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ATaaacoB A. P2-6199 

fipnMeHeane Teopnn BoaMymeantt K perneamo ypaBaeang Wpezmarepa 
ang penSITIIBIICTCKOti AByxqacTnqaoti CllCTBMbl 

MeToa Teopnn BoaMymeantt npnMeHSieTCSI K perneanro aByxqacTnqaoti-pe
nSITnBncTcKoti aaaaqe ang CllCTBMbI, OIIIICbIB89MOti IIOTeaunanoM lOKaBbI. ITony
qeaa penSITnBncTcKaSI cjJopMyna EanbMepa n nccneaoBaHbI ycnoBnSI ee npnMeae

HIISI. HccneaoBaHbl nonroca PealKe AByxqacTnqaoti penSITIIBIICTCKOti aMIInIITYAbl 
pacceSIHnSI n ee acnMnToTnqecKoe noBeaeane. 

Coo6~ee■a O6~e~HHCHHOro RBCT■TyTa •Aepewx ■CC~8A0BBH■I 

,lJ.y~ 1971 

Atanasov A. P2-6199 

Application of the Perturbation Theory to 
Solving the Schrodinger Equation for a 
Relativistic Two-Particle System 

The perturbation theory method is applied to solving 
the two-particle relativistic problem for a system desc
ribed by the Yukawa potential. The relativistic Balmer 
formula is obtained and conditions of its application are 
studied as well as the Regge poles for two-particle rela
tivistic scattering amplitude and its asymptotic behaviour 

Commanieation1 of the Joint lnatltute for Nuclear Reaeareh. 

Baima, 1971 
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§ 1. Bseaemrn 

PemITIIBIICTCKYIO .llByxqacTII'IHYIO .saaaqy MO)KHO CB0CTII K perneHIIIO 

/1 2/ 
TpexMepHoro ypaBHeHJJ.H TIIrra nIIrrrrMaHa-lliBIIHrepa ' • IToTeHuIIan onpe-

aen.HeTc.H B BIIae p.Haa rro KoHcTaHTe CB.Hall, KOTOph1fi cosrraaaeT c paanome

HIIeM aMIInIITY.llbI pacce.HHII.H IIO TeopIIII B03MYIU0Hllli Ha 9HepreTII'l0CKOH 

rrosepxHocTn. lln.H apMnToBoro rroTeHunana BhIIIOnH.HeTC.H ycnoBne yanTapHoc

Tn. B rrpeaene, Koraa m 2 ➔ 
00 , rronyqaeTc.H ypaBHeHIIe, KoTopoe cosrraaaeT 

C ypaBH0HIIeM KnefiHa-fopaoHa an.H .llBIIlK0HII.H rrepBOH qaCTlIUbl BO BH0IIIH0M 

none. 

Mb! orpaHII'IIIMC.H paCCMOTpeHIIeM MO.!lenn II3 .llByx CKan.HpHbIX KOMII

neKCHblX rronefi, B38lIMO.ll0HCTBYIOIUlIX Me)K.lly co6ofi rrocpeacTBOM o6MeHa 

CK8II.HpHOH 'l8CTHU0H C M8CCOH /L H T8KHM 06pa30M, 'IT06hI B IIE!pBOM IlpH6nH

lK0HIIII nonyqanc.H noTeHuIIan IOKaBhI. CooTBeTCTBy10mee oaHopoaaoe ypaBHe

HIIe, OIIIICb!BaIOmee CB.H3BHHbJe COCTO.HHll.H, OTnII'laeTC.H OT ypaBHeHII.H lllpe

.llIIHrepa TOnbKO KIIH0M8TII'l0CKIIMII $aKTOpaMII • 

nn.H Toro, 'IT06bi npnMeHIITb M0TO.ll TeopIIII B03MymeHIIH, paanOlKIIM rro

TeHuIIan IIO CTeneH.HM M8CCbl o6MeHHOH '18CTIIUbI. EcnII /L = o, TO nony'IIIM. 

TO'IHO pemaeMy10 KynoH0BcKy10 aaaaqy. IToaToMy uenecoo6paaHo paccMaTpII

BaTb noTeHuIIan IOK8Bbl K8K cyMMY KynoHOBCKoro IIOTeHUIIana lI OCTaTKa; 

KOTOpblli MOlKHO TpaKTOB8Tb KaK Manoe B03MYIU0HIIe, npeanonaraSI ManOCTb 

u /3 4/ 
/L • I1cnonb3Y.H M0TO.ll, aHanorII'IHhm MeToay M 10nnepa ' , B KOTOpOM 

npoBO.llIITCH paanolKeHne no· o6paTHhIM cTeneHHM nMnynbca, rrony'laeM co6cT

sennh1e aHa'leHn.H II co6cTBeHHbJe $yHKunn ypasaean.H lllpeanarepa ansr 

.llByxqaCTll'IHOH pen.HTlIBlICTCKOH 38.ll8'lll. 
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B § 2. nonyqeaa penSITHBHCTCKaSI qiopMyna BanbMepa .nnSI CHCTeMbI, 

onHCbIBaeMofi noTemmanoM IOKaBbI H 11ccne.noaaHbI ycnoBHll ee npHMeaeHHSI. 

B § 3 nony'l:eHbI Pe.n:iKe-nomoca .nayxqacTH'l:HOfi penllTHBHCTCKOfi aMnnHTY.UbI 

paccellHHll Hee aCHMilTOTH'l:eCKOe noBe.neHHe. 

§ 2. PenllTHBHCTCKaH il>opMyna EanbMepa nnH cucTeMbl H3 llBYX 

qacTnu, BaanMoneficTByromnx nocpencTBoM noTeHunana lOKaBbI 

PaccMOTpHM ypaaHeHHll Illpe.nuarepa ,nnll CHCTeMbI H3 .nayx penllTH

BHCTCKHX qaCTHll, B3aHMO.nefiCTBYIOIUHX Me:iK.ny co6ott nocpe.ncTBOM noTeH-

UHana IOKaBbI 

2 
(l!J. + b + 

2 ml m2 

w 
a -µ r) qt == 0 , - e 

T 

r.ne Ha aaepreTH'l:eCKOil noaepXHOCTH BbIIlOnHeHbl ycnoBHSI 

D O O O -+ 2 ➔2 2 
p + p == w == q + q , p == q == b (w), 

1 2 1 . 2 

2 b 2(- 4 2 2 2 2 2 2 4 w w) == w - 2(m + m )w + (m - m ) · 1 2 1 2' . 

EcnH B pa.nHanbHOM ypaBHeHHH 

d 2 1¥ . 
--+ [ b 2 _ . l (l + 1) 
dr 2 

c.nenaeM 

T 2 

no.ncTaHoBKY 

W(r} == eibrrl+Icp(r), 

- V (r}] 'I' 

z == - 2 i b-r , f3 == i b , 

TO nony'l:HM 

0 

z~ · Jr1.. l z z ] + (2 l + 2 - z )~·- [ + 1 + - V ( --) cp 
, dz . (2 {3) 2 2(3 . . d z 

2 
o. 

ilonycTHM, 'l:TO Macca · o6MeHHofi qacTHllbI Mana. IIoaToMy paano:>KHM 

B pll.n IIO cTeneHSIM /L • 

2m 1 m 2 e--µr 
V=-• a-· r w 

2m,m2 00 1 . It-I 
aµ~...,.-r(-µr) ..., 

w k- ": 
-,-0' 

00 

2m6_aµ ~ 
w 

1 1 ii;M (z/ 
(i +J)! • 7i"ii? µ z ==i=-1 H-l 2 {J 

i=-1 
4 

( 1) 

(2) 

(3) 

(4) 

(5) 

( 6) 

V 

(7) 

I 
I l 

! 

I 

µ i 
Tax KaK B paano)KeHHH ( 7) co.nep)KaTCll 'ineHbl ( 2/3) • TO. Mbl MO)KeM 

HcnonbaoBaTb peaynbTaTbI, nony'IeHHbie M 10nnepoM .nnll perneHHSI aepenSI

THBHCTCKoro ypaBHeHHll lllpemmrepa MeTO/lOM Teopufi B03MyIUeHHH, !'/le noTeH

JIHan paanaraeTCll no o6paTHblM CTeneHllM. HanpnMep, /ln5I CBll38HHblX COCTOH

HHH nonyqaeM o6o6meHHyIO ii>opMyny EanbMepa c TO'IHOCTbIO /lO "IneHOB, co·-
2 

,nep)K81UHX /L 

·1 4 · 2 2 2 2 22 2 m1m2 
- .-- [ w -2(m + m )w + (m - m. ) ] +----aµ 

4.w2 1 2 I 2 • w 

2 2 2 
mlm2a 2 2 
-----=-2 I J - 2 n (n + 1 ) (l + n + J ) µ + 
(l+n+l) 

2 2 2 2 
3 µ w 4 µ w 

+(2n+J}(l+n+l) 2 2 2 +(l+n+J} 2 2 2 + •.. I. 
2m

1
m

2
a m 1 m 2 a 

( 8) 

Ha ypaaaeam1 (8) /lmI w nonyqaeM ypaaaeane "JeTBepTofi CTenean, KOTb

poe CO/lep:iKHT TOnbKO µ B nepBOH CTeneHH 

,,.,..-· 2 

4 2 2 2 2 2 2 · 4m1m2a 
w -2(m +m )w +(m -m) -Bm m waµ + ----=O. 

1 2 1 2 1 2 (n+l+1)2 
(9) 

EcnH paano:>KHM w no CTeneHllM µ H orpaHH"IHMCH qneHaMH rrepBoro IIOpll/l

Ka, TO nony'IHM: 

2 ½ ½ 
!J..::.,_) ] + ---=a=----,.,,-

(n + l + 1) 2 
( 1 _ a 2 ) ½ 

(n+l+JJ 2 

2 2 
w = [m + m + 2m m (1 

nl 1 2 1 2 
( 10) 

l:hopofi "Inea B nocne.nHeM _paBeacTBe .naeT nonpaBKY K aaeprnn ocaoaaoro_ 

COCTOllHHll, nOllBnllIOIUYIOC5I npn y"IeTe MaCCb! o6MeHHOH 'l:aCTHUbI. 

ITpn µ = 0 Ha ( 10) nonyqaeM penllTHBHCTCKYIO 6anbMepoBcKyro qiop

Myny Jln5I KynoHOBCKOH aa,naqn. Ilpu n = l = 0 nonyqaeTcll Bb1pa:>KeHHe· /ln5I 

. /5/ 
OCHOBHOI'O COCT05IHIIll, KOTopoe nony'IeHo B pa6oTe c ucnOJib30B8HHeM Me-

TO/la lllMH/lTa /lJlll pemeHHll IIHTerpanhHblX ypaBHeHHH. 

XapaKTepaofi oco6eHHOCTbIO KynoHOBCKOI'O B3aHMO.neiiCTBH.5I llBll5IeTC.5I 

H8JIH'IHe 6ecKOHe'l:HOI'O "IHCJia CBll38HHbIX COCT05IHHfi, 5IBnllIOIUeecll peaynbTl_l

TOM Bbipo:lK/leHHSI no 11 COCTOSIHIIHM C .naHHbIM 3Ha"JeHHeM . [ • ilnH IIOTeHUH

ana IOKaBbl "IHCno CBll38HHbIX COCTOllHHll C onpe.neneHHbIM 3H8"IeHHeM MoMeH

Ta l orrpe/lenHeTCll ycnoBHeM 
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w<m 1+m2 . 

Peurasi nocnenaee aepaBelICTBO oTaocnTenblIO n + l + 1 

n npeaeoperasi µ 2 , nonyqaeM 

1 
O<l<..j-• 

- 2µ 

mlm 2 

m +m 
l 2 

- n - 1 . 

(11) 

, nMeSI a BllJlY ( 8) 

( 12) 

Ecnn 3aaqeane npaaoil: qacTn aToro aepaaeacTBa 3aKmoqeao Me>Kny N n 

N + 1 , rne N - uenoe qncno, To nnsi Ka>KJloro 3aaqeansi MOMeaTa l 

nMeeTCSI N CBSI38lilibIX COCTOSilinii. CnenoBaTenblIO, npn B38llMOJleiicTBllll 

Tnna !OKaBhI Bblpa>Keane ( 10) He nMeeT C~h1cna npn aeKoTophIX 3aaqea1rnx 

n • B aaureM cnyqae BhIPO>KJleane, xapaKTepHoe nnsi KynoHoBcKoil: sanaqn, 

qacTnqHo ClillMaeTCSI - nonyqaroTCSI CBSI38lilibie COCTOSilillSI TOnbKO nnSI 3lia

qeanil: n n l , nnsi KoTophIX Bhmonaeao ycnoane ( 12). 

§3. TionJOCa Pe11}Ke ll aCHMITTOTHKa aMIInllTYllbI pacceSIHllll 

Teopnsi B03Mymeansi M ronnepa noaBonsieT cpaay nonyti:nTb MaTpnuy nm1 

penSITllBllCTCKOil: JlBYX'I8CTll'IlIOil: aa11ati:n: 

S(l,b) 
r( l + t:i.z(µ) ) 

1 + 2 f3 (13) 

r(l +1-
l::i.1 (µ) 

) 
rne Bb1pa>Keane 2{3 

2m 1m2a 
2 2 2 

f::i.l (µ) = 
2m 1m2 a /l 

-
132 w 2 

+ 
w 

( 14) 
+ _1_[_9_ m 1m 2a 2. m m 

2/'.12 
4
{32 ( ) - l(l + l)-1_2 ] 2 ,-, w w aµ+ ... 

SIBIISI9TCSI oeCKOHeqHbIM pSIJlOM ITO CTeneHSIM MBCChI OOM0HHOil: ti:aCTJIIlblo TaK 

KBK _F - MepoMOp~lIBSI ~YHKUllSI Z C ITOIIIOC8MlI Z = - n ; n ""0, 1, 2 •••• 

TO nonroca s -MaTpllllhI onpenenSIIOTCSI paBeHCTBOM: 

t:i.(µ) 
l+l+--=-n. 

2 f3 
CnenoaaTenbHo, nono>Keane 

HHeM: 

(15) 

n -oro nomoca Pen>Ke onpenensieTcsi Bh1pa>Ke-

6 

,, 
I ( 

11 
,i 

aJw) = - n _ 1 _ m1 m 2 1 
bwi a-ib3. 

· 2 2 2 
m1 m2 a /l 

w 

I m m 
- 4b3in(n+l)---;-2aµ2+ 

2n+J m 1 m 2!a 2 2 .5 m 1 m 2 a 2 2 

+ 4 b 4 ( w ) /L - ~( w ) /L + 

Pa3no>KnM aMnnnTyny paccesiansi B psin no nonnaoMaM ne>Kaanpa: 

( tfl) 

F(w,t)=-1- i (2l+l)IS(l,b)-l IP (cos0). (17) 
2 i b l=O 

Hcnonhaysi npeoopaaoaaane BaTcoaa-3oMMep~enhna n nMesi B anny acnMn-

ToT11'1ecKoe noBeneane nonnHoMOB fle>Kaanpa 

F(2an+ 1) 
P (-z)=. • 2 

an lr(a + l)l 

1 an 
(-- z) ' 

2 
(18) 

nonyti:aeM acnMnToTnqecKoe noaeneane aMnnnTyJlhI paccesiansi B s -Kaaane 
➔ ➔ ,) 2 

npn oonhurnx 3aati:eansix KBanpaTa nepenaaaoro nMnynbca t = - (p - p 

F( ) 
irr 2an(w) + I R r(2an(w)+ 1) t a <wJ 

w,t =-·· ---- (UJ)-_;__.;:.;....._;____;.. (---) n 
2b sina (w}rr n tr(a (w)+l)l:.! 4b

2 
' 

n n 

(19) 

rne ;i, ( w) - nomoc Pen}Ke c aan6011h11Ieil: peanbHoil: ti:acTbIO npn ~nKcnpoBaH-
n 

HOM aaaqeann 

Pe11}Ke 

R = 

w • a 

(-1) 
n 

R SIBngeTCSI Bhl'I0TOM S 
n 

n n tr(n+2+2a,,(w}) 

-MaTpliUbl ·a n -OM IlOIIIOCe 

( 20) 

Ecnn orpaHnti:nMCSI ti:neHaMn, conep}KamnMn µ a nepaoil: cTenean, To nonroc 

Pen}Ke C M8KCllM8llbHOii peanbHOii 'IBCTbIO oyneT: 

2 2 2 
m 1 m2 . _m 1m2a /l 

a = -·1 + b ·a i + i 2 b 3 
O W w 

(21) 

Oti:eannao, npn w ➔ 00 , a 0 cTpeMnTcsi K - 1. B aToM cnyqae acnMnToTn

qecKoe noaeneane aMnnnTyJlhI onpenensieTcsi Bhipa}KeHneM: 

F(w,t)= 
rr-ao(w)) i t _ao(w) _ __,._ __ . (-)(--) . 
r(J +a (w)) 2b. 4b:Z 

0 

7 
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Bb1pa:lKeHHe ( 22) onpe.nemieT acHMilTOTH'IeCKOe IlOBe.neHHe aMilnHTY.Ubl pac

ceHHHH not • nony'IeHHOe B paMKaX neCTHH'IHoro npn6nH:lKeHHH .nnH B3aHMO

ne:ii:CTBHH .UBYX TH:lKenbIX qacTHU C o6MeHOM nerKo:ii: CKanHpHo:ii: qaCTHue:ii:. 

· I 1 6/ 
B • npH TOH :lKe caMo:ii: IlOCTaHOBKe sa.naqn paccMaTpHBaeTCH noBe.neHHe 

aMnnHTY.Uhl B SHKOHanbHOM npH6nn:lKeHHH ( t ➔ 0, µ ➔ 0) • 

ITpn µ = 0 H3 ( 22) nonyqaeM aMnmITy.ny pacceHHHH .nnH KynOHOBCKO:ii: 
/7/ 

sa.na'IH 

im
1
m

2 
r(l --,;;;-a) i t -I+ 

F(w,t)= · ·(-
2
b)(--b2) 

im 1 m 2 4 
rr--a) 

bw 

i~a 

bw ( 23) 

Ifa Bbipa:lKeHHH ( 21) npn m2➔ 00 HaXO.UHM aCHMITTOTH'IeCKOe IlOBe,neHne aMnnn

TY.Uhl pacceHHHH nepBOH 'IaCTHUbl BO BHelllHeM none, onpe.nenHeMo:ii: ypaBHe

HHeM Kne:ii:Ha-fop.noHa, 

F(w, t)= 

. 2 2 
mia m aµ 

rr1-----J b b3 

mia 
rr--+ 

b 

2 2 
m a 

"0 
µ) 

• m ia 2 2 
i -t -1+--+ ma 

(Tb)( 4 b2 ) b ~ µ 
( 24) 

3aKnro'IeHHe 

~opMynnpOBKa .UByxqacTH'IHOH penHTHBHCTKOH sa.naqn Ha OCHOBe ypaB

HeHHH Illpe.nnarepa nosBongeT npn onpe.neneHHhIX ycnoBHHX npnMeHHTb Teopnro 

B03MymeHn:ii:. llm1 CBH3aHHhIX COCTOHHH:ii: nonyqaeTCH cpopMyna THila 6anbMe

pOBCKO:ii:. KpoMe SToro, B TaKO:ii: IlOCTaHOBKe HeKOTOpb!e pesynbTaTbl H3 Teo

PHH KOMnneKCHhIX MOMeHTOB B noTemmanbHOM pacceHHHH MO:1KHO nerKo nepe

aecTH Ha penHTHBHCTCKYIO sa.naqy .UBYX 'IaCTHU. 

ABTop Bb1pa:lKaeT rny6oKyro 6naro.napHoCTb A.B.EqipeMoBy, B.PnsoBy, 

K.B.PepHxy, ll.CToHHOBY n Xp.ITonoBy sa none3Hb1e o6cy:lK.UeHHH H ueHHble 

3aMe'IaHHH. 
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