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1. BBeneune 

B OCHOBe COBpeMeHHbiX MeTOAOB TeopHH CIInhHOii: CBSI31I nemiiT 

otieBHAHhiii: tlJnanqecKHii: tiJaKT: B rrepBoM rrpn6nnmeunn, Korna MomHo rrpe

ue6petih sueprneii: cBo6onuoro 6oaouuoro rronH rro cpaBueunro c aueprneil 

BaanMoneii:cTBHH, 6oaoHhi u'e MoryT. paccMa.TpnBaThCH KaK peanhHhie qac-. 

THUbi, CIIOC06Hbie rrepeHOCIITh Te HnH IIHbie KBaHTOBbJe 'IIICna. B 8TOM IIpH..; 

6nnmeHHH.6030HHOe none CDOAHTCH K HeKOTOpOMY KnaCCIItieCKOMY rronro, 

nrparoweMy ponh stlltlleKTHBHoro rroTeuunana nnH 'laCTIIUhi. DoTeuunan sToT 

3aBeAOMO He Man, IIOSTOMY OCHODHOe COCTOHHIIe CHCTeMbl C CIInhHblM 

B381IMoneii:CTBHeM 3H8'1HTenhHO OTITHtiaeTCH OT COCTOHHIIii: HeB38HMoneii:CT

Byroweii: CIICTeMbi, HO KOnh CKOpO 8TO OCHOBHOe COCTOHHIIe 6yneT Haii:neHo, 

norrpaBKH, CBH38HHhle C KBUHTOBOii: IIpHpOAOll 6030HOB MOlliHO paCCMaTpii

BaTh KaK Manoe B03MyUleHHe. B CBH3H C TeM, 'ITO IIpH. OIIpeneneHHH CTa

UHOHapuoro ·COCTOHHIIH CH CTeMbl HeiTb3H. BOCIIOnh30B8ThCH Teopneii: B03MY-. 

meHHii:, aanaqa npaBHIThHOrO Bhl6opa BoriHOBOii: tPYHKUIIH OCHOBHOrO COCTOH

HHH B Teopnn cnnhHOii: CBH31I npno6peTaeT nepaocTerreuuoe auaqeune, npn

tieM pe'lh IIAElT He CTOnhKO 0 TeX.HII'IeCKHX TpyAHOCTHX, CKOnhKO 0 IIpiiHUII

nnanhHblX BOIIpocax, Ha KOTOphle o6LI'IHO B TeopHII CllnhHOii: CBSI311 BHIIMa-
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.IUie He o6pauiaeTCH. flOCKOnhKy B nepBOM npn6mi/KeHJm KB8HTOBOe 6030H-

aoe none 3aMeHHeTCH KnaccuqecKnM n nrpaeT ponh BHernaero nonH, ec

TecTBeHHo HCK8Th BOnHOBYIO qJyHKUHIO OCHOBHoro COCTOHHH.II B BIIJ]e npOII3-

BeJ]eHH.II cjlyHKUIIH 0 38Bl!CHIIIHX OT nepeMeHHbiX qacTHUbl II nonH IIOp03Hho 

3To nannyqrnnM o6pa30M cornacyeTcH c. npencTannenneM o _qacTime n 

noTenuuanhHOii HMe. OnHaKo o6bJqno ncnonh3yeM.oe npHMomiHeiinoe pa36ne

Hne BOnHOBOH cjlyHKUllll Ha COOTBeTCTBYIOIIIHe IIpOH3BeJ]eHH.II II nocnenyromee 

TonKoBaHne a¢¢eKTIIBHoro BHernaero nonH KaK ycpenneanoro no TaKoMy 

COCTOHHHIO KB8HTOB8HHoro IIOn.II IIpl!XOJliiT B npOTIIBOpeqn~ C Tpe6oBaHneM 

BbiiTOnHeHHH 38KOHOB COXpaHeHJIH, o6ycnoBneHflbiX CliMMeTpiieii raMnnhTOHHa

H8 cncTeMhi. Bbmonaenue HyiKHhiX aaKonon coxpaaennH MOIKHO rapaHTIIpo

BaTh TOnhKO B TOM cnyqae, ecnn CT8UIIOH8pHbie BOnHOBbJe ¢yHKUHII CHCTeMbl 

6ynyT ocymecTBnHTh npencTanri_eiine rpyrinbi C!f!\iMerpuu raMnnhTonnaaa. 

BonHOBb!e /Ke .cpyHKUHH BbiiiieOITIIC8HHOro BIIJla T8KIIMH CBOI1CTB8Mll o6na)]8Th 

He MoryT. 3anaqa y<ieTa coxpafieHIIH B Teopnn cnnhHoH. CBH3II 6bina npnH-

/1/ . . 
unnnanhHO perneHa · B pa6oTe H.H. Eoron106ona • ·MeTon H.H.Eoron106ona 

38Kn!OqaeTCH B K8HOHIIqeCKOM npeo6pa30B8Hl!H nepeMeHHbiX, B pe3ynhT8Te 

. - . ,# 
KOTOporo . cpe)]l! HOBbiX nepeMeHHbiX IIOHBnH:<JTC~ napaMeTpbl rpyiiiibl CUM- . 

MeTpiiii raMHnhTOHHaHa •. B CIIny HHBapnaHTHOCTH hCXOJlHoro raMIInhTOHIIa!Ia 

B IIOBOM raMIInhTO!IHa!Ie 9TH nepeMe!I!Ibie 0K83b!B8JOTCH UIIKniiqecKHMH, II 

Bhi60p BOn!IOBOH cpy!IKUIIII C IIpai3IInh!IbiMII TpaHC<jlOpM8UIIOHHbiMII CBOHCTB8MII 

cTanoBIITCH npocToii 3aJlaqeii. Bonpoc o pa3nenennn n~p-eMeHHhiX nocne 

9Toro y/Ke He CBH38H ·c TpaHccjlopM8UIIOl. -IbiMII CBOHCTB8MII raMIInhTOHII8Ha. 

Ill 
B 6bino noKa3aHo, qTo TaKoe KaH~HIIqecKoe npeo6pa3oBaHne noanonHeT 

HaiiTH OCHOBHOe COCTOHHIIe CIICTeMbl II IIOCTpOI!Th IITepaUIIOHHOe perneime 

38)]aqu 0 C06CTBeHHbiX BeKTOpax COCTOHHIIH CIICTeMbi. TaKIIM o6pa30M
0 

npeo6paaonanne H.H. Eoron106ona HBnHeTcH a¢¢eKTHBHbiM, n, nacKonhKO 

118M II3BeCTHO, eJ]l!HCTBeHHbiM IIOCneJ]OBaTenhHbiM MeTOJ]OM nccne)]OB8Hli.II 

CHCTeM C CllnhHbiM B38IIMOJleiiCTBIIeM. 
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• 11-41 . 
B pa6oTax 9TDT ~eTon npnMeHHnCH K II3yqeHHJO aepe 

CKHX II pen.IITIIBIICTCKIIX TpaHCn.HUIIOHHD-liHB8plla~THbiX OJlfiOqacTHq!f 

c anHa6ariiqeCKIIM H CHnhHbiM B3aHMOJleiicTnHeM. B nacToHmeii pa6c 

3onanne H.H.EoronJ06ona npiiMeHHeTcH K HccnenonaHH~ 3anaqH o CJ 

III\.10J]eHCTBHII qaCTI!Ubl C 6030HHbiM IIOneM, IIHB8pli8HTHOM OTHOCIIT9l 

ToqHo o6mei1. nenpepwnnoH. rpynrrw rrpeo6pa3oBaHHii. 

2. HeKOTOpbie CBOHCTBa rpyrrrr nll 

TiocKonhKY B nanhneiirneM rrapa~eTpbi rpyrrnbi cnMMeTpHH r 

Ha OKaiKYTCH He38BIICIIMbiMII rrepeMeHHb!Mll 0 uenecoo6pa3HO H8IIOlV 

Hbie pe3ynbT8Tbl TeOpiii!, rpyiiii n11, H3nDIKHB OTtleiihHO cjlaKTbi 0 Ka 

CBOHCTB co6CTBeHHO rpynn nll COOTBeTCTByJOIIIliX rpyiiii npeo6pa3 

TiycTb r - rrapaMeTpnqecKaH nerrpepbiBHaH rpynrra 'G c 

MII g {a 1 , a 2 , ... , a'j,,g(a)orrpenen.HeTCH 38KOHOM YMHO/KeHHH! 

ecnH g (a) g ( b ) = g (c) , TO c a = ¢ a (a; b ) , a = · 1, . . 

. EJJHHIIue rpyrrnhi cooTnercTByJOT 3HaqenHH napaMeTpoB a a =c 0 , 

'h6paT.noro g (a) 9neMeHTa 6ynyT o6o3naqaThCH CHMBonoM a 

TiycTb g(c} = g(a) g(b)H g(c:J = g(a} g(b'), Torna 

¢ ( c- 1 , c ' } = ¢ ( b-1 , b' ) 

ecnJI IKe g(c) =.= g(a) g(b) , a g{c')==g(a') g(b ) , TO 

¢ ( c', c-1 ) = ¢ (a' , a-1 } 

Ecnn paccMaTpHBaTh 6ecKoneqHo Manbie n3MeHeHII~ rrapaMeTpon; 

COOTHOIIIeHHH .( 2) . H. ( S) CBOJlHTCi K 'nucpcpepenunanbflbiM ypaBH~IIll 
HO ll3 COOTHOIIIeHHH ( 2) .· cnenyeT, qTo 
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n6nH}!{9HJIII KBaHTOBOe 60301!-

'T ponb BHellll!ei'o nom1, ec-

OI'O COCTOSIHJISI B Bll.lle npOH3-

'!aCTHUbi H nonSI nopo3Hb, 

lCTaBneHII9M 0 '!aCTIIUe D 

.yeMoe npHMonHBei!Hoe pa36ne-

ripOH3B9Jl9HJISI II ITOCHe,ny!OUiee 

: ycpe,nHeHHOI'O ITO TaKOMy 

IpoTnBopequa c Tpe6onaHHeM 

,HblX CHMMeTp!Iei! I'aMIInbTOI!Ha

:>Xpal!ei!HSI MO}!{HO I'apallTHpo

bl9 ·nonHOBbre cpyHKUHll CHCTeMbi 

CHMMeTpnn r-aMHIIbTOHnana', 

TaKHMH . CBOHCTBaMH o6na,naTb 

n cnn&Hoil CBSI3H 6wna npnH-
/1/- .·. 

a. , :MeTo,n H.H.Eoromo6ona 

f ~epeMei!Hbix, n pe3yn&TaTe 

'C5! ,napaMeTpbl I'pyiTITbl CJIM-

:TJI hCXOJli!OI'O I'8MJinbTOIIH8ll8 

l3biBaiOTCSI UJIKnH'I9CKHMII, JI 

I!CqJOpMaUJIOI!HbiMll CBOHCTBaMJI 

eneHJIJI nep'eMeHHhiX nocne 

CBOHCTBaMU. f'8MJinbTOHllaHa, 

oe' rrpeo6pa30Bal!ne IT03B~nSieT 
~~Tb. nTepaunonuoe p·ellleHne 

cncTeMbi~ TaKnM o6pa3oM, 

3cpcpeKTJIBHbiM, · H, -.HaCKOnbKO 

lb!M M9TOJlOM HCCne,noBaHHSI 

j 

I 

-1 
1-

• /1-4/ B pa6oTax aToT MeTo,n npnMeHSinCSI K nay'!ei!HIO HepenSITHBHCT-

CKHX ll penSITllBHCTCKHX TpaHCm!UHOHHO-llHBapll8HTHbiX 0JlHO'I8CTll'IHb!X CllCTeM 

c a.nua6aTH'IeCKHM u cnnhHhiM B3auMo.neilcTnueM, B HaCTOSillleii: pa6oTe npeo6pa-

3onaHue H.H.Eor-oni06ona npnMeHSieTCst K uccne,nonaHMIO aa,naqu o cunhHOM n3a

lli\10JleftcTBHH '18CTllllbl C 6030HHb!M noneM, llHBapuaHTHOM OTHOCHTenhHO JlOCTa

TO'IHO o6llleil HenpephlBHDR rpynnw npeo6pa3oBaHMil, 

2. HeKOTOpbie CBOHCTBa rpynn nn 

floCKOnbKY B. aanbH9RllleM napaMeTpbl rpyniThl Cl!MMeTpllll raMllnhTOHlla-

Ha OKa}!{yTCSI H9.38BHCllMbiMll nepeMeHHbiMH, uenecoo6pa3HO HaJIOMHl!Th OCHOB

Hb!9 pe3ynhT8Tbl TeOpHII, rpyJIJI nn, ll3nO}!{liB OT,nenbHO ljJaKTbl 0 KaCa!OIUll9CSI 

/5/ 
CBOHCTB co6CTB9HHO rpyrrrr nn COOTBeTCTByiOIUliX rpyrrrr rrpeo6pa30B8HliH , 

flycTh r - napaMeTpnqecKaSI HerrpepbiBHaSI rpynrra G c aneM~HTa-

MII g (a 1 , a 2 , •.• , a' )=g (a) onpenenSieTCSI 38KOHOM -yMHO}!{el!liSI: 

· a a (1) 
g (a) g ( b ) = g (c) , TO. c = ¢ (a; b ) , a = 1, . .. , r . ecnll 

.EJlliHHUe rpyJinbi COOTBeTCTBy!OT 3H8'l9HliSI rrapaMeTpOB aa = 0 t rrapaMeTpbl 

'6paT.HOf'O g (a) aneMeHTa 6y,nyT o603Ha'!aTbCH CliMBOnOM. a-:-1 

flycTh g(c) = g(a) g(b}li g(c:J = g(a} g(b'j, Tor,na 

) ' 
( 2) = ¢ ( b-1 b' 

' 

ecnll }1{9 g(c} =.= g(a) g(b) , a g(c')==g(a'} g(b), TO 

¢ ( c', c-1 ) = ¢ (a' , a-1 ) . (3) 

Ecnll paccMaTpHBaTh 6ecKoHe'!HO Manbie ll3MeHeHHSI napaMeTpon, TO 

cooTHolllea~SI J 2) H ( 3) cno.nSITCSI K ·nn¢1jJepenuHanhHhiM ypanHeHHSIM, I1Meu..:. · 

HO ll3 COOTHOllleHHSI (2) cne,nyeT, 'ITO 
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aca 

abf3 
~ Aa(c) Byf3(b) 

y -

n ns ( 3) BhiTeKaeT ypaBiieHne 

a ca 

aaf3 
Aa(c) 

y . 

-y 
Bf3(a}. 

(4) 

( 5) 

MaTpn'IHhie ¢yHKUHH napaMeTpoB B ypaBHeHHHX (4) n (5) orrpe.uen.HJOTCH 

COOTHOlli9HHHMH 

A~(a) = ( 
arJ:. a( a, b)) 

.abf3 b=o 
B a(b) = ( a¢a(a,b}) -1 

f3 . abf3 a=b 
( 6) 

xa (b)= ( l..P.a(a,b); [p (~) = ( _a ¢,U(a,b} J _1 . ( 7) 
f3 · f3 a= 0 f3 · f3 b=a 

aa . a a 

Dpn HyneBbiX 3H8'19HHHX COOTB9TCTBYJOlliHX apryMeHTOB BCe 8TH M8TpHUhl 

CBO.IlHTCH K e.unHH'IHhiM. DocKonhKY rrpn a = 0 nnn b = 0 BLIIIOnll51-

IOTCH TO)I(,Il9CTB8 c = b unn c = a , To ns ypannenuA (4) If (5) 

cne.uyeT, 'ITO rrapLI MaTpHU . A B H ;[ li B38HMHO o6p8TIIhl. 

YcnoBne rronnoli ItHTerpupyeMoCTH ypaBnennil. ( 4) rrpnBOJlHT K TOlli.llCCTBIIM 

Aa(c)AY (c)-Aa(c)AY (c}=cP AY(c}, f {a}= a[(a) 
V T ,U T V,U VT p , V a a V 

( 8) 

r.ue Benn'IHHhi 

cP = [93PrfbJ- 93Pf3 (b)] Aa(b) Af3(b) 
vr a, .a v T 

(!)) 

·.uon)I(Hhi 6biTh nocT_o.HHHhiMH. YcnoBue nonnoil. HHTerpnpyeMoCTH ypnBIICIIHii . . ~ 

(5) IIpHBO.IlHT K ananorH'IHhiM Bhipa::KeHHHM .llnH H8.1l'I9pKHYTI.IX IICnJI'IIIII. 

6 

KpoMe TOI'01 ycnoBne COBMeCTHOCTH ypaBH9HHH (4) H (5) Tpe( 

TO)KJ19CTB8 

L ( acY ) 
aha a a f3 . 

y 
_a_ r-~J 
aaf3 aha 

6bmn cne.ucTBneM ypaBHeHnli ( 4) n ( 5) • .3To ycnoBne npnBo.un 

'rneHHIO 

AP:Y a(a) Af (a) -A{ (a) Au 
• nP p 0' 

H3 KOTOporo cne.uyeT 1 B 'I8CTHOCTH1 'ITO 

;;a =-ca 
f3y {Jy . 

.· Onpe.uennM .uil:¢¢epeHunaflhHhie_ .onepaTopbi 

a · L = A f3 (a) -:--{3-
a .. :· a a a 

L a 
A flta) 
. a 

.£::...:. 
aaf3 

l13 COOTHOlli9HH.H ( 8) cne.uyeT, 'ITO 8TH onepaTOpbl Y.ll.OBneTBOp~ 

CTaHOBO'IHhiM COOTHOlli9HHHM 
.. 

[L ,Lf3] = cyf3 .L a a y 

tr , I 131 = ;r
13 

I a a y 

l.JTo6bi ycTaHOBHTh CBH3h M9)1(.1lY orrepaTopa~u La H · 'La 

MaTpHUY p 1 CB.II3hiB8JOlliYIO MaTpHUhl B If 8 

B~(a) =p~(a)B~(a}. 

3Ta M8TpHU8 Y.llOBneTBOpHeT ypaBH9HII.IIM 
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(4) 

( 5) 

~ (4} n (5) onpenenHIOTCH 

( 6) 

( _Q!P..a(a,b)) -1 

f3 b=a a a 

( 7) 

'yMeHTOB BCe 9TH M8TpliUt.l 

0 nnn b = 0 BbliiOn!HI-

na ypanaenuif (4) II (5) 

lJ . B38UMHO o6paTJII>I• 

( 4) llpllBOllliT K TO>I<JlCCTBIIM 

(c), f "(a}-e a [(a) 
,v aav ( 8) 

( n) 

liH;erpnpyeMOCTH Yfllliii!CIIIIii 

il H8~'!9pKHYTI·IX IIC1JII'IIIll, 

.,. 
r 

KpoMe Toro
1 

ycnoBne coBMeCTHOCTII ypaBHeHnii ( 4) n ( 5) Tpe6yeT 1 '!T06bi 

TO/KJl9CTB8 

( 10) 

6binli cne)lCTBIIeM ypaBH9HliH ( 4) II ( 5) • .3TO ycnoBII e UpliBOJlliT K COOTHO-

·rneHIIIO 

;rr (a} Af (a} -At {a) A a o, 
p.a 1\,a p 

( 11) 

ll3 KOTOpOI'O cnenyeT 1 B '!8CTHOCTII1 'ITO 

ca =-Ca • 
f3y f3y 

( 12) 

. OnpenennM ninjJcpepeHuiiafibHbie .onepaTopbi 

. a 
. L = A f3 (a)---

. a .. : a aaf3 
( 13) 

L ( 14) 
a 

l13 COOTHOlli9HliH ( 8) cnenyeT 0 'ITO 9TH onepaTopbl YJlOBneTBOpHIOT. nepe-

CT8HOBO'!Hb!M COOTHOlli9liii.HM 

[ La , L {3) = c ~{3 L y 

[ l a , I f3 1 = ;~13 I y 

( 15) 

( 16) 

YTo6bJ ycTaHoBIITb CBH3b M91KJlY onepaTopal\;IH La n 'La 1 onpenennM 

MaTpnuy p 1 CBH3b!BaiOlliYIO MaTpiiUhi B II 

B~ (a) .. p~ (a) B~ (a) . 
( 17) 

3Ta M8TpliU8 YJlOBneTBOpHeT ypaBH9HHHM 



L a p ~ (a) = c ~{3 p {, (a) , 

a IIpH HyneBb!X 3Ha'IeHHSIX apryMeHTOB CBO.lliiTC.H K. e.OHHH'IHOii. nerKO 

IIOK838Tb, 'ITO OIIepaTOpbl La H [a CB.H38Hbl COOTHOllleHIIeM 

L =p-IaL 
a a . a 

II B CHny ypaBHeHHii (18) onepaTopbi La II La KOMMYTIIpyiOT 

[La ,Lf3] = 0. 

( 18) 

( 19) 

( 20) 

c rpyrrrroii nii G MO)KHO CBSI38Tb .oae rpyniibl npeo6pa30B8HIIii 

nepeMeHHbiX Xi , i = 1,2, ... , n • nycTh 

x'i=Taxi =[i(x;a}, ( 21) 

r.oe cjlyHKUHH f i 
/5/ 

YllOBneTBOpSIIOT Heo6XOiliiMb!M ycnOBHSIM rpyiiiibl 

B 'I8CTHOCTH 1 llOnlliHO BblllOnHSITbCSI COOTHOllleHHe 

Tb Taxi = Tcp(a,b) xi (22) 

Ms 3Toro ycnoBH.H BhiTeKaiOT nncpcjlep~HUIIanhHhie ypaBHeHIISI rpyrrrrhi npeo6-

paaoaaHnii. Ecnn orrpenenHTh r n - MepHhiX aeKTopoa 

(: (x) ( 
a{i(x;a) 

aaa 
J a= 0 

TO 3THM yp~BHeHHSIM MOlliHO IIpiiJl8Tb BIIIl 

ax' i = g i ( x ' ) Bf3 (a) 
f3 a aaa 
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( 23) 

( 24) 

'W: 

.' 

Y CnOBIJe IIOnHOii HHTerpHpyeMOCTH 3TH X ypaBHeHHii IlpHBO.llHT_ K 

HHSIM 

e i · e ; . 
(a(x) ({3.e(x) -(f3(x) (a.e (x}= c:f3 (;(x), fii= _ll_aa. 

x• 

II3 KoTopbiX cne.oyer, 'ITO .OIIcjlcjlepeHuiianhHbie orrepaTopbi 

X = (i (x) _a 
a a axi 

YllOBneTBOpSIIOT nepeCTaHOBO'IHbiM COOTHOllleHIISIM 

y 
[ X a , X f3] ~ caf3 X y . 

n ocKonhKY a cuny ycnoanii rpynnhi ypaaHeHH.H (21) npn ni06biX . a 

HO paspelllHMbl OTHOCHTenhHO 

i 
X fi(x';a}, 

xi 

MOlliHO onpenenHTh rpynrry npeo6paaoaaHIIil Ta 

x•i = fi (x,a) = Ta xi 

C 38KOHOM yMHOllieHHSI 

Ta Tb Tcp(a,b}" 

-i 
Orrpenemm COOTBeTCTByiOu:_ne BeKTOpb! (a (X) • nony'IIIM .oncp, 

Hbie ypaBHeHHSI rpynrrhi Ta ( rpyrrrrbi o6paTHhiX rrpeo6paaoaaH: 

a ' i _x_ _ i , -{3 
aaa - ( f3 (X ) B a (a) . 

TaKHM o6pasoM, .ong rpyrrnhi o6paTHbiX rrpeo6pasoaamrii T a 

ace cooTHollleHIISI, aepHhie .onSI rpyrrrrbi npeo6pasoaamrii Ta 

COOTBeTCTByiOUUie Benii'IIIHbl H81l0 H81l'IepKIIYTb. npu 6eCKOHe'Ifl 

rrpeo6paaoaaHIISIX (21) 

\, .... 
g 



( 18) 

'!hi COOTHOilleHIIeM 

( 19) 

La KOMMyTnpyiOT 

( 20) 

rpynnhl npeo6pa3oBannA 

( 21) 

/5/ 
IM ycnoBHSIM rpyiTIThl 

me 

( 22) 

~e ~paBueunsr rpynnhl npeo6-

X BeKTOpOB 

( 23) 

( 24) 

·I 
I 
l 

.I 

1 
I. 
I 

I 
I 

.,,j 

1 
I 

·.i. 
I 

I 
I 

YcnOBHe nonuoA HHTerpnpyeMOCTH 9THX ypaBHeHHA npHBODHT K COOTHOllie-

HHSIM 

113 KOTOphiX cnenyerl 'ITO nncjltf>epeuunanhHhie onepaTophi 

I .. e (x} _a 
a a axi 

ynoBneTBOpSI!OT nepeCTBHOBO'lHhiM COOTHOilleHHSIM 
y 

[ X a , X f3) -= caf3 X y 

(25) 

(26) 

( 27) 

0 OCKOnbKY B cuny ycnOBIIH rpyllllhl ypaBHeHIISI (21) lip II nJ06biX a ODH03HB'l

HO pB3pe11IHMhl OTHOCHTenbHO Xi 

x i = f i (x ' ; a ) , ( 28) 

MO~Ho onpenenHTb rpynny npeo6pa3oBaunA Ta 

( 29) 

c 3BKOHOM yMno~eunsr 

(30) 

-j 

Onpenemm cooTBeTCTBYJOlliHe BeKTOphi ~a ( x) 1 nony'IHM ancpcjlepeuunanh-

Hhie ypaBneuusr rpynnhi Ta ( rpynnbi o6paTHhiX npeo6pa3oBaunA): 

( 31) 

TaKHM o6pa3oM, ansr rpynnhi o6paTI!biX npeo6pa3oBanntl T a cnpaBenmmhi 

Bee cooTHolliennsr 1 BepHhie ansr rpynnhi npeo6pa3oBauutl T a 1 TonhKO 

COOTBeTCTByJOIUHe BenU'll!Hbl HBDO HBD'lepKIIYTh, 0pH 6eCKOI!e'lHO MBnbiX 

npeo6p830BBJIUSIX (21) 

9 



ox 1 =e (x) Baa 
a (32) 

noaToMy naMeHeHne nponanonbHoil rf>yHKUHH F ( x) npn 6ecKoHe"!Ho ManoM 

npeo6pa30BaHMH ( 21) paBIIO 

a i aF(x} a .. 
oF(x)=F(x+ox)-F(x}=oa ((x)-~=oa X F(x). 

a iJx • a (33) 

Ecnrr ncnonhaonaTb npeo6paaonanne (21) x 1 KaK rf>yHKUHH n .+ r 

nepeMeHHhiX A i M aU 

xi-=fi(.\;a}, (34) 

TO ypaBHeHHe rpyllllbl ( 24) A8CT HaM npHpalUCJUIC X I llpH 6eCKOHe"'HO 

ManoM H3MeneHHH a H rpHKCHpOB8HHhiX A • H~1MCJieH ne rpyHKUH H F ( x) 

llpH T8KOM H 3MeHeHHH apryMeHTOB paBHO 

o F(x) = Xf3 F(x) B~ (a) o aa (35) 

TaKHM o6paaoM, ecnn onpenenHTb x 1 c noMOHILJo r.ooTnomeHHH ( 34), To 

onepaTOpbl X a CBCAHTCH K onepaTopaM La 

L F [f (t..,a}] =X F(x). a a (36) 

3. DpencTanneHHH rpynnhi ·c H 3QKOIII>J coxpauemm 

DepeMeHHhie Xi 6yAyT B A8JlbHefillleM KOOpAHIIaTaMJ-1 '18CTJ!Ub1 0 a 

rpynna CHMMeTpHH raMHJlbTOHHaHa 6yneT onpenenHTbCH rpynnofi npeo6pa

aonaHHil T a ; lJTo6hi onncaTb none, cnenyeT paccMoTpeTb mmeifHJH~ 

npencTanneHHH aToil rpynnhi. ByneM npennonaraTb,· 'ITO cymccrnyoT ·· nonHnH 

CHCTeMa rpyHKUHH cp f (X ) ( HHAeKC f MOmeT 6b!Tb Jl I!Cllpepi.Inlli>IM) 

opToiiopMHponannaH c necoM w ( x·) , TaKIIM, 'ITo ancMeiiT o(il,eMll w( x) dx 

10 

MHBapHaHTeH OTHOCHTenbHO npeo6pa30BaHHH ~ • OnpenenMM 

yHMTapHbie MaTpMUbl 

D1 ,1(a} = f dx w(x) ¢( (T x) ¢ /x). 

3TH MaTpHUhi peannayroT nnneilnoe npencTaenenne rpynnhi T a 

D(b}D(a) =D[cp(a,b)] 

rr ynonneTBOpHIOT nnrf>rf>epenunanbHhiM ypanneHHHM 

LaD(a) =-1aD(a}, 

rne MaTpHUhl 1 a Ol1penenHIOTCH COOTHOllleHHeM 

1 a 
(-aD(a)) 

aaa a= 0 

H YAOBne:BOpHIOT nepeCTaHOBO"'HbiM COOTHOllleHIIHM 

[ 1 a , 1 f3 ] == c l{3 1 y 

Bonpoc o paanom.eHHH npencTanneHHH (37) na HenpHBOAHMbie n 

o6cymnaTbCH He 6yneT. -B cnny onpeneneHHH (37) 

¢ (Tax) = 2 ¢
1 

,(x} v-} (a} , 
I I , I I 

noaToMy 

xa ¢1 (x} ==2 
I' 

¢1, (x} I at' I 

T.e. aneMeHTbl MaTpHU J a HBJJHIOTCH M aTpH"'Hh!Ml-1 aneMeHT8M 
·., 

Xa .Paano;v.<eHHe KBaHTonannoro cKan~pHoro nonH ¢ ( x ) no 

rpyHKUHH ¢_I (X ) ll~HBOAHT. K onepaTopaM b I b+ 
I 

IIIJIM K8HOHH"'eCKHM nepecTaHOBO"'HhiM COOTHOllleHHHM 

[ b I , b ~, = o II' 

11 
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( 32) 

F ( x ) rrpH 5ecKoaeqao ManoM 

(33) 

1~ 
! 

KBK ~YHKUHH n + r 

(34) 

1101/J!C X I rrpn 5eCKOHe'IJIO 

• H~lMCHeH He ~YHKUH H F ( x) 

(35) 

<IOIIILIO COOTJIOUJeJIHSI ( 34) 0 TO 

(36) 

If 3QKO!II>I COXQ!l!IC/IHH• 

KOOpllHIIllTllMif 'lllCTHUI>lo ll 

leaenHTLCH rpynnon npeo6pn-

~T pllCCMOTpOTb nJ!IIOHIII>lO 

raraTb,' 'ITO cyutccTnyoT ., nonHnSI 

KeT 5btTb If IIOilpOpJ,tnfii>IM) 

M 0 'ITO. Sl!CMCIIT o61,QMCI Ul ( x) d.-r: 

HJIBapHaJITeH OTHOCHTel!hHO rrpe~6pa30B!lHHH ~ • OnpeaenHM 

yHHTapHhlC MaTpHUhl 

D
1

-
1
(a) =fdxw(x) ¢( (T x) ¢/x). 

3TH MaTpHUhi peanHsyroT nHHefiaoe npeacTaBnenHe rpyrrrrhi 

D(b)D(a} -D[¢(a,b)] 

n yaonneTBOpHIOT llH~~epeaunanhHhiM ypanneHHHM 

rae MaTpHUhi 1 a onpeaenHIOTCH cooTno'menneM 

1 a 

H YllOBIIe'!BOpH!OT rrepeCTaHOBO'llihiM COOTHOWeiiiiHM 

[1a,1{3] = c'X{3 1y 

Bonpoc o pasn.omeanH npeacTanneHHH (37) ua nerrpHBOJlHMhie noKa 

o5cymaaThCH ae 5yaeT. B cHny orrpeaeneHHH (37) 

ITOSTOMY 

(37) 

(28) 

(39) 

(40) 

(41) 

(42) 

(43) 

T.e. sneMeHThi MaTpnu I a HBIIHIOTCH M aTpH'IHhiMH sneMeaTaMn orrepaTopa 

Xa .PasnoY.<eHHe KnauTonannoro cKanHpnoro rronH ¢ ( x ) rro cHcTeMe 

~yHKUHfi ¢
1 

( x) rrpHBOilHT · K orrepaTopaM b 1 1 ynonneTnopHIO-

U!HM KllHOHH'IeCKHM rrepeCT!lHOBO'IHhiM COOTHOUJeHHHM 

(44) 
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i'i 

! 
:.I 
il 
~ ]· 
~. i . 
t: ,. 

ii 
jl 
t! 
). 

Dpeo6paaonaune rrepeMeiiHhiX xi ( 21). rropo}lu~aeT rrpeo6paaonaune 

orrepaTopoB rromr 

bf ... ~ D11 , (a)b
1

, b+ 
I 2 

I 
b> v;.-f(a)' 

Ponh orrepaTopoB Xa B aToM cnyqae nrpa10T orrepaTophi 

" X 
a 

2 
II' 

b+ f 
I a 11' b t' 

YllDBneTBOp5110IUH8 rrepeCT8HOB0'1HbiM COOTHOIIIeHJHIM 

" " y 
[Xa , X{3 ] = ca{3 xY. 

H 

" 
[Xa, bf .,;.f ' b . ' 

a If I 
" [X b+ a , I 

+ 
bt,fat't · 

(45) .. 

(46) 

(47) 

(48) 

Ecnu raMIInhTDHIIaH cncTeMbi H liHBapUaHTeH OTHOCHTenbHO ripeo6pa30BaHIIH 

xi -. T 
u 

. i 
X = fi(x,a) 

b I ... D II' (a) b t' , 
+ +· + b
1 

-.b
1
,D

1
/a}, 

TO OH KOMMyTnpyeT C OIIepaTOpOM 

" z 
a X +X a a 

(49) 

(50) 

( 5.1) 

KOTOphiA ecTeCTBeHHO ua3BaTb orrepaTopoM rronnoro o6o6mennoro nMrrynhca. 

TaKHM o6pa30M IIHBapuanTHOCTh raMnnhTounaua cncTeMhi oTnocnTenhHO 

rrpeo6paaonanuii (49), (50) rrpnnonnT K coxpaHeHIIIO rronuoro o6o6meuuoro 

liMITynbca CJICTeMbi. OrrepaTop Za ynoBneTBOpHeT rrepecTaHOBO'!Hbl~ COOTHO-

UieHIIHM 

[ la . z{3 

[ l . b ] 
a I 

i 
[ Za • x 

c)' Z 
a{3 y 

-fa 11' b t' 

e (x). 
a 

[ z b + 
a , I b+, fat 't ' I 

Hun~puauTHDCTh raMnnhTDHnaua oTnocnTenhHD rrpeo6paaoB~HnA ( 

oaHaqaeT, 'ITO paccMaTpnnaeTCH cKanHpnaH qacTnua. B cnyqae ' 

BHyTpeHHIIMII CTerreHHMll CB060llhl rrpeo6pa30B8HH51 (49), (50) Bb 

rrpeo6pa3oBanne raMnnhTonnana 

II ... Dr f 1 (a- 1 ) II Dr I' 1 (a J 

rne D(£) (a) - HeKOTOpaH HerrpnBOlliiMUH COCTaBmiiOIU851 IIpencTal 

rrpn11eM MaTpiiUhi Drfl( a) ~eiicTByiOT .na BHy;peuune rrepeMeHHbie 

B aTOM cnyqae rrpeo6pa3DBDIIIIII ( 49), (50) norronHHIOTCH ·rrpeo61= 

BDnHDBOH cpyHKUl!H CllCTeMbl 

'P .... Drr '(a) 'I' 

a coxpaHHIOIUllMCII o6o6nteiiiii>il\1 111\IIIynhCOM. CIICT9Mbl CTaHOBHTC51 

·za = .\a + l + frV1 
a a 

TUK)!<9 ynonnOTDOp1110ilH1H 11QpeCTUHOB0'1Hb!M COOTHOIU9Hli51M TIIITa 



~aeT rrpeo6p~aonaune 

o~· D~<'1 (a) 

rrep.aTopbi 

HIHIM 

+ 
bl,]al'l. 

(45) 

( 46) 

(47) 

( 48) 

I OTHOCHTBJlbHO npeo6pa30B8HHH 

(49) 

(a}.' (50) 

nuoro_66o6meuuoro nMrrynbca. 

18 CHCTBMbl OTHOCHTBJlbHO 

'aHEHIHro rronuoro o6o6meuuoro 

I.IIBT rrepeCT8liOBO'IHblM COOTHO-

[ la .zf3 ] " z c. 
a{3 )' 

(52) 

[ l b - J • b I' ' 
[ z b+ b +, J a I 'I ' a I alf a ' I I 

(53) 

[ Za i (; (x). , X a 
(54). 

l1uBapnaHTHOCTb raMIIJlbTOHII8H8 OTHOCIITBJlhHO rrpeo6pa30B~HHH ( 49) 1 (50) 

osua'!aeT, 'ITO paccMaTpunaeTC.II cKan.llpHaH '!aCTnua. B cny'!ae '!aCTHUbi c 

BHyTpeHHIIMII CTBITBHHMH CB060Uhl rrpeo6pa30B8Hll51 (49), (50) Bhl3hlB8IDT 

rrpeo6pasonauue raMI!nbTOHllaHa 

(55) 

rae D(£) (a) - HBKOTOpaH HenpliBOiliiMOH COCT8BJ1HIDIU851 rrpeacTaBJIBHHSI ( 37) 1 

rrpn'IeM MaTpUUbi Dr£!( a) ~eiicTnyroT. ua BHyTpeuune rrepeMeHHbiB '!8CTHUhi. 

B sTOM cny'!ae rrpeo6pa3onaiiiiH ( 49), (50) aorronHHIDTCH rrpeo6pa3oBauneM · 

BOJlHOBOii ¢yHKUIIII CIICTBMI~ 

(56) 

a COXpaHHIDIUIIMCH o6o61!1ellllbil\1 lll\ITiyJlbCOM. CUCTBMbl CT8HOBHTC51 BBJlU'IHHa 

rt' 1 
+.Ya+la (57) 

TI1K)I<B YllOBJ1CTilOpllK11llilH IIepeCT/lHOBO'lllbiM COOTHOUIBHI!.IIM TI!IT8 (52)-( 54) o 
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4. npeoopasoBaHne H.H. Eoromo6oBa 

CorrocTaBmiH rrepecTaHoBo'IHhie cooTHoiiieHHH orrepaTopoB o6o611IeHIIOro 

HMrrynhca (52)-( 54) c pesynhTaTOM neficTBHH orrepaTopoB La , X a· , 

M~lliHo rroHHTh xapaKTep KaHonnqecKoro rrpeo6pasoBaHnH, o6ecrre.'InBaJOIIIero 

Bbiiionnenne sa.KoHoB coxpanennH. npelline '!eM rrepefiTn K. sToMy rrp(w6pa

soBaHnJO, yno6no rrpeo6pasoBaTh cnaqana orrepaTophi b 1 , b~ • 3aMeTnM, 

'ITO cpellll IIHlleKCOB f 1 HyMepyiOIIIIiX rPYHKUIIJI rp I (X), HafineTCH IIHileKC 1 

KOTOphlll 6yneT o603Ha'IaTbCH f* CO CBOfiCTBOM 

¢r ( x) rp;(x}. (58) 

¥13 orrepaTOpOB b I II b ;* H 3pMHTOBO COIIpHllieHHhiX HM. MOlliHO COCTaBHTh 

orrepaTOphi, YllOBneTBOpH!OIIIHe rrepeCTUHOBO'IHhiM COOTHOIIIeHIIHM .lliiH KOOpllH

HaTbl II IIMrrynhca, T.e. pasnolliiiTh none ¢( x) no KoMrrneKCHhiM KoopniiHa-

TaM. nocKOilhKY B cn.yqae CIIilhHOro B3aHMOllefiCTBHH orrepaTOpbl b I II b+ 
I 

B rrepBOM rrpn5niillieHHII CBOllHTCH K 6onh1IIIIM ITO a6comoTHOll BeiiH'IIIHe C 

. /1-4/ 
'IIIcnaM, yno6no coBepiiiiiTh TaKoe rrpeo6pasoBaniie 

b + b + 
f . . !_* 

ql 

g "2 PI g 
b+ - b * 

I I 

if2 

(59) 

rne g -. 6onhiiiOll rrapaMeTp, rrporropUIIOHBilhHhlq IIOCTOHHIIOH CBH3II. Orrepa-

Top PI B 3TOM rrpencTaBneHIIH CBOlliiTCH K IIpOII3BOllliOH no ql • nocne 

sToro. no ananoriin c cooTBeTCTBYJOIIIIIM rrpeo6pasoBauiieM, paccMoTpeHJibiM 

Ill i · d a 
B t rrepefineM OT rrepeMeHHhiX X 1 q I K HOB hiM rrepeMellllloiM " a 

Q I ITO rjlopMynaM 

xi=[i(,\;a), ( 60) .: 

I 

!{ 

J~-
1' 
'.} 

q1 =DI!' (a} [U 1,HQ1~] 

rne 

HIIII 

HeKOTOpblll Mailblll IIapaMeTp. <f>yHKUIIII { c B 3TC 

sTo £PyHKunrr, peanrrsyJOmrre rpyrrrry rrpeo6pasoBaHnfi 1 

MaTprrUhi D (a) - ee nnHefiHoe rrpencTaBneHrre ( 37). 0THoc 

MeHHhiX aa 6ylleM IIpenrronaraTh1 .'ITO OHII HBiiHIOTCH ¢yRKUl! 

IIOiiH q I 1 HO He 3aBIICHT OT xi o n OCKOilhKY rrpeo6pa30BE 

BHOCJIT r HOBhiX rrepeMeHHhiX, KOTOpble 6ynyT I)ac·cMaTpiiBa 

HesaBIICIIMhie, rrepeMeHHhie Q 
1 

cneayeT CBH3aTh r llOIIOilf 

ycnoBIIHMrr. BbiHCHIIM cHa'Iana CMhicn rrpeo6pa3oBaHIIH ( 60), 

KY KoMMyTaTop Benn'IHH xi n q1 c orrepaTopoM La 

BonHofi, To ns nnrjlrjJepeHunanhHoro ypaBHeHIIH rpyrrrrhi 

'ITO 

[La , ·xi = ~~ ( x) , 

CBOI 

Ta 

a ns ypaBHeHnH nnH MaTpnu, peannsyJOIIIHX rrpencTaBneHne r 

[La,ql] =-1all'qi' 

CpaBHIIBaH 3TH ¢opMynhi c cooTHomeHHHMII (53), (54), y6e; 

B ,HoBoM· rrpencTaBneHnn nnH rrepeMeHHhiX cncTeMhi orrepaTop 

llaJOT TeMH llie rrepecTaHOBO'IHhiMII COOTHOIIIeHHHMH C IIepeMe 

'ITO II orrepaTop l o KpoMe Toro, rrepecTaHOBO'IHble COOTJ 
a 

orrepaTopoB La ( 15) coBrranaJOT c aHanorn'IHhiMn rrepecTanc 

HoiiieHHHMII nnH orrepaTopoB Z a (52). TaKIIM o6pa3oM, orrey: 

rrpeTeHnyJOT Terreph Ha ponh orrepaTopoB o6o6meHnoro. rrMIIyfl 
. . 

y6eniiThCH B crrpaBennnBocTn TaKoro rrpenrronollieHnH, cneny€ 

CTaHOJ;lO'IHhle COOTHOIIIeHIIH La C orrepaTop.aMn PI .B HOBO~ 



mo6ona 

1meHHH oiTepaTopoB o6o6meuuoro 

~g oiTepaTopoB La 

w6pasonaHHSI 1 o6ecrre.qnnaromero 

19M ITepeliTH K 9TOMY ITpeo6pa-

b J o 3aMOTHM 1 nepaTophi b 1 
mnn ¢ 1 ( x J1 ualineTCSI nnileKc 1 

iCTBOM 

(58) 

)IIpSIIK9HHblX HM MO/KIIO COCT8BHTb 

q!lbiM COOTHOlli911HSIM ~AnSI KOOpnH-

(x} ITO KOMITneKCHhlM Koopnnna-

one'licTBH~ oiTepaTOpbl b I 

:M ITo a6com6Tuoli nenH"'HHe c 

/1-4/ 
30B£!11H9 

b: - b I* 

i..[f 

(59) 

anbl!blll 'IToCTOHIIHOll CBSI3H. OITepa-

rrpOH3BOAIIOll IIO q 1 • ITocne 

)eo6pasonamwM 1 pnccMoTpellltbiM 

K HOBbiM ITepoMeHm.IM A; 1. cP 1 

( 60) 

( 61) 

rne f - H9KOT0pblll Manblll ITapaMeTp. <l>yHKUHH f B 9TOM ITpeo6pa30B8-

nun - aTo ¢yHKUHH 1 peannsyromne rpyiTITy ITpeo6pasonaull!f T a (21) 1 'a 

MaTpHUhi D (a) - ee nnneliuoe ITpencTannenne ( 37). OTuocnTenhHO ITepe-

M9HHhiX aa 6yneM ITpeniTonaraTb 1 'ITO OHH SIBnSIIOTCSI <jJyHKUHSIMH ITepeM9HHhlX 

ITOnH q I 1 IIO He 38BHCSIT OT X i o fl OCKOnhKY ITpeo6pa30B8HHSI ( 60) 1 ( 61) 

BHOCHT r HOBbiX ITepeM9HHblX1 KOTOpb!9 6ynyT pac·cMaTpHB8TbCSI KaK 

H938BHCHMbl9 1 ITepeMeHJibie Q I cnenyeT CBSI3llTb r AOITOl!III!TenbHbiMI! 

ycnoBHSIMII. Bb!SICHHM cnaqana CMhiCn rrpeo6paaonamm ( 80) 1 ( 81). ITocKonb-

CBOAHTCSI K IIpOH3-

nonuoli1 To us nmpcjlepeuunanhuoro ypannennH rpyiTITbi T a ( 24) cnenyeT1 

'ITO 

(82) 

a ns ypanneunH nnH MaTpnu 1 peanHsyromnx rrpencTanneune rpyiTIThi (39) -

(63) 

CpaBIIHBaH 9TH ¢opMynhi c cooTHoiiJeHHSIMH (53) 1 (54) 1 y6e/KnaeMcH 1 'ITO 

B .noBoM' rrpencTannennn nnH rrepeMeuuhiX cncTeMbi orrepaTopbi La o6na-

A8IOT T9MH /K9 rrepeCT81IOBO"'HbiMH COOTHOIIJ9HHSIMH C IIepOM9HHblMH CHCT9M bl 1 

'ITO n orrepaTop 

oiTepaTopoB La 

z 
a 

( 15) 

• KpoMe Toro 1 rrepecTanoBO"'IIbie cooTJiomeHHSI nnH 

COBIT8ABIOT C auanorH"'IIb!MH rrepeCT8IIOBO"'IIb!MH COOT-

nomeHHSIMH nnH orrepaTopoB Z a (52). TaKHM o6pasoM 1 orrepaTophi La 

rrpeTennyroT Terreph na ponh orrepaTopoa o6o6memwro HMITynhca. t-ITo6bi 
. . 

y6eaHThCSI B crrpanennHBOCTH TaKoro rrpenrrono/KeHHSI 1 cnenyeT nall:Tn nepe-

CTauoJ;Jo"'IIbie COOTHOlli9HHSI La C orrepaTopaMH p 1 B HOBOM rrpellCTaBneHHHo 
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OnepaTop PI B HOBOM npencTaBneHHH paBeH 

a 
=-~ 

aQe a aaa a a>.; a ( 64) -i -- - i ---- -i -----

aq, e a aQ~ aq aaa aq a>.; 
q, I I 

l.JTOObl HaiiTH BCe ilpOH3BOL1Hbi9 B npaBoii 'IaCTJI ( 64) 1 paCCMOTpiiM cnaqana 

cBoiicTBa nepeMeHHbiX Q 1 • KaK Y*e ynoMnnanocb, Ha Q 1 cnenyeT 

Hano*HTb r nononnnTenbHbiX ycnoBnii. CtjlopMynnpyeM nx KaK mmeiiHhie 

ycnoBHH 

tNa 1 Q1 = o, ( 65). 

rne Nat r - cTpo"<IHaH MaTpnua panra r • B aToM cnyqae Bcerna 

MO}KHO · nail:Tn r - cTonouoByiO MaTpnuy. M 1 a 

~ Nat Ml {3 = oaf3 
I 

H ilOCTpOHTb npoeKUHOHHYIO l~aTpnuy 

A 11' = 0 11' - ~ M ta N at' ' 
a 

YLlOBneTBOpH!OlliYIO COOTHOil19HHHM 

f A 1 f A ft' = A 11' 

~ 
I 

Na I A II'= 0, ~ 
I 

A ,M, =0. 
If ta 

CO CBOiJ:CTBOM 

TaKHM oopasoM, nepeMeHHble Q I MO)II"IJO npencTaBHTb B Bnne 

o, = ~ A,e z e 

(66) 

( 67) 

( 68) 

( 69) 

( 70) 

rne Zf - HeKoTophle nesaBnCHMbie n~peMeHHbie. Hcnonh3YH aTn cBoiicTBa 

Qe 
1 

npOH3BOL1Hbl9 8TIIX nepeM 9HHbiX ITO q/ MO}KHO npenCT8BH Tb B BHL19 

1 -1 1 -1 ~ Aes Dsf {a)+-~ An _aDst'(a) 
( I:S a q' ' · qf 

~ (71) 

aq, ( 

l1crronh3YH ·nn¢¢epenunanbHoe ypaBnenne nnH MaTpnu np~n 

nerKo rrony"<IJITb cooTHolllenne 

ao -: 
sf 

{3 
. a. 

-1 -1 a · 
(D (a) ]{3D (a})o Do' (a) B {a) __ !!, __ 

aq I SL Ll , a ·a q 

"1aTpuua 

J~ (a J = D- 1 
(a J J {3 D (a J 

LlOn)!<Ha niiH9iiHO Bbip8}1{8TbC51 qepe3 MaTpHUbl ] 
y 

f {3 (a) := T ~ ( a ) ] y 

I 

C apyrox"i CTOp0Hbl 1 B CIIny lliiQJQJepeHUIIanbHbiX ypaBH9HHii (39)' 

yaooneroopHeT ypaBneHHHM 

La_ f {3 (a) = c)~ f3 fy (a) 

TaKJIM oopasoM,_ Ko.a¢qmunel!Tbi T~ {a) aon*Hbl ynoBneTBOpHTb 

La T~(a) c af3 T Y (a) 
a a 

a npn nyneBbiX sna"<IeHJIHx cBo!lJITbCH K cJIMBonaM · Kponei<epa. C 

ypaBH9HH51 (76) C ypaBH9HIIHMII (18), H8XOilllM, 'ITO 

rY (a) 
{3 .. 

=pY(a} {3 . , 

rne p Y (a) - MaTpnua, onpenenHeMaH cooTHolllenneM ( 17)·. I1 
{3 . ·, .. 

COOTHOil19HHe ( 74) 1 paBeHCTBO ( 72) MO}KHO 38ilHC8Tb D Bllll9 

-1. 
aDs t' 

aqt 
= J D-1 ' BY.( a) aa a. 

. yse e, a .aqf, 

BbxonpaH MaTpnuy MIa B BH!le 

~ I '• 



a;..i a (84) -i -- a>...j a 
aq' l 

I ( 84) 1 paCCMOTpll M cHa"!ana 

HanOCb, 118 Q, cnenyeT 

~ynnpyeM IIX KBK mmei'!llbie 

( 85). 

• B aToM cnyqae acerna 

co. CBOHCTBOM 

(88) 

( 87) 

( 88) 

( 89) 

JlCT8BliTb B BliJle 

(70) 

MO)KHO npencTaBn Tb B anne 
-1 

aD.1'(aJ (71) 

aq, 
ql , . 

I 
., 

I 

l 
~-

I 
I 

I 
I 
I 
I 
! 

f. 

I 
I 
I 

I 
I 

I 
"·' f 
l 

I 
.I 
I 
J 

l1cilonb3YSJ ·nwtJcpepenunanbuoe ypaaneHne nnSJ MaTpnu npencTaanemm, 

nei'KO nony"'UTb COOTHOWeHUe 

-1 -1 {3 a a. 
(D (a} ]{3D {a))

5
o De

1
, (a) B (a) __ £ __ 

[. a a q 
I 

( 72) 

MaTpnua 

( 7 3) 

. ' ·~ 

nonxma nnnefmo Bbip8)!(8TbCSJ qepe3 MaTpliUbi ] y 

C npyron cTopoHL>I, B cuny nucpcpepeHunanbHbiX ypaanenni\ (39)' oHa 

ynonnereopSJeT ypanHeHHSJM 

TaKHM oop830M, Ko,acpqliiUHeliTbl T~ (a) non)!(Hbl ynoBneTBOpSlTb ypaBH9HIISlM 

La T~(a) =c 0 {3TY(a), 
a a 

(78) 

a npn HyneBbiX 3Ha"!eHHHX caonHTbCH K CHMBonaM · KpoHeKepa. CpaBHnBast 

ypaBH9HH5l (78) C ypaBH9Hll5lMli (18), H8XOJlHM, "'TO 

rY {a) =Py (a}, 
{3 . . . . {3 

(77) 

rne p Y (a) - MaTpnua, onpenenSJeMaSJ cooTaoweHneM ( 17). l1 cnonb3yst 
{3 . i • 

COOTHOW9HHe ( 74) 1 paBeHCTBO ( 72) MO)KHO 38fiiiC8Tb D BHJl9 

-1 
aD.( 

aqf 

-1 - . a 
= ] f D 

01
, BY.(a} ..Q.g__ 

.Y• r. a aqr,, 

BbiOHpast MaTpnuy M ta B Bll)le 

' 17 

( 78.) 



MIa ~- 1 a II' u I, , 
I, 

'ITO Bcer]la B03MO)KH0 1 IIOCKOnhKY Ba)KeH nHlllh. paHr MaTpHUbl Jf Ia 

rrpnBeJleM Bb!pa)KeHHe JlnSI rrpoH3BOJlHOif ( 71) K BH JlY . 

aoe 

aq 
I· 

1 - -~ Ae. O;J (a) + ~ Ae. 1y sf' Q 1• R~ 
£ 

aaa 
(a) --· 

aqe 

(79) 

(80) 

l.JT06bl H8HTH IIpOH3BOJlHbie napaMeTpOB rpyiiiihl 
a a no rrep eMeHHhiM q 1 

38IIHllleM llOIIOnHHTenhHbie . ycnOBHSI ( 65) 1 B BHJle 

~- Nai'(D7!e qe -ui,J 0 (81) 

H IIpOAH¢¢epeHQHpyeM 9TH COOTHOllleHHSI DO 

a~ 

qf , 3Tn orrepaUHSI II03BOnSieT 

IIOny'IHTh ypaBH8HHSI JlnSI 
aq 

I 

"<'N D-1 aaf3 -a() "<' ,] iJa{i -~()·a (8) ..:.. al' , + -- 8(3 a + c ..:.. N f 'Y. Qo -.- ll a = . 2 
If aq a yf. '-dq 

ITocne rroncTaHOBKH 

aaf3 ifa(a} 
a;;;f3 

I I 

Na D-1 (a} 
t' I'! 

(83) 

ypaBHeHHe ( 82) CBOAHTCSI K ypaBHeHH10 1 He COllCfli!llllllCMY rrepeMeHUI,JX a a 

-a 
Nat + N I + £ ~ Na I , ly I 'C 

-y 
Qe N 1 = 0 . ( 84) 

ITocKonhKY ypaBHeHne ( 84) conep )KilT Manhiif rrapaMeTp _ 1 ·oliO MO)I\CT 

6b!Th B¢¢eKTHBHO pellleHo MeTOJlOM rrocnenoBaTenhllhlX rrpn6nmKellnii. H -~ 

COOTHOllleHIISI (83) cnenyeT1 'ITO 

a a - -{3 . 1 
_a_ = A a (a) N , v-, (a) . 
aq f3 I I I 

I 

(85) 

l.JTo6bi HaifTH orrepaTop p1 B HOBOM npeACTaBneHllll 1 OCTaeTC 

IIp01!3BOllHble rrepeMeHHbiX 
>..; 

no ql • B cuny cooTHOl!IeHn 

MeHHb!e A i MO)KHO rrpeACTaBHTh B BUlle 

Ai = fi(x; a}, 

rne ¢yHKUHH 7 i peannGyiOT rpynny o6paTHbiX rrpeo6pa3oBaHnif 

Hcrronh3yH nn¢¢epeHunanhHbie ypaBHeHHSI rpynnhi o6paTHhiX np 

( 31) H COOTHOllleHHSI ( 85) 1 rronyqaeM 

a>..i aji (x,a} aaa -. -{3 ---aq; =g~ (A.}N1 • D/!/a} -aq-; = aa 

Onpenengg nMnynhCbi1 cooTBeTCTBYIOlllHe rrepeMeHHhiM Q 

p 
I 

- i 
a 

A --~- 1:1 aQ, 
I I 

rronyqnM cneny10mee Bbipa)KeHne nng orrepaTopa 111\mynhca P 1 

rne 

a -1 1 _ . -y - . -; 
p
1 
=-i- =D1-1(a} [-lf· +N1 , (Qe ]y'yy· Py, -iLY-ig_l 

aq c . Y 

r y 

I . 

.- MaTpHU8 1 · TpaHCIIOHHpOB8HH8SI K 1 y 

ITepeMeHHbie a 

Bnne orrepaTopoB I a 

BXOASIT B. KBanpaTHb!e CK06KH Bblpa)KeHI 

KOMMY™PYIOlllHX c onepaTopaMn. 

KOMMyTaTop orrepaTopoB La 
. 1 

La Ha MaTpnuy D- (a ) 

II Pt CBOJliiTCSI K ]leHCTBHl 

• B ciiny nii¢¢epeHuiian.hHhiX Yr 

D (a) (39) KOMMyTaTop onepaTopoB La II orrepaTopoB p1 

npeACTaBneHIIH COBII8Jl8eT C KOMMyTaTOpOM onepaTOpOB pI 

OIIpe]lenSieMb!M COOTHOllleHIIeM (53) • 

TaKnM o6pa30M 1 B cnyqae B3aiiMOJleifcTBIISI cKanHpHoif q~ 

noneM1 T.e. B cnyqae IIHBapiiaHTHOCTII I"aMIInhTOHHaHa CHCTeM 



I 

I 
I 

(79) I 
I 
! 

rh. paar M8TpliUbl Mia I 

I K Bll ay . 

f) t' B~ (a} 
aaa 

(80) 

-j 
--· 

aqe 

!11>! a a ITO rrep eM9HHbiM ql I 

lllJlC i 
(81) I 

t 

ql , 3Til orrepauiiH IT03BOnHeT· ~I 
t 

( 82.) 

(83) 

oacpi!WlllOMy· rrepeMeiiJII>IX ua 

0. (84) 

i rrapaMeTp. 1 ··0110 MO/I<CT 

aT~nhni>rx rrpiionHIKenni-i. l1 ;1 l 
( 85) 

I 

l 

I 

I 
J 

LITo obi aaliTn orrepaTop p 1 
B HOBOM npeacTaBnelllll! 1 OCT89TCH Bbi'lHCnHTb 

npOH3BOaHhl9 nepeM9HHhlX , 8 cnny COOTHOlli9Hlili (60) nepe-

MeHHbie A i MOIKHO rrpeacTaBHTb B snae 

Ai = fi (x; a} , ( 86) 

rae cpynKunn 7 i peann3yiOT rpynrry o6paTHbiX rrpeo6pa3oBallnli T a 

Hcrronh3YH an!f>!f>epeuunanhHbie ypasaeHHH rpyrrnhr o6paTHbiX npeo6pa30Bannli 

(31) H COOTHDlli9HHH (85) 1 nonyqaeM 

( 87) 

OnpeaenHH nMrrynhCbi1 cooTBeTCTByromne nepeMeHHbiM Q 1 B BHa.e 

p 
I 

- i 
a 

I, A, ---
1 u a Q 

1
, 

rronyqnM cneayromee BbrpaJKeHne anH onepaTopa nMrrynbca P 1 

rae r y 
- MaTpHU8 1 Tp8HCITDHHpDB8HH8H K f y 

(88) 

DepeMeHHbie a BXOaHT B KB8Jlp8THhlO CKOOKH BhlpaJKeHHH (89) B 

BHae onepaTopOB [.a 1 KDMMyTnpyiOIUHX C onepaTopaMII La .• noaTDMY 

KDMMyTaTop orrepaTopoB La II P1 CBDaHTCH K aeliCTBHIO orrepaTopa 

La D-1 
(a) Ha MaTpnuy • B cnny an¢¢epeuunan_hllbiX ypasueanli JlnH 

D (a) (39) KDMMyTaTop onepaTopoB La n onepaTopoB p 1 B HDBOM 

npeacTaBneunn cosrraaaeT c KOMMyTaTopoM onepaTopoB p 1 n Za 

onpeaemteMbiM CODTIIOllie!IHeM (53), 

TaKHM o6pa3DM, B cnyqae B3anMoaelicTBHH cKamtp!Ioli qacTHUbi c 

rroneM, T,e, B cnyqae HHBapna!ITIIDCTH raMHnbTDHJia!Ia CHCTeMbl OTHOCHTenb-
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r: 
i 

HO npeo6pa3~B8HHil: ( 60) 1 ( 61) onepaTop IIOIIHOJ:'O o6o6meHHOJ:'O ll MIIYIIbCa 

CliCT9Mbl la cBonnTcH nocne npeo6pasoBaHnil: (60), (61).K onepaTopy 

La 

B cnny HHBapHaHTHOCTll f'8MHIIbTOHHaHa CliCT9Mbl OTHOCHT91IbHO T'pyiiiibi 

npeo6pasoBaHHil: T a ( 49), (50) MaTpHUbi D (a) BhmanaiOT H3 raMHIIbTo-

HllaHa II nepeMeHHb19 aa BXOnHT B IIpeo6pa30BBHHb!il: J:'8MHIIbTOHH8H IIHWb B 

KOM6IIHBUHH La 
II9J:'KO IIOK838Tb, ~TO 

YfCIIOIIb3YH COOTHOW9HHH _(19), (39), (73) H (76), 

[ D(a) = -D(a}l 
a " 

(90) 

II03TOMy, npencTaBIIHH BOIIHOBYIO cjlyHKUHIO CHCT9Mbl B BII/l9 

'P {a,.\, Q) = D(a} <I>(,\, Q ), ( 91) 

MO:>KHO ycTpaHHTb H3 f'BMIIIIbTOHHBHa nepeMeHHbl9 aa • B pesynhTaTe 

liO/lCTBHOBKH ( 91) liOIIy~aeTCSI ypaBH9HHe nrrH cjlyHKUIIH <I> (A , Q ) 

38BliCSilll9il: OT nepeMeHHbiX, 6e3p831IH'IHbiX K npeo6pa30B8HHHM I"'pyiiiibl 

T a • Bonpoc o pasaeneHHH nepeMeHHbiX ~aCTIIUhi n norrg nocne aToro 

HHK8K He CB5138H C BOIIpOCOM CliMMeTpHH f'BMIIIIbTOHHaHa. 

PacCMOTpiiM CIIy~ail: ~aCTIIUbl C BHyTp9HHIIMH CTeneHSIMH CB060/lbl, 

KOJ:'JlB npeo6pa30B8HHe (60), (61) IIpHBO/lliT K npeo6pa30B8HIIIO J:'aMHIIbTO

HIIaHa (55). nocne npeo6pa3o~aHHSI (60), (61) onepaTop o6o6meHHoro 

IIMnynbca Z a (57) CBO/liiTC51 K onepaTopy 

z a 
=L +lrfJ a a , ( 92) 

f'/l9 
I r r) 

a - J:'eHepaTOp H9KOTOpOil: HeiipHBO/lliMOil: ~aCTH 1Ip9/lCT8BII9HHSI 

( 37). B cuny an¢cjlepeHuiiarrhHbiX ypaBHeHI!H ( 39) cnpaaeannBo cooTHOIIIeHIIe 

DrfJ(a- 1 ) La ·orfJ(a) = La - DrfJ (a- 1 )J~fJD!fJ(a) , (93.) 

II03TOMY /lOIIOIIHHT91IbHbiM K8HOHH~9CKHM IIpeo6pa30BBHIIeM, IIOpO:>K/l89MbiM 

20 

rrpeo6pa30B8HII9M BOIIHOBOil: cpyHKUHll CIICT9Mb1 1 /l9HCTBy!OWIIM H~ 

Hlle IIepeMeHHble 'iaCTIIUbl a 

. . r r J , 
'P(a,.\,Q.a) =D ,{a) <I> (a,.\, a ,Q}, 

a a 

onepaTop rronHoro o6o6meHHoro nMnynhca cncTeMhl Za CBOniiT< 

orrepaTopy La KoMnrreKCHbie KoopnnHaTbi rrorrg q
1 IIHBapiie 

OTHOCIIT9IIbHO npeo6pa30B8HII51 (94), a onepaTop IIMIIYIIbCa pi 

noll aeRcTBIIeM aToro rrpeo5pasonaHII51 B orrepaTop 

PI 
-I . 1 -y · .

1
rfJ -~i a 

D , (a) I - If, + N 1, ( Qe I yH, Pr, + i y - '"'y a;::T 
I I c 

CoBMeCTHbie rrpeo6pasonaHII51 (60), (61), (94) He II3M9H5110T ne 

Hb!X COOTHOWeHIIil:. Xi, q I , Pj c onepaTopaMII 

K.OMMyTaTopaMII • 3TI!X BeiiH~liH C onepaTopaMH 

nepeCT8HOBQqlfhl9 COOTHOW9HH51 orrepaTOppB 

DrfJ-I(a} J~fJ DrfJ(a) 

La 

za 
, coBnana~ 

(52-54). K1 

n orrepaTopoB La B cuny ypaBHeHnil: ( 75) coBnanaiOT c nepec~ 

cooTnoweHII51MII ·onepaTopoB Z n I rfJ • TaKHM o6p.ssoM, 
a a 

rrocne rrpeo6pa3oBaHII51 ( 60), ( 61), ( 94) L aeil:CTBIITenbHo CT 
. a 

onepaTopoM nonHoro o6o6meuuoro HMnynbca. Docne rrpuMeHeHHl 

npeo6pa3bBBHI!SI noncTaHOBKa B Ka~eCTBe BOIIHOBOil: cjlyHKUI!If BbQ 

(91) CHOBB ycTpaHsreT If3 f'BMllllbTOHIIaHa nepeMeHHbie ~ 

BonHOB851 cjlyHKUI!Sl CIICT9Mbl BII/l8 ( 91) peannsyeT . ~p9/lCTl 

rpymibi G , To :>Ke caMoe cnpaBeammo II B cny~ae ~aCTIIUhi 

HHMH CT9II9HS1MII CB060nbio . Co~~~CTHOe 1IpHM9H9HII9 npeo6pa30B: 

( 94) TBK:>Ke CBO/liiT BOIIHOBYIO ;flyHKUIIIO CIICT9Mbl K cynepii03HUil 

/liiMbiX 1Ip9/lCT8BII9HIIil: I"'pyiiiibl 'G. • tJT06hl y6elliiTbC51 B 3TOM 

pasno:>KI!Tb TeH30pHoe. npoii3BeaeHI!e npencTaBrreHIIil: Ha Henp~Bo. 

~ero Mbi nenaTh ne · 6yaeM. 
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·ro o5o5rueaaoro II Mnynhca 

(60), (61) ·K onepaTopy 

IICT9Mhl OTHOCMTenhHO rpynnw 

(a) Bbtnana!OT II3 raMnnhTo-

8HHbiH raMIInhTOHif8H niilllh B 

:19), (39) 1 (73) II (76), 

(90) 

9Mb! B BIIne 

(91) 

bie a a , B pe3ynhTaTe 

lYHKUIIII <IJ (A, Q ) 

>eo5pa3oBaHMHM rpynnbi 

HUbi; n nonH nocne aT oro 

JihTOI!II8H8, 

IHMII CTeneHHMII CB050llbl; 

npeo5pa30B8HIIIO raMIInhTO-

onepaTop o5o5rueaaoro 

( 92) 

~oil: ~acTn npencTaBneHnH 

~) cnpaaenn~ao cooTHollleHne 

( 93) 

pa30BllHIIeM, nopoiKnaeMbiM 

npeo5pa30B8Hli9M BOnHOBOi1 cpyHKUHII CIICT9Mb1 1 neil:CTBY!Ollli!M Ha BHyTpeH-

ane nepeMeaawe ~aCTHUhl a 

1 e) J 'P(a,t..,Q,a) =D ,(a <ll (a,A, a',Q), 
a a 

( 94) 

onepaTop nonaoro o5o5rueaaoro IIMnynhca cncTeMhl Za caonnTCH K 

onepaTopy La , K«;>MnneKCHbJe ~oopnuaaTbi nonH q1 IIHBapnaHTHbi 

oTHOCIITenhHo npeo5pa3oaaHHH (94), a onepaTop nMnynhca P1 nepexonnT 

non neRcTBI!eM aToro rrpeo5pa3onaHIIH B onepaTop 

(95) 

ConMecTHbi9 npeo5pa3onaHHH ( 60) 1 ( 61) 1 ( 94) ae 1!3M9HHIOT nepecTaHoBo~ -

HblX COOTHOlll9Hifil: Xi, q I , PI c onepaTopaMn La , coanana!Orunx c 

K_DMMyTaTopaMII 9Tl!X aeni!"!IIH c onepaTopaMI! za (52-54). KpoMe. Toro, 

rrepeCT8HOBO"'Hhl9 COOTHOlll9HI!H orrepaToppB 

(96) 

n onepaTopoa La B CIIny ypaaaeanlt ( 75) coBnanaiOT c nepecTaHO!~D~HbiMM 

COOTHOlll9HIIHMII oiiepaTopoB z H J (f) TaKHM o5p.930M, onepaTop a a 

nocne npeo5pa3oBaHHH (60), (61) 1 (94) L neil:CTBMTenhHO CTaHoBIITCH 
. a 

onepaTopoM nonaoro o5o5llleHHoro nMnyn&ca. nocne npnMeH~HIIH aToro 

npeo5pa30B8HIIH fi0llCT8HODK8 B K8~9CTB9 BDnHOBOil: <jlyHKUIII! Bblp81K9HHH 

(91) CHOBa ycTp8HH9T 113 raMllnhTOHHaHa nepeM9HHbl9 a'Y 

BonaoBaH ¢yHKUIIH cncTeMbi BIIna ( 91) peamr3yeT npencTaanenne 

rpyrrnhi G , To IKe caMoe cnpaaennnao n a cny~ae ~aCTIIUbi c BHyTpea- . 

HHMH CT9fl9HHMH CB050.Ilbl, .Co~~~CTH09 npMM9H9HM9 npeo5pa30B8HMH ( 91) II 

( 94) T8KIKe_ CBO.IliiT BonHOBYIO \jJyHKUHIO CHCT9Mbl K cynepn03HUHH HenpiiBO-

llliMbiX npencTaaneanil: rpynnbr 'G • l.JTb5br y5ennr&cH B aToM, nano 

pa3nOIKMTh T~H3opaoe. npon3aenea1Ie npencTaaneanil: Ha nenp~BonMMbie, 

"!ero Mbi nenaTh ne · 5yneM. 
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5. 3aKnroqeane 

.Bbriiie 6bmo noKaaaao, 'ITO npu:.teaeane npeo6paaoaaHHSI H.H;· Eoro-

nro6oaa II03BOnSieT Bbiaeni!Th H3 rrepeMeHHb!X CHCT9Mbl IIepeMeHHbi91 

CBH38HHb!9 C rpyrrrrofi CHMMeTpHII CHCT9Mb! 1 H o6ecrreqnaaeT BbliiOnHeHne 

Tpe6yeMbiX aaKOHOB coxpaHeHnSI. OcTaHOBHMCSI aa <PnanqecKOM CMbicne 

aToro npeo6paaoaaami, nocTapaBIIIHCh noKaaaTh np·mKne acero ero 

<fln3li'1eCKYIO HUI'nSiaHOCTh; npeo6pa30B8HHe (60) MO)KHO TOnKOBUTh KUK 

paa6neane KOopanaaT '18CTllUbl Ha aae '18CTli. nepeMeHHble A i omiCb!Ba-

IOT lliHI)K9Hlie '18CTIIUbl BHyTpll IIOTeHUHUnhHOfi S1Mb11 coaaaBaeMOfi noneM1 

a rrepeMeHHbie aa aan*eHIIe noTeHunanhHOii SIMbi. HanoMHIIM oany 

Ill 
oco6eHHOCTh TaKoro paa6HeHIISI1 oco6o noaqepKHYTYIO eiiie B : ecnu 

rrpll: 8Hllnii39 IIHB8pii8HTHOCTU I'UMl!nhTOHIIBHa CIICTeMbl OTHOCIITenhHO rrpe

o6pa30B8HIIll (49) 1 (50) peqh naeT 0 <flnKCIIpOB8HHb!X1 BH91IIHIIX anSI CHCTe

MbLIIapaMeTpaX1 To B cnyqae npeo6paaoBaHnii (60), (61) aTII rrapaMeTpb! 

paccMaTpnaaroTCSI KaK nepeMeHHbie cncTeMhi. Ecnn rrepeiiTn B. raiiaeH~ep

roacKoe npeacTaaneHne n paccMoTpeTh onepaTopi,I1 aaBIICSIIIIIIe o.T apeMe an, 

aa ( t) 1 TO MO)KJIO y6eaiiThCSI 1. 'ITO ypaBHeHHSI aBH)KeHIISI anSI 3TIIX orrepa~ 

TOpOB TaKOBb!1 'ITO UX IIHTerpanbi HI! B Koefi Mepe He COBIIaaaroT C . 

reoaeaiiqecKHMII niiHIISIMII rpynnhi G . , ecnn rrocneaHSISI · paccMaTpnnaeTcSI 
131 . . 

KaK pnMaHoBo npocTpaHCTBO · ·• TaKIIM o6paaoM, nan*eane noTeHunanh-

HOI! SIMbl He SIBnSieTCSI paBHOMepHb!M llBl!)KeHHeM B CMbiCne rpyiiiibl G 

npeo6pa30BaHne H.H. Eoronro6oaa rrpHBOlliiT K TO'IHOMY yqeTy 38KOHOB 

COXp3SeHIIH1 'ITO Bb!pU)K8eTC5J• B '1BCTHOCTII1. 38BHCIIMOCThiO onepaTOpOB 

aa{t) OT BpeMeHII: B cnny OoMeHa KBUHTOBb!MII '1HCnaMH Me)KJly 'IUCTII-

ueii n noneM nBII)KeHne '1aCTHUhi B none ae MO)KeT ohiTh paaaoMepHbiM. 

OcTaHOBHMCSI na npeo6paaoBaHIIII onepaTopoB nonSI ( 61) •. 3To npeo6paaoaa

ane BhinenSieT na onepaTopoB nonSI c- '1HCnoayro.'IaCTh1 KOTopaSI nocne 
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npenaapnTenbHor~ npeo6paaoaaHnSI (59) nMeeT Hyneaoii nopSiil 

My napaMeTpy c • nocne BhrneJ!eHIISI na nepeMeHHhiX nonSI 3a 

OT nepeMeHHb!X cfl · 

KaK n nepeMeHHbie 

npiiXOllllM K IIepeMeHHbiM Q f • 1 KOTOpl 

A; 6eapaann'!Hbi K npeo6paaoBaHHSIM rpyl 

HOBble nepeMeHHbJe. BBOllSITCSI C ManbiM IIapaMeTpOM1 'ITO COOTl 

iiarnSiaHoMy rrpeacTaBneanro o rrpnpoae cnnhaoro aaanMonei1:CTE 

Hoii a¢¢eKT aToro aaanMoneiicTBIISI aaKnroqa~TcSI a rrpnroToane 

unanbHoii SIMbi nnSI qacTIIUhi, T.e. Bhrne.rieann na· onepaTopoa. nc 
- ,~----- -~-- ---- -- ----------

poii ycpeaHeHHoii qacTn uf • KaKoa Cl\tbrcn aorroiiHIITenhHbiX 

( 65)? nocKonhKy B.38IIMoaei!CTBI!e '!DCTIIUbl C noneM COCTOHT. E 

u nornomeHmi KBaHTOB rronH, cTaunoHapHoe cocTOSI.IIne He MO)K~ 

COCTOSIHHeM C OIIpeaeneHHblM 'II!Cn0!\1 0030HOB. npoCTefirnaSI Hal 

KapTHHa cTaunoHapHoro cocTomm•.: Taiwi! ciicTEiMbi - '1acTnua, 

HeKoppeniipoBaHHbiM o6naKoM nnpTyanhHhiX CKanSipHb!X KBaHToa, 

COCTOSIHIIe 'I8CTHUEi + KOrepel!TIIOe COCTOHHHe CKanHpHOI'O nonSI 

xoa K KorepeHTHOMY npeac1-annenmo cooTBeTcTayeT BhrileJieHIIIC 

Topoa po)KaeHIISI II yHH'ITO>IWIIIIII c -•mcen. OaHaKo TaKoii ' 

UIIOH8pHOI'O COCTOSIHHSI COOTBCTCTilyl.'T npearrono)Kennro 0 TOM,. " 

nne H nornomenne CKanHplii>IX Klllll!TOD ne ll3M9HSI9T COCTOSinllSI 

T.e. 

nne 

'I8CTHU8 aBH)KeTCSI paDIIO!\!CpllO n CMbl cne rpyiiiihl 

( 61) c aononHnTenhHt.IM ycnolliiCM ( 65) noaaonSieT 

.G .• n 
COBMec· 

nSianyiO KapTnny BIIpTyanbiiOI'O oGnaKn C Tpe6oaanneM Toqnoro 

aaKoiwa coxpanennSI: na orrepaTopon nonH BbiaenSieTCSI Knaccnqe 

nopo*naroiiiaSI. noTeHunanbHyro 11My, a nnpTyanhaoe. o6naKo c:Kan: 

·ToB ne<flopMIIpyeTCH .T8K1 'ITO 3Th 111\lll MO)KeT nepeMeuraTbCSI B 

BIIII c aaKoHaMn coxpaneHHH 11 mm:~MIIKII B3llUMoaeiicTBIISI •. Bae.o 

npeo6paaoaaanSI (59), ( 61) 6onbmnx n ManLIX napaMeTpoa, Bb!J 

I 1,2/ qepe3 IIOCTOSIHHYIO CBSI3ll H xapaKTepnyiO 'I<'lCTOTy IIOnSI .. 
1 

II) 

K aoaMO)KHOCTII paaaem:imw rrepeMeHHLIX A; II Q1 . B nepBOM 
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rrpeo6pasonaHnR H.H;·Boro-

CHCT9Mbl rrepeMeHHbie, 

li o6ecrretJnnaeT Bbi~onHeHne 

~R H8 <iJH3H'I9CKOM CMb!Cll9 

lTh rrp'e)l{ne ncero ero 

60) MO)I{HO TOllKOB8Th K8K 

• nepeMeHHbie A i OITI!Cb!B8-

i% RMbi 1 C03!18B89MOH rroneM, 

Hoii RMbi, HarroMHHM onny 

lpKHYTYIO erue B I 1 I: ecnn 

CHCT9Mhl OTHOCHT9llhHO npe

JOB8HHbiX, BHeWH.l!X !lllH CHCTe-

fii ( 60), ( 61) aTn rrapaMeTpbi 

• Ecnn rrepeiiTn B rali3eH~ep-

18Topi,I, sanncRrune o.T npeMe Hn, 

1li Mepe He conrranaiOT c . 

11 rrocnenHRH · paccMaTpnnaeTCR 

pa30M, !1Blf)I{9HH9 'ITOT9HUH8llh-

neM n cMbiCne rpyrrrrhi ·c 

' K' TO'IHO.My ytJeTy 38KOHOB 

38BHCHMOCThlO orrepaTOpOB 

JBb!MH 'IHCll8MH M9)1{!1Y '18CTH-

MO)I{9T 6b!Th paBHOMepHb!M, 

B ITOllH ( 61) ,. 3TO rrpeo6p830B8-

:nony10 .tJacTh, KoTopan rrocne 

rrpennapnTenhHoro rrpeo6pa3onannn (59) l!MeeT Hynenofi rropR!lOK no Mano-

MY rrapaMeTpy c Oocne Bbl!leJ19HHH H3 rrepeMel!HbiX ITOllH 38BHC:HMOCTI! 

OT rrepeM9HHhlX ~ rrpl!XO!lHM K rrepeMeHHbiM Q 1 • 1 KOTOpb!e T8K )1{9
1 

KaK n rrepeMeHHhle 6e3pasnrrtJHhl K rrpeo6pa3oBaHnnM rpyrrrrhl, ·3Tn 

HOBbie rrepeMeHHb19 BBO!lHTCR C M8llblM rrapaMeTpoM, 'ITO .COOTBeTCTByeT 

iiarnnnHoMy rrpencTanneHHIO o rrpnpone. cnnhHoro B3anMoneticTniw. OcHoB

. HOM a<iJ<iJeKT aToro B38HMO!leiiCTBI!H ·38KlllO'I.'l9TCH B rrpnrOTOBll9HIIH llOTeH

UH8llhHOll HMbl llllR '18CTHUbi, T,e, Bbi!leneHHH H3. orrepaTopOB llOllH H9KOTO

poif ycpenHeHHoii tJacTn ul • KaKon CMbiCn norroi'IHHTenhHbiX ycnonnii 

( 65)? nocKOllhKy B.38HMO!leiiCTBl!e <wCTHUbl c noneM COCTOI!T. B IisnytJeHI!H 

I! rrornoruei!Hl! KBUHTOB llOIIH, CT[IUI!OHapnoe COCTOHHI!e He MON<eT· 6b!Tb 

COCTOHHHeM C orrpeneneHHhlM 'll!CllOM 6030HOB, OpocTeRW~R H8f'llH!lH8H 

K8pTHH8 CT8UHOH8pHOf'O COCTOHIIII': Taicoii CHCTeMbl - '18CTI!Ua, OKpy)l{eHHUSI 

HeKoppenHpOB8HHbiM o6naKOM llllpTynnhHbiX CKUllHpHb!X KB8HTOB, T,e, 

13! 
COCTOSIHHe '18CTHU8 + KOrepenTIIOl' COCTOHHHe CK81IHpHoro ITOllSI , Oepe ....: 

XOll K KorepeHTHOMY rrpencTnBlll'liliJO COOTBeTCTByeT BbiUeneHHIO If 3 orrepa-

OnHaKo TaKoii Bbi6op ·eTa-

UHOH8pHOI'O COCTOHHHSI COOTBCTCTIIYt'T ITp9!lll01l0)1{9HHIO 0 TOM, 'ITO . H3nyqe

HHe H ITOf'llOIU9HHe CK8llSipll1>1X KIIIIIITOD He H3MeHSieT COCTOSIHHSI '18CTHUbl, 

T,e, qacTrrua !lBH)I{eTcSI pannol\lt'pllo n CMbi cne rpyrrrr:o1 ·G • Opeo6pasona

nne (61) C !lOITOnJ!HTellbHI>IM ycnolll!CM (65) IT03BOllSI9T COB'MeCTHTh Har-

llRllHYIO K8pTHHY BHpTyanhi!OI'O OOllll!Hl C Tpe6oBaHH9M TO'IHOro BbiiTOllHeHHH 

38KOHOB COXpaHeHHH: 1!3 orrepnTOpDII llOllH Bhi!l9llHeTCH Kll8CCH'I9CK8H '18t;Th, 

rropO)I{ll8IOIUan .rroTeHurranhHYJO 11My, n nnpTyanhHoe. o6naKo cKannpHbiX KBaH

·ToB ne<iJopMHpyeTCH ·TaK, 'ITO 8Til liMa M0)1{9T rrepeMeiU8ThCH B COOTBeTCT

BHH c 3aKoHaMH coxpauenrrn n mmn,MmOI nsaHMoneiicTnnn,. BneneHHe n 

rrpeo6p830B8HHH (59), ( 61) 60llbllll!X II MllllbiX rrapaMeTpOB 1 Bb!p~)I{810IUHXCH 
11 21 

qepe3 ITOCTOHHHYIO CBH3H H XllpllKTCpllyiO 'lllCTOTy ITOllH . 1 
1 rrpl!BO!lliT 

K B03MO)I{HOCTH· pasneneHHH rrepeMei!HbiX A; rr . Q 1 . B rrepnoM rrpn6nn-
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I 
'· 

~~ 

I 
'l 
' I 
l 

.*emm. Ot:~HoBpeMeHHo 8TO npeo6pa3oBaHne coxpaHHeT npucymee cnnhHoMy 

B38UM0t:18HCTBUIO CBOii:CTBO! B raMunhTOHU8He CUCT8Mbl Hau6onhllluii: nopH

t:!OK no noCTOHIJHOii: CBH3U UM8IOT cnaraeMbi8 0 nuHeii:Hbie no nepeMeHHbll\1 

nonH Q 1 • YcnoBne perynHpHocTu BonHoBoii: q1yHKuuu Tpe6yeT To)!{JlecT- · 

B8HHOrO o6paiU8HHH I' Hynh .8TUX cnaraeMbiX 0 'ITO no3BOnHeT H8HTU 'IUCna 

· _u I ll onpet:~enHTh B nepBOM npu6nll)!{8HHH OCHOBHoe COCTOsiHHe .'IaCTl!Ub( 

B none 
111

• llanh~~ftUJee yTo'IHeHne BonHoBwx ~yHKuuri n 8Heprnii: cTaunoHap-
. . . Ill 

HbiX COCTOHHUH MO)KHO nony'Il!Th HTepaUHHMu no ManoMy napaMe'J'py 

3aMeTHM 0 'ITO ~OpMynhi ( 83), ( 84) 0 onpet:~enHIO!Uife npou3B_Ot:1Hbie 

nepeMeHHbiX aa no nepeMeHHbiM nonH 9t 0 nOK83biB8IOT 0 K8K MO)!{HO 

cy3HTh rpyriny npeo6pa3oBaimii: G Ha HeKoTopyro ee not:~rpynny. B 8TOM 

cny'Iae ITpOH3BOt:!Hbl8 COOTB8TCTBYIO!UUX napaMeTpOB paBHbl HyniO, T,e, 
. . -a 

paBHhi Hynro n cooTBeTcTByromne Ko9qJ<jmuueHThi N 
1 

• Pa3pelllaH ypaBHe-

Hmi ( 84) · oTHocnTenhHO N a 
1
' , Haii:t:~eM, 'ITo cooTBeTcTByromue Nat 

TaK*e paBHhi·· Hynro. B 8TOM cny'Iae aBTOMaTuqecKn yMeHhUJaeTcH 'Il!Cno 

t:~ononauTenhHhiX ycnoBHii: ( 65)·, lianaraeMbiX Ha nepeMeHHhie Q 1 , Cne-

t:~yeT TaK*e yKa3aTh, 'ITO · xapaKTep nononHuTenhHhiX ycnoBnii: B cnny 

B03MO)!{HOCTH npencTaBneHHH onepaTOpOB Q1 B Bllt:18 npoeKUliU H838Bl!CU

Mb!X nepeMeHHhiX Z 1 ( 70) 3aBucuT TaK)Ke u oT Bnna MaTpliUhi M 1 a, 

onpenenHIOIUeii: npoeKuuoHHYIO MaTpuuy A 
11

, • B cuny ·Bbi6opa M1 a 

B Bnne cynepno3uuuu K09~cjJuuueHTOB ( 79) nononHHTenhHbie ycnoBHH nnH 

Ql onpet:~enHIOTCH B KOH8'IHOM UTOre CBOii:CTB8MU raMunbTOHU8Ha 

· B3anMoneii:CTBHH. TaKuM o6pa3oM, rrpli'I.:Hoii: neqJOpMaulln o6naKa BupTyanh

HhiX ~KB8HTOB t:18HCTBUTenhHO HBnHeTCg B38liMOneii:CTBUe 'I8CTUUbl C noneM, 

3To o6cToHTenhcTBo noKa3hiBaeT, 'ITO liHorna yno6Ho Monn~nunpoBaTh 

·npeo6pa3oBaHne nepeMeHHhiX nonH ( 61). 

B raMunhTOHuaHax Tuna raMllnhTOHHaHoB c !finKcupoBaHHhiM ucTo'I

HHKOM B38HMOt:18ii:CTBue. 06bi'IHO conep)!{UT nuiUb H8KOTOpbi8 onepaTOpbl b 
. . . . I 

b+, CBH38HHbl8 C OnpeneneHHbiM HenpuBOllllMbiM npet:~CTaBneHH8M rpynnbi I . . 
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G • B 9TOM cny'Iae · OCHOBH08 COCTOHHU8 CHCT8Mbl T8KOB0 0 t 

UII8HTbi ul 0 He CBH38HHbl8 C 8TUM npencTaBneHueM, paBHbl 

t:~ono;iHnTenhHbie ycnoBIIH. HanararoTCSI nHUJh Ha Te onepaTophi 

t:leiicTni!Tenhno · y'IaCTByroT BO B3f!.uMot:~eii:cTBuu, B 8TOM cny• 

Bhit:lennTh 113 nepeMeHHhiX q 
1 

T8Kll8 H838BHCl!MbJe nepeMeHH 

3anncaTb Pa·l\mnbTOHiiaH B3ElliMOt:18ii:CTBIIH TOnhKO B TepMuH8} 

npeo6pa30B8HII8 T8K?rO p0t:18 paCCMaTpl!BanOCb B 1950 r, B 

E,M. CTenaHona npn oni1caHnn B3aHMOt:l~ii:CTBl!SI 38PSI*eH_Horo 

rronH c ¢uKcupoBaHHhlM uCTO'IHIIKOM, Hcrronh30BaHHwii: aBTopo• 

rrpocT, 'I8l\l Tpat:!HUIIOHHbl8 M8TOt:lbl peUJeHl!H ITOt:!06HbiX. 38t:l8'I 

npl!M8H8HII8 onuCaHHOro 3t:18Cb rrpeo6p830~8Hl!H K 6onee 

rpyrrrraM,·'IeM rpynrra TpaHcnHuuii:, ll3y'IaBUJaHcH B pa6oTax 1 

ll3nO)K8HO B ITOCnet:lyiOIUIIX CT8TbHX, 

AnTopbi Bbipa)KaiOT rny6oKyro npl!3HaTenhHOCTh H.H. Eor 

38 ITOCTOHHHhlii: liHTepec U MHOrO'IHCn8HHbl8 o6cyllit:~eHHH 38Tpc 

BorrpocoB. BecbMa nnot:lOTBOpHblMU 6binU. t:lllCKyccnu c A.A. nc 
E.A. Ap6y3oBbiM, B.n. KyKl!HbiM, M.A •. MapKoBbiM, P.M. _ MYI 

B.A. MaTB88BbiM, n.n. ConoBheB~IM, n.B. lllnpKOBbJM, 

ABTOphl npHHOCHT UM CBOIO 6naronapHOCTb, 

flnTepaTypa 

1. H.H. · Eoronro6oB: YKpanHcKnii: MaTeMaTH'IeCKnii: *YPHan ~ 
eM. TaK)!{e H36paHHhie TPYt:lhi, T. 2, KneB ( 1970). 

2. c.B. TH6mmoB. )K3T<P, .ll,. 377 < 1956). 

3. · E.n. Conot:~oBHIIKOBa, A.H. TaBxennn3e, O.A. XpycTaneB. 1 
256, (1971). 

4. E. n. ConOt:lOBHHKOBa, A.H. TaBxenllt:13e, O.A. XpycTaneB. r 
omm, E2-5976 (. 1971). 

5. n.n. 3i:i3euxapT. HenpepwBHbie rpymibl npeo6pa30B8Hllil:, N 
Hn,· MocKBa, Hn, 1947. 
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xpaHHeT npncyiuee cnnbHoMy 

CllCT8Mbl HaH60JibWHii TIOpH-

nnneiiHhie no nepeMeHHhiM 

cj1yHKUHH Tpe6yeT TO)I(Jl8CT

q~o llO~BOJI5I8~ ~aiiTll 'IHCJID 

oanoe cocTosinne .'18CTHuh( 

¢yn~~nri H aneprnii cTauuonap

/1/ 
~ no ManoMy n8p8MeTpy 

~Jl8JIH lOW He rrpOH3B.OJlHbl8 

IOK83b!B810T1 K8K MO:>KHO 

>PYI<?, .ee nOnrpynny. B aToM 

eTpOB p8BHbl HYJIIOI T,e, 

bl Na 
I 

• P83pewaH ypaane-

cooTBeTCTByJOmne N al 

:qeCKH yM8HbW88TC5I 'IHCJIO 

:a nepeMeHHbie Q1 · • Cne

·enbHhiX yCJIOBHii B CHJIY 

B Bnne npoeKUHH ne38BHCH

~ · H oT BHJl8 M8TpHUhl M 1 a 1 

·, B cnny .Bbi6op8 M1 a 

OllOJil!HT8JibHbl9 yCJIOBHH JlJISl 

rBaMH r8MHJ1bTOHH8H8 

re<jlopMaunii o6n8K8 BHPTY8Jib

>JleiicTBHe '18CTHUbl C TIOJ18Mi 

, yno6no.Monn¢nunpoB8Tb 

B C qlHKCHpOB8HHbiM HCTO'I-

lib H~K~TOpbie onep8TOpbi b 
1 

1 

'-1hiM rrpencTaBnenneM rpynrrhi 

I 
I 

i 
I 
! 

G , B STOM cnyqae OCHOBH08 COCTOHHHe CHCT8Mbl T8KOB0 1 'ITO ·KO&Ijlqm-

UH8HTbl U I 1 He CB5I38HHbl8 C STHM Hp8JlCT8BJI811H8M 1 paBHbl Hyni01 T,e, 

nononHnTenbHhle ycnoBHH nanaraJOTCH nnwb ua Te onepaTophl1 KoTophle 

neiicTnuTeJibUO · yqacTByroT so B38HMoneiicTann, B aToM cnyqae yno6no 

Bb!Jl8JII!Tb U3 nepeMeHHhiX q I T8KHe H838BHCHMbl8 rrepeMeJIHhl8 1 'IT06hi 

38niiC8Tb rm.!HJibTOHH811 B38HMOJl8HCTBHH TOJibKO B TepMH118X ~OCJI8JlHHX, 

npeo6pa30B811118 T8KOro p0Jl8 paCCM8TpHB8JIOCb B 1950 r, B p'86oTe 

E.M. CTerr8HOBa npn on~caHHII B3aHMoneiicTBHH 3apH:>Keuuoro CKanHpuoro 

llOJISl C q1HKCHpOB8HHb!M HCTO'IHHKOM, l1CliOJib30B8HllblH 8BTOpOM MeTOJl 6onee 
/6 7/ 

npoCT1 '18M Tp8JlHUII.OHHbl8 M8TOJlbl peweHHSl llOJl06llblX. 38118'1 
1 

, 

npnMeHeHH8 OliHC8IIHOrO 3Jl8Cb npeo6p830B8Hl!H K 6onee CJIO~llhlM 

6 
I 1-4/ 

6 
. 

rpynnaM,' '18M rpyllll8 Tp8IICJ15IUHii 1 H3Y'I8BW85IC5I B pa OT8X 1 YJl8T 

H3JIO:>K8HO B TIOCJI8JlYIOWIIX CT8Tb5IX, 

ABTOpbi BhiP8:>K8JOT rny6oKyJO npH3H8TenbHOCTb H.H. Eoronro6oBy 

38 llOCTOSlHHhll1 HUTepeC H MHOrO'!HCJI8Hllbl8 o6cymJl811HSl 38TpOIIYTb!X S)l8Cb 

aonpocoB. BecbM8 rrnonoTBopHhiMH 6biJIH nncKyccnn c A.A. JlorynoBhiM1 

B.A. Ap6y3oBbiM 1 B.n. KyKHllbiM1 M.A. MapKoBhiM1 P.M. Mypa.nHnoM, 

B.A. M 8TB88Bb!MI JI.n. ConoBb8BblMI n.B. lllnpKOBbJM, 

ABTOpbl .npHHOCSlT HM CBOIO 6naroaapHOCTb, 

llnTep8Typ8 

1, H.H. Eoron106oB, YKp8HHCKHii M8TeM8THtiecKHii :>Kypu8n ~ 3 ( Hl50) 1 

eM, TaK:>Ke l136p8llllbie TPY.llhi 1 T, 2 1 Knee ( 1970). 

2. c.B. TH5nnKoB. )!(3T<t>l 2.1 377 ( 1956). 

3, · E.n. Co.rio.noBHHKOB81 A.H. TaBxenn.n3e 1 O.A. XpycTaneB, TM<P1 §., 
2561 ( 1971). 

4. E. n. ConO.llOBIIHKOB81 A.H. T8BX8JIH.ll381 O.A. XpycTaneB. npenpHIIT 

Ol1Hl1 1 E2-5976 (. 1971). 
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