I 0 

CO.!lep)K81I1He a -cPYHKUHA, Bbi,!leneHHbiX B (3,12), f 

MO)KHO BBeCTH ~YHKUHH 

3 ... 

I 
-+ -+ -+ _, -+ 2 -2 

Fl = I {)(p - q )w (p) a (p) F (P -w (p)) -p 1 
l=l I I I I I 0 I 
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-> 

if. , rae 
I 

2 -> -> 2 2 ->2 2 ->2 
)] -(k + k) =-1m +k +-1m +k . 

i .t v i -; v .t - ; 
(3.5) 

saHHH ~aaosoro oobeMa H3BeCTeH 

(3.6) =---=--=--=J-==--=---
k 2 .,jm 2 + t_2 ..jk_2 + s_ (kJ 
- r le -, r r 

'ITO nepeMeHHbie nepeAa'IH HMnym,ca t 1 , ~HrypH-

apryMeHTOB ABYX'IaCTH'IHbJX ~H3H'IeCKHX at-.tnJIH

a:>KeHbi npocTbiM oopaaoM 'Iepea HOBble nepeMeHHhTe 

t 
I 

-> 

- (!I 
-> 2 

~I ) 

HHhiX ypasHeHHe ( 3,1 ) npHHHMaeT BHA: 

-> -> 
, -->-->) K (P ; p , p ; q, q + 

0 

-> -> 
-+ -+ - -+--+ 

d k. S. (k) M (P ; k, k; q, q) 
-1 I - 00 0 - -

- --- =+------::;- -> 
2 2 ->2 -2 2 -> . ym_ +k . .,Jk. +s.(k)(Yk.+s.(k}+cu.(k)-P) 
r 1 -r r r _ 1 r- r - ·0 

(3.7) 

(3.8) 

03AKOCTH B onpeAeJieHHH HOBOro TpeX'IaCTH'IHOr'O 

llieM ypaBHeHHH (3,1) H (3,8) B CHMBOJ1H'I9CKOA 

8 

, i , 
M = K + 2 K G

0 
M

00 oo 1T 

(3,9) 

PaccMoTpHM cPYHKUHJO I M 
00 

I, CBH3aHHYJO c M 00 cneAyJOlliHM o6pa3oM: 

1 J -> -> -> -> -> 2 ~2 -> -> 2 -> 
Bl I = -- I fj(p - q )cu (p)a (p} f ((P -cu (p)) -p ; -(p -q ) )a (q) + 

00 16 TT I=J I I I I I o I I I I I 
rr2 

+-[T ],·(3.10) 
i 00 

rae 

a (PJ 
I 

r ~ ~ riJ / -: 2 
+ ~r;~7in J: 2 

+ s r;; 11 
( 0 l I I - I I - ] 12 

J s I rjJ (Po - cu l rfJ + .;; : + s I (~) 
HeTpy.o.ao BH.O.eTb, 'ITO a

1 
(p) aa Maccosoa nosepxaocTH P0 

+cu (p) npespamaeTCH B eAHHHUY, noSTOMY 1 cornaCHO (3,3) 1 

J 
nosepxaocTH I M I H M cosnaaaroT, Y'IHTbJBaH 51BHhJA BHA 

00 00 

JierKO ll0K838Tb 1 'ITO ~yHKUHH 1 COOTB9TCTByJOlliH9 onepaTOpaM 

i i . 
IM I - G IM 1· .. - G IM I = F , 

00 1T 2 0 00 1T 2 00 

Ha Maccosoa nosepxHOCTH HMeJOT BH.O., aaanorH'IHhii!: ( 3.3): 

F I J = I 8(p - q ) cu (p) F (s , t ) + F , 
p =I I l I I I I 0 

0 I=J 

(3.11) 

= (U (p) + (U (p}+ 
J 2 

aa Maccosoa 

Go H a (p) • 
I 

( 3,12) 

rAe F
1 

H F
0 

- ~yHKUHH pen51THBHCTCKH-HHBapHaHTHbJX apryMeaTos, H ae 

COllep:>K8lliH9 8 -cPYHKUHi!:, BhJAeJieHHb!X B (3,12), nosTOMY 1 nOAOOHO (3,10), 

MO:>KHO BBeCTH ~yHKUHH 

J -> 

I 
-+ -+ -+ -+ -+ 2 -2 -+ ..... 2 -+ 

IF= I 8(p
1 

-q
1

)cu
1

(p)a
1

(p)F
1 

(P
0 

-cu
1

(p)) -p
1 

.-(J!
1 
-~ 1 ) )a1 (q)+ F0 • 

I= 1 
(3,13) 
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i,•' 

OnpeJlenHM HOBbiA Tpex'laCTH'IHbiA KeaaHnoTeHuHan If c noMOIUblO pSI.Ila 

If 
00 

I If 
II 

II=J 

'lneHbl KOTOporo YllOBneTBOpSilOT cneJlyJOmeA CHCTeMe ypaBHeHHA! 

IM I 
00 

If 
J 

0 If+ IW..!_GW I 
2 1 " 2 o· 1 

i i i ' i . 
0 = W3 + I W

1 2 G If + W 2 ·c If + If - G
0

,W '2 C If I . 
" 2 2 2 " 0 1 1 "2 1 " 0 1 

(3,14) 

(3,15) 

3JleCb lfJHrypHbie CK06KH H8Jl0 llOHHMSTb B CMbiCne paBeHCTB (3,10) H (3,12), 

YpaBH9HHSI (3,15) MO)KHO paCCMaTpHBSTb KSK peKyppeHTHbie COOTHOmeHHSI 

JlnH 'lneHOB pSIJla (3~14), llp9)1(Jl9 BC9I'O 38M9THM, 'ITO pemeHHe yp&BH9HHSI 

(3,1) nH60 (3,8) He M9HSI9TCSI Ha M&CCOBOA llOBepXHOCTH npH 3&MeHe CTa

poro KB83HllOT9HUHana HOBbiM, ,D.eACTBHTenbHO, aanHmeM ypaBH9HH9 (3,8) 

C HOBbiM KB83HllOT9HUH&nOM B K8'19CTB9 SIJlpa: 

i 
N = If + --"2 N 

00 
G 

0 
If , 

00 " 

( 3,16) 

rJle N - peweHHe ypaBHeHHH ( 3,8), OTBe'l&lOIIlee HOBO My H.llPY If , 0TCJO.tta 
00 

i ' i i 
I If I + I If - G J' I + I If- ·c If - G If I+ ... 

"2 0 "2 0 "2 0 
(3,17) IN I 

00 

C JlpyroA CTOpOHbi, CYMMHPYH neBbl9 H npaBbie CTOpOHbi paBeHCTB (3,15), 

HMeeM: 

i i i 
IM I= If+ I If- G If+ If- G If- G If + ... I. 

00 "2 0 "2 0 "2 0 
(3,18) 

10 

I 

t 

1 
i 
~I 
\ 

Ma onpeJleneHHH KBaaHnoTeHuHana If (3,15) TaK~ 

{If} = If. 

TorJla, cpaBHHBaH (3.16) H (3.17), npHXOJlHM K 

INOO I = IMOO I 

ll OCKOill>KY Ha MaCCOBOA noeepXHOCTH a. (p)=l,, TO 
I 

H8'189Tt 'ITO peWeHHe ypaBH9HHSI (3,16) B tPH3H' 

apryMeHTOB COBll8Jl&eT C lfJH3H'I9CKOA penHTHBHCTC 

Tpex 'IBCTHU, 

J J 
(N -M Jl ~ =t ~ ... =0. 

00 00 Po=..&. (J)I (PJ = ..&. (J)I(9) 

1=1 1=1 

PaCCMOTpHM, HeKOTOpbie CBOACTBa HOBOI'O KB 

mHe uenocpeJlCTBeuuo H3 onpeJleneHHH ( 3,15). He~ 

npeJlCTSBHM B BH,tle 

J • 
If I If + If 

m=J T 

• 
I'Jl9 If COOTB9TCTByeT napHOMy B38HMOJl9ACTBHlO E 

llO,tlCHCTeMe H llOSTOMy B HMllYill>CHOM npeJlCTaBne. 

~ (p - q ) • 
"' . 

If - 'I&CTb, COOTB9TCTBYl01Il8SI 'IHCTO TpeX'II T . 

SIM, 3To BHJlHO H3 TOI'O, 'ITO K8)1(JlbiA 'lni9H pSIJla ( 

W9HHSIM (3,15), npe,ttCT&BHM B BHJle (3,22), 3anHC 

PSI.Ila 

• 00 

"' If I If 
II 

II=J 

11 



A TpeX'18CTH'IHbiA KB83HIIOTeHUHan If C IIOMOWb!O pSI,Ila 

00 

I. w 
n 

w (3.14) 
n=I 

y.noeneTeopSIIOT cne.nyiOwea cucTeMe ypaeaeaua: 

i 
-G WI 

I rr 2 0 I 

( 3.15) 

i i i i 
2 G

2 
W

2 
+ W

2 2 c wi + w -
2 

'G0 ,WI 2 c w 1. 
TT TT 0 ITT TT 0 I 

CK06KH H8t:IO IIOHHM8Tb B CMbiCne paBeHCTB (3.10) H (3.12). 

) MO)I(HO paCCM8TpHB8Tb KaK peKyppeHTHble COOTHOWeHH.H 

(3~14). Ope*.ne ecero aaMeTHM, 'ITO peweaue ypaBHeHH.H 

He MeHSieTCSI Ha M8CCOBOA IIOBepXHOCTH IIpH 3aMeHe CTa

Hana HOBbiMo neACTBHTenbHO, 38IIHWeM ypaBHeHHe (3.8) 

TeauuanoM B Ka'leCTBe 51.Upa: 

i 
w + -2 NOOGOW 

TT 
( 3.16) 

ypaBHeHHSI ( 3.8), OTBe'laiOWee HOBO My Sl.llPY W • 0TCIO,Ila 

i i i 
WI + IW-G WI+ IW-G W-G WI+ ... 

TT2 0 "2 0 TT2 0 
(3'~17) 

·I, cyMMHPY.H neBhie u npaBbie CTopoHbi paeeacTB (3.15), 

i i i 
+IW-G If+ W-G W-G W + ... I. 

TT2 0 TT2 0 TT2 0 (3.18) 

10 

i 
/. 

'{ 

Ha onpe.ueneHnH KBaaunoTeauuana W (3.15) TBK*e cne.uyeT 

IWI = W. (3.19) 

Tor.ua, cpaBHHBa.H (3.16) H (3.17), npHXO.IlHM K BbiBO.Ily, 'ITO 

IN I= IM I 
00 00 (3.20) 

00CKOnbKy Ha MaCCOBOft IIOBepXHOCTH ai (p)=l,, TO rrocne.uaee paBeHCTBO 03-

HB'IaeT, 'ITO peweaue ypaBHeHH.H (3.16) B ~H3H'IeCKOft oGnaCTH H3MeHeHHH 

apryMeHTOB COBIIa.QaeT C ~H3H'IeCKOA pen.HTHBHCTCKOA 8MIInHTY.IlOft paCCeHHHSI 

Tpex 'laCTHil. 

3 3 
(N - M ) I ~ :1 ~ -+ = 0. 

00 00 Po=._(J)l(I>J=._(J)I(q} 

I= I I= I 
(3.21 ) 

PaCCMOTpHM· HeKOTOpbie CBOiiCTBa HOBOI'O KB83HIIOTeHUHana, BbiTeKaiO

WHe Herrocpe.llCTBeHHO H3 OI!pe.neneHHH (3.15). HeTpy.llHO BH,IleTb, 'ITO OH 

npe.QCT8BHM B BH,Ile 

3 .. 
w I. w + w 

T (3.22) m= I 

.. 
I',lle W COOTBeTCTByeT IIapHOMy B38HMO.IleACTBHIO B m -oft .llBYX'IaCTH'IHOft 

IIO.IlCHCTeMe H Il09TOMy B HMIIYnbCHOM IIpe,llCTaBneHHH HMeeT MHO)I(HTenb 

~ (p - q ) • 
"' .. 

IV - 'laCTb, cooTeeTCTBYIOwa.H 'IHCTo Tpex'laCTH'IHbiM eaauMo,lleil:cTBH-r . 

.HM. 3TO BH.QHO H3 TOI'O, "'TO Ka)l(,llblft 'lneH p.H,Ila ( 3.14), cornaCHO COOTHo-

WeHH.HM (3.15). npe,llCTaBHM B BH,Ile (3.22). 3aiiHCbiBa.H W"' B BH,Ile CyMMb! 

PSI.Ila 

.. 00 

"' w I. w .. (3.23) 
tt=I 
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, 

I) 
\ ~~ 

H ssonR o6oaaa~eaue 

IT I 
m 

I ... ... · ->2 :::!2 ........ 2 
~ w,.(P) a,.(P)f ,.((P

0 
- w,. (p)) - P,.,- (~,.- ~,.) ) a ,.(q} , (3.24) 

nony'IHM cneayJOUIHe COOTHOW9HHR Me*AY OTAenbHblMH 'lneHaMH psna (3.23)! 

T I = W"' 
m 1 

0 
, ,. i ,. 

w + tw 2 c
0
w I 

2 1 TT 1 
(3.25) 

0 
m m i m m i 

W +IW -G W +W -G 
3 2 , 2 0 I I , 2 0 

"' m i ' m i . m 
W + W --G W -G W I. 

I TT2 0 I TT 2 0 2 

nocne aecno)KHbiX an~e6paH'IeCKHX npeo6paaosaHHii: nnH W "'HMeeM cneay10-

uxee Bbipa)KeHne: 

m :! ·.;;! -+ -+ ( 2) 2 ~ 2 
W = 8 (p - q ) w (p) a (p) V (( P - w ) - p 

n mm m m 0 m m 

.... .... 2 
(p - q ) ) a (q) 
-, -, m 

(3.26) 

( 2) ...... 2 ~ae V (£, (p- q) )- !tJyHKUHR nHWb asyx ap~yMeHTOB 1 onpeaenHeMaR C HCTe MOil: 
m 

paBeHCTB 

v1 2 ) = I' v 1 2) 

m 
n=I mn 

1 f ( E, -rP - q) 2) 

J(> TT 
3 

vr2J(E ,(p -iiJ 2) 
(3.27) 

m1 

(2) ...... 2 .... (2) .... .... 2 
r

2
J 

2 
V (E,(p-k) )dk V (E,(k-q) ) 

V (E,(p-q}}+f 
1111 

--- - mJ -- I 2 2 0 
m 2 - - --~-- ~ ---:;- ---.... - q = /J = 

2.jm2+_!2.jm~+~2(.jm2+~2+-Jm.2+~2-E)- -
I 1 I 1 = b (E) • 

3necb b 
2 2 V (E)~ m 
m I 

2 2 
+ v· b (E) + m. = 

m 1 
E. m=/l,Pjf,m; 

12 

I 

PeaJOMHPYR Hano*eHHoe Bbiwe, MO~ 

B03MO)KHOCTb BBeaeHHR TSKO~O 9~~9KTHB 

uuana W , napHaR 'laCTb KOTopo~o Bbipa> 
( 2) 

ap~yMeHTOB V .. • OpH'IeM T -MaTpnua 

qaCTHU 1 nony'leHHaR C llOMOUlbiO ypaBHeH 

HOCTH COBnanaeT C ~H3H'IeCKOA. HeTpyal 

V ( 2), onpeaenReMaR paBeHCTBSMH (3.2) .. 
Heo6xoaHMbiM Tpe60B8HHSIM Ha noKanbHbl 

B cnyqae cna6oii: CBSI3H MO)KHO llOK838TJ 

KB83HllOT9HUHanOM, llOCTpOeHHbiM MaTOa 
(2) ........ 2 

!tJyHKUHR V (£, (p-q) ) SIBnReTCR noKaJ .. - -
(2.1) anR m -oA nsyx'laCTH'IHOA noncnct 

§4. PenHTHBHCTCKHe aMnnuT 

B CHCTeMe TpeJ 

B sToM napa~pa!tJe Mbi noKa*eM, • 

naHHO~O OTHOCHTenbHO nsyX'ISCTH'IHblX 1 

KsaaunoTeauuanaM, see 16 aMnnHTyn pa 

/1/ 
ypaBHeHHA pa60Tbl C HOBbiM TpeX'IaC' 

COBllaASIOT Ha MBCCOBOA llOBepXHOCTH C 

H,HR• HanoMHHM, 'ITO nnH aMnnHTYAbi pa< 

§3. BseaeM o6oaHa'leHHH: 

W 12J(P 
0 

-w 
.... 

(p), p .... 
' p 

-::.. i 
q ) = 
=:.; 

... 
.... ( 2) ... 2 - 2 .... .... 

= a . (p) V. (( P - w (p)) - P ; (p . - q 
' ' 0 i _, 

( 2) .:! 
5" ( p - w (p) ' p 

i 0 
'p 'q .... ) = 

_; _i 

= a 
.... ( 2) 

(p) T. (( p 
.... 2 :! 2 .... 

- w (p)) - p ' p 
i ; -; 

' 0 

.... 
'q 
-i 
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a'leHHe 

-t -+ -+2 :!'2 ... -+ 2 
m(p) am(p)[m((PO -wm(p)) -pm' -~m -~m)) a,.(q)' (3,24) 

!OlUlfe COOTH01U8Hil.ll M8)!(llY OTaenbHbiMH qneHSMH p.sraa (3,23)! 

W m 

m i m 
I W

1 2 G 
0 

W
1 

I 
11 

(3,25) 

m i 
IW -G 

m m i 
W + W -G 

112 0 

111 m l ' m i . ,. 
W + W --G W -G W I. 

2 11 2 0 2 1 112 0 1 11 2 0 

.. 
HbiX anre6paH'IeCKKX npeo6paaoeaHHfi an.sr W HMeeM cneay10-

e: 

... ... (2) 
)w (p)a (p)V ((P 

m m m m 0 

... 
2 -2 

- w ) -p 
m m 

... ... 2 
(p - q ) ) a (q) 
-,. -,. m 

(3,26) 

• 2 
) )- (jlyHKUH.Il nKIIIb llBYX apryMeHTOB 1 onpeaen.sreMa.ll CHCT8MOi!: 

{P-q)2) V r 2!( E '(p- q) 2) i. (3.27) 
m1 

(2) ... ... 2 ... (2) ... ... 2 
V (E,(p-k) )dk V (E,(k-q) ) 

m1 - - - mJ - -
... 2 

-q) ) + f 
- --.,.-- --:;- ---:;- ---... -

2.Jm 2 + k 2 .Jm2 + k 2 ( .Jm2 + k 2 + .Jm 2+ k 2 -E) z- ;- z- ;-

q 2= P2= 

= b (E) • 

b 2 2 V (E)~ m 
m I 

' 2 2 
+ v b (E)+ m = E. 

m i 
i i i m; 

12 

Pe310MHpy.sr H3n0)!(8HHOe Bblllle, MO)!(HO CK838Tb 1 'ITO HSMH HSil:lleHa 

B03MO)!(H0CTb BB8ll8HH.Il T8KOI'O 3~8KTHBHOI'O TpeX'ISCTH'IHOI'O KB83HITOTeH

UKana W , napHa.sr 'laCTb KOToporo Bbipa)!(aeTc.sr qepea (jlyHKUHH nHIIIb asyx 
( 2) 

apryMeHTOB v 0 npH'IeM T -MaTpHua pacce.srHH.Il Tpex pen.srTHBHCTCKHX .. 
'18CTKU 1 nony'leHHa.ll C ITOMOlUb!O ypaBH8HH.Il ( 3,16), Ha MBCCOBOi!: ITOBepx-

HOCTH COBIT8ll88T C ~i13K'I8CKOil:, HeTpyllHO y6ellHTbC.Il B TOM, 'ITO (jlyHKUH.Il 

( 2) 
V , onpeaen.sreMa.sr paseHcTsaMK (3,2), yaoeneTsop.sreT H3no)!(eHHbiM B §2 .. 

He06XOllHMbJM Tpe60B8HH.IIM Ha noKanbHblil: KB83KITOTeHUHan ypaBHeHH.Il (2 ,1), 

8 cnyqae cna6oil: CB.Il3H MO)!(HO ITOK838Tb ee T0)!(ll8CTB8HHOCTb C nOK8nbHblM 

/4/ 
KBa3HnoTeHUHanoM, nocTpoeHHhJM MeTOllOM pa6oTbi , CneaosaTenbHo, 

( 2) ...... 2 
(jlyHKUH.Il V (E, (p-q) ) SIBnSieTC.Il noKanbHblM KB83HITOT8HUHanoM ypaBH8HHSI .. - -
(2 ,1 ) llnSI m -oft llBYX'IBCTH'IHOi!: ITOllCHCT8Mbl, 

§4, PensrTHBHCTCKHe aMnnHTVLlbi scex B03MO)!(HbJX nepexonoe 

B CHCTeMe Tpex Ten 

B aToM naparpa(jle MbJ noKa)!(eM, 'ITO B paMKax n~;>earron~)!(eHHsr, cae

naHHoro OTHOCHTenbHO llBYX'IBCTH'IHbiX T -MaTpHU 1 OTB8'18101UHX nOKanbHbiM 

KB83HITOT8HUHanaM 1 BC8 16 aMnnHTyll paCC8SIHHSI1 nony'leHHbiX KSK pellleHH.II 

/1/ 
ypaBHeHHi!: pa60Tbl C HOBbiM TpeX'i8CTH'iHbJM KB83HITOT8HUHanoM W 

COBIT8ll810T Ha M8CCOBOil: ITOBepXHOCTH C (jJH3H'i8CKHMH 8MITnHTYll8MH paccesr

HHSI, HanoMHHM, 'iTO ansr aMnnHTYllbl paccesrHH,sr N 
00 

aTo 6bmo llOKaaaHo B 

§3, BeeaeM o6oaHa'l:eHHsr: 

W121(P 
0 

-w 
... 

(PJ' p 
i 

' p ' q ) = 
-=... i ;::.. i 

... 
... ( 2) ... 2 - 2 ... 

= a . (p) V. (( P - w (p)) - p ; (p . 
' ' 0 i _, 

( 2) 
j" (P -w 

i 0 

... 
(PJ ' p ' p ' q... ) = 

i _; _; 

... 2 ... 
q,) )a.(q) _, ' 

... (2) ... 2 ~2 ... ... ... 
= a (p) T (( P - w (p)) - p , p , q ) a. (q) 

i 0 i i - i -i a 
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( 4,1) 

( 4,2) 



li 
I I 

T 
::! :! ... cr121 

8(P. - q.) (Jj. (p) J. (Po - (Jj 
I I I I 

... 
(pJ , P .. P. , t J 

J _, _, 

(f)( 2) ~-- ) 
i pi 

-I ... 
a (p) 

i 

v rP. J 
I~ I 

D(P. ) 
¢ (2r;,.) 

i -· 
I 

G r 21 = G 121 
i Oi + 

G
1 21

W G 
121 

" ~~ i i 

( 2) 

3AeCb HCnOllb30BaHa CHMB011H'I9CKaSI aanHCb, B KOTOpOA G 
i 

paCCMaTpHBalOTCSI KaK ABYX'I8CTH'IHbl9 onepaTOpbi, 

G 
;:! .::! " (2) ... - ... ... 

8(P -q J--·c. (P -(Jj (p), P, p ,q J. 
i i. (Jj rPJ I 0 i i - i -i 

( 2) 
G 

oi 

8hinHW9M H9KOT0pb19 COOTHOWeHHSI, BbiT9K810lUH9 H3 ( 4,1) - ( 4,6) 

j"121= wr21+..!:... w(2)c(2Jj"(2) 

i i rr i Oi i 

T W +_!_If G T 
"2 i 0 

G I 21 = G (21 + 
Qi 

(2)cr(2) (2) 
G :J G 

rr oi ; oi 

G = G + j_ G T 'G 
0 "2 0 i 0 

G G + 
0 

2 ·co w; c; · 
" 

( 4,3) 

( 4,4) 

( 4,5) 

H If 
121 

i 

( 4.6) 

( 4, 7) 

( 4,8) 

(4,9) 

(4,10) 

( 4.11 ) 

nycTb N a~ H G - onepaTOpbl nepexoAa H <!JyHKUHSI fpHHa Tpex B3aHMo

AeACTBYlOillHX 'laCTHU, OTBe'lalOIUHe HOBOMY TpeX'IaCTH'IHOMY KBa3HnOTeHUHally 

If • 3To oaHa'laeT, 'ITO G yAoaneTaopSieT ypaaHeHHIO 

G 
i c +-G we, 

0 "2 0 

( 4,12) 
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I 

a N a~' HanpHMep, a npa15nH*eHHH napHoro aaaaMc 

ypaaHeHHIO 

i 
N 0 = I If + -

2 
I N . G. W. 

a,_, ; a• • • 
~~a " ~~~ 

TorAa HeTPYAHO y6eAHTbCSI a TOM, 'ITO ·c H N a~ 
COOTHOW9HH9M 

G G + ..; ·c N {3 G {3 , 
a " a a 

KOTopoe MO)KHO 3anHCaTb B BHAe: 

-I 
G 

0 + ~ Noo 

" 
. -I. -I i -I . 
G G G + - 2 G 0 G N 0 G{3 G 

o a o " a a,_, o 

npH nepeXOAe Ha MaCCOBYIO noBepXHOCTb C119Ba, KS 

nony'IHM <!JH3H'I9CKYIO aMnllHTYAY pacCeSIHHSI 1 + 2 ~ 

HaSI 'laCTb KOTOpOA Bbipa)KaeTCSI 'lepe3 8 He3aBHCHill 

M9HHbiX, cf>H3H'I9CKaSI 0611aCTb H3M9H9HHSI apryMeHTc 

COOTBeTCTBYIOlUHX C06CTB9HHhiM 9HeprHHM ABYX 'lac 

B9HCTBaMH s1 > (m I + m AI )~ 0AHaKo, KaK H3B9CTHO, a 

HHe <IJH3H'I9CKOA aMnllHTYAhl B 0611aCTb s <(m + m ) 
i i .. 

no nepeMeHHblM S; B TO'IKaX, OTBe'laiOillHX 3Ha'I9Hl 

CBSI3aHHbiX COCTOHHHA, BbinHWeM <IJH3H'I9CKYIO aMnllH 

'laCTHU B611H3H H9KOTOpb!X nOlllOCOB: 

[N ] 
' " J gP. X TP. = a ao 

00 
S - M 

2 

a a 
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-+ 

rrJ , P .. P. , t J z _, _, 
;:! -+ ( 2) 
q . ) (J) • (p )5. ( p 

J I I Q 

-(J) 

-1 -+ 
a (p) 

i 

v rP. J 
I~ I 

D(fi. ) 
¢ (2fp ) 

i -i 

(2) 

Oi + 

' 
c( 21W 

1T ~~ i 

G (21 
i 

( 2) 

nb30B8H8 CHMBOnH~eCKBH 38flHCb 1 B KOTOpOft G 

BBIOTCH KBK JlBYX~BCTH~Hbie onepaTOpblo 

;:! 1T (2) -+ - -+ -+ 
-q.J--'G. (P -UJ_(p), P., P., q_) · 

' . (J) rP) ' 0 ' ' -' -· 
i 

( 2) 
G 

oi 

HeKOTOpbie COOTHOIUeHHH, BbiTeKBIOIUHe H3 ( 4.1) - ( 4.6) 

21 + _!_ W ( 21 G ( 21 j" ( 21 

17 i Oi i 

+_!_W G T 
1T 2 i 0 

( 2) 

+ 
(}i 

i (2)cr(2) (21 
- G :J G 

TT Oi i Oi 

+~Go 
1T 

T 'G 
i 0 

+ G W. G .. 
2 0 ' ' 1T 

( 4.3) 

( 4.4) 

( 4.5) 

uW(2) 
i 

( 4.6) 

( 4.7) 

( 4.8) 

(4.9) 

( 4.10) 

( 4.11) 

f3 H G - onepaTopbi nepexoJla H tPYHKUHH fpuaa Tpex asauMo-

HX ~aCTHU1 OTBe~aiOIUHe HOBOMY Tpex~aCTH~HOMY KB83HflOTeHUHany 

'ITO G yJloaneTaopseT ypaaHeHHIO 

i 
+-G WG, 

1T 2 0 

( 4.12) 

14 

a N af3' HanpuMep, B npu6nu*eHHH napHoro asaHMOJleftcTBHH, YllOBneTaopseT 

ypaBHeHHIO 

Naf3 = I W1 + ~ I N ai G; If; . (4.13) 
il= a " tl= f3 

TorJla HeTpyJlHO y6eJlHTbcs a TOM, 'ITo ·c H N af3 cassaHbr Me*llY co6oft 

COOTHOIUeHHeM 

G G + ...!_ 'G N f3 G f3 , 
a TT2 a a 

KOTOpoe MO)I{HO 38flHC8Tb B BHJle: 

-r 
G 

0 + ~ Noo 
TT 

-I -I 
G G G + o a o 

i _, . _, 
TT2Go GaNafJG{:/o 

( 4.14) 

( 4.13) 

npu nepeXOJle Ha M8CCOBYIO noaepXHOCTb cneaa, K8K 6binO flOK838HO B §3, 

nony'IHM tPH3H'IeCKYIO aMnnHTYJlY pacceHHHS 1 + 2 + 8 ,--+ 1 + 2 + 8, CBH3-

H8H 'IBCTb KOTopoft Bblp8)1{8eTCH qepea 8 He38BHCHMblX HHBapHaHTHblX nepe

MeHHbiXo ~H3H'IeCK8H o6naCTb H3MeHeHHH apryMeHTOB S 
1
=(p. +p ) ;s ~ =(q. + q )~ 

1 " ' 1 " . COOTBeTCTBYIOlUHX C06CTBeHHblM SHepl"'HHM JlBYX '18CTHU
1 

OlipeJlenseTcg Hepa- • 

BeHCTBSMH S; > (m I + m le )~ 0JlH8K01 K8K H3BeCTH01 8H8nHTH'IeCKOe npOJlOn)l{e

HHe ¢uauqecKoft aMnnHTYJlhi a o6nacTb s <(m · + m ) 2 Jlon*HO HMeTb non10ca 
; I le 

no nepeMeHHblM S i B TO'IKBX, OTBe'ISIOlUHX 3H8'1eHHHM M8CC JlBYX'I8CTH'IIiblX 

CBH38HHblX COCTOHHHft. BbinHllleM tPH3H'IeCKYIO 8MflnHTYJlY pacCeHHHH Tpex 

'18CTHU B6nH3H HeKOTOpbiX noniOCOB: 

[N ] 
00 

TT 3 gP. X TIJ. 
:::: a ao 

S - M 
2 (4.15) 

a a 
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'I 
II 

[N ] :: 
00 

[ N ] ::: 
00 

i 17 4 g: X r:~ X ;; 
( 4.16) 

(S - M
2 
)(S'- M

2
) 

a a {3 f3 

J II +II 

" T0 {3 x gf3 
( 4.17) 

s' - M 2 

f3 f3 

IL 
3t~eCb g - <jlopM<jlaKTOp BepWHHbl 1 B KOTOpyiO BXOtlSIT tlB9 '18CTHUbl a -oft 

a 
tlBYX'I8CTH'IHOft nOtlCHCT9Mbl H '18CTHU8 1 COOTB9TCTBYIOW8H noniOCy CBSI38H-

2 
HOI'O COCTOSIHHSI B 9TOA nOtlCHCTeMe s = M 1 npH'19M HMnyllbCbl BC9X TpeX a a , 
'18CTHU ne)I(8T Ha M8CCOBOA noaepXHOCTH, l1Htl9KCbl IL H 11 HyMepyiOT B03-

MO)I(Hbl9 cocToHHHH 'laCTHU c MaccoA M 
11
,, T a{3 npet~cTaanHIOT <jlH3H'I9CKHe 

T 
· x/ x/ 

-MaTpHUbl nepeXOtlOB H3 COCTOSIHHSI ( {3) B COCTOSIHHe (a) , Cne-

tlYH paCCY)I(tl9HHSIM naparpa<jla 2, t~nH tlBYX'I8CTH'IHbiX <jlyHKUHA fpHHa a6nH3H 

noniOCa CBSI38HHOI'O COCTOSIHHSI HMeeM: 

G (2J ( p 
a o 

... ... -
- w (p)' p 

a a 

... 
'p 
-a 

(2)!L ... + 1L 

iTT 'ell (p ) X ga a 

... 
q 
-a 

;:----·----
... 2 ;;t 2 2 

( P - w (p)) - p - M 
o a a a 

-l ~ 
( 2) -> -

)G ( P - w (p), P 
Oa o a a 

-l 
G(2J ( p 

oa o 
... :!; -+ 

- w (p}' p 'p ) d 2
J (P 

a o 
... ::l -* 

- w (p) p ' p 
a a -a a a ..,.a 

+ (2)!L ... 
iTTgllxell (q) 

a a 
::; 

-> 2 .:!2 2 
( P - w (p)) - p - M 

o a a a 

... 
q 
-a J I p = I. w. ( ,) :: 

0 ' I (4,18) 

... 
q ) = 
-a ( 4,19) 

x/ /1/ 
HanoMHHM, 'ITO B pa6oTe Mbi ycnoannHCb o6oaaa'laTb qepea (a) 

COCTOSIHH9 1 B KOTOpOM a -aH '18CTHU8 CB060tlH8 1 a tlB9 OCT8llbHbl9 o6pa3yiOT 

CBSI38HHYIO CHCT9MY 1 eCnH a = 1,2 ,3 1 H COCTOSIHH9 Tpex CB060tlHb!X '18CTHU 1 

ecnH a= 0. 

16 

I 

'-

D epeXOtlSI Ha M8CC08yiO noaepXHOCTb B ot5eHX ' 

H B3SIB t~anee Bbl'I9Tb! B DOniOC8X1 OTB9'1810WHX 

H ( 4,17) 1 nony'IHM OKOH'I&Ten&HbiA peayn&TaT 

+(2) -> :! = ~ .:! :: 

-2 r ell (p J dp N o r Po ; P • P ; q • q J 
17 · a a a a a a a 

+ -+ .................... 
( 2) -> - - - - - -

- 2 ('ell (p)dp Nf3(P ;p ,p ;qf3,qf3)dqf3 
17 · a aa o aa 

~~:!: .: 
( N

0
{3(P

0
; p, p; qf3,qf3)dq {3cllf3(q) 2 T 

0 1T 

a,f,O {3,f,O 

not~BOtlH HTor, eme paa not~'lepKHeM, 'ITO ace 

nonyqaeMbie t~nH TpexqacTH'IHbiX onepaTopoa, n 

/1/ 
T8KHMH )l(e, 'ITO H B pa60Te 1 OtlH8KO Tenep! 

nOT9HUH8nbi OtlH03H8'1HO CBSI38Hbl C nOK8llbHbiMI 

HbiMH B CHCTeMe UeHTpa tlBYX '18CTHU, 0pH'19M 

K8llbHbiX KB83HnOTeHUHanOB qepe3 <jlH3H'I9CKHe 1 

'18CTHU. nayX'I8CT.H'IHbie <jlyHKUHH fpHHa, T -Ma' 

CBSI38HHblX COCTOSIHHA, BXOtlSIWHe B Tp9X'I8CTH'II 

npOCTO CBSI38Hbl C HX BHtlOM B CHCTeMe U9HTp8 

B aaKniOqeane aaTopbi C'IHTaiOT CBOHM np 

HCKpeHHIOIO 6narot~apaocT& B.A. MaTaeeay, P ,J\1 

A.H. Taaxennt~ae H l1.T. Tot~opoay aa nnot~oTac 
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