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flOCTOHHHO~ KPHllH3 . . . 

ny eao~o~eT~Hl!. B n. 

na nepexo]J;HT ll rp: 

)J;HT ll uep ITyaHKap 

p~MM npHXO)J;HTCH 

uepe·]J;e.CHTTepa ll 

ll8CT:b 1 HllJUlHC:b Tp 
'· 

.ztH:nepeXO)J;HT l3 HH 

Tollol! ieopeu nonn 

ylle TeU, qTo CSMO 

)J;JIH nJiocKoro npoc 

HUeeT, KOHe'IHO,,~ 

HOllHM UHpau H l3 T 

, CHTeJI:&HOCTH. B )1;8 

CflHHOpHoro flOJIH p 

CHTTepa, 'ITO ~ np 

§ r. 06sHe n 

0. JlaTHHCKHe 

Klfe HH]J;eKCH npHHM 
+ (1)2 + (/~2+' 

. ---------
x)H~- 3TO OOCTOHT 



. \ 
cmmopaoro JIOJif! .. :e pHMaHo:eux )ntpax. Ococ>oro :earaMaHH~ .aecoMaeaao .. " ' . , . ' 

aacJIYliHBaeT cif>epH'IeCKHit MHP ;ne CHTTepa. Ey;nyqH· npocTpaHCTBOM. : 
' . . . •' .. .. ,; ' 

nocTOfiHHOit KpH:eHaali, oa ;nonycKaeT ;necHT~napaMeTpHqecKyll rpyn

ny H30MeTp14ito .B npe)J.eJie 6eCKOHe'lHO ClOJIJ>WOrO pa;n~t~yca 3T8 rpyn-
l ' . • ' ' • ~ · .• 

na nepexo;nHT :e rpynny TiyaaKap.e, caM lite MHP. ;1.\e CHTT.epa nepexo

;ttHT B MHP TiyaaKape-MHHKq:ec.Koro~ BMecTo HHTerpaJIOB .~yp»e, c ltOTO-

pNMH npHXO;IllriTCfi HMeTI> ;neJIO :e· llOCJie;ttH~, npHBiiqHQM CJiy'lae, B 

MHpe ;ne CHTTepa :eucTynaDT pH;niil nocKoJI»KY ero·npocTpaHcT:eeaaaH 

. qacTl>, HBJlfiHCl> TpeXlolepHOi! c4Jepoit, KOMD8KTH8 • B npe;neJie 3TH pH-
; ' ; ' 

.;nu~nepeXO;ItfiT B lriHTerp~Jlli <l>yp:be. TaKHM oc>paaoM,.HayqeHHe KBSH-

TOBOit TeOpHH noJiH B ccpepH'IeCK011 MHpe ;ne CHTTepa onpaB;ItliBSeTCH 

yllte TeM, t!T'O C8MO co6ol npHBO;Ill1T K MeTO;IlY HHBSpHaHTHOrO HDJ,HK8 

;nnH nJiocKoro npocTpaHcT:ea-:epeueaHx). HeMano:eallaoe aaaqeaHe 

HMeeT, KOHeqao, 111 TOT cpH3H'IeCKHit CMiiCJI, KOTOpiilt npH)!.SeTCfi p!t1M8-
f • • '; ~ ' • 

HOBiiM Ml4p8M H B T_oM t!HCJle;MHPY )I.e CHTTepa B oom,ei\TeOpHH O~HO-
CHTeJII>HOCTH. B ;It8HHOI pa6oTe o6w,He llOJIOlleHHH KB8HTOBOit TeOpHH 

cnHaopaoro noJIH peaJIH3YIJTCH Ha·npHMepe c~epHt~ecKoro u~t~pa ;ne 

CHTTepa, t!TO Ill npHBO;IlHT'K MeTO;IlY IIIHB8PH8HTHOrO flntHKa. 

§ I. oc>sHe noJioxeHHH 

0. JlaTHHCKHe HH;It6KC!i npHHI4M81lT 3HaqeHHfi 0,1,2,3,4. rpeqec

KHe HH;tteKCbi npHHHM81lT 3H8ti6HHH 0,1,2,3. 'Jacfaf~ = (f
1

f+ . 
+ (1}2 + (/:s_;2+ (/")2- (PF. aC . . t .. --------- '2 = 'lag •. C noM6DJ.l>ll 'lac H 'l a 

x)H~ 3TO o0CTOHT6Jll>CTBO yKa3biB8JIOC1> B paOoTe/Z/ , 

J 
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OllYCKSilTCfl. H llO;ztHHMSilTCfi HH;zt6KCJ.I. t - npo_CTpaHCTB6HHO-
• ·: . 0( ex J1 . . 

BP6M6HHJ.Ie KOOp;ztH~aT_Ill. "j = :/)s d$ - CiaSH.CHJ.Ie JUIHeitHille qJOpMill, 

qep~a KOTopllle MeTpHKa MHpa BlllpazaeTcfl B im~e -d 8 2 = tz ,;.fJ f } 13 • 

JlyaJI~>Hilll K f ()(Cia a He cocToHT ua BeKTopahlX noJieit e = .7_-fl ~ ~ •. 
. ' . 0( w ~ . 

w ... _p... - K03~H~H6HTJ.I CBfloHOCTH. If - CllHHop, iji = -r* Ho 
-conpHJKeHHiili cmmop. 'f. = :J) w = e w + .L c..> HOfHJI'r 

· V V T y T. 4 o:JJV ' 

hi = c2} if = e .w - .i ~ i;; HDfHft 
Tv v v T tit. rxfi V f • 

- HX KOBapHSHTHHe npOHSBO;ztHLie. ~ -MaTpH~ 

[00 0 1) r 0 1 0

1 
r 0 0 i 0

1 

.... 
. 0 0 -1 0 - 0 0 0 -1 . 0 0 0 l 

Ho = 0 f 0 0 J H 1 = t o o o , H2. = -i o o o , 
-1 0 0 0 0 -t 0 0 0 -i 0 0 

) c 0 0 J) - -1 0 0 0 

0 0 1 0 0 -1 0 0 
H3 = o t. o o , H• = [ o o t o ' 

1 0 0 0 . 0 0 0 ~ 

06Jia;ztallmHe CJie~yllmHMH CBOitCTBSMK: 

Ha. ~ + He Ha = 2 'lac {!) 

H0 ~ H2 ~ f4 = i (2) 

Kax cJie,llcTBHfl OTCil,lla noJiyqaeu 

1 aCcp'~ H H .H H H - - i 
5! E. a & c I' </. - ' 

L €a&cf>q. H H /1. H_ "='-if/a 
~! c c . I' '1 . . . , 

4 

~de-. 

• I .. ·. 

'::> 

.i. <- cdc p q H H ) 
3! u .·· c p 

aB~pq H~~-i{lll 
f. .. ·9 . . 

E ct
8CP9 .-:noJIHOCTDil~ 

Hille ckoOxH·oaaa'IJall 

· < Ha ~ J [HB~ 

< J lila flc}J l 
r;zte CKOOKH <, > 08H 

·< 
· I. CnHaopaoe 

. . 

MYJIHPOBSHHOMY ;ztJlfl : 

3THM YP8BH6HH6M B:.' 

a HII6HHO: 
.. ·H 

ConpHa:eaaoe ypaBHeJ 

rv 
· 2• PaccMaTpKJ 

;ztonycKallT npocTpaac 

mHe MHP aa·;ztBe 'IJSC~ 

CJIYZHT:b o6paaou npc 

paa;zteJIHmman MHP rHr 
. . . 

rHnepnoBepxaocr~>-: Ha 



IPOCTPBHCTlleHHO- · 

nmettable !POPULI, 

·ds2= 'l"'fl f}fi. 
. -.fJ iJ . 

~tt e = .f· -',11. 
0( tX' ()t . 

1 : iji = oy* Ho 
1 HotHp 
~ c.J"'.P" . cr, 

t~ 
0 i ~] 0 0 

H= -~ 0 0 0 ' : 2. 

0 -i 0 0 

(I) 

(2) 

1 --.; 
i 

-\. 

1 
1 
·( 

-· I 

\ . 1: . 
. ' . 

l 
L 
1 
"! ' 

1. "aCcpq H H H = i rHaHB] . J_,.E'!;_CcnH!'H9 =i(Hail'liJ, 
3! IJ . c P 9 .. L' ' 2. . . . .. 

,.s,,q H'l ~~t{H"H'ff'H'), s"c'"= -i/if"H'H'fi"H$3> 

£a6'cp 9 .-nOJIHOCUlll 8HTRCIIIMM8TpH'IHblll T8H80p,C' 0123~=-f, Klla~paT
Hble CKOOKR '08H8'18lllT 8Jil>TepH!o1pOll8HHOe npOH8ll8~8HHe MaTpll!nj 

< Ha. ~ 1 {He fie}> = 1l'a8· ~ - 'l~c He ~ (4) 

< J A fie}> 1 /if, J4] > - £ fila fl,f'lcf> - #f. fl,) ?., + 

,·- +j[H;,Ha}'lc'l - J. [H,flc]IJo.? ~5 ) 
r~e CKOCiKR <, > 08H8llalllT .·KOMMYTBTOP ' . . 

.. < P~ Q > = PQ - Q P (6) 

· T. CnHaopaoe no11e Iio~'IHHf!eTCfl ypaBHeHIIIlll JlHpaKa, c~op~ 

MYJIHPOll8HHOMY ~fl PHMBH0¥8 Mlllpa B.A. q;OKOM/
3/. MJi llOJll>3Y8MCfl 

aTHM ypallHeHHeM ll TOI ~PapMe, KOTopym npH~aJI 'eMy 9. KapTaa/
4
/, . 

a HUSHHO: 
H " _ imcH~ . 'f:., - -f,- 'I'. 

(7). 

ConpHxeHHoe ypaBHeHHe J(HpaKa HMeeT BR~: 

- Hv ·imc -H'* If. =--r v ,. h • 
(8) . 

·2. P8CCU8TPRB81lTCfl TOJll>KO TBKl-18 p~MBHOllbl MRpLI, KOTOpble 

~onycKBlllT npOCTp8HCTll8HHO~ll0~00Hble· rHnepnoBepXHOCTR, p83~8Jlflll

lllH8 MHP HB ~Be lt8CTH. 0~H8·H3 OT~8JlfllllllHXCfl·ll8CTett MHpa MOlleT 
' " . ~ '. ,, . 

CJIYll.HTl> oCipaaou npowe;~~w~ro, ;~~pyraH - oCipaaoM CiY:AYI!lero, caMa :xe 

paa;~~eJif!lllllaH MHP r_Rnepnoliepxaocn - oCipaao~, aacTOHI!ler~.- TaKaH ,· · 

runepnollepXHOC~~-H83LIB88TCH llOJIHOll H OCi03H8'188TCfl CiyKBOlt ~ •. 



llpe~no.iiaraeTcH, qTo pemealie ypaBHelilria·JlHpaKa BO Bceu npocTpaa

CTBeHHO-BpeueHHOM MHpe P1 O~HOSHaqao_ aa~aeTCH aaaqeHHHMH CllH

HOpHoro nona aa nonao~ runeprioBepxaocTH L • Ha cauoA ze rH-· 

nepnoBepxaocTH L cmiliopa~e none uozeT OHTI> aa~aao npoHaBonLHo. 

3. Ecnu cnHHopaoe none u y~oBneT:sopaeT ypa:saeHHil (7), 

8 CnHHOpHOC none if - ypa:BHeHHil (8), TO HHTerpan 

( 7i, u) = iJ i//1, [Qi 02 QsJ ll 
. ~ (9). 

He 38BHCHT OT BHOopa nonaoA runepno:sepXHOCTH ~ ~ K:sa;ztpaTaue 

CKOOKH 03H8~8DT S;zteCL anLTepHHPOBSHHOe npOHSBe)teHHe MBTPHU 
. 0( H . Q. (1( H /) nor. H . « ot' 0( 

Q:t = .q:t oe, 2 = ~ 0(, (){J = "J-3 oc, r;zte ~ , f/2 , fj.3 - BeK-
Topu sneMeHTBpHHX cue~eHHA no rHnepno:sepXHOCTH ~- • ·ECJIH,, 

aanpHuep, rHnepnci:sepxao~n aa~aaa ypa:saeHHHMH tor= T~('J.~ 9:9), 
1. 2 :1 "' . c< ot"iJT"'J1 

r;zte lJ , tj , (/ - napaUeT~Ii H8 L. , TO .. fj.t . = f/"1 ofj.:t ctfj, • • • • 

4. CnHHOpHOe llOJie KBSHTYCTCH' COrJISCHO CT.STHCTHKe ~epMH. 

liHHMH. CJIOBSMH, .TpeOyeTCH, qTOOU napa IJ' , ij nopOZ;lt8JI8 .(Oec

KOHeqao-MepHym) aJireOpy KJizqxpop;zta. reaepaTopu anreopu Y-' , , ij 
Ha llOJIHOA rHnepno:sepXHOCTH nHHeAHO HCS8BHCHMU. 06~HA aneueHT 

r;zte 
>#< 

JIHHeAaoA o6onoqKH reaepaTopo:s anreOpu paBeH Ll+ ~ 

U=('f~U)~ v*' (v,«r)? 
(IO) 

Ll , zr -HeKBSHTo:saaaue cnHHopHHe noJIH. nonaraa 

( u + v*J 2 

= rv-, ~)~ (II) 

Mil BBO~HM CK81IflpHoe npoHSBC;ltCHHC B 06onoqKe reaepaTopoB. 0T- . 

c11~a cJie~eT, qTo :Bee KounoaeHTU' cnHHopaoro· .noJIH <p aHTHKou

MYTHPYJIT ~pyr c ;ztpyrou. PaBHHU o6paaou, aHTHKouuyTHPYI>T ~pyr c 

~pyrou u Bee KounoaeHTH cnHHopaoro noJIH y; • lila (II) CJie;ztyeT 

6 

1 
/ 

, 

TSKZe, qTo 8HTRKOI 

{U, VJ= i 
H qTO 8HTRKOMMYT8~ 

ypa:BHCHHA (7) H (f 

npOHSBOnLHO aa;ztaH~ 

:sop~nT ypa:saeHHHM 

lJ (X) = i J 't, 
r' 

lf{X) =if 7/ 
!: 

BBH;zty nRHCAHOCTH.Y 

OT TOro, HBnHilTCH . 

BSHHHMR nonHMH, T8 

BHTL 'f , a B ~OPM 

5. KounoaeHTIX 

~v B npOHSBOJI 

llie BM;lt, KSK H B nn• 
KOOp;ztHHSTaX: 

J,, = 

T - ;_~(..:.H rv - T lf' r 

liiX )t~BepreHUHH paBl 

~f4 J .= 
.r. 

6. Ilycn onepa 



o Bceu npocTpaH~ 

l3HS'IleHHHM'Il CDH

Ia cauoA se ri-· 

i]J.8HO npOH3BOJILHOo 

ypa.BHeBHil (7), 

~pan 

(9). 

~ ~ KBa]J.paTHHe 

3]J.eHHe M8TPHU 
o( (I( 

'/2 , '/.3 - BeK-

11. L . EcJIH,· 

?at'= To(ftJ~ q:q), 
« 0( "iJ T'J. :i 
~ = f,., 'Oi.i.1 ft •••• 
aTHCTHKe ~epMHo 

nopoli]J.8Jia.(Oec

anreC5pH 'f/ •' f 
•· OOIIIHA aneueHT 

>It 

U+ V r]J.e 

(IO) 

. (II) 

reHeparopoB. OT

IOJIH 'f/ BHT.HKOM

tOMMYTHPYDT ]J.pyr C 
' . 
• ~a (II) cne]J.ye~ 

- 'I 

I -r 
1 

J 
l 

I· 

TaKze, liTO aHT11ROL!I.4yTaTop { U, VJpaBeH 

{ U, V)= uv* + V~U = (il, uJ 

11 liTo aHT'IlKOMMyTaTop {r(xJ, 'fM} ]J.aeT pemeHMe aa]J.aiiH Rom'll ]J.JJH 

ypaBHeHHA (7) H (8). ~MeHHO, eCJI'Il CllHHOpH~e llOJIH lt , £r 

(I2) 

npOH3BOJILHO 3~].1.8~~ H8 llOJIHOA rHnepnoBepXHOCTH ~ 
BOpflllT ypaBH6HHHM (I) H (2), TO BO BCeM MHpe t1 

"' YJ.!Ol!JJeT-

. . 

urx> == i J {rrxJ, tfr'JJ} ~[Q1 02 Q3] uryJ_, (I3) 

E 

V(X) =if 7/(Y) H,[Qt o2· Q3]{lfJf!J). fjrxJ}. (I4) 

~ 

BBH]J.Y nHaeAHocTH ypaBHeHHA (7) H (8) aTH wopuyn~ He aaBHCHT 

OT Taro, HBJIHKITCH JIH DOJIH ll , 7/ KJISCCH'IleCK'IlMH HJI'Il KB8HTO

B8HH~M'Il. llOJIHMH, T8K liTO B WOpMyJie (!3) H8 MeCTO U L!OJCHO CTS

BHTL 'f , 8 B WOPMYJ!e ( I4) Ha MeCTO if MOltHO CTSBHTL: Y' 
5. KOMDOHeHT:bl BeKTOpa TORS J? H TeHaopa 3HeprHH-HMllYJILC8 

jr?v B npOH3BOJILHOM OpTOrOHSJILHOM penepe HMellT TOIIHO TSKOA 

liCe BH;zl, K8K H B llJIOCKOM npOCTp8HCTl!6-BpeMeHH B ]J.eKapTOBilX 

KOOp]J.HH8TSX: 

J,, = e 'f Hf4 'f , 

T,-.v = ~t, ( lf H,. 'r" - fv H,. ~ 

~"J =0 r ' . ',. 
6. IlycTL oneparop_K oOna.z~aeT 

( 15) 

+ lji Hv 'l'r - r,. Hv r). 
(I6) 

(I7) 

i 
' ! 



~.I ;,-• 

'_,. 

,... 
Y.7tOEJieT:BopaeT ypa:BHeHHil (7), TO _14 Ko/ Y.1t~llJieT:BopaeT ypa:BH6Hl4JJ 

(7). Jf1Jc5oMy T8KOMy onepaTopy COOTll6TCTllY6T llTOPl4llHO Kll8HTOll8H

HN! onepaTop 
" Si- . " 

(lf',K~). 
(I8) 

B qacTHOCT~, TBKMM llTOPRllHO K:BaHTo:BaHHNM onepaTopou HllJlHeTca· 

onepaTop aapa]ta . 

e J J··d6~ = ··- e:(' ip '1'). ' ' I" ' , . (I9) }: .IX . . . . . . 

7. EcJIH EeKTopHoe noJie K Y.7tO:BileuopaeT ypa:BHeHHil KHJI-

JIHHra {J)fU f( + ;})v~=r TO onepaTop -· . 

K" =- ifi[ Kr< :lJ,.. .+ ~~ (:l)oc lf.:J3)H~H~J-
. . . ,. ,, . . . (20) 

. v i f ' 
ROMMYTHpyeT c onepaTop_oM H ZJ'II- ';c H H, · cJie)to:BaTeJI:oHo; 

Oc5JI8,7t86T _CllOltCTllOM 6. COOTll8TCTllYilii!Hii llTOPHllHO Rll8HTOll8HHN1t 

onepaTop pa:BHffeTcH . " " 'J v Ji = (tp, It lf) 1:. T~"v If do~. · .. C2I) 

Bee eaJioZeHHoe :Bu~e no,7tpoc5Ho o6~HCHHeTc& ll pa6o~el11. 
eM. Taxie/5/. 

§ 2. :pa:BH8Hl4e nHpaKa B cWepHqecRoM· M14p~ . 

CqiepHqecxn« Ml4p ,1te CnTTepa uoJtHo npe)tcTa:BHTI> :s :BM,ite O,itHo

nciJiocTiioro rHnepOOJIOM)la z\, tt'aBXX~~B flHTHMepHOM' MI1~e: llyaH~. · . 

xape-MHHKoiJcHoro. EcJIH oooaHallnTL ~ 0

, s 1 
, 5 ~ ,r xoop]tHHaTu i 

Il Ml!pe )le CHTTepa, TO rHnepe50JIOl4,1t MOlltHO 38,'ll8TI> CHCT8MOit ypa:B

H6HHif Xa=:.>ofVa.(?o,~~?!?;,r.zte '1acNaNf:l_ noc5aBHB_ f~~dz 
. . ~ .. 

K OpTOrOH8l!I>HOMy 683IWy j B MHpe ,'lle CHTTepa, MU noJiyquu OJ 

u 

-

r 
.l 

1 I 

TOrOHSJII>HUlt 083HC 

'1 dxadxc = n ~· 
aC "lao' 

noJJelt e~ , e4 =;a~ 

)lOCTHraeTCH OpTor~ 

COOTll6TCTll6HHO,~~ 
HSJII>HOCTH 8CTI> ~a 
-a . xa ' 

.L't = y ··L, 
CllH3HOCTl4 Il flHTl4Ue 

. ;· ~ , ~ m .. -- J 

= fl. mn L a ec L i 
CllH3HOCTH ll MHpe A 

s T8K8H, . 'QTO 

(-J.)p s~-JHa.S 

~'SH -i (-1) aS = 

r,'lle (-1/ = def (i 

qiaKTHqeCKH ,'l!JIH npoc 

i H"H' c 71 wa&c f .= ~ 

3aMeTHu, uo _e'f. L 
"OS - .. 
-:::: o • Kpolle 
Q~ . 

.L . HcrHtfe ': 
~waGe 

· lloJiaraa lf/ 1 
= S If 

S -.1 'f. = e v 

;J 



iOpHeT ypaBH8~HJ). · 

ipltlllBO KBS~TOBSH,;. 

(!8) . 

?STOPOK HBHH8TCH. 

, o/). (!9) 

ypaBHeaw:i KH.ri-

(20) 
1!8)10B8T6Hl>H0i 

0 KBSHTODSHHLI£1 

. . (2!) 

. B.·.pa6oTe/I/ 
\. t ' ' 

lBHTD l! Bltl)IC O;ztHO

lpBOM' 1.111pe; llyaH:_ 

~. <t 3 
KOOp)IRHSTU 

11> ,CRCT8KO£l ypaB-

lBHB ('~ dz 
repa, uu nony'qHU o~ 

1 
! 

--i 
... \ 
. l 

l 
~ \• ~ 

·I 
~ 

l 
1 
I 
I 

I, 
I 
I 
! 

\· 
.i 

·.· 

. a 
TOrOHBHl>Hhl£\ .683ltiC .f B llHTitiMepHOM Mltlpe, TBK 'qTO 

t'f
0

g Jx"dxC = flacf"f 6
• ]lyaHl>Hhl£1 6a3RC COCTOHT lt13 BeKTOPHLIX 

none£l p,.,, e
4 

= ;"z . · Ilepexo;zt oT 6aa1t1ca. fa K 6aaHcy dxa. 
~a 1/ . 

.nocTHraeTCH opToroHaH:DHLI':f npeoOpaaoBaH..,Heu dxa.=Lc!, f0=L;clx~ 
c -b . 

CoOTB8TCTB6HHO, ~ =L eD 'ea =La ! 8 • YCHOBHe opToro-
'OX a b oX ~, ,.. L-a a. 

HaHl>HOCTH ecT:D 17. L = r;, L . MollHO noKaaan, 'liTO J1 =), x , 

L
-a xa a:; (1 em a fl .flll . 

't = T La =. ~<>. ' La. = '? ey X a • Kos<Mml\H8HTbl 

CBH3HOCTH B llHTitiMepHOM MHpe B 683HC6 fa paBHbl WaRt: = 
. : = It mn [ ;; ec l; , npH'Il8M W<¥)3 11 HBHHIJTCH KOSqJqJI41:\It16H~BMH 

"" CBHaHoCTH B MHpe ;Ae CHTTepa B OaaHce f . CymecTByeT MaTPHUa 

s TBKSH 1 . 'liTO 
PSHaC'-t-L a:l/1 

(-i) v - c ' P -i as L,..._aHC 
c-D s~ H = c ~ (22) 

(-J.{S- 1 HaS=L!He ~ 

r;Ae (- i / = de f ( L ~) . Cor nacHo TeopeMe, ;AOKaaaHHo£1 ii/ 
qJBKTH'tlElCKH )IJIH npoc.Tp8HCTBB~Bp8M6HH JII000£1 paaMepHOCTH, HM86M 

1 H"H'fc = J.. S-1H S d (S-
1
HaS) = S-

1

.dS. 
71 Wacc . 't ·. a . . ·. (23) 

~ h ';} ~n . 

3aMeTHM, 'liTO e" Lc =~Lc= 0 H, cooTBeTcTBeHHO, wa 89 =0 

'0 S == 0 ~ • Kpoue Toro, w ,_ = 4- tz • CJie;AoBaTeJil>HO, o'Z o<7V · G <>'II 

t . HcrHtfc- ..L . Ho<HP v t 4- "- -:t v 
7f Wacc . - " wo<~Y f + 2z Hill/ f - s f evS. 

. lloJiaraH If/ 1 
= S 'f , OTCil)IB li8XO)IHM 

w = s-t '-LH H"S-~w' 
fv ev 'f 2 'Z y I • 

(24) 

9 



' . 
\: . 

1\ ~.: . 

,!! 
~~ 
!I~ 

1/ 

:· 

.. 

Tax KSK 
s+ H =· c-:t.{ H s-:-1. 

0 0 . ' 

(25) 

~0 if,= y'*Ho = et{ip s-:i ~ IT0.11~C5HO (24) H8X0.11KM 

lf. ~ (-t)"[ (e,if'JS- /'2 if'SH"H-~J. . (26) 
v . . . . 

PacCMOTPHJd Tenepl>, KaK npeoe5paSYJlTC.H ypaBH8HK.H . (7) K ( 8) . 

npH nepeX0.118. K C5aSHCY rJxa • PIS (24) .14 (26). DOJiytiae~: 
v ·. · -c f . . ~ . -i. . ( z . 'me) H. ~8·-.~ , 

_H 'fv- T H 'I' =:HS eve;':-· -z+ ~ . ''f/' 

. . 2 . ) ;SH.j 
" P . • v . lmC y; . 

'l'v H" + i;c ijH =(-i) [re.,ij'JSH -(z- T . 

CorJiacao (22) KMeeu 

' p s " -f. L 4 g X g I X (-~) H s .. = G H =I ./ H = F . (27) 

H . 
-'r v -i · Lv c a. e " c e () X 1 'd 

. C-:f) SH S ev = tHe, =Lc H ea.. -::Lc He" = H axt- ~ d~: 
PIH8l18 DOCJie,llHee pa:aeHCTBO MO:IHO H8011IC8Th B BH.118 

r v -:! a 
'l (-1) S H S e = H m 

. v a ·' . (28) 

r.11e 

•. 
. 'Gl 4 C'O m =~---xx-.-a 'Jxa. Z a. oxB (29) 

- reaepaTOPLI KOH<.f}OpMHLIK npeoe5pa30B8HHii rHnep60JIOH,ll8 'l = i 0 o 

C nouo~l>m <,PopuyJI (27) III (28) aaxoJtzu, 'liTO ypa:aaeHH~ (7) npeoe5~ 

pasye~CH B ypaBH8HHe 

Hacr: = ( ~ + i;cJX <r' (30) 

IQ, 

:~ ' 

'""=" 

"7• 

'f 
. . 
'· 

f 

i;-"'~-

a ypa:alieaze (8) 
_,HI 

. lfa . 

I 

r).le lf-'a ·= ma 'I'' 

Ypa:aHeHH.H (30) 

npHH8J1Jl8liiiiT III .11 

.1 a· 
'-HH 2 . 

. f• -/'. 
· 2 '~'ac 

I 

r).le 'fac = n 

tnat. = 
-lleKTOpH!ie DOli 

. STHM ypaBH8HHHM 

1. t:~HC z H triaC= 

Tipeoe5pasoB. 

T8K K8K K8:1.118.H . 
.-· . " 

.. O,llHOMY H ~ouy': ll 

mc:1m a 

Kax,llaH HS_ qe~HP 

III TOllY 1:8 ypa:SH• 

·.mam·· 
a 

8TH. ypaBH8HH.H ~ 



(25) 

uaxo;nHM 

'fv} . (26) 

18BH6HHH (7) H_ (8) 

i) noJiyqae~: 

imc)H"S-L , 
., - 'f ' 

. . t 

(~- T);p'SH}. 

fX (27) 

, c(J x1'd 
'-le;, = H ax'- Zt)~: 

I BH;ll6 · 

'(28) 

(29) 

nep6onoH;zta Z = z o • 

ypa:saeHH~ (7) npeo6~ 

(30) 

--· 

8 ypaBH6HH6 (8) - B. ypaBH6HHe 

. ~I Ha. ( 2 -~- imc) w __ 'X 
_lfa. ·= z-T T. (3!) 

- I 'r - '-- -,. 
r;ne lf'a. = ma 'f' ' . 'fa. - ma 'I' • 
YpaBaeaHH ·(30), -~ (3!) yKaaaaH Jl~paKoM B pa6oTe/

6
/. EMy xe 

npHH8]lJI6XHT H ;npyraH c])opMa aTHX ypaBH6HJdt, a HM6HHO: 

:1 .. HaHC lf' = (2 + imc'l) If, 
.. 2 aC I; . 7 (32) 

..L--l HCYHC = ( 2 _ imc'Z. )if' 
2 lf' aC · - n ' (33) 

r;ne 

(34) 

-B6K'.rOpHH6 llOJIH KHJIJIHHra Ha r:r.mep60JIOH;ll6 ~ ~ ~ 0 • llepeXO;ll K 
. . 

_ STHM ypaBH6HHHM_COBepmae'.rCfi C llOMOII\bD TOZ]l6CT:Ba 

.i..HaHc m -= L ( XHa.-HaX) L = _!_XHa.ma • 
2 . _ . aC -·. 2 , -_ . _ . oX4

: Z (35) 
~ -' 

'S . llpeo6pasoBaHH6 'f = 'J' CHJibHO ynpOII\aeT ypaBH6HHe (7), 
. ·. . . , . . 

. ·~TaK K8K .KaJt]laH HS '116THpeX KOMUOH6HT. · cnHHOpa 'f Y1lOBJI6TBOPH6T 

. O]lBOMY H TOMy'.:&e ypa:BH6HHD. DTOporo nopH;nKa, a HM6HHO: 

~cz m .'f' I = (·2·+ imC~)(f _ i~C 'l) 'f I 

a . ' · 11 · · n · • . (36) 
_, 

Ka:&;naH KB_ ll6THP6X KOMllOH6HT CnKHOp8 Y' Y1lOBJI6TBOPH6T O]lHOMY 

H TOMY :&e ypaBH6HKD 
. a . _, (2.. ~ imc'l)_.(·J + ;mc'l) '"' . m ma <f. :: 11 . n T. • 

. . . . . . ·(37) 

9THypaBH6HKH T8KZ6 noJiy'lleHH JlHpaKOMo MX BblllO,Zl OCHOBLIBa6TCH 

II 



H8 TO:at,11eCTBe 
A A t 

·(2+ i.M)(1-iM) = 
2
1 rna mac·= mam«, 

. (38) 
r,11e " . . a g 

M = - f H H mac + 2 i . 
(39) 

3aueTHM e~e,, qro ypaBHeHHe (30) Mo:atno aanHcaTb KaK cea

uacconoe-ypanHeHHe nHpaKa B llRTHMepHOM MHpe ITyaHKape-MHHKOB
CKoro 

r,11e 

HQ ():a o/ = 0 ~ 

1J! = r' 
• 2 
Za 
.zz 

- !!!:!.!. ~ e t. 

(40) 

(4!) 

§3. CuanRpHoe npoHaBeneHHe B npocrpaHCTBe pemeHH«. 

PaccMOTPHM Tenepb, K8K npeoOpaayeTCR CKanRpHoe npOH3-

Be,11eHHe (9) npH nepexo,11e K oaaHcy dx 0
• HeTPYAHO no,11cqHT8Th, 

qro.,,.H.· r.a· ·a Q
3
ju=(-t{v'X [~X~X~X}u', 

v "L t .t. · z . ~ (42) 

r,11e ·~X = ~ ~ ~'!" , •••• 8To noanoJIReT npeoOpaaonaTb nee 

-~OpMyJIU, KOTOpUe BUp8:at8~TCH qepea CKBnHpHOe npOH3Be,11eHHe (9). 

HanpHuep, eCJIH CllHHOpHoe none r' 38,11880 Ha llOJIHo«_rHnepnpnepx

HOCTH ~ _H YAOBneTBOpfleT ypaBHeHHll (30)J, TO DO BCeM MHpe ,11e 
CHTTepa · 

tr'rxJ= iJ { lf'rxJ~ rhJ] ~[~X ~X ~X]'f'r!!)~ 
£ (43) 

r (x) ~ ij r-(yJ X [d.tX ~X ~X]{'f'r!IJ~ lf/(xJ)_ 
i . £ . 

12 

!. '.' 

...__ 
., 
! 

-l 
'l 
( 

't 

• I 
~ 

1 

-'"' 

ABTHKOMKYTBTOp-cn~ 

cJieA~mHM oOpaaou: 

{ if 1(x), lfi'ly)}: 

flBBOe BLipazeHHe.,I~JJ 

K qMcJiy nonafl 

nnR Hee 

. __.;._, X [' I v 
L v - ai.A z 

r,11e d £ -. 3JieM6HT . 

§ 4. BeKrop T 
. , a 
B Q83HC8 f KO 

3HeprMM-HMllYJIDC8 p. 

J_, H T,a. = 1;'1 . 
I 

J~=L=~·' 7: 
(26) H8X0,11HM 

j , - e -,x 
a. -e-'f ' 

r_' _ it ·(-'X 
a_B - 4 •i; 'f ( 

r,1te Xa =maX. ~ 
§ 5. OnepaTop~ 

Tenepi> u~ nepE 
Oonhme nMcaTI>. mrpr. 
nenMqmiu K Oaancy c 
38BHiiiM B § I, ,118liCT 

B cnyqae Jte.CHrrepa 



a m m4 , 

. (38) 

(39) 

aanHcaTI> KaK oes-

: .. llyaHKape-MHHKOB-

(40) 

(4I) 

~CTBe pemeHHtt . 

~acKanapHoe npoHa

TPYAHO no~cqHTaTI>, 

X cl. X ~X}u', 
·. 

2 (42) 

peoc5paaoEaTI> :see 

e'npoas:se~eaae (9). 

. nonaott rHnepnoEepx

'O BO. BCeM !H!pe ~e 

:X d3X] 'fryj, 
(43) 

r(r {y), lji(xJ}. 

I 
t 
1 

:·r· 

ABTHKOUKYTSTOP·CnRHOPHOrO nona, oqeER~Ho, npeo6paaye~CH 

cRe~yml!lRM o6paaou: 

{ •y'cxl, if'I~J} = r-1/ S (x) { 'f(X), ifi~!}S-
1

£'!! .(44) 

flBBOe E~pazeHHe ~na 8HTHKOMM~T8TOP8 (44) nonyqeHO B paOoTe/S/. 

K qHcny nonHlxX OTHOCHTCH rHnepnoEepXHOCTl> . 'Z = ~o 1 X
0
=0 • 

JLna Hee 

-~X [ 'Xd Xd X]u'=to3
v-'*u'd2 ., 

1. v - aj_ 2 3 (45) 
'Z . .· 

r~e d £ -. aneueHT oOlleMa e~RH~m1olt · TpeXMepHo~ · .. ci!Jep~. 

§ 4. BeKTOp TORS H TeHsop ~meprHH-HMnyni>ca 
~ . 

B 6aSHCe :(KoMnOHeHTLI J,. EeKTOpa TOK8 H T,.v TeHaopa 

SHeprHH-HMnyJII>C8 paBHHIDTCH (!5) H (!6) 1 OCT8Jll>HL!e KOMnoHeHTEl 

J~r H 1';a =~'I pa:sHHilTCH ay.mo. noa-rouy B Oaal'ice dxa~u~eM· · 
' "'J. ' Lt~L" T (22) 2 J(X. =La I"' Tas = a. d r" c noMOI!ll>ll I!Jopuyn '' ( 4) H 

(26) H8XO~lU4 

J: = ~ if' X o. '~' ' < 46) 

T, = i.! (w' X lf. I,- ~I X a. r '+ if 'Xc Cf: - r: Xc r}, ·. 
a.B 4 'Z; 1 a C "' 

ue Xo.=m~X. TaR xCI.ma==O I TO xa~~o, xa 7;.;=o . 
§ 5. OnepaTOpb! :B npOCTP8HCTE6 pemeHldl 

Tenep:& MEl nepecTaHeM o6p811\8T:&CH K Cl8SHCY f H He Oy~eM 
- • '~ c ' -· 

6om:.me nne aT:&. mTpux, oaH~qaiOI!lld npHHa~ne:aaocn Tot\. Iim1 .HH0£1 

llOJIHq~!Hbl K OaaHcy cfx .•. OnepaTopu~ oc5na~aiOI!lRe cEottcuou 6, yKa

saBHbiM B § I, ;neitcTEYEJT ll npocTpaacne pemeHHit ypaEHeHRH ;l!HpaKS. 

B cnyqae . ;ne · C~tnepa Hue eTCH .~eJ.IaJl · rpynna :seci>M~ .IIHTepecHliX one-

l3 



paTopoB Taxoro po~a. YpaBHeHHe ~Hpaxa (32) MO~Ho aanHcaTD B 

M" mw m- mc~o . 
~H.zte If= r , r.zte - ~- C5eapaauepHul napaweTp, 

t1 -onepaTop, paBHuM · 

,:(= - ~ [ HrH"'Imr'l + 2 i 
A 

(47) 

no aHanorHH c ~ cocTaBHM onepaTopu 

. M a= _j_ rHcxH"H"'1m + 3iJ(~-
. 2 Ll J P'l 2 , 

' . . c . 
Mali=-~ [HaH&HPH 9)mf<t + i {H

01

H J, 
(48) 

M~~c =- ~ [H 01 HilHcHpHq]n1plj -i- ~ [ H(l{HCHc} 

. 
H ,l!OK8EeM, qTO BCe OHH KOMMYTHPYIDTC f1 J.f~.zteMCTBy.DT 1 T8KHM OC5-

pa30M, B npOCTP8HCTBe pemeHHM ypaBHeHHH ~Hp8K8. 

UpeE.zte Bcero HMeeu· . " 
MaCe = _l._ £aCcpq ]{ · 

2 ft f"l (49) 
. . A A 

M" a. i ctGcpq K K' 
= 't'hz. C Cc P<i 

r.zte 

J{pq =- ih ( mP'l + ~'(HrH 9 ]) (50) 

- onepaTopu BH,l!8 (20). 0HH COOTBeTCTBYDT .BeKTOpHNM llORHM r.npq • 

B CHRY (5) H T8KHX Ee KOMMYT8UHOHH~X COOTHOllieHHl ,l!11H mac H m,
9 

C5ea Tpy.zta H8XO,l!HM, qTo onepaTOp!:i fCp 9 KOMMYTHPYDT C ft • Cne-
" .ztoBaTeRDH·o, KOIUIYTHPYDT c M H onepaTopu (49). 

• " B " 
~oKaEeu TenepD, qTo H·onepaTOPH r1a KOMMYTHPYDT c f1 . 

~hfeeM. 

< r1 ,Mac>= 
r.zte 

< /11 Bi ' 1/2 B2) + < fl1 81
1

, i{HaHC} >, 
(5I) 

14 

y 
• i 

') 
r--

J 
{· 
i 

I 
I 

.i 

--

"1 

__ ,..;-~ 

II =-l[H'Ws 
:1 2 ... 

llOCKORDKY onepaTC . . 

81 H 8
2 

, TO 

< fi.t. Bt ·~ ; 
BocnonD30B8BWHCD K 

H q>opuynaMH '(3), H 

1/z/Jt <B 
c nouo~b~ (3) H (4 

< 111 ~ Jl2).. 
H, .ztanee, 

·<~7.112>81.82= 
CKR8,l!l:iB8H (52) H C 

< II,_ B.LJ A~. 
C nouo~bD (5) H (3: 

< 111 81 , i{HaHJ: 

3aueTHM Tenepb, qTc 
YJ Gs c pacf9. 

cs pc. U9 -7 E 

8HTHCHMMeTpHqHa no 

npHHHM8DIIIHM T011DK0, 

HyniJ. STo noaBOJlHeT 

<~ ~, i{H 0
H1]>= 

OTKY.zta nerKo H8~TH 

r' 



10 sanHcan Il 

itt napaueTp, 

(47) 

(48) 

T!lyi!T, TSKHM OCl-

(49) 

(50) 

lpHfiM fiOJIHM mpq • 

I:IHti ,ZIJIH mac .lr1 mf9 

PYI!T c . R . Cne-

). 
. "' 

yTHPYilT c M. 

II = -l[JH~Hs1 Jl. =- iJHia'HcHrH97 8 m 8 :r. 2 . J, 1 2 2l' J:J 1= -zs'' 2=mn· 

nocKOJII.KY onepaTop!:i ~ • H !12 xouuyTwpynT c onepaTopauw 

8
1 

H 8
2 

, TO 

BocnOJI:bSOil8IlWHC:b KOMYYTSUHOHHHI:iiiH COOTHOWeHHHMH ;ztJIH m'Zs lr1 ml'f 

H WOPMYJISMH.(3), HSXO;ztHM: 

/lz/11 < 81,82) =- i C. aCp9c He {HsH9} mps ·(52) 

C fiOMO~:bll (3) H (4) HSXO;ztHM 

<II ll > _ i ·( a~f'I'ZHs- c.at'r9sH-zJ 
1.' 2 . - 2. c ' . 

"~ ;nanee, 

· . aCp9~Hs . atp9c .· < ~~ .112 > 8.1 82 = t. c . . m-zs mn =- t. c ~??,, 11,.(53) 

Cxna;ztl:i:BSH (52) H (53), nonyqaeM nep:Boe cnaraeuoe B ( 5I ). 

< ~f1.t,Ar.82 > = ~ i Ea&pqe Hc.HsHq mps . 
(54) 

C nouo~I.Il (5) 1r1 (3) nonyqaeM BTopoe cnaraeuoe Il (51) 

II B . rHaHc] .- i( Cs. pactv as pCcl9)H.Ii H. m . < 1 1 ' l. [I > - 3 '1 c. - '1 e t: e ~ "{55) 

3aueTHN Tenep:b, liTO KOUClHHSUHH 

'1 Cs C. pa.d9 _ YJ's £ Ca.c eq _ '1 as£ rCc lt; 

cs· pQ&f9 es pa.ct9 ht(St::'pactC 
-~ E · ·-t] E. -, <-

aHTHClr1MMeTplr111Ha no meCTlr1 HH;zteK.Cilt.: {, f, a, C , f,. lj.. , 

npHHHMSilll!HM TO.JI:bKO. fiHT:b SH~ll(lHHt\. CJie,ZIOBSTeJIJ>i:::O: OHS paEHHeTCH 

HYJIIl. 9TO fiOSilOJlHeT npeoClpaSOBST:b (55) K CJie.liYilllleiJy IlH.Aj: 

< 
4 81

, i{HaHe] >: j f'lcs£l'at_lf + 'lfscpact''i + '19s[ rae!~~ He 1ft '"rs,' 



<fl. 8 , i [HaH~ > =.i c atr'~c.H Hsl(; 
1 t ' . c 9 ., ps • (56) 

CKJIS].lHBSH (5~) H (56),, HBXO].lHM, liTO KOMMYTBTOp (SI) paBHH6TCH 

HyJIJO •. 

. · B COOTB6TCTBHH _C § .I n~ 6 onepaTopau ( 48) CO()TB6TCTBYDT 

BTOpHliHO KBSHTOBSHHHe onepaTOpH 

" a "' " aC " aC · m = (o/, Na«r), :Jll = (~_, H r), 
" aCe - • aCcJ . 

1!1 . ={r,_M r(57) 

B saKJIDlieHHe, HapHJ.lY c (49), yKallteu ell!e TPH saBHcHifoc-. ' 

TH u·ex].ly onepaTopaMH (47), (48) H (50): 

M" aCJ- =5 'hH lla C . {. . _, (58) 

" c " ~ ,. .3 
_ L K. a · K ·:::; M M + 2 ? 

2~ 2 a€ 

1 . " " " " ' 
3 Ma.Ma_ = MM +~. 

" (59) 

3aM6THM T8Kllte, liTO TpOftKa B381dMHO-KOMMYTHPyDD!HX onepaTOPOB 
A 0 • Ho c· 1 ~ p q 3). M = - L 2 L. , H H mr'i -: 2 

. p,f=' _, 

M0
" ~ ~i H 0H"( j f.· HPHlJ.mP'i ~1)-

p,tj. = f . (60) 

..::.Hm.+H,m-+Hm +HH2H3 
- 1 23 2. :H '3 12. L ' 

MA 03~ • HoH' 3H~-(.!.. ~ H'H9m - LJ = m + .L H. H = - L . 2 .:_.. /'1 2 21 2 · .2 .L ' . ~i~ . 
nosBOJIHeT pemHTL ypaBHeHHe ~paKa MeTo].lou pas~e~eHHH nepeMeH-

aux B CqJepHti6CKHX KOOPJ.lHHBTax,·a TpoftKS B38HMHO-KOMMYTHPYillllHX " " ... 
onepaTopoB H 0 

, lf,2 , K3, .;,· TaKHM xe ueToJtou :B dHcqJepHliec-

KHX KOOp].lHHSTBX. 
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I. H.A. tiepHHKO 

.lly6Ha, !97! 

2 • J;. J\o Chernik( 
v. IX,, H. 2, · ~ 

npenpHHT mm 
3 •. A.n. KoTeJILH 

Jlo6atiQBCKoro 

4. 8. KapTaH. T 

5. H.C. illBBOXHH 

6. P .A.!.i .Dirac, 



os,. 
(56) 

p (51) paEHH6TCH 

) COOTE6TCTEYilT 

(58) 
A A i 

=MM+T. 
(59) 

1\MX onepaTOPOE 

. (60) 

t H3 , 

'm21 + ~ ~H.t 
183,Jte,neHHH nepeueH

IUHo-KouuyTHPYillllHX 

~O,llOM E 6Hc<J>epi4'16C-

.''! 

. • 

JIHTepaTypa: 

I. H.A. qepHHKoE, H.C. illaBoXMHa. ITpenpHHT O~H~, P2-6I09, 

J{yOHa, I9?I r • 

2. I;.J~.Chernikov, E.A.Tagirov. Ann. Inst.Henri Poincare, 

v.IX, U.2, Sect.A Paris, 1968. 

ITpenpHHT O~H~, P2-3777, J{y6Ha, 1968. 

3 •. A.rr. KoTeJI:bHHKOE, B.A. ~oK. HeKoTopue npHMeHeHHH H.&e~ 
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