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B HROTo-• •pe,m 6o~e .. lJ~,eJIHeTog Teopen,,,eo

KBM H 9KCnepHMeHTaJII,HUM HCC~enoBaH:ruIM r.ny6oKOHeynpyrHX npo

ueccoB B3amllonenqTBRI! ~enTOHOB C Hy:KJIOH8l'&K, BnepBHe B~HHy-

THX B pa6oTax M.A.MapKoBaCrJ. · 

TaKoro pona HcMenoBaHrui: nencTBRTem,iio npencTaBJUIIOT B8llt

HyJO B03MOXHOCTI, HsyqeHWI IlOBeneHRI! MaTpH1IHHX s~eMeHTOB KOMMy

TaTO~OB TOKOB BH8 SHepreTJ41IeCROil IlOBepXHOCTH, Torna KaR B 
' . 

c.n:y-qaruc ynpyroro paccesmrui: MH HMeeM ne~o c MaTpKl!HHMH s~eMeH-

TBMH TO~I,KO Ha SHepreTH1IeCKOll IlOBepXHOCTH. 

TaR, HanpHMep, B c.n:y-qae r.ny6oKoHeynpyroro npouecca pac

cemmJ'I 9~8KTPOHa Ha ~oHe: 

e-,,.Jll-;;l>' e -1- .. , 

COOTBeTCTByIOl!lHe ceqeHRI! onpeneJIHJDTCfi c IlOMOJIU,ID $ypbe-06pasa 

ROMMyTaTopoB: 

Wuv=r~z. /<?;erJ/~rx~),joJ}/pfj' >e"·7.xc1.z./ 
I (11"} . 

(I.I) 

' B ROTOpHX J1 - KOMIIOHeHTH 9~8KTpOMarHHTHOro TOKa, , . -

qeTHpexm.my~I>C BHPTYaJII,Horo q>OTOHa: f-.2.<0 , a MaTpITTIHHe 

s~eMeHTH 6epyTCfi Mel!UIY OnHHaKOBHMH OnHOHy:KJIOHHUMH COCTOSIHWIMR 

/ p)o> C qeTgpexm.my~I>COM p MaCCH /vl(fJ~=M-V 
H CIIHHOM 6' ( 6 = ± 1) . B KaqecTBe Hop1rn:pOBKH Hy:KJIOHHHX coc

TOHHRn snecI> HCilO~I>3Y8TCfi o6gqgan peJUITHBHCTCKM HOJMHPOBKa: 
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Acm.mTOTR"l8CKHe CBOfiCJBa HsyqaIOTCR B CHTyarnm:, ROr,IJ;a: 
-e.l-

·-/,l, "7 -t-c,o ; Y.:::. .Z//> - -t-C,0 ./. _f = ij; ·== l'Ol!J t. (I.2) 

TiepBue pesyRbTaTH B 3TOM HanpaBR8HHH 6~ no~eHu Ebep

R8HOMC2J Ha ocHoBe Mre6pu TOROB,· B ,IJ;MbHeitmeM no~qHBnme pas

BHTHe B pa6oTaxL3..Z. B pa60Taxr4J r~60~0HeynpyrH~ npoueccu 

R8IlTOHOB C a,Il;pOHaMH H a,11;poHOB C a,IJ;pOHa.MH HsyqMHCb Ha OCHOBe 

0606meHHoro npHHUHITa aBTOMO,IJ;eRbHOCTH H aH~sa pa3MepHOCTei1. 

B pa6oTaxL5J aTa npo6ReMa. paccMaTpHBMacb B pa.MRax o6mnx npHH

unnoB RBaHTOBOM TeOpHH IlOM. 

B 3TOfi CTaTbe MH H3RaraeM MeT0,11; HCCRe,IJ;OBaHHR acm.mTOTR"lec

ROro noBe,11;eHH.1I BUpaJKemiit (I.I) Ha ocHoBe o6Illl'lX npHHUHTIOB RORMb

Hofi RBaHTOBOM TeOpHH IlORRC7 , sJ. Ey,JlyT yRasaHH ycR~BHR, npH 

ROTOPHX B. aCMMIITOTHqecRott o6RaCTH (I.2) HMeeT MeCTO aB:OM0,11;8Rb

HOe noBe,11;eHne BHPa.JiteHHit (I.I). Ey,11;eT TaKJKe ycTaHoBReHa CBR3b 

M8JK.DY xapaKTepOM aBTOMO,IJ;eRbHOro ITOB8,11;8HIDI ~I acm.mTOTHROii B OR

pecTHOCTH CBeTOBOro KOHyca. 3TOT M8TO,II; MO~eT 6llTb Henocpa,IJ;CTBeH

HO rrepeH~ceH H Ha 06rey10 rrpo6ReMy r~6oKoHeynpyroro Bsamvto,11;e~

CTBIDI R8IlTOHOB C HyMOHaMH. 

CRe,IJ;yeT OTMeTHTb, qTo HCCRe,IJ;OBaHHe acm.mTOTHtleCKOro n~Be

,IJ;eHIDI MHMI03lffiHllX npoueccoB C yqacTHeM Jmillb a,IJ;pOHOB Ha OCHOBe 

06!llll rrpMHl.l;:tfllOB KBaHTOBOH TeOpHH IlOM 6~0 ,IJ;aHO B pa6oTax 

A.A.IoryHoBa c coTpy,11;HHRa.MHC9_z 
C,11;eRaeM rrp~>K.D:e Bcero PM sa.MeqaHM~ TeXHnqecRoro xapaKTepa. 

Teusop n;v ( f,;/J) o6ll"!HO BupaJKaIOT, yqHTl:ffiaR saKoH coxpa

HeHKR aReKTPOMarHHTHoro TOKa, qepe3 ,IJ;Be MHBapnaHTHUe <pyHKUHH 

11~ ff1 J) « Miff ;l) : 
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==f J,v f- id,Y."' l lJ114 + tl!)-t.Jtl} ,t
r j:t../L' jW-t ~ 

+/l)f:;-f0ty+fl'IJ-/f +rvit)~/ 
. . tl.t., 

88.BHCmqKe TOJII,KO OT C:KaJIJlpHHX nepeMeHHHX / H 

II OJIOlltHB 

npllM,lUlM npe,ItCTaBJiemno (I. 3) "JIOKaJII>HyJ>" ipopq: 

(I.3) 

(I.4) 

n;v = f 4',v f :i.+j/ j.,} t + 

-f[?f>-}·-?-(J; fr,+/;,l})ffe/+Jv·(f/!)3/~. (I.S) 

IlpH 8TOM o6wmo HCXOMT H8 YTBepz,n;emm O TOM,qTo ~ypLe-. 

o6paau. 2!f (~I) BB8)t8HHHX ipyHKilllA /j (1,-,) jJ) JIBJUlllTCSI Il!)H'OOI

J sJ, T.e. 06pa!lta10TCSI B HyJIJ:, npH ufl<O • 81'0 yTB8PJ!f,It8-

HH8 0,11H8.Ko nom ue no.ny,mJio y6e.u;HTe~J:,Horo .u;oKasaTeJIJ:,CTBaL6~ 

H MU IIIM IIOJIJ:,SOBaTJ:,CSI He 6y.u;eM. B KaqeCTBe .u;ByX HHBapHaHTHl1X 

IIpH"IHHHl1X /pyHKitKA npIIIMeM BupaJKemut: 
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I; (f,J h)-/;/a, •n J._ L. Cl )U . (I. 7) . 
r✓ .:t.( ,1r.1 ~- ~/ o/J (J""=-cJ?11=-J~~-831=.1.) 

YqnTHBaJI peJIR:THBHCTCKylO HHBapHaHTHOCTh Bupa,iteHllfi (I.6) n 

(I.7).y,no6HO nepenTn K CHCTeMe OTC~eTa, r.ne 
/ 

jJ➔ = 0 . Tor.na 

Ha OCHOBe (I.3) HMeeM: 
::-,.-i.. . "C?.2,) .:l . 

i1loo = ·fo j~ -f- (-fo / )1~ _, 

I j,, f;) 'l ".z (I.8) 
~ : r ~- -r j~ ~IYt_ + fr. A· f;-.~ lt;J =.t_,~3J, 

AHa.norINHo, HS (I.6) H (I. 7) IlOJIY'IID,l, o6osHaqaJI C,-rf/=frt,r~ 
lj(j)-=ltl, ·= ?~z I< 11.,0/f :t/f~ i (--<:}]/ N_, o) e t/,-ftz _, ,) 

(o) (I.9) 

f:'4 '=I Jr.= ;;.l_ Z f(ft//J",1-i 1~1 /L~ 111;1o)e 'J}.:c. 
'atl'J,/ i=.t 1.,c.. ,UJ l"':t. r<5"))' /1. 1,{ ~ 1,( -e1/✓I • 

0TCIQim y6e'1t,11;aOMCH B HaJilll{HH C~0.JJYIOlllHX CBOfiCTB: 

'~·(j};;-,5(-J,,)_, 

c(t,o/ f;(j,) ~ O-' er~ f ~<O. 
Yc~OBHe cneKTpaJihHaCTH B 9TOM c.nyqae npHHm.raeT BM 

IJ,(1-)==o; er:.U{ j. 2+~N/jo/<·o. 

B npOHSBO~hHOfi CHCTeMe OTcqeTa /pyHimJ{H ;=: 
r/ 

qepes ( it;;- J no /f)op,1y~e 

~ = -(_t -1-*;:i§) n,:i_ + (.1-1-7' :~~ )-Z~) 
= c2 - - /'(/, -I- ·-- .:.t... -1-·--.- la y J , .. .,, )/ 0,,/ JI J ~ 'o//lfA.f. J. -fM.f.s -YN.e.s- /~ 
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(I.II) 

Bbip8Jlt8.IOTCH 

(I. I2) 



H OOpaTHO 

, Ol)TOrOHaJII,-

(I.I5) 

(I.I6) 

Ii ~ G 2! 0 
1 

f('_,¼ t > c).J J) > 0 . (I. I7) 

38.MeTHM, qTo B c.ny-qae TOKOB CBOOO,IUIHX rro~efi 

(I.IS) · 

(I. I9) 

(I.20) 
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CTpeMRTCJI npH JI➔ -;-oa • K KOHelll!OMy~OTJIM'tJHOMy OT HyJIJI,npe-

. ]J.8JrY. 

Tenep» o6paTID4CJI K c~aD.TOKOB BSam.!O]J.ettcTBylOlllWC llOJiett. 

Ilpe,IOIOJIOlmM, KaK .H B c~ae CB060.IUlllX llOJiett, 'tJTO pasHOCT» 

fi-F;_ TaKllte CTpeMKTCJI npH )' ➔ -f- CJD K KOH8'tJHOMy JI OT-

JIH'tJHOMy OT HyJIJI npe,IJ;8JfY. Tor]J.a, yql'ITHBM, 'tJTO rJiaBHHe 'tJJieHH 

paSJIOJltemrlt npH )I~ -t C4 B (I. I3) paBHI:l COOTB8TCTB8HHO: 

fi!i·..J.:}f{-e_j ~ '"-./ .iN.tf (Ji-/;_) 
.) )I ,) 

(I.2I) 

ycTaHaBJmBaeM CilpaB8]J.Jllll30CT» a~HMIITOTJI'tJ8CKOro paB8HCTBa Bo~-

JiaCTH (I. 2) 

~ r-., 1' :~s 11:e . . (I.22) 

C'tJHTM, 'tJTO He TOJI»KO pasHOCT» /;_ -~ , HOH Kallr,lW.JI 

HS BeJDNBH · ? 
npH }' ➔ --f oO.I 

HMeeT KOH8'tJHI:ltt JI OTJ]lfqHHH OT HyJIJI npe,IJ;eJI 

F:li V) ,_, F. (tj 
,I . ,/ I 

npHXO]J.HM K aBTOMo.ri;eJI»HID4 qiop.cy-Jia.M_E»epxeaa 

~(~ v)~ i (~) J ~~ ~ftvJ"-J.i (s-)
1 

r]J.e, B CHJCY (I.2I) 
) 

~fs}-:::}/1;_ (tJ-lj(iJ],) trs)= f'tfsJ. 

8 
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IlpK 8TOM, B CWiy (I. I7), &_ (§) ';:: c). 

B §2 MH Il0Ka3HBS8M, qTo npK H8KOTOpmc JtOllOJJHHT8JILHHX 

npe,D;IIoJioxeaWIX acKMnToTzqecKoe noBe;iteHKe :mmapKaHTHHX ifiyHK
UHil /j B O~MCTH (I.2) JmJIHeTC.II SBTOMO;ite~Hb!M H HMeeT 

B~ ( CM. (2.2I)): 

.i 
<i.7TN3 I<.· f K• r;;. 

lj(tv)rv k. f.i )I rl)f 't(i)/f-J-) J 'f (I.26) 
I • ,/ }' 

( npH H8KOTopoM_ ~· > - .f. ) • 

~JI.II no.nyqeHHH :it~Hefunett HHWOp,mllHH 06 acm.mToTzqecKoM 

IlOBe;iteHHK Heo6xo~ JtOilO~TeJILHH8 Tpe60BaHH.II, BHT8KalOiltK8 

H3 .lUUlrum:KH npo~ecca. B qacTHOCTH, 31IS.II 8KCil8pmJI8HTMLHOe no-

:se;iteHHe cpyHKUHtl ~· ( t JI) , MH no.nyqaeM B03MOXHOCTD onpe-

;ite~L <PYHK!Um t· ff) R ql{~M -t· B acm.mTOTKqeC-

KOM npe;itCT~8HID'I (1.26). 

EcnK norpedoBaTL,qTodH KaJK,Itrut H3 BeJIHtmH V HMeHa Ko-

ae'IIHHtt H OT~Htl OT Hy'JI.II npe.n;eJI Ilpl'I .I"·➔ +-oa ' TO B acm.m-

TO'l'Hl!eCKOM paBeHCTBe (I.26) CJI8)J.y'8'1' IlOJIOl!tHTL 15·.::: 0, H Mil 

no.nyqaeM 

i 
F. (~v) A-1,JJT/./ 3 f f~·ft)ft- sJolf= 'j (5) /j'::.1/2)_ cr.27) 
J s 

EcJIH npe,D;IIOJIODTL, ~0 qiyHKUHH t,_ ( .f} orpa.HHtl8HH B 

OKpeCTHOCTH TO~ f = .1.. , TO IlpaBS.II qaCTL (I. 27) Heo6xo-

JtHMO JtOJDltHa HM8TL B TOqKe f = i Hy'JIL no eyattaett Mepe llOps!'.ll

Ka 2, 
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., 

. • .,2, lj ft 1 _, ~• { 1.-s) -f-,, I 
(I.28) 

B §3 Hail:,neHO COOTBeTCTByl!llllee aCHMIITOTWieCKOe llOBe,neHHe 

qJyHKIU!¼ .g: ( ~ f') B OKpeCTHOCTH CBeTOBOro KO Hy ca ( CM. qiop-

M:yJrY (3. I8) npH k =-0 ) : 

!7./.:x "} ~ ~-tj /;x{:) c!J (~ oj X -<-___, o (I. 29) 
J ;r or :.J I;- ..:c-2, ,) / 

r.ne • 

cy. (c)= 4J7fat3}'1cp, .J(~)Cl«d~f els 
v ...... 

. 0 
(j:~ ~J. (I.30) 

3,necb BCI0,1.JY ~J eCTb k - rui: nePBoo6pasHaR qlyHro:um 

f Y; (.f) , onpe,neJJ.fleMaH q>OJMYJioft (2. 22). 
J 

B 8TOM CJIYllae, KOr,na B (1.27) BllIIOJIHeHo YCJIOBHe 

! }~t (.p )elf= CJ~ (1.31) 

aCHMllTOTmta (I.29) npmIHMa.eT BJm ( CM. (3.25)): 

r.- ;; ·- fi' /'l /. "1 d or , "I -e. -j ~~ I J ~ 8t L>fi ( px./ '2) if.x:J 00 ( <Jf'j O ./ / :x ,....., O i (I. 32) 

r.ne 

s;--1. • 
(3•(2-)= 1c77N J 9]_J(?)dt'1t~solf. 

0 

(I.33) 
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§ 2. 

B 3TOM naparpaipe MH HCC~e.nyeM aCHMllTOTHqecKoe noBe,neHKe 

B 06~CTH _,,.g, . 
- ,/·· --7 + c..o JJ-~ ,j,r1.h ~ -r oa · f" = - ·=- t!())t.;j f;.. (2. I ) r ) IT / Jl.f~ 

qJyHKIU'lt:i fi_ H /j, , o6~al0Illl'IX CBOHCTBaMH, nepetJHC~eH- . 

HHMH B § I. 

' PaCCMOTpEM 0606l1lemi:y10 qJyHKIU'IIO 7 MeMeHHoro pocTa, 

38BHCHieyIO OT ,JlByX qeTH!)ex-BeKTOpOB H y,noB~eTBOpmJ!lzy'IO yc~OBHHM: 

I. Y(::i.jp) =-'7(~;,P) j 

n. fr(~p) =O/ 

III. F(tJ-.,)>) =O I 

IY. E(ff)r/f)J!}igec~ j t<O,, 

Y. F(l11,_, llJJ )= F/fo;}) / /J EL;' 

3,nec:& r{f)j>) ecn qiypae-o6paa ;f:'(~pJ./ 

;-(f,)p) ·= j S:(~f>J e ". 1~~ , 

B CHJry CBOHCTBa Y, sa.natJY ,nocTaTOtJHO pacCMOTpeTb B CHC-

TeMe IIOKOH, r,ne /J =( fr/__, O) • B 3TOH CHCTeMe OTC'ieTa qJyHK-

'UHH 
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''\!i 

!T(.x.):: $'(.:x~ til o)~ Fft,,)::: r-1,,)~ cf) 
38.BHCSIT JIHIIIJ, OT S: ,➔• / x ..... / H t1 c, / ?/ 

.-' /".J ,, COOTBeTCTBeHHo 

H y;noBJieTBOp.!II()T c~e.JJYIDlltHM yc~OBHRM: 

11
•• l:::(j,)=-r/-t,) 

1 

nt.:F(.::cJ =O i ecJIH .z,:t.<O. ,, 

m: F(tJ) = o ,1 ecJIH 

N-JI f ~.,4-;.t. < j O <-/r!ryt~~N.z, ,J (2.2) 

IY: c/;o/ F(t,)t?-CJ ecJIH j, .!, < cJ. 

Acm.mTOTH'II8CKaH O6Jia.CTD (2.I) npmmMaeT Bl1!,It: 

.f. 11 U o =-2.!:. - _c 4" ;-1/ .-, ,,,..+oo,) , =..2✓, ·7 i-OQj ~/ltj /) - .:) ,) I" •v 'j- ' (2.3) 

BocnO~D3yeMCSI TenepD ,ItJIJI (pyHKJ:lHB. r-rt.) H3B8CTHHM 

HHTer~I,HHM npe;n~TaBJieHHeM nocTa-JeMaHa-nattcoHaCIOJ ( cM. 
Ta.K'iKe["IIJ, CHMM0TpH11Huii CJJY11an): 

h~/,, I= r;_ ti. 0 .t._/.- -"'/2 1 ~l U{ ~ 1.2.l(/'9 d~~ ('fJ) f!/j,°JJ°J.J -/j,-UJ -,-1 J 7 'l<:, ~ ,,I 1 (2.4) 

r;ne f fir; A 9 - H0KOTOpaH o6o6~eHHaH <PYHKilRll Me~~HHoro 

pocTa, HOCHT0~D KOTOpott co;nep,irnTCSI,B MHO~0CTB0 

j{'«jA~: /ill~ jL,~ ,,).t~(M-//v/~- 1<_,,.i_)J. 
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KaK CJie,n;yeT HS J3UBO,n;a npe,n;CTaBJI8HIDI (2. 4 ) , IJJYHKUIDI f ( Vy ,{3/ 
SaBHCHT JIHIDl> OT /i7/ R A-2, • IloaTOMy npe,n;cTaBJieHHe 

(2.4) Mo:awo nepenHcaT1, B Bll,JJ;e 

00 ;If i 

';:ftJ,J~~JTc(jJ}l1i-fa2wz,y1i;~W{1<J'r,~~1-+~/2-:J;r-):). 
0 0 - .1 

B nepeMeHHux S; J) 

MaeT BH,n; 

aTo npe,n;cTaBJieHHe nprum-

(2. 5) 

0TM8THM, qTo H3 YCJIOBHH (2.2) CJie,n;yeT, qTo 

(2. 6) 

Ilpe,n;nOJIOJKHM, qTO o6o6meHHM /pyHKUIDI f 7' /.f ~ ,./ 5) , BXO

,n;mnag B npe,n;cTaBJieHHe (2.5), JIO:KaJil>HO a6co.nmHo HHTerpHpyeMa 

no /)~ , T • 8 • ,n;JIR .mo6oti OCHOBHOll <pyHRUHH f /j') 1:!Hpa-

JK8HH8 
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I f 1
?}{f)l;)'Vf&)fV.f/ 

0 

ecTb ?6J:l'IIHM cjlyHKUIDI, l!HTerp)1:pyeMaSI no )~ Ha RalK,Il;OM KO-

He"<JHOM HHTepBa.Jie. 

TiyCTb 'Ifs) - TipOli3BO~bHM 6ecKOHeqHo nHq:qiepeHUHpyeMM 

cpmmTHM Ha (~ cxi) cjlyHKmUI. YMHolltM paBeHcTBO (2.5) 

Ha Ifs} H "HHTerpHpyR" no } , npit JI>('.) no.ny-

qIDJI,.~/ 

3 °"' L .L. 

. J F{s)t,) /fsJcls = ar;hfc/41/rv.t f fJ-'!½~Vo/t &'f A' 
o o -.t '.J"", (2. 7) 

X d It-I}< +._:!_~ f- ...:( ) /f's) 
, y ,v/ ,I 

rne O6O3aaqeao 

X '= X(f, j<, V) ~ f'M-':.. fl'" flt+ ";-'ff -Y · (2. 8) 

TipK nocTaToqHo 6o~blliliX )) WHKilIDI Y - aHaJIKTIBiecKM. 

no BceM apryMeHTaM K pasnaraeTcSI B PM no o6paTHHM cTeneHRM }I 

;( ~j~/~.:iJ/v//15 +: ,tl1f-J4 s.f<+ .. , / 

Fe/ 
PaBeHCTBO (2.7) MOl!tHO cqHTaTb onpe'Ae~eHHeM o6o6~eHHOli cjlyHK-
UHK F(t v) npH KaiK,noM ipHKCHpoBaHHOM .Jl,,>o • 
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paBHOMepHO CXO.IUilllHHCH BMecTe co BCeMH CBOHMH npovt3BO.I(}U,IMH no 

BC8M paccMaTp:r;raaeMID/1 apryMeHTaM ( npH YCJIOBHH, 'lTO /';,)< Z< .f' 

H3M81UllC7l'CH B orpaHH-qeHHOH OC5JiaCTH). 3aMeTHM, 'lTO HHTerpHpOBa-

HHe no A·~ B !2. 7) qiaKTH-qecm npoHsBO;IUITCJI no KOH~'IHOMy 

HHTepBa.zry, onpe.n;en.11euouy HOCHTeJieM qiymcrnm . / Hs ycJIOBHJI 

f-=-iJ' -;.2.-: >o , TaK 'lTO O $. ;i <- ,s;; ')J -{-0( npH H8KOTOpOM 

ex> o J r.ne ot = .sy [-X). 

Bo BHyTpeHHeM HHTerpa;re B (2.8) c,neJiaeM saMeHy nepeMeHHoii 

HHTerpvtpOBaHIDI s no ~O.:tNYJie: 

,.,. ~ . p ..Y . ·~ + X:t r/ S ·- I_,_' ~ ~:::,~_!/.,.;;-; s=-,<"f--? 7) dP -.1.., -;;-. 

(2. 9) 

Hs CBOHCTB qiyHKUHH y BHTeKaeT, 'lTO qiy-HKQHH 

0 ( 15;4) 2 )·JI) (J=,-.i, .:e.) IIPH ,I{OCTaTO'lHO C5OJII,nrn:x )) OC5Jia,na-

lOT TaKHMH lite CBOHCTBaMH, ttTo H qiyHKUIDI X . PaBeHCTBO 

(2.8) Tenep1, npHHHMaeT CJie;IJyIOl!lHH BH,n: 

Jr Av J /rsJrls- c2; NJ,: 'f jv11}r.rl½ ,i-<J j J, fh x 
0 O . · -1 

I .Yt_ J ~} . .2. J (2.IO) 
X (~+ 1)4 + y 1/(-Lr p:/cf(2r: ./. 

CHHMaH B (2. IO) d -4!:rHKUVI.IO, IlO.nyttHM .I{aJiee 

. J~ 1 1 

j F ( f v) /fr ;cl s =': ,,t.77 H JIA1/f +lj Y1 (.f I½~ VJ c(P X 
)' C) o -..1 (2.II) 

.2 .x: 
¥1(-YJ ·rf/+:1(irp1/ 

15 



"' 1.e. 
3aBI-ICJIT OT ..1 . JIHllIJ, 3aM9THM, l!TO B (2. II) qiy1ucrnm ..X;;· 

,,!,i 
qepe3 OTHOIIJeHHe µ , KOTOpoe B3M8lt118TCSI B orpamrqeH-

HOM HHTepBa.11e, IlOCROJIJ,Ky ()::,: ;)-e.~- J/i-~ • r.n;e ""'.z = S'f>~. 

Tenep:r, MhI orpami:tUUd KJiacc paccMaTpiraaeMHX B8COBhIX qiyHK-

UHM f.£.'f (..PN; ,1"9 , npe.IUIOJiarM, trTo, noMHMo ycJ10BWI 

, JIOK8.JII,HOi1 HHTerpHpyeMOCTH no ;J-2 • npH HeKOTOpOM k >-..1. 

cymecTByeT cJ1a6HM npe,n;eJ1 

f.tn f2,~(JJN;A~)=f~Yt {f) . 
1,t . ,,J•V:. . D ,,I 

A ~~oO 
(2. 12) 

3TO ycJIOBHe 03HatiaeT, l!TO .IlJIJI JII06oft OCHOBHOH WHRWDI I/ff) 

/
1
~/y&N.i~:Jflf)f~f-,)-jYoff);P(j).f¼p > /J~~ :!-~. 

YcJIOBHe (2.12) nepenHcHBaeTcJI B ·BH.n;e: 

f~(Jl½-l-2J=tJ/,J1X:u,f ~Yc; (jJ ·-1-f.2."1 ~ ,,.J~ 
(2. 13) 

r.n;e 

f ~ /p 12-1-=_.f!l.J/j_/-½,,J~ C) \~ 
(J J "1 -:/ ,..:j..21< 7 ) .-1 -r "i- 00. (2. 14) 

IIo.n;cTaBMJI Bhipa,KeHHJI (2.13) H (2.14) B (2.II), IlOJIY'IHM 

jF(~vJ/rsJds=;J (',,,J 1-J (>1 J.) (2. 15) 
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'Ill 

BMeCTe_ co BCeMR npOH8BO):(Hb!MH no j.) ( B CMHCJie paBHOMep-

HOM CXO,IUIMOCTH no f Ha. Ita;imOM ItOHe'lHOM HHTepBaJie ) • IlO8TOMY 

B (2. I8) BO8MOJKeH nepe.xo.n; It npe.n;e.ny npH J,/ ➔ -1-o-2 no.n; aHaKoM 

HHTerpaJia,H MH llOJiy"IaeM 

.L f 
Jr~(y) '-? ,brit}fdf }1:(.f)j .11/l?)(f-s) kr.L= 

- l<r.i_ o o (2.19) 
3 ..1· . 

_ = ·::11/.is/fs) Jj?/_f :I: ff )(f-t) Ar~ 

' s ' 
Tenep1, paccMoTpHM HHTerpaJI . i{ ( V) • ' HMeeM 

.L 00 • t-' 

r:11)(/(-r+f)<+;;Jµ+ J}= /R f~f J·:)~ ,wd~(2.20) 
- .1. -c;:o . 

r.n;e /(, ( ~ j) ;) - pa.EHOMepHo orpam111eHHa.JI <pyHKIUIB npH 

Bcex .n;ocTaTO1!HO OOJII,IIIHX ),I B TOnOJIOrHH npOCTpaHCTBa 

OHCTPO y6HBaIOm!DC 6eCitOHe1!HO .n;Hifxpepe:HnHpyeMHX <pyHKUHH no 41 

H 6ec~OH81!HO .n;HifxpepeHIUIPYeMHX <pyHKUHii no j> • YllliTHB8.l!, 'IITO 

BepXHHii npe.n;eJI HHTerpHpOBa.HH.!! no .-1 ~ B (2. I?) ItOHetieH H 
,,.1J1.. 

pa.BeH V+c<.i. · H no,ncTa:BJISUI BHpaJKeHKe (2.20) npH Z-=-;;-

B nep13oe cJiaraeMoe (2.I?) H Y1J:HTHB8.l!, 11To BTopoe cJiaraeMoe B 
. i. 

(2.I?) nopro:i;Ka J) , no.rry-<mM 

o/ JI f<i.1. c' ..d.~ .i . l 
J(JJ)=oiJ[ft3JJ1<-jc1t,.)J J,1.ie ~jJ'V;cf.r)~.2.)/l( ~.f) J-)+O(fij 

-ex, 1. 0 
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0Tcxuia HHS (2.19) H (2.15) BHTeKaeT acmmTOTH1!8CKOe pa

B8HCTBO B OOJia.CTH (2.1) 

(2.21) 

r,n;e ooosHatteHo 

(2.22) 

"HHTBrpa.n" B (2.22) CJie.nyeT IlOHHMaTI, KaK k.. -yro rrepB000pa3-

HyIDi./ o6o6meHHOH qJyHKUIDI tit (f) , 06pa.1$IDUWIOOSI B HyJII, 

IlpH s> J.. · 
Ifs H00Tpm:J;aT0JibHOCTH cpymcrnrn ;:(l§y '}/) IIpH S> 0 H 

)J,>0 CJie,DyeT, "<ITO <pyHKUWI 'tir~ (s) B (2.21) eCTb HeOTpH-

naTeJII>HaSI Mepa, onpe,n;eJieHHasr npH }:"?>0 ( H o6pall18.lO~c.A: B eym 

_IIpH s:> J ). Ilp:1-I S=O STa Mepa He orrpe,n;eJieHa, H BOS-

MOJ!tHa.A: Heonpe)4eJieHHOCT1> ee ecTI, {; J'( t) . 

"If:/ 
rr~

2
J /(, - aeueJioM 9rrpe.n;eJiemrn rrePBOOOpasHoi\ cu., Hanpm,ep, 

B • 
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"I 

TaKIIM o6pa30M, npH ycJIOBHH (2.12) HMeeT·MeCTO aBTOMO'AeJib

Hoe noBe~eHHe (2.21). 

Tenepb MU paCCMOTpmil KJl8.CC 

a6cOJIDTHO KHTerpHpyeMHX no /7.li., 

JI106ofi ocHOBHofi cpyHRUHH '/ / f) 

BeCOBHX cpylil<UHH j .!lJ{J'}l;,t~ 
. ,) 

; aTo osaaqaeT, "<lTO ,ll;Jm 

/d)i :i; j f~f,, (~~ ,,J~ ;PIP) I < C<J 

06O3HalJHM 
,Co 

) dA 7 !l'?l.f I½~ -2) = f ~ ¼' (f J · 
0 

(2.23) 

Hs cBoficTB cpyHronifi / H ~; BUTeitaeT, "<lTO nocJie'AOBa-

TeJII>HOCTb tpyHKUHfi 

j ~ I-< ~ /.,.J_ 2+ }},fa + Y.,_ ) (.:LI- ~ J . )I ➔ -t- oa 
-J;; TCJJ y/' Y/ / 

. 1~ 
PaBHOMepao_ orpaHMeHa no BCeM .f H /'J H CTpeMHTCR R 

tpyHRUHH 

_fJ&J<Jr/-= .11./'J!tJclr 
paBHOMepHo no / H /J -l., B Ka,x,:a;oit KoHelJHOH o6JiacTH 

BMecTe co BCeMR npOH3BO,ItHID,,ffl. IlO8TOMY BO3MOZeH nepeXO'A K npe-

'A8JIY npH Y~+o:::> nO'A 3HaKOM HHTerpaJia B (2. II), H MU IlOJIY-

qaeM c yqeTOM (2.23) 

.fiN3 f F!~YJ/lsJclf ~ 
1 f L 

➔j1JJ 1/ofJJJ/lfsJc/t;;:-. Jc11/rtJj Ycff).Jclf _, 
s 
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T.e. 

· (2.24) 

YqHTl:lBasl o6osHaqeHHe ( CM. (2.22)~neperrlillleM ac:m.mTOTHtl8CKOe 

pa.BeHCTBO (2~24) B BRJte: 

(2.25) 

TaIUIM o6pasoM, IIPH ycJIOBHH (2.23) HM88T MSCTO aBTOMO.D:8JII:,.;_ 

H08 llOBe,n;eHHe (2.25 ). HarroMH:m.«, qTo C/}_ /s) 8CTI, Mepa, OHa 

paBHa HyJIBl IlPH S > .J • B TOqKe s=O OHa He onpe,n;eJieHa 

Hee BosMolltHasi Heorrpe.n;eJieHHOCTI> ecTl> CS-(sj 

' Terrep1, HSyqHM aCHMIITOTHt!:8CK08 llODe.n;eHHe B6JIH8H CBSTODOro 

Koeyca .X .t. ~ 0 WHKnHH -Y:: ( .:x1 I' J , y.n;oBJieTBop.flllineii 

ycJIOBHBM I - Y § 2. B CHJIY CBOHCTBa Jiopem.i;oBOH HHBapHaHTHOCTH 

.n:ocTaToqHo paccMoTpeTl> c.nyqa:ti, Kor~~ ,P = (M; o J. 
Ilpm.iewm o6paTHoe npeo6pasoBaHHe ~p1,e K npe.n;cTaBJieHHil 

(2.4 )1 no.nyqHM 

(3.I) 
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~ 

r,ne ,{!)(~ ,1 .i.J ecT:b H3B8CTHM nepecTaHOBOtlHM ipyHKUM ,IT)ll[ 
• ·-e, r J 

CBOOO,WiHX cKaJIHpHHX noJieii ttaCTHD: c Maccoii // . '-
13 

: 

<ff k X':) ~ j f-fi ') c!f 7 ""-) ':I tf 't-';,;J- ; (3. 2) 

cneKTpa.1.1:&HaH ipyHKIUm L1 (.ij ,1.2.) = .J (Ix I; ,1-R_) eCTl> ipyp1,e

O6pas_ B0COBOii ipyHKUIDI 1'{21~ ,,/:t_j = 'f (/i(/J ,,J 1 ~ 
t.'ll➔.X N . 

Jj ('Z; tJ ~f= Jo/' (1~1; ✓J:V e clw · 1s J ~ttN; ~-v & n; z .tel~ 
J~/~M o . 

T.e. .1 

A(-{) ,,JJ= .l;;JJ-/vl-3j1/'f.f~~.2_) ~~.f1>d_f; 'l= '2;1/ 
0 

(3.3) 

Hs (3. 3 ) CJie,nyeT, 'ITO ipyHKUWI ~ (J; J ,,.J' - U0JIM a.HaJIH-

THtl8CRru! no 7:' , IlOJIHHOMHaJII,HO orpamrqeHHM BM8CT0 co Bee-

MK npoHSBO,nHHMH Ha BemecTB8HHOii.OCH. 

CHattaJia paccMOTpRM TOT CJJY'laii, ROr,na BHIIOJIH8HO ycJIOBH0 

(2.12). B 3TOM CJJY1lae, B Cl'IJiy (2.I3~ ipyH1tD.rul Lf$_);J-V npe.n

CTaBJIH8TCH B BH,IJ;e: 
1 

LJ(k);i~ = wM 3&/A9A~1~(f) 4'.;fz;clJ+ 4 {'s,~;).; (3.4) 
0 

r,ne 06osHa11eHo 

.1 
11 ✓, .!ll .,:,( .!i!.11,nJ'r ~ l '0 ,,j _F=- '9Ji lvr'J ~ (.f;-1 ./ :_JJef () , o T "JJ 
IlpH 3TOM 1 B Cl'IJiy (2.14), 

/ 4 rr,) ;i ~ I . 1l.. 
,.,1.:t.t --;)-0 ) ) -+- -t-oa. 

(3.5) 
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PaBHOMepHO no 7: Ha (-oo,,; 00) BMecTe co BC8MH npOH3BO.D;-

HHMH no 'c 

B npoH3BOJihlIOi\ CHCTeMe OTcqeTa q>OMJia (3.I) npHHm,,:aeT 

CJie.IJYDllll!i\ BB.n: 
00 

7(.x) p )= -;;t j&J(X; ;f-) L1 [I (-ft)-:.x ~J /t} ti J :1.. 

0 (3. 6) 

~~e1awi~- HHTerpa;r B (3.6) 6HCTpO CXO.D;HTCH B CMHCJie Teo-

p!,U{ O6O61!l8HHHX 4JYHKqH:£i. neacTBHT8JII>HO_., Ll (~ J J-2) - llOJIHHO-

MHaJII>HOrO pocTa no ;f- , a .I1JIB JIJ06oii OCHOBHOK 4JYHKIU1H 

Cf/.X) [113 c.f) cnpa.Be,IJ,JmBa o~eHita 

/ j $(.x ;JJ{o(.x)d:r/$ k....vffl) 
J T :1. + _,J-2N 

npK JIJ06OM ;I/ ~, cJ. 

nJIH BHtlHCJI8HHH rJiaBHOrO 'tJJieHa acm.mTOTHKH <pyHKqHH ..9/~,P) 
B OKpecTHOCTH ~ ~ O npe.n;cTaBHM ee B COOTBeTCTBHH c (3.4) 

B BB.ne CywJIH ]I.ByX CJiaraeMHX: 

(3. 7) 

00 

~{~p)=~P)~(X;A'-)4//(?ry~;i(~·~ -1~. 
() 

(3. 9) 
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~ 

.Jl;m no.nyqeHWI,rJia:Baoro Yeaa acm.mToTmm HijTerpa.na ~ BH-
1!HCJIPIM . ex> . . 

/J.ti<~(:x; A')clA o/'.1,ff' )-'J~j(j':JJ'/,-~..J')i! -,J; _ 
2' }' . -l~ . · 11,,/ c9(4-<?) J(3.IO) 

(o2:71Y, E/jJ(j::}*/P(jJe dj==-ffJJ)j .xi J. 
3,u;ecD MH BocnoJIDsoBaJmcD cpopqJiottL11J 
af cfto//;J~J}=fc(;t~ J77,,:J. cs.n) 

IloaTOMy . 

,,tl' (- 7Jk( ~(~o/ J .:l ~f.x;JJrvsr tl(j.x) -D.1 j .._x-e- J,; X c--JO/ (3.12) 

r,u;e 06osaa11eao 

a{2Je:; 4.flN3/
1
'Jlt[f) dt~J P_j"Jcl_? . (3.I3) 

Ee~ Jfo (f) 0CTD Mapa, TO tpyHKnM ½(~) BHpallta.0TCJl 

11epes if,yH:fmH10 t!] f~ , onpe.u;eMeMy10 cpOJMYJIO:ti (2.22) llPR k=.i 
. / 

no cI>o!NYJie 

t:lzJ= 4JJtN3/'
1c&. lsJ {!t,j E-ttls . cs.r4) 

0 

TenepD noKruiteM, 11To HHTerpaJI ..; , . m&eeT 6oJiee c.n:a6ym 

oco6eHHOCTD aa CBeTOBOM KOHyce, 11eM HHTerpaJI ~ • Rs (3.9) 

m.teeM: °"' 

~(~f?~r!d).~4tf!rfXJ~fi1~;•~-:J}(j;JJ'fj~J9e''l;J(3.I5) 
0 . 

- :!. (, .4/4 ~) /, /.-----. _, 'j :x 
( ~'t J E(}'Jvff /4( r F}=/'1~·.:l:~ 1-Ji2 ~, 
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OTCJQita, B cwry CBOil:CTB !py'HKI.(HH <l.l ,, CJie.n;yeT, 'IJTO B OKpecT-

HOCTH CBeTOBoro KOHyCa •• t~o HMeeT MeCTO acm.m:TOTHtiecKoe 

paBeHCTBO 

;P;'/')p~ ifijjj(j-J4 if~ j-:}e-lf~j-. {3.I6) 

BBe.zteM nceBii;o.ttmM>epemwa.111,ami onepaTop 4 (Jxr.,; --D) , 
onpe,Ite.mm ,IteiiCTBHe ero Ha OCHOBHHe ipymw;HH 5°(-X) H3 c0 
no npaBwry 

1 fF;-llJ wxJp!,; j4f;u; :t--'Jff'/JJ e''f "J1, {3.I7) 
rv 

r.zte ftj-} - ~ypLe-06pa3 yr.xJ • Pacnmpm.i: onepaTop 

L'.14 (;tu:'.) --a) aa o6o6meaHHe <pyaKI.tHH o6HtIHHM cnoco6oM._ Torna 

npaBaJI tJaCTii {3.I6) nepenucHBaeTca B BH,Ite: 

-{~f J ~ A.l (px,, -o) far,1 &(7::Je-ifd;r-= 

~ ~-Ll lbX -aJl ~ r..x; 0! 1 x~ a . 
gr J. (/ :., VJ .xi l,; .,) 

3,IteCI, MH BOCllOJI1,30BaJIHCl, q>OIMYJIOtl (3. II). B cwry (3. 5 ~ nceB,ItO

.IU$I)apemwaJU,HHil: one pa Top ~ (p-Xj - D) BMeeT 6oJiee cJia.6ue 
' L · k 

oco6eHHOCTH B OKpeCTHOCTH .X r-..., 0 , qeM onapaTop {-DJ ; 

CJie,ItOBaTeJII,HO, HHTerpa.11 ~ 6yneT MeHee CHHI'yJIHpHHM 

npu .x.!$:...() , tJeM HHTerpa.11 .I1 , 

'I'a.KmJJ o6pasoM, B CH.JIY (3.?) u (3. I2 ~ MH m.taeM B OKpeCTHOCTH 

.X .2. ,v O CJ18.IJ;yl0lll88 acm.mTOTHtieCKOe llOBe,IteHHe <pyHKI.(HH .9""( ~ P.) 
. .) 
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'<'l 

' . ' 

c!1' (~ p) rv ,)_/ ri(j'.>.X) (-a) I< r ,r2J( ~-'o J 7 
·W L -~·~ ~ (3.rn> 

rne CWHKIUIB ff (/X} · CB.f!3aHa c cpyHKUHeti: ~r~ ( ?°) , otipe-

,Il8JUlIOllt8fi 8.BTOMO,Il8J[bHOe IIOBe,nemre (2. 2I) !pOp,cy'JIOit (3. I4). 

HaibteM aCHMIITOTHKy qJyHICUJm g-' (~ p) IlpH ._x-l....., 0 

B TOM 11acTHOM c.nyqae, Korna )( = o JJ ½, (.f) - Mepa ·u... 
i ,) I J5(f)f:t.df =- 0. (3.I9) 

Torna II8pB006pa3HruI ~ ( ~ 06:prunaeTC.f! B HyJII, npH s-== 0, 

B 8TOM c.nyg:ae, B Cl'f.JIY (3.I8) nMeeM: 
,I 

!J-:(x 1,1~ ,i,c'/V/D.xJ ~(x,,o) x~ o 
Jr/ OT V]/f ';/ ._z,-2- ,; -' 

(3.20) 

rne, B CHJIY (3.I3) H (3.I9), 

.:I. . v ~ t-2)= -197)1 3 2f 'lo tfJ(,j,>, e~ -.1 Jd.f'-= 
0 JJ?:- ~ 

=-L;,1;,At32J~ffj-:tWi~}"clJ:"=- ;c- {Q_(i-) (3.2I) 
o ~ M~ ~ 

rne 
. - I'd 
C't(?)-= 1J?N..rJ ~ ftJ-Jc'11 i1 ~?It. 

i) . 2 
IIo,ncTaM.f!.f! (3. 2I) B (3. 20), HaibteM npH .:JC ""'0 

(3.22) 

!7(~p) rv -;_/a(fxj ffi(~3jcl),°J&fj-:Jt-t'J1,=(3.23)' 

~..t /. ,1) i' ' r ? - . ' -c'j~ 
=:;ST/vi (l (~ '111jp7jj3 j ?J "L Eff ';) fJ tj {/ g ~ . 
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... 

Ilp~ruI ~o BHHMrume TOJK,Il;eCTBO 

c;, 0 /cff °) [) ft1} = -2j O 6(j °J df) R._} _; (3.24) 

llp0'A0.1Il!tBM paBeHCTBO (3.23) 

.7(:x:p)~ _!!._ Q(.xcMj _j_ ~"c(t;,"Jd/4-2.Je-lj~-
) :7i"M '{2Jr)3 j )' ,r ./ If./ · 'J = 

T.e . 

1· cJ J:{~ h)rv- ~ Qfpx)--c...- d!){,:Jc O 1 X~...., 0 (S.25) r .!lt (I r>(f:t) ".I <1 ,) 
r'Ae KoaqxpmzyreHT (h(px) CBJI8aII qiopey-Jioi! (3.23) c <furHimHeii: 

C/J,(~) , onpe'AeJUII0111eti: aBTOMo]J;eJII,Hoe noBe]J;emrn (2.21) ipyHK-

wm F(t>') ( npH k=O )~ 

TenepI> paCCMOTpUM CJiy'laii:, KOr]J;a BeCOBruI. <pyHimHfi t2t(.fM_,,1; 
ac5comHo HHTerpHpyeMa no A~ • B aTOM CJiy'lae cneKTpaJII>HruI 

<pyHKIUUI A { J', J :J .:L_) Ta.Kllte ac5coJllOTHO HHTerpHpyeMa . no A .:i 
Ha[o1oa) , · 

Tax KaK r.naBHruI ococ5eHHOCTI, <pyHimH:K o6(~ ,..1 'J B OKpecT-

HOCTH X.t."-'O ecTI>~(.::i~cy , TO)nOJII>8YRCI, (3.6), 

(2.23), MH MO~eM HanHCaTI, 
00 

7{:,spJ~ ~ c'lJ~0Jfa//(-ljf)~x~J JJt/)/lrv 
0 

' Co 

~ ~ :tJ(~oJ jLJ(~x> ~l;d~~ = 
0 

' co L 

= ~~ 1/Jl~o) 1JTti-t3 j1;1j_pclJ f /PMi ~:) d,n f/1-l'_ 
O C,, _f)-X I 

Q,,. 
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q 

T.e. .. 
!J'(.x;pJ,.., ·:Z:- ~(p)~(a; o) .J .x~o 

/ 
(3.26) 

r,D;e o6osHa'tleHo 

'(rJ= .f;;rN3Jf".f Jt;(.fJ-:1;e~. 
. 0 

(3.27) 

OTC]l),ll;a npe.IUIOJial'WI, 't!TO f 'Yt,[f) .:. Mepa, HS (2.25) BUBO,Il;EM 
/ L . 
(; /r J = 1.Jrfl 3/ ~ (s.J l"~ ~ }"ols . t (3.28) 

TaJmM 06pasot.i, OMT:& ROaqxpHUH0HT (; (/J.X) npH r,Jial3HOt:i 

-qacTH oco6eHHocTH (3.26) B ORp9CTHOCTH CB0TOBOrO ROHyCa BHp8.llta

eTCSI no (PoJMY.II8 (3.28) -qepes <pyHRilHIO ~(s) , onpe,Ile.lllmQ~l-0 

aBTOMO,Il;8JI:&HOe noBe,IteHHe (2.25) •. 

ABTOPH npHsH·a!eJII,HH Jl.Vl.EJIOXHHUeBy, A.A.JioryHOBY, M.A.Map

KOBY, B.A.MaTBeeBy, P~M.Mypa'AHHY, O.A.XpycTMeBy, B.Il.illeJieCTy, 

Jl.B.illHpKOBy sa IlJIO'AOTBOPHHe 'AHCKYCCHH. 
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