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1, BseaeHHe 

B OllHOM H3 BapHaHTOB CTaTHCTHqeCKOH T90PHH MHO*eCTB9HHOPO o5pa

/1/ 30B8HHH qaCTHU B03HHKna rrpo5neMa H8XO*Ll9HHH rrpeo5pa30B8HHH narrnaca 

anH rrpoHSBeaeHHH LlBYX ~YHKUHfi EeccenH rronyuenoro HHaeKca, B aaHHOfi 

pa5oTe paccMaTpHBaJOTC~ 5onee :o5ume HHTerpanbi:H rroKasaao, qTo B cnyqae 

uenbiX H rronyuenbiX HHLl9KCOB 9TH HHTerpa:Xbi MOPYT. 6biTb _ rrpellCTaBneHbl B 

KOHeqHOM BHLl9 qepe3 H3B9CTHbl9 ~YHKU!iH, 

p aCCM8TpHB8!0TCH HHTerpanbi 

Rea> 01 2 v + n >-l 1 
( 1.1 ) 

•,:·-· 

I • ' • ' ' • 

rne n - HaTypanbHoe qHcno --HnH Hynb, 

TaKoro pona HHTerpanl,r, H na*e eme 5onee · o5mHe, MO*HO BbiqHcruiTb;' 

HCXOLlH H3 rrpellCTaBneHHH rrpO!i3B9Ll9HHH,~YHKUH:ii Eecceng B_BHLl9 PHLla/2/ 
. -.,.. . lc ·21c . ' ' 

( _!_) V+p. 
00 

(-l) ( _!_) F(- k 
1 
-v-k; p.+ l; l) 

2 'I - - 2 · 
r( p.+ J) k=O k! r (v + k + l ) 

J ( z). J ( z) = 
v - ' p. ' 

(1.2) 

KOTOpbiH MO*HO rrpeo6pa30B8Tb rroqneHHO, PesynbT8T BbiPB*aeTCSI "'epea 

o6oi5meHHYJO PHrrepreoMeTpHqe~KYJO ~YHKUHJO 3 Fz' • HarrpHMep; B cnyqae 

JL=V+l 

i1(v 1 a) 
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B 'IaCTHOM cnyqae v = - 1/2 sTa tPYHKUHSI CBOJlHTCSI K sneMeHTapHo:ii:, 

H Mhr nonyqaeM II3BeCTHhr:ii: pesynbTaT131 

; 1 (-1/2, a ) 
a 

_arc ctgT 
TT 

( 1.4) 

0JlHaKo II B pSIJle JlpyrHx cnyqaeB in ( v , a ) Bhrpa)KaiOTCSI qepes H3-

BeCTHhre cf>yHKUIIII, IIHOI"Jl8 Jl8)K9 B }!:0H9'IHOM BIIJle, 0Jl!IH 1!3 T8KIIX IIHTerpanOB 

xopowo H3BeCTeH npH npoHaBon.bHhrX BellleCTBeHHhiX aHa'IeHHSIX v > - 1 I 2 : 

i0 (v, a) E le-ar JrJ( z) Jz = f- Qv-~ ( q) , ( 1.5) 

I"Jle 'q = 1 + a
2
/2 ' a Q /l - cf>yHKUHSI ne)KaHgpa BTOporo pona. nonb3YS!Cb pe

KyppeHTHhiMH _cooTHoweHHSIMH gng cf>yHKUH:ii: BeccenSI, MO)KHO BhrpaaHTb -qepes 

HHTerpan ( 1,5) · psul ilPYI"IIX IIHTerpanoB, 

2, l1HTerpanhr i 1 (_ v ,. a ) H 

YMHomHM 'peKyppeHTHyro cf>opMyny 

Jv-1(z) -Jv+f.zJ = 2J~(z) 

c~i,(v~ciJ 
Ja 

(2.1) 

H8 JV ( Z) H COBepWHM npeo6pa30B8HHe nannaca nony'ieHHOI"O p8B9HCTB8, 

l1HTerpHpySI npaayro cTopoHy no 'iaCTSIM H y'IHThiBaSI onpeg_eneHHe ( 1.1) ,_ npu-

X?llHM K peKyppeHTHOMy COOTHOWeHHIO ( V 38MeHeHO Ha , V + 1 ): , 

;
1

(v;·a) -i 1 (v+1,a) = a/0 (v+1,'a) v >-1. (2.2) 

Oicrona cnenyeT 

' ' 00 • '· 

; 1 (v, a) = ~ I Qv-~ + 1c '( q}_, 
TT lc=l .. . " ... 

'-~2 . . . 
q= 1 +-I V >-1 .. ·_ 2 . 

.·, 

(2.3) 

B cnyqae, Korga v - nonyuenoe qu_cno, H3BeCTHO aHa'ieHHe i1 (-~, ~ ), 

H U09TOMY Ha OCHOB8HHII: paBeHCTBa, (2,2) \ :; 

f 
; 1 ( f -~,a) = -

1 arc ctg~- ...!L I Q/c-1 (q) 
TT ,c. TT /c=l (2.4) 

4 

(rge 'I = 0 , KOI"Jla· 'f 

_ To )1{9 caMoe HMeeT 

J ~ ( Z ) = - J 1 ( Z ) , TO 

"oo 

;I (0, a) "" J e -arJO (; 
0 

rge: nepBbi:ii: qnelJ B03HHKae 

TSIM, llpHMeHSISI (2,2), H8XI 

~-- 1 a 
\ i1(f,a) =-z- -2 -

. • TT 

I"Jle I ; 0 , . KOI")la e = 

CornacHo onpegene 

-a. 
e 

Jlng ero Bhi'IHCneHHSI YMHOJ 

J 
1
( z) + J · 

1 
( z) = 

v- v+ 

Ha' Z JV ( Z ) H COBepWHM' 

B peaynbTaTe nony-qaeTCSI 

Ji 1 (v-1, a) Ji1 +--. Ja .. 

3aTeM ilHcf>cf>epeHuHpye~ 'pe 
B HTOI"e HMeeM 

Ji,(v, aL 
cia -

,, -· 

2v+ 1 
- 217 

HcKnro'ieHHe npoH3BOJlHOft 

( 2_0. (/Q/l ( q) 
q .. c/q' 

npHBOJlHT K cf>op~yne 



CBOllHTCSI K sneMeHTapHofi, 

( 1.4) 

Bbipa:lKaiOTCSI 'Iepes HS

DllHH H3 TaKHX HHTerpanoB 

biX 3Ha'IeHHSIX v > - J /2 : 

( 1.5) 

Joro poJ:ta. TionbsySicb pe

S!,"~ MO:lKHO Bblp83HTb 'Iepes 

'~Cv, ;;) 
rla 

r ~ . , 

(2.1) 

l'llOny'IeHHOI'O paBeHCTBa, 

H. onpeJ:teneHHe ( 1.1 ) , . npH

Ho .Ha y + J ) : , 

>~l.'. (2.2) 

(2.3) 
'· ;" \ 

q) (2.4) 

~l 
I 

J 
i 

I 

I 

(rJ:te. ::£ = 0 1 KOI'll8 f = 0 ) , T,e, Bbipa:lKa~TCSI B KOHe'IHOM BHil9o 

· .. To :lKe caMoe HMeeT MecTo, KorJ:ta v - uenoe 'IHcno, v = ( • TiocKonbKY 

J~ (z) = -J,(z}, TO 

00 

i
7

(0,a) = J e-azJ
0

(z) J
7

(z) 
0 

J a Q T - 7T -~ (q) , (2,5) 

I'lle nepBblll 'IneH B03HHKaeT OT HH:lKHero npe]lena. ilpH HHTerpHpOBaHHH· no 'I8C

TSIM, TipHMeHSISI (2,2), HaXOllHM 

£ 
a 
TT 
~~Q /c-~ ( q) , 

I'll9 ::£ = 0 , KOI'Jl8 f =0, 

CornacHo onpeneneHHro (1.1) HHTerpan 

rli 7(v,a) __ J00
e-azJ(z) () r1 

- JV+ J Z . z. Z1 

rla o v · 
v > -.3/2 . 

nnSI ero Bbi'IHCneHHSI yMHO:lKHJ\1, peKyppeHT~qe COOTHOWeHHe 

(2.6) 

(2.7) 

(2.8) 

aa: Z 'Jv ( Z) . H COBeplliHM •llpeo6pa30B8HHe nannaca nony'IeHHOI'O paBeHCTBa. 

B pesynbTaTe nony'IaeTCSI 

rli 7 (v-l,a) rli 7 (v,a) 
·· rla ·· + rla 

2v 
- Q IL (q) • 

TT v-" 
(2.9) 

3aTeM llHtP!lJ~peHU~pyeM paBeHCTBO (2,2) H pesynbTaT Bbi'IHTaeM H3 (2.9) • 

B HTOI'e HMeeM 

2v + l · ) 
Qv-% ( q 

(2.10) 

l1cKnro'IeHHe npoHSBOilHOft oT !lJyaKUHH Q v- % npH noMOiliH TO:lKileCTBa 

(2.11) 
'\ .· 
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:::--. 

·:·· 
Ji

1
'(v; ~) 

· · cla 
2~~1 

Qv-vJ q)' + QV+'h( q) I d 
2rr·'q+l 

cnpaae.uneaoii: .unSI nro6biX v •> - ~ 

Ha iflopMynbi (2.9) c~e.uyeT 

.(2.12) 

. Ji1 (v-11 a) 

Ja 

2v 1 2v+ 1 . 
- Q~~h(q) -- --IQV-~q)+ Q~+'h(q) I I (2.13) 

TT 2rr ·q+1 ' 

r'.Ue _V > - ~ o 3Ta tiJopMyna n03BOll519T Bbi'IHCllHTb paCCMaTpHB89Mbiii HHTe

rpan, Kor.ua ana'leHHe HH.UeKca v ~ 1 :> - 3/2 .• · 

B cny>iae v = - ~ Ha OCHOBBHHH (1.4) nony'IHM 

J;, (.:..~ 1 a ) 

Ja 

'' 1 4 

; a 2 + 4 
.• 

3. PeKyppeHTHoe cooTHoweaee 

B iflopMyne .UllSI npoeasonaoii: 

(2.14) 

J ~~~w 
Jz(JV+n(z) Jv(z))=Jv+n-/z)JvfzJ -Jv+/z)Jv+l(z)-n. z ·. (3.1) 

HCKnro'IaeM anaMeHaTellb H3 nocne.unero 'lnena. Ilonb3Y51Cb TO>KlleCTBOM · (2~k ). 

llHOO .UllSI + Ji, + n 1 llHDO .unsi. + J v 
-· 

, a aaTeM coaepmag·npeo6paaoaa-.. . 

HHe nannaca, npHXOllHM1 COI'llBCHO onpe,ueneHHIO .( 1.1 ) 1 K COOTHOW9HHSIM 

• ( ) . . (. ) 2(v+n)(. ( ) , ( 1)) 2.(v+n) • 
I +I V =-I I V +-- I I V -I I V+ --- a I n n- n n- n- n n 

( V ). I 

(3.2) 
v > __ n_ 

2 

. . ., .. ' . 2 · .... ·' ', . . • . 2 ., 
i,+l'(v+lJ =.-in-1(-v+l) +-f(in-1(v) -in_1(v+1))- n~ .ain(v) 1 

n . (3.3) 
V > -y I 

6 

. .,. 

~ 

j 

KOTOpble SIBllSIIOTCSI TpeX'I 

OTHOCHT9llbHO n • 3Ha51';i 

( v ) .unSI mo6oro : n = 
n 

KoM6~aepyst {3.2) 

jn+l(v-q ~iit+l(v) = 

v (in+l (v) + ;n-1 (;v) 

KOTOpb!e HSPSI.!lY C (2.2) 0 

cPYHKUHSIM I 0 I ; ' • cSl~}: 
. 3aMeTHM1 'ITO CTPYK1 

'IHTb 1 HanpHMep, i 2 ( V) 

llllSI npOH3BOllbHbiX V o 1 

nonaraSI n =1, npHXO.UHM : J 

QIL , ecnH >Ke n > 1 . 1 

BpamaeTCSI B TpeX'Ill9HHYIO 

B cny'lae v = 0 · 1 

i
2 

(-1 1 a) + ;
0 

(1 1 , 

'ITO SIBllSI9TCSI O'l9BHllHbll 

4. HnTerpallbi 'i2 

Cornacao iflopMYlle 

1
2 

(v) =-i (v) +2(v-l 
0 . 

D.nSI uenbiX 11 nonyuenbiX, a 

BHJle. 

Y'IHTbiBSSI (2.6), F. 
;-,, 

1z ( f ) ( f:+ 1 



(2.12) 

(2.13) 

b paCCMaTpHB.aeMbifi HHTe-

(2.14) 

. ' 

·. JII+Jz) Jll (z) 
,+l(z)-:n . . ,,(3,1) 

z 

I~ay~Cb To>KnecT~OM (2,S) 

M coaepruag:npeo5p~soaa

(l.I) 1 K COOTHOllleHHSIM 

~-~ ,, . , n 
·---

2 

·,~ : 2 
)) - _;:_ o ;,(11) 1 

n. ~- ; . . 

n 
<,-y I 

(3.2) 

' (3,3) 

KOTOpbie Sl:BnsUOTCSI Tpex•meHHbiMH peKyppeHTHbiMH !flopMyJiaMH t:lJlSI in ( V ) 

OTHOCHTe.iu:,HO n o 3HaSI i 0 ( V ) H i l ( V) 1 MO>KHO HafiTH no : ~THM !flopMynaM 

( v) - llJIH mo6oro n =2,3,4,,, 
··-

KoM6HHHpy5l (3,2) 'H (3,3 ), norifqaeM: .qae .qpyrex ¢opMyJibi: 

. (3.4) 

v (in+l(v) + i,_1 (11)) =>(v+n) (i~+ 1 (v-l) + in-l (v+l)) 1 (3.5) 

KOTOpbie aapsr.uy c (2,2) O'IeHb noneSHbi npH npHaeneHHH in ( II) K: Ha'IaJlbHbiM, 

cPYHKUHSIM ; 0 I ; l • Cl>opM:yna (3.4) Sl:BJISl:eTCSI aaanoroM ¢opMyJlbl (2.2 ). 

3aMeTHM1 'ITO CTpyKTypa 9THX !flopMyn T8KOB8 1 'ITO He IT03BOJISl:eT HCKJIID-
. -

'IHTb, aanpHM:ep, i2 ( v) · H BbiJlaSHTb a KOHe'IHOM aRne i 1 ( 11) qepea i0 ( 11). 

nnH npOH3BOJlbHbiX ,V , TaK;· HanpHMep, HCKJ110'18Sl: 113 (3,2) H (3,3) in+ l H 

nonal"'aSI n =1, npHXOnHM KpeKyppeHTHOMy COOTHOllleHHID (2,11 )' nnSi ¢yHKUHH: 

Q/l 1 eCJIH >Ke n > J 1 TO, nonytJeHHOe paaeHCTBO BBHny (3,4) OUS!:Tb npe-

BpalllaeTCSI B TpeX'IneHayiO peKyppeHTHYIO. !flopM:yny, 

B cnyqae v = o·. n =1, H3 (3.5) nonyqaeM 

(3.6) 

Cornacao ¢opMyne (3.2) ( n =1) 

(4.1) 

.llnH UenbiX H nonyuenbiX 3H8"1eHHil: 'II 9TOT HHTerpan Bbipa>KaeTCSI B KOHe"'HOM 

BHJ:le, · · 

Y'IHTbiBaH (2.6), aaA.qeM a c.nyqae uenhlX v =f ~ 0 
• .. ·- ~ 

(f +lJo + 
f + l ---, 

7 



. . · .. f.· 
·'2f+2~ _ + H+2_a2~ Q,._~(q) 

· · · f+ ~ · TT k-1 
TT . 

(4;2) 

.. ,. ""·; 

rAe -~ = 0. , ·KOrll_a f = ,0 • 11cKmo~e.H.Hbift. ycnoeeeM:f ~. 0 · 1 H.HTerpan 

i 2 (-l, a -) AaeTCst l):lopMynoft {3.6). 

· llnst nonyuenoix saa>lealiil: ~.Hile~ca ~~~·..;e :.... ~ • ciJopMyna ( 4.1) npeeoAHTcst 

K BUllY 

. ·· 2f+l • ·.' a• .2f '·' ii n -~,a) =-a --arc ctg -;;--+-- Qf_,(q) 
TT '- TT 

; 

' 2f+ 1 . 2f + 1 
- -· -Qf +-. . TT -

L 
a

2 I Q,._J(q) , 
-:,. k=J· • 

( 4.3) 

... 

npn'I~M B c~'lae - f =0 

i 2 (-~,a) =-+(a arC' ctg.; - 2) -:.+ Q0 (q) (4!4). 

Ji.HTerpan i3 (II ) nony'laeTCSI .Ha OC.I:IOB8.HHH {2.2) H DOBTOp.HOI'O npH

Me.He.HHSI COOT.HOUie.HHSI (3.4): 

;3: (11 J = (11+2) a [ (211+3) ; 0(11+ 1)-(211+ 1 r ;0 (II)] . 

+[2(11+ 1) (11+2) a 2 -1] ; 1 (~). ..\ 

. { 4.5) 

PeayllbTaT, cnpaeeAnHBoift Anst v > .;.: ~ B cny11ae v ,;, ...:: ~-

;
3 
(-~,a) =-1- (ia 2 -1) arc ctg_g_ + -l!L.(Q 0 (q) -1 ). 

TT 2 2 TT 
(4.6) 

0TMeTHM eme, 'ITO H.HTerpan 

J2 i2(v,.a) 00 
-az • · .··2------- = f e J11 ( z) J 11 +2( z) z clz 

Ja2 . o . 
... 

8 

~ 

F 

~ 

1 
! 

'4-, 

[ 
,_ 

! 
t 
1 
( 

I 
t 

l 

B:bipa)KaeTCSI B KO.He'I.HOM 

a 38TeM B03BOllSI B KB8ll 

J 2 ;2 (11-1 ,a ) 2 . . 
Ja 2 

·npli ycnoauu, 'ITo 11 :> · U'' 

5. TmKAeCTaa An 

p Sill TO)KlleCTB Me)KJ: 

HeKOTOpb!X TO)KlleCTB, .CBH<: 

ynoMHHyTo · o TO)KlleCT~}~ • (~ 
!llopMyna 

JQp.±l ( q) cl 
Jq 

SIBnsteTCSI o6pa30M flanm 

(Jv-l(z))2z -(J~~~( 

nony'leHHOil: O'leBHllHbiM 061 

npocToil: cnoco6 nony'leHnst 

l13BeCTH8H ciJopMyna 

(2Jl+1) q QIL ( q) = (Jl· 

HMeeT caoHM opurunanoM c 

2(11+1) (J 2 
1
(zJJ"=I 

II+ 

PM Apyrux TO)KlleCTB 

HbiX • pa3H:biMH nyTHMH. TaE 

paanuaast K ( 1.4), aanuUiel 
00 

arc ctg _!!__ = a I ' 
2. k=O 



(4;2) 

3HeM .e ~ 0 , HHTerpan 

>p~na (4.1) npHBOAHTCSI 

t' ' 

/qJ 

( 4.3) 

oJqJ (4.4) 

2.2) H ITOBTOpHOI'O npH-

. ( 4.5) 

(Qo(qJ-1J. (4.6) 

rlz 

I 

I 
I 
I 

Bbipa>KaeTCSI B KOHe'l:HOM BHlle nnSI 'mo6biX v • YM:ao>KaSI (2.8 }' aa · z 

a aaTeM B03BOllSI a KaanpaT H coaeplllasr np~o6paaoaaHHe, Mbi nony'l:HM 

npH 

J2;2(v-1,a 2 
2 ----==------ = 4 v io (v) -

Ja 2 

ycnosiii, 'ITO v :> ~· 

5. To>KnecTsa nnSI Q P. 

Ji[ ;0 (v-1 ,a) +i0'(v+ 1 ,a)] 

·: . Ja2 (4.7} 

PHil To>KnecTs Me>Kny WHKUHSIMH Q~ ( q) aoaHHKaeT KaK cnencTaHe 

HeKoTopbiX To>KnecTs, CBSI3biBalOlllH:K, cpyHKUHH Eeccen:sr. B nyHKTe· 3 6bmo y>Ke 

ynoMSIHYTO ·o TO>KlleCTse (2;11 }. YKa:lKeM anecb npyrHe. 

<t>opMyna 

JQIJ±l ( q) 
= (2p.+ 1) Qp. (q) (5.1} rlq 

SIBnReTcsr o6paaoM nannaca cjJopMynbi ( p. = v - ~, q = l + a2 I 2) 

(5.2 )· 

nony'l:eHHOH O'l:eBHllHbiM _o6pa30M H3 (2.1} H (2,8). TIO-BHilHMOMy, 3TO CSMb!H 

npocToii cnoco6 nony'l:eHHSI (5.1). 
HasecTHaSI cjJopMyna 

(5.3} 

HMeeT CBOHM OpHI'HHanOM' COOTHOllleHHe ( Jl. = J.l. + ~ 

2(v+1) (J 2 
1
(zJJ"=(2p+1) J 2 (z)-4(v+l) J 2 

1
(z) + (2v+3)J 2+2(z). (5.4} 

V+ J.1 V+ J,l 

PSill llPYI'HX TO>KlleCTB B03HHKaeT npH cpasHeHHH peaynbTaTos, Bbi'l:HcneH-

HhiX pa3HbiMH nyTSJMH. TaK, HanpnMep, .nonaraR, a (2.3} v = -~ H npH-

paaHHBaSI K ( 1.4) 1 3aiTHllleM cnenylOlllee paano>KeHHe: 
00 

arc: c:tg ~ = a I. . Ql; ( q) • 
2 k=O 

(5.5) 



LlnSI v =, 0. nyTeM, cpaaHe~HSI (2.3) H _ (2.6) nonyqaeM. 

. 00 . ··.· ·.. 2 
=. ~- Q-'h (q) + +!:., Q/c-1-i (q) • (5.6) 

Bonee cno>KHbie TO>KAeCTBa Me>KAY WHKUHHMH Qv a·oaHHKaiOT npH 

'cpaB~eHHH i 2 ( V , a ) . t Bbl'l:HCTteHHbiX, H8UpHMep, HCXOAH HS. ( 3,2) H _( 3.4) • 

nHTepaTypa. 

L z·. Koba. Acta Phys.Polonica, £Q_, l96L 

2. r.H. BaTCOH •. TeopHSI 6ecceneBbiX 41YHKUHli, T. ;/. • Hn, M • 1949, 

3. r. EeltTMeH, A. 8pJlella. Ta6nHUbl HHTerpanbHbiX npeo6pa30B8HHlt, T.1, 
CTp. 146, "HayKa", 1966, . 

• l 

PyKonacb nocTynana B H3Jl8TenbCKHll OTJlen 
31 1 ileKa6pH. 1971 rolla. 
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