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Ane6acTpOB B.A., EqmMOB r.B., · Cenhuep lll.3. P2-6129 

HenoKanbH8SI Teopl!SI sneKTpOMarHIITHblX II cna6b!X B381!MOAeficTBl!fi 

C W -6030HOM 

B paMK8X HenoKanbHOfi Teop1111 paccMOTpeHO sneKTpOMarHIITHOe II cna6~ 
B381!MOAeficTBl!e nerrTOHOB II 3apSI)K8HHb!X BeKTOpHbIX w -6030HOB. TTpenrrona-1 

raeTCSI, 'ITO <pOTOHHOe II HefiTpl!HHbie rronSI CBSI38Hbl HenoKanbHO C aapSI)KeHHbl 

MIi noKanbHblMI! rronSIMII sneKTpOHa, MIOOHa II W -6o3oHa. BBOAIITCSI perynSI

p113aUIISI, B paMKaX KOTOpofi S -MaTpnua KOBapnaHTHa, YHl!TapHa, MaKporrpn

'IIIHHa II rpanneHTHO IIHBapnaHTa B K8)KAQM rropSIAKe Teop11H B03MymeHl!fi. 

s -MaTpHua KOHe'IHa 6e3 K8Kl!x-n1160 6eCKOHe'IHbIX rrepeHopMl!pOBOK. 

DpenpHHT 061.e,llllHeHHoro HHCTH'J'YT8 3.QePHhl~ HCC.118,llOBBHJII . 
.ZO,&la, · 1971 · · 

Alebastrov V.A., Efimov G.V., Seltser Sh.Zh. P2-6129 
Non-Local Theory of the Electromagnetic and 

Weak Interactions with W-Bosons 
The perturbation theory of the electromagnetic and 

weak interactions is considered in the framework of non
local theory. A hypothesis is proposed that the photon and 
neutrino fields are connected with the charged.local 
fields of the electrons, muons and W-bosons in the non-lo
cal way. 

The definite intermediate regularization .procedure is 
introduced that the s-matrix is finite, unitary, causal, 
gauge invariant in perturbation theory when regularization 
is moved off. The interaction Lagrangian contains no 
infinite counter terms and the S-matrix is finite without 
any infinite renormalizations. 

Preprint. Joint Institute for Nuclear Research. 
Dubna, 1971 
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§ 1. BBelleHne 

B, H8CTOSIIUee BpeMSI cyIUeCTBY!OT )lBe MO)lenn cna6b!X B381IMO)leHCTBIIH: 

yHHBepcanbHOe - 4-~epMHOHHOe B381IMO)l0HCTBH0 II B381IMO)l0HCTBII0 C npoMe

)l{yTO'IHb!M BeKTOpHb!M 6o30HOM. C TO'IKII 3peHHSI MeTO)lOB TeopHH B03Myme

Hllll o6e 8TH MO)lenn.siBnmoTCSI HepeHOpM!IpyeMbIMH, 'ITO cymeCTBeHHO 38TPYll· 

' HSl0T If3y'IeHHe cna6b1X npouecCOB B Bb!ClllHX nopSI)lKax no KOHCTaHTe CBS13H . 

B paMKax noKanhnoii Teopn11., 

/1-4/ 
11ccne)lOBaHHe CTpyKTYPhI s -MaTp!IUbl B Teop!III B03MyIUeHHH Ha-

BO)lllT Ha MbICnh, 'ITO )lnSI nocne)lOBaTenbHOI'O ITOCTpoeHHS! TeOpHH HepeHop

M!IpyeMhIX B38!IMO)leHCTBIIH c caMOI'O Ha'Iana He06XO)llIMO np11BneKaTb MeTO)lbl 

HenoKanhHOll TeOp!III nonsi. nenCTBHTenbHO, B Teopn11 YHHBepcanbHOI'O qeThl

pex~epMHOHHOro cna6oro B38HMO)l0HCTBIISI ll B KBaHTOBOH aneKTpOJ:!HHaMHKe 

/2,3/ • ( /4/) 
6bJnO ITOK838HO , 'ITO B paMKaX HenoKanhHOII Teopnn CM. , B03MOMHO 

nocTponTh S -MaTpnuy, KoTopasi KOBapnaHTHa, yanTapHa, MaKponpH'IHHHa, 

rpall!I0HTHO-IIHB8PII8HTH8 ll KOHetJHa B Ka)K)l0M nopSI)lKe TeopHII B03MyIUeHHH. 
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0mm H3 oeHOBHb!X cpH3H'IeeKH_X noeTynaTOB HenoKanbHOH Teopuu eoeTo

lIT B eneJlYIOllleM: 
"Ill 

"Bee HettTpanbHbre nonH B3auMOJlei'ieTBYIOT e 3apmKeHHb111.m HenoKanb-

HbIM o5pa30M
11

• 

BBe)leHHe TaKHM enoeo5oM HenoKanbl!OeTH B Teopu10 npHBOJlHT 3cpq,eK

THBHO K TOMY, 'ITO npH noeTpOeHHH K03qJ<plIUHeHTHbIX qJYHKUl!lf 5 -MaTpUUhl B 

PHJlY TeOplIH B03MyllleHHH H3M0H5lIOTe5l nponaraTOpbI H011TpanbHbIX noneri. Ha

npHMep, JlnH QJOTOHa. 

I 

-k2 -it: 

3Jleeb v r-e 2 k 2 J 

JlnUHbI. 

- V(-£2k2) 

-k 2 
- i 1: 

qJOpM<paKTOp; napaMeTp e 

( 1. 1) 

UMeeT eMbien ::ineMeHTapHOII 

0TM0THM, 'ITO noHBneHue cpopMcpaKTopa B nponaraTopax Heil:TpanbllhIX 

'IaeTHU, e OJlHOH eTopOHbl, Jl80T B03MO:>KIIOeTb noeTpoeHHH KOH0'IHOH Teopuu, 

e Jlpyr·of: C:TOpOHhl, 03Ha'IaeT 5!BH00 BBeJleHHe cpyHKUHOHBnbHOf'O npOH3BOna B 

onpeJlenemrn S -MaTpHUbI. 

_ 111 
B onpaBJlaHue 3TOf'O MO)KIIO eKa3aTb ene)ly10mee. H3Bee THO , 'ITO 

Herrnpe11opMupyeMy10 TeOpH!O MO:>KHO eJlenaTb KOH0'1Hoil:, JlOn:>KHb!M o5pa30M 

onpeJlensrn T-npou3BeJleHue. 0JlHaKo TaKoe onpeJleneHue aenb3H eBH3BTb e 

lI3MeHelIH0M KOHe'IHOf'O 'IHena KOl!CTaHT, KBK 3TO 5bJnO B eny'Iae nepeHop

MupyeMoil: Teopuu. ITo::iToMy onpeJleneuue T -npou3B0Jl0HllH H00JlH03Ha'IHO, 

'ITO npHBOJllIT K IlOHBneHHJO 5eeKO!le'Il!Of'O 'IHena npOH3BOnbHbIX KOHeTaHT, 

nenH'IHHa KOTOpb!X Hll'I0M He orpal!H'IeHa, 11 HeT HHKBKHX HJleil: JlnH llX onpe

JleiieHHH. 3To, no eyTH Jlena, 03Ha•iaeT eymeeTBOBBl!He cpyHKUHOHanbHOf'O 

npOll3BOna npu noeTpoeHHH 5 -MaTpHUI,I B eny<rne HenepeHOpMHpyeMbIX 

B38HMOJleil:eTBllil: 0 

B HenoKanbHOH TeOpHH 3a.QBHHe cpOpMqJBKTOpa l!On!IOeTb!O onpenenHeT 

KOHe'IHYIO 5 -MaTpHUY, lI Beeb cpyHKUHOHanbHhlll npOH3BOn eoepeJlOTO'Ie!I 11 
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II3 OCHOBHbIX <pli3H'!eCKIIX ITOCTynaTOB HenoKanbHOH Teop1rn COCT0-

JOllleM: 

HeHTpanbHbie rrong B3aHMO/leHCTBYIOT C sapmKeHHbIMII HenoKaJib-

)M". 

,Hue TaKHM crroco6oM HeJIOKaJibHOCTII B Te0pHIO Ilpl!BO/ll!T 3<pr;1eK

MY, 'ITO rrpu ITOCTpOeHHH K03<p<pllUHeHTHbIX qiyHKUIIH 5 -MaTpnu1,1 B 

11 B03MymeHIIH II3MeH5llOTC5l nponaraTOpb! HeiiTpaJibHbIX noneii. Ha

g <pOTOHa· 

V (-f 2 k 2 ) --i( -k 2 
- i E 

( 1.1) 

'.2 k 2) <pOpM<paKTOp; napaMeTp f l!MeeT CMbJCJl 3Jiell,1eHTapuoii 

:11M, 'ITO no51aneu11e qiopM<paKTopa B nponaraTopax HeilTpanbHbIX 

)/lHOH CTOpOHbI, JlaeT B03MO)KII0CTb nocTpoeHH5l KOHe'!HOH Teop1111, , 
ropOHbI, 03Ha'!aeT 5lBHOe BBe/leH11e <pyHKUIIOHaJibHOro npo11·3BOJia B 

e s -MaTpllUbI. 

·1 /1 I aB/laH11e 8TOro MO)KIIO CKa3aTb CJie/lyIOIUee. ¥ 3BeCTHO , 'ITO 

11pyeMyJO TeOpll!O MO)KHO C/leJiaTb KOHe'IHOH, /lOJI)KHbIM o6pa30M 

T-npo11sBe/leHue. OAHaKo TaKoe onpeneneu11e uenb35l CB513aTb c 

I KOHe'IHOro 'IIICJia KOIICTaHT, KaK 3TO 6wno B cny'!ae nepeuop

·eop1111. ITo3TOMY onpe/leJieHHe T -npOH3BeneHH5l HeO/lH03Ha'IHO, 

iT K no5lBJieHIIIO 6eCKOIIe'IHOro 'lliCJia np01!3BOJlbHb!X KOHCTaHT, ' 

)TOpbIX HH'!eM He orpaHH'!eHa, II HeT HHKaKHX 11/leH /lJ15l HX onpe

ro, no cyTII /leJia, 03Ha 1JaeT cymeCTBOBauue <pyHKUHOHaJibHOro 

1p11 nocTpoeHHH S -MaTpHULI B cnyqae uerrepeHopMupyeMLIX 

TBIIH. 

0KaJibH0ll Teop1111 38.'l:BHl!e <pOpM<paKTopa llOJIIIOCTbIO onpenen5leT 

s -Ma TPIIUY. II Beeb <pyHKUH0HaJibHbIH npousaon cocpe/lOTO'leH [\ 

4 

Bb16ope qiopMcpaKTOpa, KOTOpblH uMeeT npospa'!Hb!H ~ll3H'leCKllll CMbICJI. I1MeH

HO, B cny'lae (I.I) BBe/leHue qiopM<paKTopa 03Ha'!aeT H3MeHeH11e 3aKOHa Ky

/3/ 
JlOHa Ha paCCT05lHH5lX nop51/lK8 f (CM. no/lp06Hee ). 

IlpyrHM HeonpeneneHHb!M napaMeTpOM Te Op Hu 5lBJI5leTC5l "3JieMeHTapHa5l" 

/lJIIIHa f • B HaCT05lIUee BpeM5l Mano 'ITO MO)KHO CK838Tb O BeJIU'IIIHe e . ~ 
ECJIII B3al!M0/lellCTBne /leHCTBUTeJibHO HeJIOK8JlbHO, TO e - /l0Jl)KH8 

6b!Tb HeKOTopoi\ 110B011 YHHBepcaJibHOll KOHCTaHTOll, BeJIH'IHHa KOTOpoil: 6yneT 

onpeneneua HS onh1Ta. 

EcJIH )Ke HeJIOKaJibHOCTb no5lBJI5leTC5l KaK nHyTpe1111ee CBOHCTBO TeOpHII 

(HanpHMep, HeJIOKaJibHblll qiopM<paKTOp <pOTOHa, MO)KeT B03HHKHYTb B pesynb

TaTe HeKOToporo '18CTl!'IHOro cyMMllpOB8HH5l pMa TeOpHII B03MymeHHll /lJ15l 

/5/ 
<pOTOHHOll qiy~KUllll fpuua ) ' H3 coo6pa)!(eHHll pa3MepHOCTH cnenyeT O)KH-

/laTb, 'ITO BeJIH'IHHa f 6ylleT onpenen51TbC5l KaK 

e 1 f ( a ) 

rne a = 

m 

e2 

~ 
m xapaKTepHa5l Macca (B aneKTpO/lHHaMuKe m 

Mace a aneK TpoHa ), 

I 
HanpHMep, e - a ; 

f ( a ) - HeKOTOpag HeaHaJIHTH'leCK85l no a 

1 
H T./l. 

a 

qiy HKUH 51, 

I1CXO/l5l H3 BbIIUeCKa3aHHOro, Mb! C'IHTaeM, 'ITO BBeneHHe HenoKaJibHOCTH 

npn ITOCTpoeHHH Teopnu HepeHOpMHpyeMbIX B38HMO/leHCTBIIll 51Bn5leTC5l ecTeCT

BeHHbIM ll npencTaBn5leT HenocpenCTBeHHhlll <pH3H'leCKHll HHTepec. 

B HaCT0£1I1eil: pa6oTe npennaraeTC£ BapttaHT HenoKanbHOil: TeopnH cna6b1X 

ll 3neKTpOMarHHTHblX B3aUMO/leHCTBllll C y'laCTHeM 3ap5l)!(eHHb!X BeKTOpHb!X 

6030HOB. CTpOHTC5l s -MaTpHua, 06nana10ma51 B Ka)KJlOM ITOPMKe Teopnn 

B03MymeHHH BCeMH Tpe6yeMb!Mll CBOllCTBaMn: KOHe'!HOCTblO, YHHTapHOCTblO, 

KOBapHaHTHOCTblO, MaKponpn'IHHHOCTblO n rpanHeHTHOH HHBapHallTHOCTblO. 

IloKa3aTenbCTBO YHHTapHOCTH H !'18Kponp11'1HHHOCTII B 3TOH TeopnH npbB0/lllTC5l 

~ ( I 4/) TaK )Ke, KaK B KBaHTOBOll TeOpHll CKangpuoro nong CM. • 
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B Ka'ieCTBe COCTaBHb!X 'iaCTeii paCCMaTpHBaeMaH TeOplIH BKnIO'iaeT He,.; 

• • . /2 / 
noKanhHb!H Bap11aHT CIIIIHOpHOlf aneKTPOLIIIHaMHKlf, paHee rrocrpoeHHb!H B , 

HenoKanbHYIO BeKTOPHYIO aneKTPOLIIIH8MIIKY II .HenoKanhHYIO TeOplIIO cna6hIX 

neIITOHHhIX B3a11MoneiiCTBIIll qepe3 rrpoMe)KyTO'iHblll B8KTOpHblll IT' '-6o30H, 

/6 7 / 
3neKTpOLIIIH8MIIKa BeKTOPHb!X 6oaoHOB paccMaTpnBanach B ' ' onHa-

KO rrpenno)KeJIHhie T8M CXeMbl IIOCTpoeHHH Teopnu Henh3H C'illT8Th 3aBep1UeH

HblMII, IIOCKOnbKY He IIOKa3aHo, KaK rrpOBOLIHTh rrepenopMHpOBKY B n -HOM 

. /8/ /7/ 
IIOPHLIKe -Teopun BO3My!IleHHH (cM, ) , KpoMe Toro, B aneKTpOL1HH8MII-

'ieCKOe rrone C'illTaeTCH HeKB8HTOB8HHhIM, 

§2. JI_ar_paH)KUaH CHCTeMbl rronefi n BBeneHHe HenoKanhHOCTH 

B TeopnIO 

I1cXOLIHhlll narpa!I)KII8H, OIIl1Cb1Bal01I1Hll aneKTpOM8f'Hl1THOe 11 cna6oe 

B3811MoneiiCTBlle neIITOHOB II aapg)KeJIHh!X BeKTOpHb!X 6o30HOB, BbI6epeM cne
xl 

ny1omnM o6paaoM 

2.(x) =-2-0 (x} +f1 (x) 

xi 
HaMl1 1Ip11HHT8 cnenyIO!Il8H CIICTeMa o603H8'ieHIIii: 

" ➔ ➔ 

p = pa Ya = Po Yo - P Y 

□ =-aµaµ= -a~ +a2 

Ya y/3 + y/3 Ya = 2 ga/3 

g a/3 = 0, a~ /3 

0 
a 

y (1 +y ) . 
a 5 

pk = p
0 

k 0 - p k 

aa 

2· Y
5 

= 1 

a 
a xa 

goo =-g11 =-g22 =-g33 

(2. 1 ) 

1 

L... 
6 

I 
f 
) 
i 

I 
i 

-
2-0 (x) = - ; : af3Aa(x) af3Aa (x) 

I 

\ I -; ' c,., (x) B:, Ix)' + M'' w,rx) w; (x), + 

!j - " 
+ ~ 'Pa (x} (ia - ma·) 'Pa (x} 

a 

3nech A a ( x) - aneKTpoMaf'H11THoe none, Wµ ( x) - aapH)KeJIHoe 

none c Maccoii M , 

G (x} 
µv = a w ( x) - µ V -a ·V 

W (x) ·· µ •. 

CyMMl1POB8Hlle B (2.2) npoBO/lHTC.H !IO BCeM paccMaTpHBaeMb!M ne 

nonHM ( a = e; µ ; ve ; v µ ) . 

8h16op CB060L1HOI'O narpaH)K118Ha 38pH)!{eHHOf'O BeKTOpHOf'O noJ . 
(2.26) 8BTOM8Tl1'ieCK11 o6ecrre'il1BaeT Bh!IIOnHeH11e ycnOBl1H 

a w<-, r x J I <1> •> µ µ . 0 

( rne :1 <I> 1> - rrpo113B OnhHOe qJl1311'IeCKOe COCTOHH11e Cl1C
0

TeMbi), 11CKn 

f'O 113 Teop1111 CBo6onnoro BeKTOpHOf'O rronH KBaHTh! co CII11HOM 0 

8TOM ypaBHeHl1H IIOnH 11Me!OT, a11n: . 
2 aµ c v µ r x J - M wv r x J = o 

a c+ (x) -M2 W+(x) 
µ vµ V 

0 , 

, 
7 
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caqeCTBe COCTaBHb!X qacTeii: paccMaTpHBaeMaSI TeopHH BKmoqaeT He-

" " " /2 / 
m BapHaHT CIIHHOp!!OH aneKTpo,:mHaMHKII, paHee IIOCTpoel!Hb!H B ' 

,HyIO BeiTopnyJO aneKTPO/:llill8MHKY II nenoKanbHYIO TeOplIIO cna6bJX 

IX B381IMO/:leHCTBIIH qepe3 rrpoMeJl<yTOqHb!H B0KTOpHb!H W '-6030H. 

/6 7 / 
?KTPO/:llIH8MHKa BeKTOpllb!X 6o30HOB paccMaTpHBanacb B ' ' oa11a-

lOJ1<el!Hbl0 TaM CXeMbl IIOCTpoeHHH TeopHII nenb3H cqHT8Tb 3aBepruen

)CKOnbKY He IIOKa3aHo, KaK rrpoBO/lllTb rrepenopMHpOBKY B n -HOM 

/8/ /7/ 
TeopHH BO3MyIUeHHH ( CM. ) • KpoMe Toro, B aneKTpO/lHH8MH-

:one cq1ITaeTCH HeKBal!TOBaHl!bIM. 

2. flar_p_a!!Jl<Hall CHCTeMb! rroneii: II BBe/lel!He HenoKanbl!OCTH 

B TeOpHIO 

CO/lllb!H narpal!Jl<!l811, OIIHCbIB8JOIUHH sneKTpOMarHHTHie II cna6oe 

?HCTBIIe neIITOIIOB II 3ap5IJl<el!Hb!X BeKTOpllb!X 6030HOB, Bb~6epeM cne
x/ 

o6pa3oM : 

x) =-20 (x) + i\ (x) (2.1 ) 

JaMH rrpHIIHTa cne1ly1omaH CIICTeMa 060311aqe11Hii:: 

➔ ➔ 

= Pa Ya = Po Yo - p y pk= p0 k0 - p k 

-aµ aµ= -a~+ a2 a 
aa a ~ 

y {3 + y {3 ya = 2 g a/3 
2- 1 

Y5 = 

8 = 0, a -1,. {3 g 00 =-gll =-g 22 =-g33 1 

= y (1 +y ) . 
a 5 

6 

f
0

(x) 

I 
2 

+ I 
a 

1 
-2 a13Aa(x) a13Aa (x) 

Gµv(x)G:v(x}: +M
2

:Wµ(x)W;(x): + 

... 
tfra (x) (ia -ma· }ifra (x) 

(2.2a) 

(2.26) 

(2.2a) 

3/leCb A a ( x) - sneKTpoMarHHTHoe none, Wµ ( x) - 3apSIJ1<e1111oe BeKTopnoe 

none c Maccoii: M , 

G (x) 
µv 

= a w ( x) 
µ V -a ,v W (x) ·· µ . (2.3) 

CyMMHpoaanne a (2.2) npOBO/lHTC_H no BCeM paCCMaTpHBaeMb!M nenTOl!llb!M 

non SIM ( a = e ; µ ; ve ; v µ ) • 

Bb16op cao601l11oro narpamKHana 3apmKe1111oro BeKTopnoro nonH B qiopMe 

(2.26) aBTOM8THqecKH 66_ecrreqHBaeT Bb!IlOnlleHHe ycnOBHH 

a w<-1rxJ !<I>•> = o µ µ . 

(rile :1 <I> •> - npOH3BOnbl!Oe qJH31IqecKoe COCTOHl!He CHC.TeMbi)' HCKnJOqaJOIUe-

ro H3 TeopHH CB060/ll!Oro BeKTOpHoro nonSI KB81!Tbl co CnHHOM O • _ITpn 

3TOM ypaBHel!HH nong HMeIOT BH/l: . 
2 

aµ Gvµ(x} - M WV (x} = 0 

a c+ (x} - M2 w+(x) 
µ vµ V 

0 , 

, 
7 



a urrpnqHHHaH"¢yHKUHR fpnHa rronqnHReTCil ypaBHeHHID 

4 
( g ,\ □ X + ax a,x - g \ M2 

) If\ ( X) w+ ( y) =-i g O ( x-y· ) µ µ I\ µI\ I\ II µi, 

/1 9 10/ 
( cM. rronpo5Hee ' ' ) • 

BBeneM nnH yno5CTBa o503HaqeHHR nerrTOHHbIX rronell B nByXKOMIIOHeHT-

HOH ¢opMe 

r ( x} - - • rl (x} \ l ¢ (x) \ · l,(x)\· 
r 2 ( X) 'Pµ ( x) µ (x) 

v(x}= = e tl ( X ) l I ¢11 ( X) l = 11/• ( X) i 
112 (x} ¢ 11 (x} 

µ 
IIµ ( x) 

Torna rrnoTHOCTb narpaH*HaHa B3attMonettcTBHH aarruruercH: 

£, ( x) 

fr 
em 

fr (x} +fw (x) +fw (x} 
em , em 

(x} =-e: r (x) ct' (x) e (xi 
µ 

(2.4) 

(2.5) 

(2.6) 

f (x) 
wem 

i e: 1 wµ r x J c; 11 r x J - c µ j x J w; r x J 1 : G II r r , x J 

+e 2 : { I¾ (xJWt(x) -gµ 11W,\(x)Wt(x}l:Gµ(E,x)t1 11 (l:,x}, (2. 7) 

8 

i, 
' 

i 

C 

£ ",J x) = f : I f( x) oa N (l:, x) W a ( x) + N ( r, x) 0 a r ( x) w; ( x) I 

3necb e = y 4TTa 
• 

[2 = I G A/2 G - yHHBepcanhHaR KOHCTaHTa cnae 
y2 

MHOHHoro B3auMonettCTBHR ( c = ur5 1 
-;;;r- m P - Macca rrp 

p 

Gµ U,x J KAU! □ ) Aµ(x) = f dy KA(x-:-r) Aµ (y) 

NU, x) 
2 

K11 (r 11 □ ) v(x) =fdyK11 (x-y) v(y) 

K. (x-y) 
t 

K. ( r~ o J o 4 
( - y) 

I I 

,1 ( /4/ u 

HenoKanbHaR o5o5rueHHaR qiyHKllllR rronpo5Hee Cl\!, ) ' 0 CBOIICTE 

poii 5yneT CKa3aHO HH)Ke, 

KaK BllllHO H3 (2.9), Mb! rrpenrronarael\1, qro qiopM<jiaKrophI i 

H K 11 (x) ' a TaKllie rrapaMeTpbl I' ,I II 1'1, , HMerorune CMI 

MeHTapHhIX annH, B o5rueM cnyqae pnan11q111,1. B HarueM rroaxoae 01 

IDTCR rrapaMeTpaMH TeOpHII. 

05paTHM BIIHMaHHe na poccrn11onKy uopManbHoro yrropgnoqem 

TopoB rrong B q_eTb1pexnnneii1101\1 •rnene, orruchrnarorueM B3anMoneiict 

5o30HOB C aneKTPOMllr!IHTIIJ,11\1 nonel\1, 3neKTpOMarHHTHbl0 rronH aon 

BhI5paHhI B ¢opMe 061,,qHoro npouanenemrn, qro5bI qmanqecKne BenF. 

Teop1m He aaBncenu or Kam16ponK11 nporrararopa qioToHa (cM. aaME 
/11/ 

Ha CTp. 458 B }. BLI6op rrpOH3BCLl0HHil orreparopoB rrong w -5, 

n HOpMalibHOll qiopMe M0.1l<eT npunec~u K Hapyruem1ro rpanneHTHoii m 

9 



(2.8) 

3necb e=v'411a 
• 

f i = 1 G M2 G - YHHBepcanbH8H KOHCT8HT8 cna50PO 4-¢ep-

v' 2 
MllOHHOPO B38HMOJ:teHCTBHH ( G = 10-5 1 

-;;;T m P - Macca rrpoToHa) 
p 

Ciµ(e,x) 

N(e,x) 
2 

Kv r e v □ J v r x J = f d r Kv r x - r J v r r J (2.9) 

/4/ 
HenoKanbH8H o5o5meHH8H ¢yHKUHH (rronpo5Hee Cl\!, ), 0 CBOIICTBaX KOTO-

pou 5yneT cKaaaHo Hm1m. 

KaK BHJ:lHO H3 (2.9), Mb! rrpenrronaPaeM, 'ITO q1opM¢aKTOpb1 KA (x) 

1 8 T8K)K0 rrapaMeTpbl I' A 
II I',, • HMeIOIUHe CMbJCn sne-

M0HTapHbIX nnuH, B o5meM cnyqae pnaml'Ulbl, B HallleM IlOJ:lXOJ:te OHH HBnH

IOTCH rrapaMeTp8Mll Teopuu. 

05paTHM BIIHM8HU0 118 paCCTllllOBI,y 110pl\18nbHOPO yrropHJ:tO'I0HHH orrepa

TOpOB rronH B 'I_eTbipexnuuei\1101\1 •ineue, OITIICblB8IOIUeM B38HMOll0HCTBHe W -

5030HOB C sneKTpOMBPIIHTIIJ.ll\l nonel\t, 3neKTpOM8PHHTHbl0 rronH llOn)KHbl 5hITb 

BbI5paHhl B ¢opMe 06J,1•1110Po nponanenemrn, 'IT05hI ¢H3H'IeCKH0 BenH'IHHbl 

Teopuu He aaBucenu OT Kan116ponK11 rrponaPaTopa ¢oToHa ( CM. aaMe'IaHne 

/11/ , 
Ha CTp. 458 n ) • BLIGop npouaneneHHH orrepaTopoB rronH W -5oaoHoB 

n HOpMllllbHOH ¢opMe MO>I<eT rrpunec~n K HapyllleHHIO PpanneHTHOll HHBapn-

9 



aHTHOCTII TeOpHH, O.QH8KO, KaK 6y.QeT IIOKa3aH'o Hll)l(e, BbI6op perynHpnaaun

OHHOH rrpouet:1ypb1 CHHMaeT 9TY Tpy/:IHOCTh. 

Jlef'KO rrpoaepHTh, 'ITO narp8H)l(If8H CHCT0Mbl aap5I)l(011Hb!X rronefi, B3aH-

.MO.Q0HCTBYIOI1tHX C sneKTPOM8f'HHTHb!M rroneM, IIHBapnaHTeH OTHOCifT,enh!{O 

cne.QyIOIUeH rpyIIIIbl Kann6poBO'IHb!X rrpeo6pa30B8HHH: 

l 

A {x) ➔ A {x) +a f(x) 
µ µ µ 

- i e KA (f]JJ f(xJ -, -
Ux) ➔ Ux) e . ; e (x) ➔ Ux) 

i e KA (f~ □ ) f{ X ). 
e ' 

2 
-i e KA (fA□ ) f(x) 

+ . 2 (2.10) 
Wµ (x) ➔ W (x} /eKA(fA□ )f{x) . 

Wµ ( X) ➔ W µ ( X) e • 
' µ -

v {x) ➔ v(x) 

I'.Qe f ( X ) - rrpOH3BOnhH85I ¢YHKUH5I H3 rrpocTpaHCTBa qiyHKUIIH, Ha KOTOpb!X 

( 
2 141 

orrpet:1eneH orrepaTop K e □ ) ( rrot:1po6Hee cM. ) • 

fpyrrrra rrpeo6pa3oBaHnfi ( 2, 10) OTm1qaeTCSI OT o6bitJHO paccMaTp1rnae-

Mofi Kann6pOB01'.JHOH rpyIIIIbl H3MeHeHneM ¢a3bi rrpeo6pa3OB8HH5I 38p5I)l(eHHb!X 

nonefi e ( x) 11 W ( x). Ilpn rpat:1neHTHb1x rrpeo6pa3oBaHH5IX c rrocToHHHofi ¢a-· 
µ 

30H ( f = canst ) rrpeo6pa3OB8HH5I (2.10) COBIIa.QaIOT C o6merrpHH5ITbIM, IIO-

CKOnbKY orrepaTop K ( £ 2 □ ) HopMnpoaaH ycnoaneM K (0) = 1 • 

Ilpeo6paaoaaHH5I (2.10) c rrpon3aonhHOfi qiyHKu11efi f ( x) qiopMa.rrbHO 

rapaHTHpyIOT coxpaHeHne sneKTpOM8f'HlfTHOf'O TOKa 3ap5I)l(0HHb!X rronefi. :=)TO 

- ( /12/) 6 • O3H81'.J80T CM. , .'ITO CIIHH CBO O.QHOI'O H B3aHMO.Q0HCTBYIOIUero sneKTpO-

Maf'HHTHOf'O nonSI paBeH 0.QHHnue. 

10 

'j 

i 
jl 

! 
l 

( 

,i 

11111 

-
KaKOB ¢uantJeCKHH. CMbICn Kann6poBO'IHOf'O rrpeo6pa30BaHH5I :: 

non5I 

ef, ➔ </> e 

2 
iqK(f □ ) f(xJ? 

KoHcTaHTa q onpet:1enSieT aapM nonSI ¢ , ecnn orrepaTop K 

HOpMnpoaaH ycnoaneM K (0) = J • HenoKanbHbIH orrepaTop K ( e 2 □ 
131 

Tepn3yeT pacrrpet:1eneHne aapMa q a x -rrpocTpaHCTBe ( cM. 

3aM0THM, 'ITO narpaH)l(HBH CB060.QHOI'O sneKTpOMaf'HHTHOf'O ITC 

pnaHTeH OTHOC!fTenbH'O rrpeo6pa30B8HH5I A µ ➔ Aµ + aµ f TOnbKO 

rronHIITenhHOM ycnoann □ f = 0 , 3To ycnoane CBH3aao c Tpyt:1110 

KB8HTOB8Hllll CB060.QHOI'O ·sneKTpoMaf'HllTHOf'O nonSI (cM., HarrpnMep, 

§3. __ S_ -MaTpnua n TeopnSI ao~l\,1}'_IUeHnfi 

4>opManhHO S -MaTpnua 38IlllCbIBaeTC5I B Bll.Qe: 

S = T exp I i J d 4 x f 
1 

( x ) I • 

. 
llnH rronytJeHnSI 'Teopnn B03MyIUeHnfi Heo6xot:1IIMO pa3nO)l(HTh 9KCIIoHe 

a (3.1) a PSI/:1 no CTerre~5IM f 
1 

( x) n rrepeii:Tn K HOpMallbHOMY rrpo 

HHIO orrepaTopoa nonSI cornacao TeopeMe BnKa • 

BoaHnKaIOmne rrpn 9TOM xpoaonornqecKne caepTKll orrepaTopc 

B paccMaTpnaaeMofi Teopun orrpe·.QenHIOTCSI cnet:1yIOIUHM o6paaoM. Ilpn 

<PYHKUHH 3apmKeHHb!X rronefi OCTaIOTCSI TaKllMH )Ke, KaK B noKanhHOH 

s' ;j} ( x-y) 
C 

0 ii 

(211 ; 4 

. ( i) 
=<0I T le (x), °i<jJ(y) 

J 
d4 P ( m; + p" ) 

2 2 
m - p -if' 

11 

-ip(x-y 
e 

I I o 1> 



nonsr 

cf, 
2 

iqK(f □ }f(x} 
e ? 

KoHcTaHTa q onpeaensreT aapsra nonsr cf, , ecnu orrepaTop K ( f 2 □ ) 

HopMupoBaH ycnoBueM K ( O) = J • H enoKanbHbIH one pa Top K ( f 2 □ ) xapaK
/3/ 

TepuayeT pacnpeaeneHue aapsraa q B x -rrpocTpaHCTBe ( CM. ) • 

3aMeTHM, 'ITO narpam1nraa CB050JlHOI'O 9neKTpOM8I'HIITHOI'O rronsr HHBa

puaHTeH OTHOCHTenbHO npeo5pa30B8HII.H A µ ➔ Aµ + aµ f TOnbKO rrpu JlO

rronHHTenbHOM ycnOBIIH □ f = 0 • 3TO ycnOBHe CB.H38HO C TpyJlHOCT.HMH rrpu 
/1 11/ 

KBaHTOBaHHII CB050)lHOI'O ·9neKTpOM8I'HIITHOI'O rronsr (CM,' HarrpuMep, ' ) • 

§3, s -MaTpuua II TeOplI.H B03MyIUeHHH 

<PopManbHO S -MaTpuua 38IllICbIBaeTC.H B BHJle: 

( 3, 1) 

nnsr nony-<IeHH.H TeOplIII B03MyIUeHHH He05XO)llIMO paanoMHTb 9KCITOHeHTY 

B (3.1) B P.HJl no CTeneH.HM l?. I (x) H rrepeHTH K HOpManbHOMy rrpOH3Be)le

HHIO onepaTopoB nonsr cornacuo TeopeMe BHKa, 

Bo3HIIK8IOIUHe IlplI 9TOM xpoaonOI'H'leCKHe CBepTKH onepaTOpOB rronefi 

B paccMaTpuBaeMofi TeopHH onpe·aensr10TC.H cneay10muM o5paaoM, IlpH'IHHHb1e 

cpyHKUIIII aapsrMeHHbIX nonei1: OCTaIOTC.H TaKHMH Me, KaK B noKanbHOH Teopuu 

J 
" d4 P ( m; + p ) 

(2rr) 4 

11 

-ip(x-y 
e 

( 3,2) 



BHA: 

f.. ( I} 

af3 
(x-y) ="'< o I T ! wa ( x ) , W ~ ( y ) I [ 0 '> 

• Pa P§_ 
-1 f d4p 

gaf3 - M2 
-ip(x-y) - e 

(2TT) 4 i M2 - P 2 
- if 

A ( 2 
! ( x - y ) = < 0 . , T ! G ( x ) , W + ( y ) I I O ·> 

µ11;a µ11 a 

+l f d4p 
(2 TT ) 4 

Pµ g11a - PII gµa 

M2 
- p 2 

- if 

e-ip(x-r) 

(2+) ' 
f..a;µII (x-y) = < 0 I.T ! Wa (x) , 

+ 
Gµ11(y)IIO> 

-1 
(2 TT) 4 J d4p 

f.. ( 3 ) 
µII; a{3 ( X - y ) 

Pµ g 11a - P II g µa 

11 2 2 . 
WI -p -lf 

-ip(x-y) 
e 

+ < 0 I T I G µ 11 ( x ) G a f3 ( y ) I . ! 0 ,> 

(3,3) 

(3.4) 

(3,5) 

(3.8) 

-1 

(2TT) 4 i 
f d P 

P/L pag11(! +p11p/3gµa-pµp/3ga11-p11pa gµf3 e-ip(x-y) 

M 2 - P2 - .if 

flpll'lliHHh!0 <pyHKUlilf HefirpanbHb!X rronefi ( Hefirpn:Ho Ii q>OTOH) IIpliHHM8IOT 
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(3. 7) 

1 
· 2 2 2 

[ KV ( ev p ) ] - i p ( X - y , 

e 
(2 TT ) - p - i( 

-ip(x-y) 
e 

TaK9ii BbI6op CBepTKll onepaTopos nonSI COOTBe,TCTByeT T -npoll3Be,lleHmo 
I 1, 13/ 

B cpOpMe Bil Ka 11n11 onepaUllll T * , B COOTBeTCTBllll C pe3ynbT8Ta -
/2-4/ 2 2 2 2 

Mil 6yaeM npeanonaraTb, 'ITO cpopMcpaKTOpbI V; (-e; p) = [K;(f;p)] 

y.llOBneTBOpmoT cne,lly!OIUIIM ycnOBIISIM: 

( 1 ) 1 
V ( z) - uenaSI cpyHKUIISI nopSI.llKa pocra 7 <;_ p < 1 

(2) [ V ( z) ] * = V ( z* ) ; 

(3) V (x )1>0 np11 BeIUeCTBeHHbIX X 

(4). V(O) 1 

(5) 1 du u2 V (u) .< ·"" . 
0 ~ 

13 



~/ 
TipH pacqeTax y.po6Ho nonb30BaTbCH npencTaBneHHeM ¢opM¢aKTopa : 

V ( z) 
l -{3-ioo 

d I; u (' ) (-z-)I; 
= 2i J 

-{3+i.oo Sin TT ' 
r2 (1 +l;J 4 

( 3.10) 

rne 2 < /3 < 3 n 

= -221; r O+l;J I; 
.O<I 

dt V(t) 
u (' ) J· r (1-l;J 0 t I+/; 

( 3.11 ) 

!fa (3.9) H (3.11) cnenyeT: 

( 1) u (I;) - perynHpHa B nonynnocK0CTH Re I; 1>- 2 , KpoMe nomoca 

nepB0I'0 nop~nKa B T0qKe I; = -1 ; 

(2) u(I;) =Olr(--'--)1,npHI; 
y 

➔ + OQ 

(3} u (0) = 1: 

(4) Im u(x) = 0 IlpH - J .< X .< oo , 

, rne y J!.__ ·> 1 ; 
2p -1 

TaKHM o6pa3oM, Mb! nonyqaeM 06b1qHbIH pHn TeopnH B03MyllleHUH C 

ennHCTBeHHbIM oTnnqneM, qTo npn'IHHHhie ¢YHKU!ili ¢oTOHHOI'O n HeuTpllHHOI'O 

noneu 3aMeHH!OTCH Ha ¢yHKUllli (3.7) n (3.8). 

O6cynnM Tenepb ¢opManbHoe onpeneneHne S -MaTpnUhI (3.1 ). CnenyeT 

3aMeTHTb, qTo B noKanbHOH n TeM 6onee HenoKanbHOH KBaHTOB0H Teopnn 

· nonH T -nponGBenemrn.,no cymecTBY, He 03HaqaeT onepaunro cTpororo ynopg

noqeHnH onepaT0p0B nonH no BpeMeHn, Il0CK0nbKY B pHny Teopnn B03MYIIle

HllH npncyTcTByIOT ynbTpa¢noneTOBbie pacxonnM0CTH. 

CnMBonnqecKn CXeMa IT0CTp0eHHH K0HeqHQH s -MaTpHUbl no Teopnn 

B03MymeHnu M0)KeT· 6bITb npencTaBneHa B Bnne: 

S = lim TA exp I i f d 4 x f 1 ( x, A ) I . 
A ➔ oo 

( 3.12) 
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3.Qecb BBe.QeHbI cne.Qy10rime o6oaHa'!emur. CnMBon TA o6oaHa'!aeT xpoHono

rn'IeCKoe ynopH.QO'IeHne onepaTopoB nonH nn10c HeK0Topy10 perynHpnaauuoHHYJO 

npoueAypy ( 06b1'IHO 9TO. perynHpnaaunoHHaH npoueAypa IT aynn-Bnnnapca. c 

paami'IHb!Ml! B03MO)KHbIMl!. MO.QM!pMKaUl!HMM) '· KOTopaH .QenaeT KOHe'IHb!Mll BCe 

MaTpl!'!Hbie aneMeHTbl PH.Qa Teopn:u B03MyIUeHn:il:. 

A - napaMeTp perynHpuaaun:n, npu cTpeMneHn:u KOToporo K 6ecKoHe'I

HOCTH B03HUKBIOT 6eCCMbJCneHHbJe paCXO.QHIUUeCH BblpB)KeHHH. nnH KOMITeHca

UHl! nony~aJOIUUXCH paCXO.QHIUHXCH Bbipa)KeHuii: B narpaH)KHaH B38HMO.Qeii:CTBHH 

f / · _BBO.QHTCH HeKoTopoe 'IHCno KOHTp'!neHOB, 38BUCHIUHX OT /\ KaK 

OT napaMeTpa, OnepaTopHaH CTPYKTypa KOHTp'!neHOB l! HX HBHaH 3aBUCHMOCTb 

OT A ITO.Q6upa!OTCH TaKHM o6pa3oM, 'IT06bI nonHOCTb!O KOMITeHcupoBaTb BCe 

B03HHK8JOIUn:e ITpH Bbi'IHCneHnn: aMnnn:Ty.Q paCXO.QHIUHeCH npn: A ➔ 00 Bblpa)Ke

HHH, TaKHM o6pa30M, npe.Qen B (3,12_) cymeCTByeT, 

l.JTo HBnHeTCH Hey.QOBneTBOPUTenhHblM npu TBKOM nocrpoeHn:H s -MaT-

pHUbi? Heqin:auqecKn:il: napaMeTp A qi11Pyp1rpyeT KaK B onpe.Qenemm perynH-

puaauHOHHoil: npoue.Qypbi TA , TaK H B aa.QaHn:u naPp8H)KHaHa B3aUMO.QeHCT-

BHH f I ( X' A ) • 3To .QenaeT. qJH3U'IeCKU 6eccMbICneHHbIM naPpaH)KUaH B3a-

UMO.Qeii:CTBHH, ITOCKOnhKY napaMeTp A HHK8KOl'O !pll3H'IeCKOPO CMbICna He 

UMeeT. ITony'IaeTCH, 'ITO naPpaH)KHaH B3a_HMO.QeHCTBYJOIUHX noneil:, KOTOpb!H 

·onpe.QenHeT <pH3HKY npouecca, TaK 3aBucn:r _OT MaTeMaTn:'IeCKOPO annapaTa, 

C ITOMOlllb!O KOTOpOPO Bbl'IHCnHJOTCH MaTpU'IHbie aneMeHTbl S -MaTpllUbI, 

'!TO TepHeT CBOH nepBOHa'!anbHbJH qin:3H'!eCKHH CMb1cn. IToaToMy fl ( x, f\ ) 

cne.QyeT paCCMaTpn:BaTb KaK HeKOTOpb!H HCKYCCTBeHHblH o6'beKT, Bbi6paHHbIH 

TaKHM o6paaoM, 'IT06b1 o6ecne'IHTh cymeCTBOBaHne npe.Qena B (3,12), B 

paMKax 9TOH npoue.Qypb! qJH3U'IeCKHH CMbJCn l!MeeT TOnhKO S -MaTpuua 

/1/ 
(cM., aanpuMep, ). 

IT09TOMY, KaK HaM Ka)KeTCH, 6bmo 6b1 uenecoo6paaao raK no.Qo-

6paTb perynHpH38UHOHHYJO npoueAypy, 3aBHCHIUYJO OT napaMeTpa A • 'ITO-
• 

6bI HUK8KHX 6ecCMbICneHHbJX KOHTp'IneHOB He ITOHBnHnOCb B naPpaH)KUBHe 

B38HMO.Qeii:CTBHH, Cne.QOBaTenbHO, .QOn)KHO 6bJTb 
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s " lim TA exp 
A ➔.oo 

J d 4x 2 1 (x) I', (3.13) 

I'lle 2.1 (x ) He 38BHCHT OT napaMeTpa peI'ym1p1I38UHI! A , 3Ta HlleSI 

/14/ . · 
BnepBhie 6bma BbICKa3aHa n.A. CnaBHOBbIM , KOTOphiH uccneaoBan KBaH-

TOBYJO TeopHJO C8MOlleficTBYJOllleI'o CKansipHOI'O nonsi, II B ayxe 3TOII Hllell 

/3/ nocTpOeHa HenoKanhHasi KB8HTOB8SI 3neKTPOllllH8MIIKa 

To'IHO T8KIIM )Ke o6pa30M Mhi nocTynnM II B paccMaTpHBaeMOM H81'!11 

cny'Iae. I1MeHHO, Mb! TaK C!pOpMyn11pyeM BCllOMOI'aTenhHyJO peI'ynHplI38UIIOH

HyJO npoueaypy, 'IT06bJ npeaen B (3.13) cymeCTBOBan, II s -MaTpHUa YllOB

neTBOp51na BCeM Heo6xoallMbJM Tpe60B8Hll51M B K8)Kt:{OM nopHt:iKe Teop1111 BO3-

MYllleHuil:, 

Tipu STOM naI'paH)KHaH B381IMO1le11CTBH51 2.1 ( x ) 
OCTaeTCSI KOH0'IHhIM, 

Ecnw )Ke B Teop1111 Hallo 6yaeT caenaTb KaKHe-nu6o nepeHopM11poBK11, To Ta

KHe nepeHOPMHPOBKII 6yayT 03Ha'IaTh He npoueaypy ycTpaHeHll51 paCXOllllMOC

Teil:, a nepexoa OT OllHHX MeHee yao6HbIX K llPYI'IIM 6onee yao6HhIM !pll3l!'Ie

CKIIM napaMeTpaM, Bee nepeHopMHPOBO'IHbie llOCTO51HHbJe 6yayT KOHe'IHbJ, 

§4, PeI'ynHpHGaunoHHasi npoueaypa 

I1 TaK, KaK 6hmo CKa3aHo Bh111Je, nocTpoeHHe S -MaTpllUbI no Teop1111 

B03MymeHIIH B03MO)l{HO nHIIJh B p8MKax onpeaeneHHOI'O MaTeMaTH'IeCJ(OI'O an

napaTa, CcpopMynupyeM Tenepb pePynsip11aau11OHHyJO npoueaypy, KOTopoii MhI 

6yaeM nonb30B8ThCSI np11 Bbl'IHCneHllll MaTpll'!HbJX sneMeHTOB B Teop11I1 BO3-

MyllleH11il:, 

HenoKanbHhJe nponaI'aTOpb! HeHTPHHO II !pOToHa peI'ynsiplI3YJOTCSI np11 no-

0 /2-4/ MOIUH 1PYHKu1111 R (noapo6Hee CM, ) 
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1 V ( -£ 2 k 2) RB ( k 2 ) 
- i k X S 1'(x) J d 4k 1-' V reg 

e C 
(2TT) 4i " -k - if 

( 4.1 ) 

Daf3(x) 
-gaf3 

J d4 -k 
VA (-£~k2) Ro(k2) 

-ikx reg 
e (2TT)4i -k2 -i ( 

311ecb 

_!,_ + V - iTTU 

exp I -8 ( z + i µ 2 ) 2 e l , ( 4,2) 

rne O < V < a <l...; µ 
2 

- HeKOTOpblll rrapaMeTp pa3M0pHOCTl1 KBa11para MaCCbI. 2 

BBe/leHHe TaKOH perynHpH3aUHOHHOll ~YHKUHH o6ecrreqnBaeT rrepexo11 B aMrr-

n11ry11ax ~11suqecKHX rrpoueccoB K HHTerpupoBaHHID rro eBKnn11OBy rrpocrpaHCT-

By, rrocne qero MO)l(HO ocymecTBHTb rrpe11enbHbIH rrepexo11 B ➔ 0 
, TaK 

KaK 6naro11apH /lOCTaToqHo 6bICTpoMy y6bIB8HHID ~OPM~aKTOpOB vi (-Ef k2 ) 

IlpH k 2 ➔ - "" 
HHTerpanhr, co11epMamue rrporraraTopbr HettTpHHo u ~oToHa, 

6y11yT CXO/lHTbCH, 

I1Hrerpanbr, COOTBeTCTBYIDIUHe UHKnuqecKHM lIHarpaMMaM <PettHMaHa, 

COCTaBneHHhIM TOnbKO 113 rrporrararopoB 3apHMeHHbIX rroneii: neIITOHOB H BeK

l'OpHb!X 6030HOB, 6y11eM perynHpH3OBaTb C IIOMOIUbID qacTHqHO BH/lOH3M0HeH

/l / Ho11 UHKn11qecK0Ii perynHpusauuu ITaynu-Bunnapca (,cM,, HaIIpHMep, ) • 

ITyCTh ~YHKUHH 

( 4,3) 

OillICbIBaeT lllIKn, COCTaBneHHblH H3 rrporrararopoB sapmKeHHbIX neIITOHOB H 

BeKropHbIX 6osoHoB, llenbre q11cna a u b 

MyIUeHHH paCCMaTplIBaeMoro llHKna rro KOHCT8HTaM e H [ 

OIIHCb!B8IDT IlOPH/lOK TeOpHH BO3-
• 

COOTBeTCTBeH-.. 
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Ho, BBeaeM Terrepo qucna Oe ll Ow ' KOTOpble paBHbi 1 nm1 0 B 38BHCI!-

MOCTH OT Toro, HMeeTCSI unn HeT B UHKne XOTb omrn rrporraraTop COOTBeTCT

BeHHO aapg;1rn1rnoro nerrToHa unn BeKTOpHoro 6o3oHa, OrrpeaennM qucno 
t 

d = a ee(l - Ow) +A(a)Ow 

0, 
A( a)= I I , 

a - qeTHoo 

a- HeqeTHoe 

( 4.4) 

Yncno d paBHO qucny BHeWHHX ~OTOHHb!X llllHHH, ecnH UHKn rrpeaCT8BlISieT 

co6oi'1 qnCTO CITHHOpHoe 3lleKTPOAHH8MHqecKOe B38HMOAeHCTBHe, ll d = A(a) 

BO BCeX OCT8llbHbIX cnyqagx, 

Toraa BMeCTO BbipaMeHHSI ( 4.3) 6yaeM paccMaTplIB8Tb ~YHKUHJO 

8 

reg TT I 
j=O 

C; ea f b A j+ b - d X 

x TT (m A.; m A 
- e I µ i MA; Xl-X2 x2-x3; .•. xn -xl) • 

( 4.5) 

3aeco 6epeTCSI cyMMa UIIKlIOB, rronyqeHHb!X ll3 IICXOAHOr'O UIIKl18 ( 4.3) cornac

HO cneayromnM aaMeHaM: _ 

m ➔ m A. e e I 

m /L ➔ mµ A; 
( 4,6) 

M ➔ M A;; 

f ➔ f A; 

e ➔ e A. 
1 

18 



. I 

KpoMe Toro, llMeeTcH norronH1ITenhHb1fi MHO,KllTenh A - d A
O 

= 1 
j 

A j ( j 1' 2 ... )- 69nhllllle 5eapa3MepHbie rrapaMeTpb! perynHpll3aU!lll, Mb! JiX 

BbI5epeM B Bil/le: 

( j 1, 2, ... ) , 

rne c; « 1 

KoaqicjmuneHTbI Co = 1 , C; ( j = 1 ... 10) ynoBneTBopmoT enc Te Me 

ypaBHeHnii: 

8 ·k I C; A;= 0 ( k = 0,l,2,3,4), 
f=-0 ( 4. 7) 

8 
m 

I Cl A 1 log A; 
f=-0 

0 (m = 0, 2, 4). ( 4.8) 

nepBbie ypaBHeHnH ( 4. 7 }. 06ecrroq1IBa!OT CXO/lllMOCTb Jil!TerpanoB OT pe

rynHpll30BallHOH. <pYHKUllll ( 4.5). YpaBHeHIIH ( 4.8) HBnHIOTCH ycnOBIIHMJi, npn 

KOTOpbiX B rrpenono A ➔ "" He B03HllKaeT HUKaKIIX 5eCCMbICneHHbJX pacxo

/lHlllllXCH Bblpa)Kel!llii. 

Boo5me I'OBOpH, BM0CTO ypanH0Hllll (4.8j MO)KHO 5bmO 5hJ rroTpe5oBaTb 

8 

I C; A 7 log A 1 = am , 
f=-0 

rne am - npott3BOnhHbJO IlOCTOHlillbIO. OnHaKO ycnonHH am = 0 ' KaK 5y- .· 

neT BH/lllO HH,1(0, CBH3bJBaIOTCH C BilOnHe pa3yMHbIMH tpH3H'IOCKHMH Tpe5ona-

HJiHMH. 

B paMKaX 9TOll perynHp1rnauun HHTerpanbI OT n106b!X 3aMKHYTblX UHK-

noa CXO/lHTCH, H cymeCTByeT KOHe'IHblll npenen npn A ➔ "" • 

19 

• 



§5. YcnoBHH CXOAHMOCTH rrpOH3BOnhHOro rpa~a ... 
¢eilHMaHa 

• 
ITpe)KAe 'IeM rrpncTyITHTh K nccneAOB8HHIO CXOAHMOCTH ~ellHMaHOBCKl!X 

HHTerpanoB, rrpoBeAeM YA06HyIO AnH AanhHeilwero paccM0Tpe1rnH Knaccm'. !!Ka

umo rpa~oB B HaweM cnytJae • 

BBeAeM ycnoBHhie o6o3HatJeHHH AnH rpa~l!'!eCKoro 0Ill!C8HHH tJneHOB 

Ma-TpHUhl pacceHHHH. OrrepaTopaM CB060AHh!X noneil conocTaBHM nuH011: 

~- Aµ 

•- - - - - V, V 

i/1., 1'. 
' ' 

If a If+ 
a 

G · c+ 
a/3 ' a/3 

cnapHBBHHIO oneparopoB noneil - nuHuu: 

r---, ...._.....,,,.__ 
(1µ (jv 

._ - --• - N~ 

,---,,. 
w w+ 
a /3 

TorAa, npncyTCTBYIOmHEcl B ·S:.1 
p830M: 

t 

'1 

/\ 
(IJ (DJ 

t :t 
r--, 

Ga/3 Gµv 

r----r 
w c+ 

a µv 

r--, 

i/1. i/j_ 
1 

Bep!llHHbl H3o6pa)K8IOTCH cneAyIOmHM 06-

P0c. 1. 

20 
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3necb (I) - cna6aH nepuurna «> 
1 

( II ) - 3neKrpoMarm1rHaS1 cmrnopHaH 

nepurnna - w 11 (Ill) - 3neKrpoMarmrn1aH neKTOpHaH - will (IV) -

3ncKTpOMar11HTll8Sl rleKTOplIBSl w,v 

fl106011 C13Sl3III,Ill rpacp reop1111 B03Mylllel!Hll npeneraBnHeTeSl eOBOKyn

noeTblO pa30MKHYThlX n11n11A H UHKnon, o6pa30BaH!lhlX enapnnaHHSlMH 38pHllieH

llblX none11 1 eoenu1rn1om11xeH MelliAY eo6011 n11HIIHMH nef1rpanhHb!X nonen, ITp11Mep 

onnoro 113 B03Mo,1rn1,1x rpacpon np11nene11 na p11e, 2, 

I 

~ 6 ()< 
5 ' I 

/ ' 
I 

P11e. 2, 

Heuo, 'ITO npH noeraTO'IHO 61,1erpoM y61,rnaHH1! cpOpMcpaKTOpa n enKnH

nonou o6naern Bee HHTerpHJJOBBHHSl, eBH3B!IHhle C UHKnal\11!, BKnIO'IBIOlllHMH 

" xi 
XOTH 61,1 onny ucnrpanhny10 n11nn10, exoAHTCH (mmni.1 3,5,6 11 r,n, Ha pne,2), 

ITo3TOMy noeraT0 1mo orpaHH'IIITheSl paceMorpeHHeM 3apmhellllb!X UHKnOB 

(uHKnbI 1,2,4 11 T,A,), 

ITpOH3J,OJ1bHblll 3apm:rnHHhlll UHKn MO)KJIO xap.:mrep1130BaTb enenyIO!llHMH 

xi 
DnH KpaTKoern nyHKTHp!Ible I! BOnJUICTb!e munrn, eoOTBeTeTBYIO!llHe 

cporony I! nenrp1rno1 6yneM Ha3hIBaTb nei'!Tpanhl!bIMI!, a nee oeranhHhJe -
• 3ap mKeHHh!MI!, 
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1) N 1 - •n:1cno BHeUIHI:IX qJOTOHHb!X n1:1H1:1i1:, 

2 N 2 - •rncno,aHeuumx Hei1:Tpl:IHHbIX n1:1H1:1i1:, 

2) n. - q1:1cno Bepw1:1H 
1 • w; ( j = I, //, lll, JV ) 

3) s - q1:1cno np onararopoa !).W (i = 1,2,3 ) 

- q1:1cno nponararopoa Sc • 

MelK.!lY 8TI:IMI:I q1:1cnaM1:1 cyrueCTBYJOT C00TH0WeH1:1sr: 

N 1 = n 11 + n111 + 2n 1v 

2 N2 = nr 

s2 + 2 s 3 = n Ill 

2 SI + S2 

2 t = nl 

= n 1 + n 111 + 2n
1

V 

+ 2n 11 

ITp1:1Mep O,!lHOI'O 1:13 B03M0IKHb!X Ul:!Kno~ :1:1305palKeH Ha p1:1c. 3. 

P1:1c. 3. 
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M aKCIIMaJihl!blH IIH.[leKc UIIKJia (L) 
Ill 

(cM. ) paBeH 

n1 
-2- n 11 -A(n )= 

Ill 

r.e. IIHTeI'p8JibI, COOTBeTCTBYIOIUIIe lIIOObIM sapmKeHHb!M UllKJiaM, pacxO,[{HTCH 

xi 
He obICTpee tieTBeproii creneurr no IIMnynhcy 

IToKa)KeM reneph, 'ITO Bb!OpaHHaH H8Mll perynHpll38UllH o5ecne'IIIB80T 

cymecTBOBanrre KOHetiHoro npeaena npn A ➔ .oo /:llIH npOU3BOJihHOI'O 38p5I-

)K0HHOI'O Ul!KJia; OnycKaH BeKTopHbl0 llH.[leKCbI, HecymecTBeHHbl0 .[llIH nsytieHHH 

CXO/:lllMOCTll, aMnlIIITYAY, COOTB0TCTByIOIUYIO UllKJIY, MO)KJIO sanrrcaTh B tpOpMe: 

reg 1T ( n 
I n 11 ; n Ill ; n IV ; P 1 ; P 2 '· · ·' Pe ) 

C. A ~I + n 11+ nlll + 2 n IV - d 
J J X 

) X 
(5,2) 

;;_m (MI ) . 

YtinThIB8H cooniowennH (5.1) n ot5"be/:lnHHH A ~sz C 

xi 
IT08TOMy TeOpIIH 38pH)K0HHOI'O BeKTOpHOI'O nOJIH BO BHelllHeM 8JI0KT

• /7 I 
p0M8I'HIITHOM none OTHOCHTCH K Knaccy peHOpMIIpyeMbIX • 
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'I 

reg TT ( n 1 in11 ; n111 n 1v p1 •··Pe) = 

8 
= eNJ f 2N2 f d4k }: 

j=O 

c. A ~2+t -N2 -d 
1 1 X 

SJ 

X fl 
i1=1 

s3 

X n 
i
3
=I 

(k-p. l(k -p-) 
A~ - •t 1

1 
, M2 s2 

n 
M2 A2 (k ) 2 i =1 ,- -piJ 2 

( k - p i 3)( k - P i 3) t 
n 

M2
A

2 -(k-p. )2 i 4=1 

I '3 

k - Pi2 

2 2 ) 2 
MA 1 -(k-pi

2
. 

A " mA. + k - p1 1 · 4 

m2 A2. -( k -p. ) 2 
1 '4 

(5,3) 
X 

Ilpn 6onhUillX k IlOllllHTerpanbHOe Bbipa)KeHne B ( 5.3) npencTaBllMO 

B Bnne: 

8 ·s2 + t-N2 -d A 1 

? c1 A; I---- + 
,=o ks2 +t. 

E 

A;A2 

Ji·s2+t+l 
E 

+ I , ( 5,4) 

rne k E - nmrna eBKnnnoBa 4-BeKTopa; A1 , A 2 , ••• - HeK0Topb1e K09cpcpn

uneHThr, l13 (5,4) cnenyeT, 'ITO HHTerpan (5,3) paCXOllllTCSl npn 6onbUIHX 

k , ecnn 

s 2 + t = 0, I, 2, 3, 4 . 
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0JJ.118KO K03cpcp11u11eHTbl rrpu 8THX 'Inenax TO)KJ:leCTB0HHO paBHbi Hymo B cnny 

( 4.8) • 

.ne,1cTBl!TenblIO, B cnyqae UHKnOB, COCTOHll.{lfX TOnbKO H3 sapg)KefIHbIX 

neITTOIIOB, lll\!001\1 l = N 1 , N 2 = 0 If, cnenoBaTenbHO, 

s2 + t - d = 0. 

3Ha'Il!T 1 perynHpll38Ull.H HBllla COBITanaeT C 06bI'IHOII UHKnH'I0CKOH peryn.HpH
/1 / 

saune,1 ITaynn-Bunnapca , .UnH CXOJ:{UMOCTU IIHTerpana J:lOCTaTO'IHO BbIITOn-

lleHUH rrepBb!X !J.BYX ycnOBlfll B ( 4,8), TaK KaK (5.4) rrpUHHMaeT Bll/l: 

8 
.i.1 Ai A2 I c. I + + ... I i=O 1 

k N1 k N 1 + 1 
E E 

/2/ 8 3TOM cnytiae Mb[ HMeeM Y)I(e paCCMOTpeHHbill B BapnaHT HenoKanbHOH 

KB8HTOBOI! aneKTponnHaMnKn. 

Bo BCex OCTanbHb!X cny'Ia.HX d=t..(N iJ H nn.H CXOJ:{lfMOCTH HHTerpana 

(5.4) Heo6xonuMo, 'IT06b1 BbIITOnHHnUCb ycnoBU.H: 

8 

I 
i=O (5.5) 

nnH BC ex s 2 + t = 0, 1, 2, 3, 4 • HO ( 5,5) 3KBHBaneHTl!O ( 4. 7)' ITOCKOnbKY 

Bcerna t ':2: N 
2 

• 

11s (5.5) H (5.4) cnenyeT, 'ITO no6aBneune B sapg)KeHHbIH unKn BHern-

HUX Hel!Tplll!Hb!X nunnu ITO!IU)KaeT CTeITeHb paCXO.[{lfMOCTll. 

IToKa)KeM Tenepb, 'ITO B cnytiae BeKTOpHOII ::ineKTpOL\HHaMHKH lfHTerpan 

(5.3) orrpeAenHeT cpyHKUmo, pacrymy10 KaK tieTBepTa.H creneub n106oro BHern

Hero nMrrynbca. Hanntine BHernanx nnauu aefirpHHo CHH)Kaer crerreub pocra • 

.UnH ::iToro rrepefi.[{eM B uurerpane (5,3) K a -rrpeAcTaBneHHIO ¢eHHMaHa, 

n, K8K o6bi'IHO, us6aBHMC.H B 3HaMeHarene OT 'IneHoB, nHH0HHO 38BllCHll.{HX 

OT lfMITynbca HIITerpnpoBaHUH, 3aMeTHM, 'ITO rrporrar·aTOpbJ cpepMHOHIIOI"O 

BXOL\HT B UHKn TOnbKO B KOM6nHaUH.HX 
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2, (p 1 ••• p,) 
" t-1 m + P1 = Q,a TI 

i=O Yµ; 
" 

m +Pt 
0 /3 ' 

'LJ:TO COOTBeTCTayeT an:arpaMMe o_ . 
m2 - p2 

t 

rr, ... 

Pn:c. 4. 

ITocKOnhKY Oa y 1 ••• y n 013=0 npn: 'leTHOM n, cnpaaeann:ao paaeHCTBO 

2 1 (-p 1 ... -p1 ) ,., (-) 12
1 

(p
1 

... p, ) 

C y'leTOM 9TOI'O "LJ:n:cnn:Tenb B (5,3) npe/lCTaBnHeTCH a Bll/le 

3aecb 

[-1...) •1 [-½,+-½•:+ •3+•ri-n] 1 2 
2{ 2n ) u +-.\(-s2+t} 2 2 !. 

i=O n=O u = 0 
Binq m M (pk Pm 2 X 

2(n+i} 
2 

X A ; ( k 
1 1 1 

2' +-2•2+•1+•3-i-n-u- 2.\.(-s2 + t} 
) . 

[x l- uenaH "LJ:aCTh "LJ:n:cna x 

B inu. - Koacpcjmun:eHTb1, saan:cmrme OT a -napaMeTpoa cf>eifHMaHa 

.\ (s
2 

+ t) l 
0 

I 

26 

ecm1 ( s 2 + t ) - "LJ:eTHoe 'l1wno, 

ecnn: ( s 2 + t ) - He"LJ:eTHo. 
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KaK cne)lyeT H3 (5. 1) ·, 'l!eTHOCTh tmcna ( s 2 + t ) COBila)laeT C 'l!eTHQCTh!O 

( N 1 + N 2 }, l1ccneJlyeMh1ii HaMH HHTerpan l 5,3) paa6nBaeTcs:i Ha cyMMy HH

TerpanoB BHJla 

[ = J d4 k 'l C A s 2 + t - N~ +2 r -,\ (NI) X 

i=O I I 

2 ...j..i+-i-•2+·•1+•3-r -u-j--A(s2+t 
(k) 

X 

[ 
2 a, 2 ] s I+· •2 + s 3 + t 

m A I + J\ ( Pk pm } - k 

(5.6) 
.,. 

I'Jle r = i + n ; m = !, a 1 M
2 + !. a . m 

2 ~ ( pk pm) - . KB8JlpaTH'l!-
i. ; , 

Ha SI cpOpMa no BHellIHHM HMIIynhC8M, B CBOJO O'l!epe)lh ' ( 5,6) HHTerpnpoBaHn-

eM ITO 'l!aCTSIM c y'leTOM ( 4, 7) CBOJlHTCSI K cyMMe HHTerpanOB 

8 

:t 
j=O 

C A ~ •1 :+ 2 s 2 + 2 s J + 2 t - 2 u - N 2 - ,\ ( s 2 + t ) -.\ ( N 1J X 
; 1 

(5.7) 

I 
X 

BhIIIOnHSISI HHTeI'pHpOBaHUe B ( 5, 7), nony'l!HM: 

27 



,1' 

,'.( 

:, 

1:' 
)' ~ 
111 
1i1 
f 

1•11 

11 
,11· 

r,, 

r 

:I 
I 
I' ,I 
I' 

j '. i 

''f 

f 
i, 

' ' '• 

IIpH 

H 

lu Jl 2 ( s · 
const L C- A. 1+ •2+ 5 3+t)-N2 -2u -11.(s + 11-A(N / 

j=0 J 1 2 1 

X 
I 

[ m A~ + gi ( P P ) ] s i+ • 2 + s 3 + i-2 
1 Tit e 

8 

const I C; 
i=0 

fm 

A ~ - N2 - 2 u - II. ( s 2 + 1 ) - II. ( N 1) 
] 

I + -- (i) ( •1+ s + A2 .. JI pepm)] 2 s3+ 1-2 
] 

s 1 +s 2 +s
3 

+ t > 2 

I 
8 

u ""ccqst I C. A 4-N2-2u-11.(N +N J-1\.(N) , 
1 

, 1 2 1 9i( 
1=0 1 fog(A 2 P p ) ,~ em 

const 

8 

+ I 
i=0 

8 

I I 
4- N -2u A C, A 2 - (N1+N2)-/\.(N) 

i=0 
, ; . 'z 2 og A; 

4-N2 -2u -A(N1+N 2J-/\.(N/) 9l (p p ) 
C; A; log I + --!. m 

A: m 
] 

m 

J I 

(5,8) 

) 

(5.9) 

11r,11 s 1 + s 
2 

+ s 
3 

+ t < 2 
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11 

fler-Ko y6ettHThcsi, '!To B (5.9) Bcer-na O .::: 4 -N
2 

-2u - A (Nj 

HTaK, Mbl rrony'IIWH, 'ITO rrocne BbIIIOnHeHHSI HHTeI'pHpOBaHn 
8 

• m 
peaynhTaT 3aBUCUT OT 'lneHOB a = L cf A . log A . ; ( m = 0, 

m i=0 1 1 · 

Tophre rrpu 06bI'IH011 per-ynsipuaaunu fiaynu-Bunnapca pacTyT rrpu 

KaK Am , 3To IIPUBOllHT K Heo6XOllHMOCTU BBelleHHSI B :f. 
1 

IOillHX KOHTpqneHOB ansi TOI'O, 'IT06br o6ecrre'IHTh cymecTBOBaHHe 

IIpH A ➔ "" , 0 '19M I'OBopn,noCb BbIIIIe, B HallleM cnyqae 9TH 'I, 

Hyn10 B cuny ypaBHeHHH ( 4,8). 

flepexoasi B (5,8) H (5,9) K rrpeaeny A ➔ "" , rrony'IHM o 

HO! 

I 
u const I ( 1 

m + gi (p p ) 
e m 

1 +·"'---~----
s /J.. s _t- •3+1-2 

m 

L 
I 

,. =0 
(-)IH 

!R (p p ) 
X ( 

,. 
e m ) 

m 

IlpH s I + s 2 + s 3 + t ,> 2 

29 

s I + s 2+ s 3+ I - 2 
) +· 

( s 1 + s 2 + s 
3 

+t - 3 +k) 

(s +s +s +t -3)! k ! 
I 2 3 



ner-KO y6eaHl'bCSI, 'll'O B (5.9) BCeraa 0.::; 4-N2 -2u -

11TaK, MbI nonyqunu, 'ITO nocne BhmonHeHHSI nHrerpupoBaHHSI B (5.4) 
8 

peaynbl'aT aaaucur or qneHoB a = '! C. A~ log A . ; ( m = 0, 2, 4 ) , KO-
m j=O 1 1 1 -

ropb1e npu o6hI'lHoi1 peryngpuaaunn TTaynu-Bunnapca pacryr npn: A ➔ oo 

KBK Am • 3ro np!iBO!lliT K Heo6xoan:MOCTU BBeaeHHSI a fl COOTBeTCTBy-

IOlllHX KOHTptJneHOB ang TOI'O, 'lT06bJ o6ecnetJHTb cymeCTBOBaHn:e npeaena 

npu A ➔ "" , 0 tJeM I'OBOPU,nOCb BbJ!lle. B Ha!lleM cnyqae 8TH qneHhJ paBHbl 

Hyn10 B cuny ypaBHeHn» ( 4.8). 

TTepexoag B (5.8) n: (5.9) K npeaeny A ➔ "" , nony'ln:M OKOH'laTenb-

Ho: 

I 
u 

const I ( 

I 
+ 

X ( 

~ (p p ) 
e m 

m 

I 

m + ~ {p p } 
e m 

k 

J l , 

( s l + s 2 + s 3 + t - 3 +k) I 
(-}l+k --------- X 

{s +s +s +t-3)!k! 
1 2 3 

npn s 1 + s 2 + s 3 + t •> 2 

29 

(5. 10) 



npn 

I u = canst I log ( 
m + :,R (p p ) 

) 

• 

L 

+ I (-)k _1_ ( 
k=l k! 

s 1 + s 2 + s
3 

+ t 'S._2 

+ 
m 

( 5, 11 ) 

:,R (pe Pm) k 
) 

m 

1 
, L=[-l4-N2 -2u-A(N

1
+N

2
)-A(N

1
)1], 

2 

rne [ x ] - uenasr •rncTb x 

CyMMa no k B (5.10) nosrBnsi~:rcsr, ecnu L z O • 

J,13 ( 5, 10) lI ( 5, 11 ) BHilHO, 'ITO MaKCHManbHBH CTeneHb pocTa UUKna 

no BHelllHUM HMnynbcaM 38BUCUT OT N 2 ( qucna BHe1!1HlIX nei1TplIHHb!X nu

HlIH) II onpenensieTcsr cneny10IUHM o6pa3oM: 

11 ( p ; p ... p J - I :R. ( p p J 
1 2 e e m 

4 -..!!...2.-i\(NJ) 

2 
(5.12) 

npn N 2 = 0,1,2, 3, 4 • Bo Bcex ocranbHbIX cnyqasrx l!HTerpan (5.3) onpe

nensreT yohrna10my10 C pOCTOM BHe!llHl!X l!MnynbCOB <pyHKUlIIO. 

ITpHHHMBH BO BHUManue (5.12), neI'KO yoenuTbCH, 'ITO ycnOBUe (3,9(5)) 

Ha tpOpM<paKTOp ooecne'!UBaeT CXOillIMOCTb moobIX nnarpaMM reopnu BO3My

menni1. 
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§6. fpaaHeHTHaH HHBapuaHTHOCTb S -MaTpllUbl 

Tpe6oaaHHe rpaaueHTHOll llHBapuaHTHOCTH S -MaTpHUbI, T.e. llHBapuaHT

HOCTH OTHOCHTenbHO npeo6pa3oBaHllH 

( 6.1) 

C npOH3BOnbHOH <jiyHKUHen f ( X ) MO)KeT 6bITb 3anucaHO B BHae: 

a a 
( 0 (6.2) 

npu ycnoanu, 'ITO ace ocTanbHb1e onepaTopb1 pa'ccMaTpuaaeMbIX nonen non

'IHHHIOTCH cao6onHbIM ypuBHeHHHM llBH)l(0HHH. 

llnH noKa3aTP.nbCTBa (6.2) nocTaTO'IHO orpaHH'lllTbCH paCCMOTpeHneM 

cny'laH c n = 1 , T.e: 

a ( 8 S ) 0 . (6.3) 

TTpe)Kne acero npoaeneM <jiopManbHOe llOKa3a TenbCTBO, OCHOBb!B8HCb 

TOnbKO Ha npencTaBneHHH 

s T exp I i f d 4 x f 
1 

( x ) I . (6.4) 

Mb1 6yneM rrpenrronaraTb, 'ITO npencTaaneHue ( 6.4) o6ecrre'lnaaeT rrocTpoe

HHe pHna Teopnu BO3MyIUeHHll C rrpH'lllHHbIMH <jiyHKUHHMll (3.2-8 ), n s -MaT

puua pa3nar aeTcH B PM no HOpManbHhIM npou3aeneHHSIM noneBhIX onepaTo

poa, IIOll'lllHSl!OIUHXCH cao6onHbIM ypaBHeHHSlM llBH)K0HHSl. Mb! He 6yneM Y'lll

ThIBaTb BBeneHHYIO HaMH perynsipu3aUnIO, HO 3aTeM IIOKa,KeM, .'ITO- H3nO)KeH

HOe noKa3aTenbcTBo cnpaaennnao B paMKax naurnx perynHpH3aIIH:ii. 

'I> 
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BocnonbaoeaewHcb npencTaeneHHeM (6.4), rronyqHM: 

~ 

oS 
o Av ( x) 

iT l ( __ o __ _ 
o A

1
, (x) 

f d 4
y fl (y) ) S I 

Tl-e[W(x)G+(x)-G (x)W+(x)] + 
µ µv µv µ 

+ ie
2

[Wµ(x)W:(x) +Wv'(x)W;(x) -2gV/L Wjx)w;rx)] <lµ(e ,x) 

- i e [ f(x) y e(x)] )S l. 
V 

BocnonbayeMCH nanee cpopMynaMH: 

a 
a xv 

r l G ( x) s µv r l : M 
2 w '( x J -µ_ 

(6.5) 

i 0 a 
+i(gf3---gµa 

µ axa 
-aJ 

a X f3 
o .] s l 

ow+ ( x) 
µ 
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a T l G + ( x) s 
µv 

. 
a 

- g µa 

+ 

] s 

y T l r ( x) S l 
µ 

0 r l [ m U xJ + i --- 1 s I; 
0 f ( X) 

(6.6) 

_a_TlUx)y Sl=Tl 
a X µ 

[-m E( x) - i o ·] S I . 
oE(x} 

µ 

CooTHOlll0HU0 (6.5) II (6.6) cnpaBeJ:WllBO, ecn11 TeopllS! B03MYlll0HllH CTPOIIT

Cg cornacHo TeopeMe B11Ka c xpoHonor11qecK11M11 csepTKaM11 onepaTopoB nonsi 

(3.2-6), a S -MaTp11ua sas11c11T OT onepaTopos nonsi, y.oosneTBopmom11x 

CBo6o.oHbIM ypaBH0HUSIM, 

C noMOlllbm 9TIIX ~opMyn nonyquM: 

a o S 

oAJx) 

+ aw+(x} 
G (x) -G (x}---+1---

µv µv 

33 



+ e w+(x)(M2 W}xJ- i µ µ 
0 

o W+(x) 
fl 

. [ a a J 
+i g ~-- - g -

µ,-, a X µa ax 
a f1 

+ ie
2

_i__(WP (x) w; (x) {1.P(x) + W/(x) Wµ(x){ip(x) -a Xµ 

- 2 W p ( X) w; ( X) (1 µ ( X) ) -

+ i e (m "f(x) f(x) + if(x) _B __ 

B l (x) 

- m - 0 
Ux) P(x) -if(x) -·--)] S I • 

B f( x) 

ITocne Hecno)KHbIX npeo6paaoaa11uif HMeeM: 

B ) + 

Bc;rfxJ 

(6.7) 

-2._ 
ax.,,, £2___ = T I [ -i e2 

(WP ( x) G+p/ x) + Wp+(x) Gp/ x)) (1.,,,( x) + B A.,,,(x) 

(6.8) 

2 a + a + 
+ i e Wp ( x) ( ~ w.,,, ( x) - a--;- Wp( X)) (1.,,,( X) + 

p 'V 

+ ie
2

W+(x) ( _}_ W (x) - -1__ W (x)) (1 (x)] S I . 
P a .,,, a P .,,, xp x.,,, 
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TTocKonhKY G 
pv 

aw 
axp 

aw 
ax 

, TO COOTHOllleH!rn (6,3) Bbl-

V 

non He Ho, 

11TaK, s -MaTpRua rpantteHTHO RHBapRaHTHa B paMKaX npoBeneHHOI'O 

cpOpManhHOI'O paCCMOTpeHRSI, 

TToKa)KeM Teneph, 'ITO npoBeneHHbie cpopManbHhie npeo6paa0Bam1sr cnpa- -

BennRBhI B paMKax Hallleil: npouenypb1 perynSipuaauun, 

P srn Teopnil: B03Myll!eHttil: nnsr S -MaTpRUbI npencTaBnSieT co6ou: Ha6op 

nuarpaMM <!)eil:HMaHa Tttna nnarpaMMbI, npencraBneHHoi'1 11a puc. 2, Onepa

rop sneKTpoMarHRTHOI'O nonsr A µ ( X) BCerna CBSI381! C nRHReil:, onRCbIBaIO-
/ 

meil: aapSI)K0l!Hbl0 'laCTRUbl, Bo3MO)KHbl UBa cnytiaSI: unu sra nunusr He3aMKHY-

Ta, RnR 9Ta nttHRSI o6paayeT 3aMKHYThlll URKn. iloKa3aTenbCTBO rpanRel!THOH 

Rl!BapnaHTHOCTR MaTeMaTR'l0CKH CBOARTCSI K R3ytieHR!O neil:CTBHSI Ha S -MaT

puuy orreparopa 

a . 

a Xµ 

8 

TToCKOnbKY B 9TOT onepaTop BXOllRT ronhKO nepBasr BapnaUROHHaSI npOR3BOU-

H8SI no sneKTpoMaI'HRTHOMY noJl!O Aµ ( X) ' MO)KHO paccMaTpRBaTb npeo6-

pa30BaHRSI Tuna npoBeneHHhIX B (6 .5-8) nnsr Ka)l<noil: HeaaMKHyroil: nttHRR R 

Ka)KllOI'O 3aMKHyToro URKna COB0plll0HHO He3aBHCHMO, 

TaK KaK MaCCbi tiaCTRU R RX aapSIUbl e R f , a raK)Ke tittcno d 

SIBnSIIOTCSI RHBapRaHTaMH npR rpantteHTHOM npeo6pa30BaHRH, a npeo6pa30Ba

HRSI B (6.5-8) aarparuBaIOT TOnbKO onepaTOPbI H nponaraTOpbi aapSI)K0HHbIX 

rroneil:, npOBeneHHbJe BbIKnanKR cnpaBennRBbl H038BRCRMO nnsr Ka)KJ:(Oll ornenb

HOil: He3aMKHyToil: nttHRH H nnSI Ka)l<noro ornenbHOI'O UHKna, BXOASimero B 

cyMMy (4,5), 

TTosToMy S -Marpuua rpanueHTHO RHBapttaHTa B Ka)KAOM nopsrnKe 

PHH B03MymeHRH B paMKaX ccpopMynRpOBaHHbIX npaBnn perynsrpuaauRR, 
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§7. BTopoil: IIOP5lllOK Teop1rn B03MymeHHll 

3necb Mb! paCCMOTpHM aMIInHTYllbl BToporo nop5!nKa, COOTBeTCTBYIOmHe 

• 
rpa<paM <Peil:HMaHa Ha pnc. 5-6 II IIOKa)KeM, '!TO H3 ycnOBIHI HOpMHpOBKI! no-

n5!pH38UIIH BaKyyMa B BeKTOpHoil: sneKTponHH8MHKe cnenyeT: 

a = 0 
m 

(m = 2 ; 4 ) . (7 .1) 

PaaeHCTBO HynIO KOHCT8HTbl a O BbITeKaeT H3 HOpMHpOBKH nonHpH38UHOHHO-

f'O orrepaTOpa B CIIIIHOpHOil: sneKTponnHaMHKe, 

/3/ 
3To 6bmo rronpo6Ho paccMoTpeHo B pa6ore • 

e 

(a) 

-- f 
f~ , _ _,,,,,.,,, 

(0) (6) 

.J -I 
' ✓ 

.... __ 
(2) 

Pnc. 5. 
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1) il On51p1138U11SI BBKyyMa B BeKTdpHOli 9neKTpOillIH8M1IKe 

4neH 5 -MaTp!IUbI, COOTBeTCTBY!OlllHH il!IBrpaMMe Ha p!IC. 5 (a) MO.lKeT 
' 

61,1Tb 38TIIIC8H 

- i ; .1µ. ( x) n µ.v ( x - y ) Av ( y) 

. 2 
Le 

( 3) ( 1) 
- 11 aµ.:i\v ( x) ~ i\a (-x) I · 

( 7 ,2) 

(7.3) 

l1cnonb3YSI npl!HSITY!O H8MII perynSipH38UH!O II nepeXOilSI K HMTiynbCHOMY npe!l

CTaBneHII!O, nony~IIM] 

4 . 4 4 f d k f d q o (p - k - q ) x 

(2rr) 4 

CA~ 
i 1 

(7 .4) 

+ 

Il" (p 2
) I • + g µ" A 

V j 
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TIA (p2) 
; 

"e 2 

16772 
• 

2 2 

f da [ I <P
1

(a) 
0 

2 
+ q:, 2 ( a ) --E.::... 

M2 

2 
log ( M - a {I-a) p 

M2 
) +a (1-a) <Ii

1
(a) _P_ + 

M2 

+<P2(a) 

n ;.;_ (p2; 
1 

<Pl (a ) 

qi (a) 
2 

8 8 p2 

M2 
I 

i=l 

2 
C; log A; +<Ii1 ( a ) _I 

,=I 

9e2 

32 
77

2 - M 

8 

I 
i=l 

C. A~ log 
J 1 

-1+9a{l-u) 

-5 o, 
2
(1-a ) 2 

, 

I1a ( 7 .4) BH,llHO, 'ITO npH 

a4 = 
8 

.I 
,=I 

4 
C; A ; log A ; -/, 0 

2 2 
C; A; log A ; 

A; 

X 

(7.5) 

(7.6) 

y)Ke Bo BTopoM nopru:me no e 
S -Mar-pnua He YllOBneTBOpHeT Tpe6oBaHHIO 

Ppa.uneHTHOH HHBapHaHTHOCTH. 3To CBH38HO C TeM, 'ITO B naPpaH)KHaHe B3a

HMO.lleHCTBHH (2.8) Bee BeKTOpHbie aapH)KeHHb!e nong CTOHT ITO/l 3H8KOM HOp

ManbHOPO IlpOH3Be,lleHHH, Ecnu a 4 = 0 , TO PpaaHeHTHO-HeHHBapHaHTHb!e 

ao6aBKH HC'Ieaa10T. 
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J,,13 ycJIOBIHI 

Il ' (0) Lim II A (0) 0 , 
A ➔A ➔ oo ; ; 

KoTopoe 03HaqaeT, qTo, no KpaitHefi Mepe I BO BTOPOM nopSIAKe Teopn:u B03My

meHufi He npoucxonuT nepeuopMupoBKU 3apsrna, cnenyeT 

8 

a 2 ~ C; A~ log A; = 0 . 
i=1 

PaaeHCTBO Hymo KOHCTaHTbl ao , K6K ynoMUH6J10Cb BbIIIIe, BbITeKaeT 

U3 yCJIOBUSI HOpMUpOBKU nonsrpu3aUUOHHoro onepaTopa B cnuHOpHOll 9J10KTpo

/3/ 
An:HaMUKe 

0KouqaTeJibHO nocne HeCJIO)KHbIX npeo6pa3oBaHufi (7.4) npuHn:MaeT Bun: 

Il (p) =-(g p 2 -p p) X 
JLV JLV JL V 

X 
e 2 p 4 ·"" I u - 4M 2 

X 

32 rr 2 u2 ( u - p 2 
- i € ) u 

(7.7) 

+1 

X I 
-1 

d I I v . 1 u - 4M
2 

) ,., ( I v . J u - 4M 
2

) _u I v <l>1
0

(-

2
+-

2
v--- +..-2 -+-v u 2 2 u M2 

2) CoocTBeHHasr aueprusr HefiTpuHo 

l..JneH • S -MaTpUUbl, COOTB0TCTBY!OlllUH nuarpaMMe COOCTBeHHOfi 9Hepruu 

HefiTpUHO (puc, 5(5))' npeACTaBJISI0TCSI B an:ne: 
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....,i ii. (x) I 11
'
1 (x-y) 11. (y): 

I I 

3JleCb 

I
11
i(x) =-if

2
0a S~(x) 013 D.~/4 (-x) • 

AHanOI'Il"IHO TOMy' KaK 9TO 6bJnO CJlenaHo Bblllle, MO,KHQ rrony•H!Th 

I II i (p) = t2 
(2 11 ) 4 i 

10 

fd
4
k IC.A~ X 

X 

O (m 1 .+ k) 0/31 ga/3 -a • 1 

;=o , , 

(k-p)a (k-p )13 

M? 

(m·~.-k 2 '-i£) IM~ -(k-p) 2 -i£. 
I 1 1 

1 f2p(l + y .) 

8112 
f da [12a + 3a-4 

M2, 
(aM

2
+{1-a)m2 

0 

-a(S-4a}(l-a}p2 I log (-a'f/
2
+ (1-a)m~ -a {1-a J p2 

a M1 + (1 - a ) m2, 
) + 

a ( 1- a ) p2 + _....;.. __ --'--'----

am 7 +(1-a)M2 
I 2a + 3a-4 

M2 
(a,,/2+( 1-a) m}J I+ 

' 

. 2 8 
2 p 2 + I 2 a ( 1 - a ) + ( 4a - 5) ( 1 - a) a 1-- I C; log A j + 

M2 ;=z 

, (3a-4) 8 
+ I 2a + ---- (aM 2 + (1 -a) mf) I I c. A~ log A2 ] . 

M2 i= z , , 
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C y'leTOM TOI'O, '!TO ao 

au.qy: 

0 ' (7 .8) MO)KHO rrpeo6pa30BaTh K 

I'Ae 

2 4 " f P P (I+ Y5) "" J du 
. ( 2 2 ) y A M ; m; ; u 

1611 2 u3 ( u - p2 - i € ) 

l 2 2 

J P ( 
.II - m ; + u 

x dv 
-1 2 u 

v . 2 2 
+ -- v ,\ ( M ; m. ; u ) , 

2u I 

3 

l 
i= 1 

2 3 
x. -2 l x. x,. 
' ;./,; ' 

X 

P( x) 2 X + 3x - 4 

M2 
I xM: + (1-x )m2 -x ( 1-x )u(5-4x)I. 

' 

(7.10) 

!fa ( 7 .10) BHAHO, '!TO rrorrpaBKa B co6CTB8HHY!O Macey Heil:Tp!IHO paBHa 

Hynro. 3TO HBnHeTCH cneACTB!IeM Y5 -IIHBapuaHTHOCTII narpaH)K!IaHa cna-

6bJX B3UIIMOA8HCTBIIH. 

3) norrpaBKa K co6CTBeHHOH auepruu BeKTOpHoro 6osoaa 

B B8KTOpHOH aneKTpOAHHaMHKe 

PacCMOTpHM •WeH s -MaTpHUbI, COOTBeTCTByJOm!Iit i:marpaMMaM, rrpeA

CTaBneHHbIM Ha puc. 6 (a): 
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- i I - G µv ( x) '2 ~1} ;va ( x -y )G va ( y ) + 

+ w;(x) I~!v>Jx-y)Gv>.Jx) + c;;. (x) I~f!v (x-y)Wv (y)-

- w+ (x J I'3
' (x-y) w (y J l : · µ µv V 

Q C 
X fl. a C 

X , 'J 

w 
X J 

I ~ 
X y 

Q 
~ 

(a) 
Q 

.x 

K 
(6) 

!I 

Pnc, 6, 
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I 
fl 
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l 
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3aecb 

l <21 
(x) 

2 !':,. (2} 
(-x) ' µ; Ill\ ie D/1.Jx) µu;v 

( ·2+) 2 (2+) 
(-x) l µA;ll (x} ie D/1.u(x) !':,. µ;vu ' 

{7 .12) 

lm ( ) • 2 (3} 
(-x) -µ11 X ie I D/1.u(x) !':,.µ/\;II CT 

ITepexoag K HMrrynbCHOMy rrpeacraBneHuro u ucrronb3YH rrpeacraBneHue (3.10) 

qiopMqiaKropa, rrony'luM: 

2 -/32-ioo 
e u(I;,) 

(g, P - g, p ) - f dt;, --------
"µ 11 /\II µ 16 rr Sin2 rr/;, r3(1 +t;J 

x ( _!!2:_ ;' F 121 ( p ; (, ) 
4 
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2 -f32- iO<> 
l:f2+J (p) 

fl.A ;v .,. ) ---1_ f d( 
=(·g>.µPv-gµvPA 16rr Sin

2
rr( 

-{32 + '""' 

u{l,_) 

r3r1 +() 

M2e2 )( p<2J (p,; ( ) ; X ( 4 

X 

(7.13) 

i (J) (p) 
µv 

2 
-f3r-i""' 

= - e 1 B;-2i f d( 
2 u(() ,i/e2 ,· (3) 

Sin rr( r3 (1 +() ( 4 ) F (p;( ). 
- {33 -ioo 

3JleCb: 1 < f31 < 2 ; 1 < f3 J < 2 ; 0 < f3 2 < 1 ; 

pW µv(p;() 
1 1 - [ f da pW ( 2 ro-,) o µv P ;(; a ) -

a+(u) 

_ ( p 2· j du - f d f3 p < o (p 2 ; i;; f3 )] ; ( i = 1, 3) 
M2 u 1+( (u-p2 ·-i£ ;1-( a-(u) µv 

p<2J(p;()= 
1 

[jdaP<21 (a;()-
. T{l-() o 

·°"' 2 
-(p f 

M2 

du 

u l+( ( u - l - i ( ) 1· _, 

a+(u) 

f df3 p<2>((;f3)] 
a-·(11} 

2 2 
p(IJ(p

2
;(;x) = x( (1-xJ-([g I 1- xM -x{l-x) p 1-0-x) 

µv µv (1+() 2M2 
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pf2) ( ' ; X ) 

2 2 
xM -x{l-x)p I+ 

1+( 
(7.14) 

+2{1-x) 2 p p ] 
µ I/ 

_I_ [ u - M2 + ( u - M2 } ] 
2u -

¢yHKUIIU F(l;J)(p; (;) - perynSipHbl B nonynnOCKOCTU Re(; >> - 2 , aa IICK-

mo•rnHUeM TO'IKII ( = - J , B KOTopou 9TII <PYIIKUIIII UMe!OT non10c nepBOI'O 

nopSillKa. <l>yHKUIISI F 12!(p; ') perynnpHa B nonynnoCKOCTU Re ( 1> - 1 • 

Yno6Ho c CaMOI'O naqana BBeCTH B paCCMOTpenue onepaTop co6CTBeHHOH 
w 

anepruu ~ µv ( x ) 

w 
2-µv ( x-y} -i 

, onpenenSieMhJH KaK 

5 2 s 2 (7.16) 

rne S 2 - 'Inen S -MaTpUUhJ BToporo nopSillKa no KOHCTaHTe aneKTpo

MarnuT11oro B38HMOJleHCTBIISI, C · IlOMOII{h!O HecnmKHh!X Bhl'IUCneHUH nony'IuM: 

w J 4 ipx -w 
if:Lv (x} = (211)4 J d p e !, µvfp} ; 

-
I w ( ) 

µv p 

2 
e 

8 TT 

-/3 - joo 

I f d (; 
2 i -{3+ ioo 
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2 
FI. (p,() 

µv 
g µvP -p/L Pv I M2 2 

Jda ~ (a;p2;()[ -{1-a)p ]( 
r(l-() 0 M2 

F2 (p; (;) 
µv 

3 gµv I 
r{l-() { da p2 (a;p2;() [ M2-{1-a) P2](. 

M2 , 

r 2 2 2 . 
2 r,, --( 0-a) a M -a (1-a)p 

2 P1 (a;p ;() =a 0-a) 1---i- + ----,,..- -2{1- a +a ) I, 
M (1 +( ) M2 · 

p2 (a; p2;() =a'{l-a /({ aM2-a{l-a)p2_ M2 I 

1 +' 
Paanar-a.11 (7.16) B p.11a no crenea.11M · (M2 f 2) , nony'lnM: 

I µv(p) 
e2 
-[ 

817 2 
M~3p

2
~ { g (p2_3M2) _ 

4M2 e2 µv 
A 

·°" M2 e 2 
-p p I+ I u(n) .. ( A )n{ (FI (n;p) + 

µ V nl> 0 ( n ! ) 3 4 µ V 

2 2 
M fA u'(n) 

+ F 2 ( n; p) ) [ log 4 + ~ - 3 if; ( n + 1 )] + 
µ V U/ ll,I -

+Fz' (n;p) + F; (n;p) I]. 
µv µv 
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3necb 

l f dt VA (t) . 
4 0 

nerKo y6enHTbCH, qro nonpaBKa BToporo nopMKa no e B co6CTBeH-

HyJO Macey c roqHoCTbJO no qneHOB O ( log M2 E ~) , paBHa 

41T 2 
(7 .18) 

4) Co6CTBeHH8H 3HeprHH aapH~eHHOPO nenToHa 

MaTpHqHbie sneMeHTbI, COOTBeTCTBYIOIUHe rpactiaM co6CTBeHHOi1 3HeprHH 

sneKTpoHa, (MJOOHa) puc. 5(B)) H co6CTBeHHOi1 3HeprHH 6030Ha (puc. 5r) 

co cna6bIMH Bep111HH8MH, BbJqucnmoTCH aHanoruqHo TOMY. KaK 3TO 6binO cne

naHo B npenb1nyIUeM nyHKTe, Il03TOMY Mb! npHBeneM TOnbKO peaynbT8TbI. 

OnepaTop co6cTBeHHOi1 3HeprHH sneKTpOHa (MJOOHa) paBeH: 

f2p" (1 + y 5) 1 
-{3-ioo 

u (' ) E2M2 ( 
~; (p) f d( - (--) F (p;(); 

4 1T 2i -{3 +ioo Sin 2 rr I; r3 (1 + () 4 

F (p:() 

(7, 19) 

F ( p; ( )- peryngpHa B nonynnOCKOCTH Re ( ·>- 2 , KpOMe TOqKH (= -1 , 

rne F ( p; () HMeeT nonJOc nepBoro nopinKa; 1 < (3 < 2 • 

TTonpaBKa B co6CTBeHHYIO Macey sneKTpoHa ( MIOOHa) HMeeT BIIn: 
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8 mi 

3 = 
2y2 

3 

2 
L2 mi ... 

77 2 

Cv 
M 2f2 + 0 (log M 2 e 2 ) 

V; V 

G mi 

2 

Cv 2 2 
-- + 0 ( log M e v ) . 

77 f2 
vi 

(7.20) 

3.oecb 

r.oe 

Cv = { j d t V v ( t) 
• 0 

5) ITorrpaBKa B co6CTB9HHYID 8Heprnro BeKTOpHoro 6o3oHa 

B cna6b!X B381IMO.lleilcTBIIHX 

B 8TOM cnyqae orrepaTop co6CTB9HHOH 8Hepr1IH HMeeT Bil.Cl! 

I.~v(p) =i;v(p;me) +i:v(p;mµ} 

£w (p ·m.) µv ' , L.. 
8 77 

x FµJp;(;m;) 

-{3-ioo 
_If d( 

2i -{3+ioo 
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m2 e 2 ,,. 
u C? ( i I/ ) ., X 

Sin
2

77i;r3
(1+() (7.21) 4 



F/1 v ( p ; ( ; m i ) 

xl8g [a(l-a)p 2 -
/1V 

am~-a{l-a)p 2 

'+ 1 

] -16a(l-a) p p I 
/1 V 

X l 
2 2 

m; -(}- a )p 

2 m. 
1<{3 <2, 

' 

F /1 v ( p; (; m ;) - auanunPrna B nonynnocKocru Re ( 1> - 2 

HlieM nomoca nepBoro nopsu1Ka B ( = - 1 , 

X 

nonpaBKa B co6crBe1111y10 Macey Ir -6o3oua 3a c•rer cna6b1x B3auMo

Ae11crBufi paBna: 

_Li_ 
4 TT l M2 

G (m2 + m 2 ) 
e /1 

4y 2' rr 2 

CV 
+ 0 (log 

C 
_.£_ + 0 {log 

f2 
V 

§9. K B0Hpocy 0 BhI6ope K0IIC1'8111' am 

m2 E 2 ) 
e V 

B npe.[lbI.[lyIIIUX naparpaq,ax Mb! Il0Ka3anu, qro Bb!60p K0HCTaHT 

(7.22) 

am= 0 (m:0,2, 4)CBSI3all C BnoJiue pa3yMHbIMU Tpe60B8HUSIMH, HaKna.[lb!BaeMb!MH 

Ha MaTpuqHbie sneMeHTbl s -MaTpUUbl B HH3IIIUX npu6nulKeHUSIX Te0pHu 

B03Mymeuun. OcraHOBUMCSI Tenepb Ha Tex cne.[lCl'BUSIX, K K0T0pb!M npUB0.[lHl' 

1'8K0I! BbI6op B Bb!CIIIUX II0pSIAKaX, IlraK, 6yAeM paccMaTpUB81'b 3apSilKeHHbJe 

UUKnhl C npoU3B0nbHWM qucnoM nueIIIHUX <pOTOHllhlX U uefiTpUHHhlX nHHUH, 
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Ycnoaue rpaatteHTHoH HHBaprraHTHOCTH nprrnoarrT K ToMy, qTo Hanrrqrre 

oaHon BHemHen cjioToHHoH nHHllll yMeHblliaeT pacxoaHMOCTb ncero MaTprrqHoro 

aneMeHTa, ~mnsnomeroCH cyMMOH BCeB03MO,KHh!X arrarpaMM <PeHHMalia, Ha 
• 11 I 

eaHHHUY (cM., HanprrMep, ). IToaToMy MaTprrqHbIH aneMeHT c aooTaToqHo 

6onbllillM 'IHCnOM BHelliHllX. cpoTOHHh!X nHHllii 6yaeT cxoaHTbCH, C TOqKll 3pe-

HRH HameH perynHpH3aUHll a To oaHaqaeT, qTo tJrrcna am , COOTBeTCTBYJO-

mue rnaBHhIM pacxoaHM0CTHM oTaenbHhIX arrarpaMM <PenHMaaa, 6yayT oT

cyTCTBOBaTb B MaTpH'IHhIX aneMeHTax c aocTaToqao 6onbllillM qucnoM BHem

HHX cpoToHHhIX nuHun. GneaoaaTenbHO, qucno MaTpuqHhIX aneMeHToB, peanbHO 

3aBHCHlllHX OT 'IHCen am , KOHeqHo. Aaanua acex auarpaMM aoaonbHO npocT, 

B Ta6nuue 1 IlpHBeaeHhl rpaqJbI, ycnoBHO o603HaqaIOll!He MaTpHqHbie aneMeH

ThI, HBnHJOll!HeCH cyMMOH BCeB03MO)KHb!X aapH)KeHHh!X llHKnOB C onpeaeneHHOH 

CTPYKTypoii no BHelliHHM nHHllHM, H yKa3aHbl qucna a 
m ' OT KOTOpb!X aaan-' 

CHT 9TH MaTpnqHhJe aneMeHThl, Bee OCTanbHhie MaTpuqHhJe aneMeHTbl He 3a

BHCHT OT am 

TaKHM o6pa30M, BBeaeHue HenoKanbHOCTH BO B3aHMOaeHCTBlle npnnoaHT 

K nepeHOpMHpyeMOCTH paccMaTpHBaeMOH TeOpHH C 06b1qHon ToqKH 3peHHH, 

E • E 6 ill /1/ • cnu aocnonb30BaTbCH MeT~aHKOM oronJO OBa If HpKOBa , HBHb111 BHa 

K0HTpqneHOB MO)KHO nerKO Bh!IlHCaTb, ncnonb3YH peaynhT8ThI, CBeaeHHbJe B 

Ta6nuuy 1. 

Ham BbI6op perynHpH3aUHH C aononHHTenbHh!MH ycn0BHHMH Ha K09cpcpn-_ 

unef!Tbl C; HCKnJOqaeT. Heo6xoaHMOCTb BBeaeHHH K0HTpqneH0B, aenaH Teo-

pHIO K0He'IHOii B nI060M nopsraKe TeopuH B03MyllleHHii, 

B aaKnJOqeane· aBTOphI Bb1pa)KaJOT rny6oKyJO 6naroaapHoCTb npoqioccopy 

.Q,11, Enoxuaueay, a TaK)Ice C.M. ErrneHbKOMY, E.A. 11aaHoay, B.l1. Orueaeu

KOMY u .U.A. CnanHony 3a· none3Hh!0 o6cy)!<aeHHH. 
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nperrpllHThI ll coo6me1 

nMHoro o6Meaa,yHnBepcn'. 

uay'IHblM rpyrrrraM ll OTAe, 

nonyqaTeJHIM ll3A6Hlli 

RBllTh nununaTllBY B 6ecn 

o6MeHa npnHHMalOTCR Ha~ 
ny6nHK8Ullll ITO TeMaTnKe 

• EAIIHCTB0HIU,Ifi BHA I 

8TO penp!!HTbl loTTHCKII C' 
B PRA0 cnyqaeB Mb!" 

6onee KpynHhIM nony'IaTe, 

cnaTb H8M K8KHe-nll60 KR 

:>KypHanhI, ll3A8!01llll0CR B J 

MsnaTenhCKIIfi oTnen 

COB Ha BhICblllKY ll3A8Hllfi 

YKB3b!B8Th llHAeKC sarrpau 

TTnchMa ITO BCeM BOITJ: 

OTAenhHbl0 ll3A8HllR cneAye'. 
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