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3a.n;c;qa KBaHTOBaHUH ITOJ!Gii B p!~VaHOBLIX 1.!!1pax 6rMi1 

ITOCTaBJieHa H B OCHOBHOM peLICIIa B pa6oTe'l/ Ha ITpHMGpe 

CKiJ.JIHpHOfO ITOJ!Ho 3.n;eCh 'llTa 3a.n;aqa yToqiiJrCTCH H pernaeTCH 

B 3HaqnTCJlhHO OOJIGe CJIOl!CHQi,I CJiyqae CITHHCpl!OfO ITOJ!Ho l3 HaCTOR!J.Iet\ 

padoTe 1.1N r:arpoKo rroJih3yeMCH pe3yJihTaTaMI' B.A.'J!oKa, 

KOTOpb!H rrepBbiM CcpOpMyJIKpOBaJI ypaBHGHUC ~HpaKa B pnua-

HOBhlX MHpa/
2/ • 

§I. Ypa.BHCHHG }.l.HpaKa n tpopMe iCapo.na 

C.'re.n;yH 3.KapTaHy/3/, Ubi oy,n;eM 3arrrrcE:BaTh ypaBHGHUe 

}J.Hpa.Ka B Blf,ll,e 

3 
(iii .L 

V=O 
H "'d +mcH~)<f=t7, 

()xv 

2 

' X = !/ 
J 

, ~ ""Z -,n;m~ap-

TOBhl KOOp,ICHHaTh! B ~.mpe l.lHHKOBCKOfO, n.: - uacca 

(I) 

3JICKTpOHa-no3HTpOHa, C - CKOpOCTh CB(!Ta, h - ITOCTOHH-

HO..fi IlnaHita. MaTpHHhl H panmr 

Ho_(~ ~ ~-~) - 0 -1 0 0 , 

1 0 0 0 

2 (0 0 H = ~ o 
-t 0 

0 -i 

(2) 

3 



'lT06LI nepefiT ~ K Opl1THilcUibHOfi cpopMe ypaBHCHUW ,lllipaKa, 

HUAO C,ll;CJID.Tb CJIC,ll;YJ.O~YlO TIO,ll;CTUHOBKY KOJMIOHCHT C!Hl:HOpa: 

, w, 
Sl' - T. 
2 ~ 

{2 ' 

, , 
~ = ~ -~ 

2 ff 

, , 
Y'- ~ +Si 

3 {2 

lilaTpHL\hl H nopo;K,ll.a!OT aJire6py ;{;mcWJop.n;a, nocKOJihKY 

(3) 

r.n;e 
aC p 1 = 0 rrpn a =I= o , 

:tl 22 33 'lH __ '/oo=i 'l =7- ='2 = - . 

C TIOMOinb!O T!!1130pa 
aC 

~a8 ll OOpaTI10rO T8H30pa 

'laB= '7. Hhl 6y.n.eM no.n.mn;aTb 11 OITYCKaTb HH.TI.CKChl. 

HarrpHMep, rl a = '2 a g fl , a. alfJI 
II ='Z c· 

ItlH.TI.CKCH, rrpiUIDJUIO!llife 3HU48HUil OT 0 ,ll;O 4, M1I Oy.TI.eM :If 

.n;aJibllle o6o3HE qaTb 6yKBaM:t1 JiaT:mcKoro ampaBnTa, a ~m.n.ertcu, 

npHHI1MUIOUli18 <HaqeHI{Il OT 0 ,ll;O J - 6yKBUMH rpetiCCKOrO 

aJicpaBHTa. 3HOK CYJ,1Mhl ITO TIOBTOpll!O~ID,fCH I1H.Jl.CKCUM 

6y.n.eM onycKaii>, rro.n;pa3yMeBaH, liTO cyMMHpOBUHUC B8,ll;8TC.II 

B npe;leJiax, yKa3uBaeJ,thlX ca1.1m,1 
3 v q .., q 

L Jl _;-., = H 'dxv 
>J~O uX 

CuucJI TeH3opon n 11: n to.p ·t.a& 

J.ieTp!f4CCKUSI <lJOpMa liCTblpCXl!Cp!lOfO, a 

ueTpu<iecKaSI t!Jopua nnTm,iepHoro 1.mpa ITyaHKape-:.hmKoBcr~oro. 
J.r _imcr 

i1oJiarall 't' =' <j/ e 1i " 1JlOllC8H 3D.ITUCUTb ypaBH8HH8 

d) B Bl1,ll;C: 
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( 4) 

IlapR.n.y c (J), ,ll,nR MaTpnu H ~UJ88M 

(5) 

r.n.e rmu.n.paTHLie cKo6Kv! 03Hat:IuiOT <:UibTepmrp•JBaHHoe rrpoli!3Be

.n.enue !.li:l.TPIIU, Ea.Sc.pq - ITOJIHOCThiO aHTUCUJJ11eTpUtrHHl1 TCH3op, 

t;Of2l't =! • B l!aCTHOCTH, 

f)J,8 E~B - ITOJIIIOCTbiO Cl.HTlllCHlvlMCTpll!t:!Hhlrl TCH30p, E = 1 
~ 1 ~ [" v Of 23 • 
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§2. OpTOJ'OHaJibiiuli perrep n pmmnoBoM r.:Hpe 

PmmnoB MI:p xupaKTepu3yeTc.fl MeTpH<IecKoH ljlopMoil 

d S 
2 = /Jol}' dx .r d X fl , f)l.6 9otp - IlpOH3BOJibHhle ljlyHKIJ;HH 

KOOp)l.HHO.T .TO( • C ITOMOII\b!O H6KOTOphlX mmei1Hh!X )l.HlJxPepeH

IJ;HO.JibHhlX !flopM 

Jo< = Jcx dxfo 
p 

MeTpH1.!6CKYIO 'iJOIMY MOllrnO IIpHDeCTU K )l.HarOHa.JibHOMY BH)I.y 

d 2 o( ·fl ' s = 'lDt:f> f j • Pa3pel!la.H ypaBHeHHe \.8) OTHOCHTeJibHO 

dxo( m.tee1.1r 

HMeeM TaKxe 

d oc ~«~P 
.X = j 

f> ' 

u, CJI6)l.OBaTeJibHO, 

dS3HC COCTOKT H3 B8KTOpHh!X IIOJI6H 

p 
= j e 

o( p 

n10Cl0e B6KTOpHOe IIOJie MOllrnO 3a,IJ;aTb KaK B KOOp)l.HHaTHOM 

(8) 

(9) 

(IO) 

(II) 

fl ex ot'd 
6a3Hce L : TaK n B 6a3Hce e e = a - 7 

<lx <>< oa:O( 
o· p <>< or ,11 -ac 

OTKy)l.a A =a j , a = ./1 f . I\oneKTopnoe 
p j! 

IIOJie ( JIHH8HHa.fl ljlopMa) anaJIOfHI.!HO 3a)l,aeTC.fl KaK B KOOp)l.HHaT-

HOM 6a3uce dx , TaK H B 6a3uce f ./1 10( =a dxO( 
o( o( , 

OTKY)I.a .f1 = a. ~-ft a - .JI f fl 
0( p 0( :> o( pJ<X. 
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KoBapHaHTHblii .D;HqxpepeHI.UiaJI B eKTopHoro rroJISI pa.B eH 

o( 0{ 0{ Jl "' :DJI = d.fl + w,. ' 
(I2) 

a KOBapHaHTHhiJ.l: .D;HqxpepeHUK8.JI KOBeKTOpHOrO IIO;ISI paB eH 

:1) Jl - d /leX 
o( 

(IJ) 

o{ 

r ,IJ;e W - mmeJ.l:Hue .D;HqxpepeHuHaJIJJHHe <!JopMH, paBHhle 
~ p 0{ 

wO{ = wO{ f . KoaqxpHUHeHThl w <JTHX <PopM 
~ ~~ ~~ 

Ha3HBaiDTCSl K03<P<l>KUHeHTaMH CBSI3HOCTH. 0TCD,IJ;a IIOJiyqaDTCSl 

KOBapHaHTHble IIpOH3BO.D;Hble 

XJ~ Jl 0{ e,. II 0( + 
(I4) 

qTo Il03BOJISieT HaiiHCaTJJ KOBa PiiaHTHYD IlpOU3 BO,!I,HYJO JID6oro 

TeH30pa. Harrpm.!ep, ,ll)ISI TeH30pOB C l~OWlOHeHT lMH //~" , //"" 
/3 

H ~p HMeeM 

(1) II O{fi = e 1/orp + 
o( 11 rfl + f3 J/cx;v w I~ 

~ K ~fU d'fW 
(I5) 

;[) 0{ II" + at' II~ (u f'4 /lot" 
'¥ .II f> 

- e w 
1 f3 1JV f3 trp ;u 

XJ~ /lot} - p II ~!'4 II cv~ II "¥ ~ ;ror ?f3 j'f' 0{1"' • 
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113 TIOC.Tf8,l..,E8 i t)OpMyJJLl TIOJJyqaCTC.fl BmJ!oe CJI8,J;CTBJ18 

(lG) 

rAe 

Rv v v v fU v !"' (17) 
= e w - e UJ + c[W w + w w -w ct~" 

~, o( ~ ~ o( ~ 0( ~ r "'13 ~" lf o( ~ fl r P ~ «,.. -
- KotmoHeHThl ·~eH3opa Pm.rnHa-I~pHcToqxpe.'Ui B CiasHce e, f. 

l{03WFI ~118HTIJ CB.fi3HOCTU HaXOA.HTCH H3 ABYX yCJIOBUH. 

IlepBOe H3 H 1lX - OTCJTCTBI1'8 KpyqeHHH. ).lJI.H CKaJiapHOit 

clJYHKIUIM <p 3TO 03HattaeT ~"' ef <p = :;()~ eo( <f 
0TCIOAa CJie~reT ypaBH8HHe ~H K03~H~8HTOB CB.H3HOCTH 

C¥ 
rAe KOsqxpHI.{l!CH Tbl 

<X.f' 

II, CJI8AOBaTI)JlbHO, paBHbl 

onpe,IJ;eJUIIDTC.H onepaUJ.~eit JlH 

,. y 

(18) 

(19) 

( ~"' v ( 'd f 'd r ) "'I"' lr' ~ !"' K c = J ' 1· ~ - __!j_ = f e f - J e f (2o) 
«j ol. p oXV OX(" "' f f' f' oL /"' • 

BTepoe yCJIOBJ1e, onpeAeJI.HID~ee K03qxplfUJ.feHThl CB.H3HOCTFI -

coxpaHeHJ1e ueTpuqecKoro TeH3opa np11 napaJI]IeJII>HOM nepeHoce. 

3TO 3HaqHT, qTo paBH£1 HYJIIO KOBapl1aHTHa.H rrp01f3BOAHaH m n 
o( -,,¥ . 

TaK KaK e n =0 , TO, corJiaCHO (15)~ITOJiy'l!aeM e~e OAHO 
"' -~ji~ 

ypaBHemre AU! K031fllfJH!(HeHTOB CB.H3HOCTI1:, a lUJeHHO: 

8 

(2I) 



(22) 

' 
W3 (18) ll (21) ITOJiyqaeM 

(23) 
w + w =0 

Vp« p v« 

ITOACTaBJIRR (23) B TO~eCTBO 

wvR~ = L ( w ) + J.. ( w + u.1 ) - _i_ { w + UJ ) 
r"' 2 V~ot. + Wj!VoC 2 olvp Val(J 2 otpv p«v 

+ 21 (wols v - w ) + ..L ( w - CtJ ) - j_ ( w - ~ ) 
r atv13 2 v~~ v""!' 2 pv« fJ""v.J 

IloA06Ho MeTpHtiecKOM'J TeH3opy, MaTpm~u H 
IlpH rrapaJIJieJibHOM rrepeHOCe He MeHRIOTCR. ~TO 3HatiHT, liTO HX 

KOBapHaHTIIh!e rrpoH3BO,n;Hble paBHbl HYJIJO. ,UJI!l MaTp:>~nu Jl =-"'!II 
C( 

HMeeM 

;;[) fi = d II + w; II ~ H"" = d 11 + 2 II - II 2' (25) 

r,n;e 

(26) 

TaK Ka.K ,n;JIJt MaTpKUbl J/ ( C TOliHOCTbD ,ll;O 6eCKOHetiHO MaJib!X 

BHcwero nopSI,JUta) 
-t 

lJ II - d II -+ II = { i + .2 ) J1 ( 1 + ..2) ~ 

9 



TO ,n;JISI crnmopa ,n;oJii[HO dun 

CJie,n;oBaTeJI:oHo, KompnaHTHhli1 ,n;:HqxpepeHn:lmJI cmmopa paBeH 

(27) 

a KOBapHaHTHaSI TipOM3BO,JJ;HaSI CTIHHOpa paBHU 

(25) 

l{OBa p:Ha.H THaSI rip OH3BO,ll;HUSI ,n;npaKOBCKH-COripSillt8HHOrO CTiliHOpa 

paBHa 

(29) 

BCTpetiaiOTCSl 06'beKT~, lm:eroru;II!e H CTIHHOpm>IU H T8H30p-

Hhl~ xapaKr;ep. IlpaBHJia (14), (28) :H (29) TI03BOJISllOT HUXO,n;HTb 

HX KOBap¥IaHTHH8 TipOH3BO,ll;HhiC. HarrpHMep, cmmopRhiU III BeKTOp

H~R xapaKTep :HMee:r. KoBapHaHTHaSI rrpou3Bo,n;naH crrHHopa. B:ropa!I 

KOBap:v!aHTHUSI cmrnopa paBHU 

~H 'JJ.._. t = eJ ~" 'f -+: lL)rr HJI'M~" t - ~: Z>,.?o) 

1\a.K U ,ll;JI.Il B8KTOpa, aJI:&TepmfpOBUHHUSI BTOpall KOBapHUHTHeSl 

cmmopa He co,n;eJlimT ero npo:H3BO,n;HHX II! BHpaJ&:aeTcSI qepe3 

10 



T CH 30p PID!G.JIO.-l[pncT Oti)(j;CJIR: 

E) 

RfUv,olr = 'Zvs- RfU ,oep 

,1.JIR ,l.(O.K.a03.TCJihCTBa (lOpMyJILI (JI) llfl,!l,O BOCTIOJIL3,lBD.ThC!I 

COOTHOlii8H:I'ICM 

(JI) 

k {[Ho(Hfl][H'"Hv] -[H,..Hv)[Ho(H 13J} ~ 
= ?"P [ H«Hv] ~'I"~ [HpHvJ + •("{H"H'}- r/"[11"1~)· 

J. Ypa.BH3Hvre ,U:I'Ipa.Ka B pr~r.:o.HoRo:l tmpe 

YpaBH CHUC .f\!fpC.Ka B piH.!fJ.TI OB OJ.: l'!~p.; DO.'IJ'-Ia )T CR !!3 ( 1) 

3aueH o~i C> lf HC.. 'Z; tv 
(Jx"" v 1 

H" :J)v. <v imc HIt , - 11 r . 
(J4) 

l\aK V. B TIJIOCI~Ql.: CJiy•w.e, 3TO ypanH8WH~ HOr.:HO 3i:ITHCaT1 B 

C orrp RlKeH HOM B !1.ll: C 

XJv f H" = - i;c if H~ (35) 

II 



H, ,n;aJiee, 

IIepBoe cJiaraeMcte B noCJie,n;neM BupaJJCeHHH pa.BHo 

Tart Ka.K 

HO(HP Ht~ = [ H o(HP H "] + IJPJU H 0( + 'l.foot' H~"- rt «'f"ll.fl(36) 

H TaK KaK aJIDTEpHanHH TeH3opa PHMaHa-KpHCTO~eJIH no 

TpeM 3HaqKaM ,n;aeT HYJID, TO 

HotHp ~o(2.>P-.z,r~~"'- _.!_ H""H...,'Jfl~R = fHI!vR.,« =: R. 
- - f f4V,o(f 2 . 

TeM caMUM Mil nonyqHJIH KBa,n;pHpoBaHHoe ypaaHeBHe Axparta 

B od~eM cJiyqae aTa CHCTeMa ypaBHeHH~ BToporo nopH~ 

OTHD,li;D He pacnamaeTCH Ha qeTupe OT,ll;eJIDHHX ypaBHeHKH ~H 

Kal(,li;Otl KOMIIOHeH ru CllHHOpa. 

12 
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YpaBHeHue Jl.Hpa.Ka 3aMeTHo yrrpomaercH B cJiyt~ae 

OpTOfOHaJibHh!X KOOp,ll;I1HaT ( 8Cm'l TaKOBh!e H1HIOTCH), KOf,JJ,a 

f o( = pot !'- c( 
MOliCHO ITOCTpOUTb da3UC TiaM3, To8o ITOJIOlll:HTb n 0 

J3 fl . 
rrpHderasr K cpopMyJie (36), rroJiyt~acu 

1 H"Ho(Hf'4=_LW H"Ho(H/'1+21 t'[o(VU.) H 1~ 
If <.Joel"'" 't [O(f4'11] ot..f4V 

To.K KaK 

lll, CJI8,ll,OBaTeJibHO, 

1 0( J. c =0 -c -
(oc f-1 v J ' 2 0(~ - v f7 Fz f'4 I 

'0 
ox"" 

o( 

c 
a(fl ' 

~-, 
h~ 

r.n.e h =fl 0 h 1 f/f/ TO B da3!11C8 Tiru; 3 

B dasll:ce llaMa ypaBH8HHe (34) samwunaercH ,raKHM odpa30M, 

B BH,ll,e 

i me H'f 
li r , 

(38) 

a ypaBH8Hlll8 (35) - B B!ll,ll,e 

imc -If" (39) 
T~ . 

I3 



4. AHTKKOMMyTaTop CnHHOpHOfO nonSI 

CTpeMHC:O coxpaHHTD OCHOBHble IIOHHTKH KBa.HTOBOlt 

TeOpHK IIOnH, M~ C5yAeM paCCMaTpKBaT:O TOn:OKO TaKHe pKMaHOBhl 

MHphl, KOTOpHe ,o;onycKaiOT IIpOCTpaHCTB9HHO-ITOAOC5Hble 

nmeprroBepxHocrx, pa3Aenmomxe MHp Ha ,n;Be qacTK. O,n;Ha K3 

oT.n;enmomxxcH q,icTeit MKpa MollteT cny:m:HT:o oe5pa3oM rrpomeA

mero, Apyraa - oe5pa30M C5yAymero, caMa :m:e pa3Aenmomaa 

MHP rKITeprroBep.<HOCTD - oe5pa30M HaCTOHmero. TaKI(e 

r1mepnonepxnoc~~K Mhl C5yAeM Ha3hiBaT:o nonHhiMK. _ EyAeM 

npeAIIOnaran, 11TO pemeHH9 ypa.BHeHHJii JlKpaKa BO BCeM 

rrpOCTpaHCTBeHHil-BpeMeHHOM Mlijle OAI!03Jia.qHQ 3aAa8TCSl 

3mnenKHMH cmmopHoro nona Ha rronHoli rimepnoBepxnocTK. 

Ha CaMOtl JB:e rimepnoBepXH OCTK CnKHOpHOe none MOlreT 

C5hiT:O 3aAaHO npoH3DOn:OHOe 

PaCCMOTpln! Tenep:o CKCTeMY ypaBHeHHit, ·COCTOl'IDIYJJ 

K3 ypaBnenKH JbrpaKa H conpSI:m:enHoro c HHM ypanHemui 

HvZJ u = i.!!J.£ f('u 
v 1i ' 

lJ v-II v = - (·n-rc iJ II f 
v ~ • (40) 

IlycT:o U , l.r ·- pemeHHe 3TOlt CKCT9Mhle .llKBepreHIUfSI 
(Y' v _ H v v <)\ - 11 " B8KTOpa u =- lr ll , paBHaH :l)v S = -oUv if U-

- iJ fl :J) l/ B ClUY ( 40) KCqe3aeT • 0TCIOAa cne-
v ' 

AJ9T, qTQ BCe MHTSrpanbl 

0 1. 2 q,3 

Js" d6r- = J I ~, q_j_ qf .1. 

'io ~1. lf-2. ct-'3 
I (4I) 2.. 2 z 2 

.~ 

~ .:.. 
0 1 ~2. tf q. 93 3 :r 3 so sf. s,_ s 3 

14 



no noJIHhiM rHIIeprroBepxHoCTRM paBHSIIOTCSI Apyr )J.~yry. B 
c( o( 0( 

HHTerpaJie ( 41) Cf_.1. , 'J
2 

, f/.
3 

- Bei~TOphl 3JI8M81TapHhiX CMC-

ll\eHHH no rimepnoBepxROCTH L . EcnH, Harrp;mep, nmep

nonepXHOCTb 3a)J.aHa ypaBHeHHm.llf X a( = T oc/ £f..~ q 2
, q_ 3

), 

a( ~ 0 rr,.. d :l 

TO iJ_ = j - fl ' · · · 
1. r' () q,.~ 

Hmerpa.a ( 41) paBeH UHTerpaJiy 

• HHhiMH cnoBam, 

OT BH8IUHel1 rJ.;o )Mil [ 't] 

CornacHo (7) HHTerpHpyeMaSI 3)1.8Cb <!Jopua paBHa 

\42) 

j_ c S~"foc /\ JJI J\ jy = j_ ii H H H Hy u fJl f;l\ fr= 
3, «N f 3 , " o( J3 

II 
. . '43) 

=.i_ iiH PAPI\Pu, t.. 
31 " 

r)J.e F = Ho( (. Ta.KKM odpa3oM, HHTerpan ( 41) MOliCHO 

3a!1RCaTb B BK)J.e 

J S d6"' = iJ 1.1 H" [QJ. Q2 Q3]u, 
E r-' 

I: o( ol. 

r)J.e Q, == H"' q: , Q 2 = Hal ct 2 , Q3 -:: H"' l? 3 

3TOT KHTerpan 3a)J,aeT CI~SipHblH KBa,n;paT B npo,~tpa.HCTB8 

pemeHKH CKCT8Ubl ypaBH8HHH (40). 

CmiHOpHOe none KBa.HtyetC.Il COrJiaCHO CTaT <ICT~U:e 

~ep:Mlf. llHID.!H CJIOBalfK, tpedyetcll, '-ITOOhl napa ~mmopHUX 

noneii 'r, if nopoJl)J.ana ~ decKoHe'-InouepHyD) 

anredpy 1\."HIJxllop.n.u. reHepatopu anredpbl 'f, 'f' 

Ha TIOJIHOK rHnepnoBepXHOCTH ~ JI11H8iiHO 11 ~3D.BUC!fl;!blo 

15 
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Paccuorprm cne,JJJ!Vll\Ue BCKTOpH H3 mmeltno~i o6oJLOl.!KTf reHepa

ropoB aJircCipbi 

U = i j if Hlt [ Qj_ Q2 Q3]u 7 
V * = ij v ~ [QtQ2Q3]r. C4s) 

E ~ 

HHTerpaJibl ( 45) WI\ l:W, IGK U UIJTerpaJI ·~ 41+), I!C 3D.BlfC.f!T 

OT BUClopa TIOJIHO i nmepiTOBepXHOCTH, TIOCKOJILKY U :> ~ 

H 4f 7 V Y,IJ,0'3J!CTBOp!110T CHCTC:I:!C ypaBHeml:E ( 40) • l!'ft!MB. 

u + v* eCTh )0lJll1~i ;)J!el.!8HT OOOJ!Ol.!KH. riO,ll,40pKIJeu, liTO 

CfHIHOp!ILie ITOJISI U 7 if 11pO,li,OJ!i:;mJT ClJHTaThCH HCKBQ.HTOBQH

HlllUf. fiOJii.l.fQ..fl 

( U+ Vll1') 2 
== ;_j ii-H, [QL Q2Q3]u 7 

l: 

HU BBO,ll;~U.I CIDS:.!8'l'IJI1l.!HOC CKU.JISfflHOe rip0!13BC,l\CTlcrr B oelOJI0 1!Ke 

reHcparopoB, lJT o a llB.Tlnercn TO'IHIJL~ nupruKeHiteM rrpmH.(ffila 

KBaHTOBQ.HI1li TIO C:TU.TUCTJ.{l{C ·!cpMll. 

Tar: KO.K napr1 IJ, o I1 0, 7./ y,JJ;OBJICTBOpJIIOT CHCTCMe 

ypaBHeHMil ( 40), TO Vt3 ( lfG) CJie,JJ;yCT, 'ITO 

2 u =0 
!J V

ii' 2 

=0 
:J 

11 'ITo, cJie,n;onaTEJihHo, aHTHKOJ.uzyrarop { U V+} 
pa.nerr 

[u v*J = uv~;+ v*u i j if~~ [ Q1 Q2 Q3ju . 
E 

16 
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• 
IlO,!(CTaBJISUI B (/f8) BHpali!:8HI!8 (45) ,!(J!Sl v 

npoH3BOJihHOCTH if Ha L rrocyqaeM, qTo Ha 

{ 'f(x) U} = U(X) 

ilO,!(CTaBJIHH li!:6 BHpaX8HH6 ,45) ,!(JlH ll 
Ha E 

, BB!i!,ll;Y 

E 

TaK KaK napa If, 'f no.I(qJA:HH6TCfl CUCT8M6 ( 40), TO U nape. 

{If U}, {V~if} rro,!(q~mSieTcH cucTeMe ( 40). Io non liCe 

CHCT8l.i6 ypaBHCHU~ no,n;q>fHfl6TCl1 U napa U , lr , 

ITocKonbKY na E rrocne,IJ;IlHe ,n;Be napu coBnl.n;aroT, TO B. 

CHJIY npe.n.noJiaraeMO~ 8)1.HHCTB8HHOCTI1 peueHIIf.fi 3·1,ll;aqu i~Ollm 

)J)Ifl \40) pa!38HCTBa. (49) If (50) OKa3h!Da!OTCfl C1paB6)J)lHBb!MH 

( 49) 

(50) 

ne TOJibKO Ha L , ITO Ilf no nceu rrpocrpancneHno-npeMeHHOM 

M:t-rpc. ilO,!(OOHL!M oCipa301.I U3 ( 47) Bh!BO,ll;HTCII, qT) )J)I,q JIJOOOH 

npOCTpa!lCTB8HHO-BpeM8HHOll TO'!K'l1 X 

B8HCTBa 

crrpaB3,ll;JIUBLl pa-

r lJ ifrx)} = 0 

BBn,n;y rrpm!3BOJlbHOCT:I1 U, ?I Ha ~ 113 :51) TIOJTy•meM 

,ll;JISl JIJOOOH ToqKH !J , JlCliia~eli Ha L , 

17 

(51) 

(52) 



r,ll,C fJ !I 'f - H0!1Cp2. KOl.InOHCHT CITl!HOpOB 'f II fP • 

.i3 ClL'IY 8,ll,JUIC1B8HHOCTI! p8ill8Hifl1 3a,WJ.l!!l! l\:omH ,1V!l1 (40) 

fld.BC:ICTBa ~5~) OKQ.3h!BCHJTCH crrp,".B8,1V!l1Bbil.!l1 It ,1V!H JIIJOOil 

JHipOBOi1 TOl!IU :J. 
0603Hil qJ U { 'f{X) 'f (y)) BaTpin . .\Y C K0!.1ITOH8IITaJJII 

{ ~ (x) ~ (:f)} . 0Ha Y.Il.OBJI8TBOp.HeT cJie,ll,yromeMy aJireopan

·<ecrcoJ.rJ ycnoF rno 
-r 

{ l.f{X)<p{:J)}H
0 =H0 {fffYJif(xJ}, 

r,;e 8HCl.EOJ.! u,n OC)03Hal!C!l0 3pMI-l:TOBCK08 COllp.fDK8HJ18 

~:J.Tp!ru,l:J. 113 ( 1f5) l1 ( 48) CJI8.IJ.Y8T, l!T 0 8CJI!I! tiepe3 ,ll,B8 

( pa3Hb!8) l.IMJtOB!:J8 TOl!KH X 1-l: 1J MOlKHO ITpOB CCTJ.l: 

rroJIJTyn rvmeprronepxnocn, To { 'f(X) <f'()j}] = 0. 

:O<:mrcaB paB8JiCTBa (Lf9) I1 (50) B pa::mepHyTOM BU,ll,8 

lf(X) = i j' {Cf(x)'ff;J)} H" [Q_ Qz Q3 ]u~yJ 
L 

lf(X) = Z Jr ii(YJ ~ [ Q1 02 ()3 J { lff:JJ f rx!J, 
£ 

3aJ.J:Cl!a8U, liTO aHTHKOI.!MyTaT op 

,ll,aeT p8I!l8Hlf8 3a,WJ.l!II Kol!ll-l: ,ll,JIH CKCT8Mbl ypaBH8HKl1 (itO). 

l10CI\OJ!hKY 11 CaM aHTKKOMMyTaTop {lf'f:X:)ij{/f)} 

Y.Il.OBJI8TBOpH8:' :JTOH CI1CT8Me, TO, COrJiaCHO (54), lm88M 

{ 'f'(r) cpr:;i} ;: i ._( ( lf(X} CffxJ} ~ [ Q:t Q2 Q3 } { 9-'fll iff¥)}. 
I 

l1ycTh Telieph )iJIH HeKoTopoil noJIHoU nmeprroBepxnocrw L 
If )iJI.fl CHCTCMH (40) Ka.KID.I-JIKOO M8TO,ll,OM p8I!l8Ha 3a,ll,8.'-Ia I\onm: 
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U (X) = i J s (X ,jj) H, [QL Qz Q3} Ufy) :J 

.r (5G) 

iFrx) == i J lf('j} Hit [Q1 Qz ~} S (y, r). 
L 

CpaBHKBa.H (56) c (54), 3aMetiaeM, tiTo { ~(x) ff(yJ} = S (x~y), 
{'l'f:J) ij(x)} = S ( y,.x:) Ha npm.wu npoK3I e.n;eHVIn: M XL~ 
r.n;e M - Been npocTpaHCTB eHHo-npeMeHIIoll J.wp. B 

COtlTB8TCTBint: C (53) <PYHKlllUf S II S CB.fi~;Qifhl 
YCJIOB'l4:8M s (x., ::f) H

0 

= Ho s+ (lj) X). 

CorJiaCIIO (5~), HUXO,JJ;HH 

{ 
1
l ·j C" ( 1-/ [Q Q 0 ]5 (z,y) (57) 

'f(X) 'f(:J)_r = '-- 0 T,:t) 4 1 z •3 

L 

Ha M X M. 

3aMCTHM, tiTO eCJII{ napa ( U, if) RDJIH8TC.fl perueHH8M 

CHCT8Mhl ( 40), TO If napa ( U, iJ) • =(if, u) TOJlte .HBJI.HCT-

C.fl perueHUCM CHCT8Mhl \40)o Pei:ICHU€ HU30B8M .n;eliCTBHT8JI:bi!llM, 

8CJIH ( U, U) '* = ( u, ij )/ T, C, U = if. 3Jiel.leHT 
.., 

/) + U OClOJIO"tJKH reHepaTopoB, COOTB8TCTByiDII{I£H 

,JJ;8HCTBHT8JI:bHOMy peruemm, Ha3UBaeTC.fl ).(CHCTBl1TI!JI:bHID.f 

lfJIH 3pMHTOBCKI1M, 

5, KOLnzyTaTop CKUJI.HpHOfO nOJI 'I 

liHTepec;JO CJJaBHKT:b Cfllffi OpHbiM CJJytiaiti CO '!l<UJI.HpHUM, 

Bepo.RTHo, llTO Tpe6oBaHHe e.n;JiHCTBeHHOCTK perue m.H 3a.n;a"tJH 

IComH ,lVUI CV.CTCMhl ypa.BHeHHH (40) COBIIa,ll.aeT C Tpe6oBaHHeM 
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e,IJ;I1HCTBCHHOCTn penreH1UI 3a,rr,aqu: Konm ,n.JISI cr<annpHoro ypaBHCHll.f! 

paccuoTpeHHoro B pa6oTe III.rrycT:h u, v- - .n;na perneH¥I.f! 

:JToro ypaBHCHl!H. Tor,JJ;a ,.'UIBCpreHIUHI BCKTOpa 

s = ( U (j{) if - lj- ')) lJ) paBHRCTC.f! HYJIIO, 'll OTCIO,ll;a r ? r 
cJie,n;y eT, tiT o B c e IrnTerpamu ~ 42) no noJIHbiM run epnoB ep x-

IIOCTRM paBH.f!IOTCfi ,n;pyr ,1.1,pyry. llX Oelll\CC 3Hati8Hll8 3a,TI;O.CT 

ll.HTII!CID.IHCTpYrllHOe CKaJIRpHoe rrpOI~3BC,li;CHI1C B npOCTpaHCTRC 

pernemdi ypa.BHCHUH \.5U). CKaJIRpHOe IIOJI8 1> 
I<BaHTYCTCR corJiacHo cTaTUCT>me Lo3c. JTo 03HatiaeT, tiTO 

3HaCJ8HH.f! noJiii 9' Ha noJTHoil rJ.meprroBepxHoCTH Z 
rr 3IIatJeHiiR cro noputaJihHOii I< L IIpOII3BO,JJ;IIOM paCCUaTpU-

BaiOTC.f! KaK f8IIC'!J'lTOpl' aJireOp!1, RBJIH!Oll\8liCR 6eCKOTI8lJHO

Mepmn.I amlJiorou Mre6p!1 KBaHTOBOil MexamTKH. 06ll\RH 3JieMeHT 

JIII!H8}IHOi1 OelOJIOCJK!i reHCpaTOpOB I!MC8T CJIC,zy!OlllKW BU,l.l, 

U = j ( L( ~ -- ~ u;u)do~'-', 
L 

r,n;c ¢/" = Z)f' ¢ 
7 

llf"-, ,2)1" U. !1HTerpaJI \.59) He 3aBUCHT 

OT Bb!ClOpa IIOJIHOl'i fliiiCpiiOB8pXHOCTH, IIOCKOJI:&Ky L/ li ¢ 
y,n;oBneTBopmoT ypaBHeHmo (53). CKaJIRpHoe no;re u rrpo-

,IJ;OmA:aeT CtiliTaT:&CH HeKBaHTOBaHIIhm. ITonaraa MR JI:J6LIX ABYX 

3JICMCHTOB [/ ~ lf (59) 

<uV> = u v- vu i h j' ( lllj. 
:£ 
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HL! BBO,IJ;H1! aHTI1:ClU.fM8TpWIH08 CKaJIHpH08 ITpOM3B8.J1.8ln!8 B 060JI0l!K8 

reHepD.TOpOB, liT 0 M JIBJiil8TCil TOlil!Lili BE!pa;;;eHH8lll lipl1Hl\l!fla 

KBaHTOBaHHil ITO CTflTHCTHK8 ~038o 

EcJin rro.n;cTnBnTh B ,60) Bupa:t~enne nma ('!~ 1 ) ,L)TH V, 
TO H8TPY.IlHO 3Q.l,I8T>frb CJI8,llyKJ"-\88. rlOCKOJibKY llJYHKl\HT1 zy-

v- = v-- n"" 
H <.,l o( ' 

n"' !!OpMaJib K L, 

uoryT rrpnHimnTh H.:l ITpOU3BOJlhTIUe 3HQ.ll8Hl!H, TO 

rroJiyt~ael.!, liTO nn L 

.(_ ¢ (X) ij > == i /i U(X) 7 
< ¢ (x) lf > = ,·fi 4hJ(:x} . 

(., J 

Ho BH8CTe C cp (:X} KO!.!MyTaTOp <¢fX) u > ITO,lltllfH!18TCil 

ypaBH8HIDO (59), TOMY :r.:e, liTO I-f t/{X) • !!3 e;(lUlCTBCII

HOCTII pemeHHH 3a)J;aliH ICoum ,D,JIR ypannennrr ('1f3) c;re)(yeT, liTO 

< ¢rx) l/ >=ill urx) 

)(JI.fl mo6on ~.mpoBon TOliim x . 3rtmwan 3To pFweiJCTBo 

B pa3BepnyTOM BH,JJ;e 

(61) 

U(X) = J f Ll (x,y) ur (:J) - ll,~ (x,J) uq,J]dri': (62) 

~ 

3aMeliaeM, liTO KOMMyTaTop 

,n:aer pemeune 3a.Ilfl.liH I\omw ,1\JIH ypnlll!CHUH (5o). 

03Hatia8T KOB.:lpUaHTHYIO npOH31lO,!;HyF' OT J\ (X,,'J) !!0 BTOpOM'J 

apryMeHTYo iloCKOJibKy H Cfl.M KOWIYTATOp f1(r>/j) y,,OBJI8TBO

pneT ypaBH8HIUl (5B), COrJII'l.CHO ~·6.:') HU88M 
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Ll(x,~)=J [ 61'-'(d;l)~(z,x)- ~r(x,:l)Ll(2,.Jflc1~(64 ) 
~ 

IIycn Terrepb ,lf)IR HeKoTopoliJ: rroJIHon rmieprroBepXHOCTH L 
H ypa.BHSHHB (58) KaKIOA:-JBidO MST O,Il;OM pemeHa 3a.n;aqa KomH 

U.(:x.) =j ( T(T,J) u,..c~J) -1;_ (r,~)Uf~)]do~ 
'i: 

(65) 

CpaBHimaR (65) c (62), 3aueqaeu:, t~To 

fll" (x,y) n" = T,.J x •J) n~" Ha 

11 ( x, :J) = T (X) :J) ' 

M X~. 
CorJiacHo (E4) u (63), naxo,n;:w:M 

j_ (1>rx)cp{yJ>=J~-T(x i') T{y,z)- T f:t,~) T(x,~J]do~"' (66) 
fi L /'"' J ~ 

E 

Ha M X M • YcnoB>Ie 3pMHTOBOCTH B paccMaTp:w:BaeMoM celttiac 

CJiytiae )1;8HCTBUT8JI1HOrO TIOJIH cp ¢opMyJI:w:pyeTCR np8,Il;8JlbHO 

npOCTO: 3JI8lJCHT Tima (59) Ha3biEa8TCR .n;et!CTBUT8JlbHhiM HJIU 

3pM!iTOBCitlfl.I, CCJIU U -.n;ei1CTBHT8Jl1HOC p81l18HJ18 ypaBH8Hll.H (56). 

j3 CJiyqae KOMITJICIWIWrO CKaJIHpHOrO TIOJIR <f 
Ha,n;o paCCMaTpHBaTh CHCT8MY ypaBHCHllH . 

2 
R * {me) • 

'n"'f> J) 'lJ Lt + R u = (!11c)2u ~otfl :IJ 21,.. v-• + 6- v- ={ T I v- (67) 
I ol.f' 6 1i' «J 

U rrapy ( lf , <p*) ITO,ll;tii!H.HTb 3TO!i CHCT8MC. Odl!lHiii 3JICM8HT 

060JI04Kll reHcpaTOpOB UM88T BH)J; U + cr• , r,n;e 

U = J( Uf,...,- Cf..-u,.) d6"' > v • -1 ( V"-Cf,.. - 'f v;. )Jo/'4. ~6<3) 
E £ 

ArlTHClfHJ!.GTpLILJHOC CVUJJHpl:O~ npo113BC,ll.CIIIW I3 OCiO.lJO'Il:C BBO)J.JITC.:l 



(70 ) 

H liTO 

< l/ V*> = i h j ( uu;~- v-.,ur)c/6-~. (71 ) 

I: 

lfs ( 70) Haxo,n;HM 

< <p(xJ <fJ(:t>>=O, <y/r~J~.,.r:~J>= o en) 

lls (7I) Haxo,n;HM 

< <p(x:) U > = i I; l.l{x) , < y> ... (x) V * > == ih lf-f:xj_(73) 

PacnHChiBasr nocJie,n;HHe ,n;Ba paBencTBa B Jla3BepHyToM BH.n;e, 

IIOJiyqaeM pemeHHe 3a,l(aqH l{OlUH ,n;JISI CHCTeMH (G7) • Ho TaK KaK 

3Ta CHCTeMa SIBJISieTC.Il ,n;BaJJr,n;U IIOBTOpeHHIDA YIJEB HeHifeM (58), TO 

H3 cpaBHeHUSI C (62) 3aKJID4aeM 

i. < <pfx) cp•ruJ >= i_ < cp (x) cpr1> > = ;· <rj•rx)cpzy)'>:::-40(74) 
li (j 1i . ~.YJ. 

04eBU,ll;HO, qTo eCJill napa ( l./
7 
v-*) y,n;OBJieTBOJ:HeT CHCTeMe (67), 

TO H napa ( ll, V"t-/'-=: (lf":, u") y,n;OBJieTBOpSleT 3T01! Jlte CHCTeMe. 

*')"' PemeHHe CHCTeMH (67) Ha30BeM ,n;eiiCTBHTeJII>HIDJ, eCJIH ( ll, "V- = 
,.._ 

= (u~ v-*), T.e. U-= lJ- • 3JieMeHT l/ + /.-1 o6oJio4Kil 

reHepaTOpOB, COOTBeTCTBYDIIUlH ,n;eilCTBHTeJil>HOMY pememm, 

Ha3UBaeTC.Il ,n;eHCTBHTeJil>HUAJ HJIH 3pMHTOBCKHM. 
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6. !,CX"' op TOI<:a H onepaTop 3D.p.H,JJ:a 

i{OI.fiTJICKCIJOC ITOJIC ITiJ!1CIIOC06JICHO ,lVI.fl OIT!!CilHUH 3D.pHA:e::-

BLIX 'iaCTif~. B C~i.Wlflpilm~ C;1yl!L:.C BCETOp TOKil 

onpe,n;eJIJ18TCI! BIJDUii~81-lii8l.i ~7 i.) :; pt1.BHil8TC.fl 

1. =!:_I'._ (f~T. -<f .. 50). 
"Jr-' -~ ,.. ~ 

,!),JIH ,ll;Cl--iCTBllTC.I!b:Ioro IT0,1H ¢""=¢, 11 DCKTOp TOKil :V.C'lC3:J.CT. 

J cmmopHOE c;rytiac ne1aop Tom onpc,n;eJl.rrcTc.H nupalf.cHneu 

( 46) I! pa.BHnCTC .fi 

9-r -= e lf H r t 
OncpaTop 3apn,l.l/l JJ oooux C!1J''ii:l.fl;( 3a.n;aeTcn aJITerpaJioM 

A 

e 
,.., 

= J. Jo-14 
~ f' 
!. 

(7'5) 

(76) 

(77) 

no nomiOii nmer;rronepXHOCTI! 2: n ne 3UBUCJ.fT OT Bh!dopa .L: , 
nocJ:<o,11;cy c;J)

1 
J,.. = 0 . l3 cmmopHoM cJiytiac lmTcrpaJI (77) 

uol!CHO npeodpa3o;:JaTh K. nn.n;y 

e = - ie j <f H~ [ tl.t_ QzJls}Y'. (78 ) 

2:. 

J3 <±}opuyJIUX (76) li (7b) e - 3JICKTpH4CCKHti 3apH,ll; 

no 3UTpOHi:l B ,Pop~.!yJI e (75) e - 3JI CKT pHllCCKHH 3ap .fi)( JJC30Ha. 
) 

'1. Orrcpc..Top LroueclT<~ mmyJihca 

BeKTOpiioc rroJre :~n;ur;:!Iru. 
Ko( 

y)(ODJICT UOpHCT ypaBH CIUUO 

~r K,, + :J)v ll,. = 0 (79 ) 
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B cffliY ToJ~CAeCTBa (16) HMeeM ~"" :tJ,., Kv - .25,.. ~o( Kv -
= R K 3 , a ;ufqxpepeHl.U(pySI ypanHeHMe KHn.nmra, Ha-v,otr-o 1 

xo,n;nr :il) 'ilJ K + ~ :lJ K ""0. OTCIO,n;a B pe3yJII>TaTe 
.if< \1 o( Vf' 

npHeMa, KOTOpUH npKMeHSIJICSI K rrape ypaBHeHH~ (23), 

nonyqaeTCSI cne,n;cTBHe 

i ~ .II - j3 '{ = R p IG . 
~ol IJr' Ky = 2 ( R~ ,"r + Rv,oC~ Rf4,1J(V) J r o(, vr (80) 

Ypa.BHeHHe (79) HMeeT HeTp:IIBHalii>HOe pemeHHe E TOM H 

TOJI:bKO B TOM CJiyqae, Kor,n;a B ITpOCTp!l.HCTBeHHC-BpeMeHHOM 

Wipe ,n;e~CTByeT H30MeTpHqecKUSI rpyrrrra. il03TOUY BUITOliHBeTCSI 
'01' a( 

paBeHCTBo f. , ( r') ::::::: f (r.) , r,n;e nrrpKXOM OTMeqeH J'_,. fl 
pe~JII>TaT orrepaUKH H3 3TOH rpyrrrru. llJIH OeCKOHe4HO MaJIOrO 

ot' ~ K"!ll( t rrpeo6pa3oBaHKSI X .::::: X + ,., · 3TO o3Ha4aeT 

K" e,.. f; == 0 • PaCCMOTPKM COOTBeTCTBYIOlllee npeo6pa30BaHI.t:e 

perrepa ~; 

.J." '= f"~'(x')dxp' == f.r-0(' { dx.P + dK ""):! t + K~" off I' t J. 

TaKKM 00pa30M, penep KCITUTUBaOT OeCKOHeqHQ Mc~Oe Bpa~e

HKe, 3a,n;aBaeMoe aHTHcKMMeTpKqHo.H MaTpH~eu '3. v K.J + J( ~"' w 
"' \lo(f'• 

0TCil,n;a cJie,n;yeT , ~o npKPallleHHe cmmopHoro nc'JISI npH 

paCCMaTpHBaeMOM OeCKOHeqHQ MaJIOM npeo6pa30BaFHH paBHSieTCSI 
. o( 

'l''(x')- ty(x) ~ t [Kt'er-+: K ~ w..,oCf"' HvHo( _c; (rlJV l(JHVH]Y; 
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!{aJ:QJ;oMy ITOJIIO l{Y!JIJIY!!Ifa ]{ tX OTBGtiaeT orrepaTOp 

uoMeHTa YIMny;ri>ca cmmopHor o rr omr' paBHhli1 

1\ 

K = - t h [ K ",JJr + ~ ( £J.,K;. >H f/'I ca1J 

.u v 'C' 't 
oKaxeM, tiTO OH K~MMyTKpyeT c orrepaTopoM H ;Jv - l; fl. 

OtieB~HO' tiT (I ]{ rl It ~ H" /{ - _, II V \f A 

TaK tiTo Ha.n;o .n;oKa3aTb JIM!llb paBeHCTBO K H tZl.., = H /l)v K. 
liMe eM 

I 

'+ 4 (~v~. Krl!(H"w-' + (Zl. K~')H"lJI" + ~ r~)f1 ){H"H"H'-INH'~. 

TaK Ko.K 

HvH"HJ'- H"'HJ'Hv = 2 ,(" HJ'- 2 '1-pv H: 

YqunmaR )l.aJI(:e (JI), Haxo.n;m.: 
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CorJiaCHO (80), CYMJ.ID. B t!JHrypHh!X CKOOKaX paBHSIC~~CH 

HYJIID. TaKuM oopasoM, rrarue yTBepllr,ll;em~e .n;m~asarro .• Hs Hero . 
Bh!TeKaeT BalltHOe CJIS,l(CTBHe: SCJIU 'f y.n;oBJieTBO]l aeT 

A 

ypaBHeHHIO .llupaKa (34), To H K 'f' 
TOMY lite ypaBHeHHIDo nroOOMY onepaTopy 

y.n;oBJieTBopaeT 

K , o< ina.n;aiDnt.eJ4Y 

3THM CDO~CTBOM, COOTBeTCTBYCT BTOpHtiHO KBaHTOBii.HHhlH 

onepaTop 

fi = i J if H4 [ Q1. Q2 Qs] K lf' 
. ~ 

He 3aBUCHillH~ OT L: . 

8. TeHsop 3HeprHH-m.mym;,ca 

KoMnoHeHTU TeHsopa 3HeprHn-m.rnyJI:oca n npoM 3BOJI:OHOM 

OpToroHaJihHOM penepe HMellT TOllHO TaKoii lite B If,!(, KaK U B 

ITJI OCKOM rrp OCTpaH CTB e-Bp eMeHif B ,n;eY.apT OBI:lX KOOp,!UfHaTaX: 

(82) 

(83) 

.ll.oKallteu, liTO o6e ,IUIBeprCIII,\U:U Te!J30pa r "'· V;: - v;, HI" lf 
:paBll.IIDTca rrynKJ. H:.remt 
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Cor.nacHo (37) rronytJaeM 
I 

Cne.n;oBaTCJibHO, 

(84) 

.Uanee, KMeeM 

;D~cy H,..'fv = ~ H"ct,_ + <pH"~r l1v 'f= 

= cr. H,.. f + r ~" H,.. V'~ + 'P H,.. (2Jf' ~~ - ';!)" '£Jrw) «f. 
,.. "V 

CornacHo (34) H (35), rronytJaeM 

tJrw 'f H,.. 'r.., = r H,. (~r 'lJv - :JJ" 2J,..) lf' · 
H3 TO~CCTBa (Jl) H (36) HaXO,ll;HM 

r- 1 - H" R ~ o/ H,.. 'f"' = - 2 <f' T p v • 

Cne.n;oBaTeJibHO, 

~~ (f H,.. r~- 'f'v H,.. 'f') =o. 

ll3 (84) H (85) li8MC,JJ;JI8HHO CJie.n;yeT, 1.JTO ,ll;HBepreHIUUl 

TeH30pa 3HeprHH··KMTIYJibCa paBH.HeTCSl HyJIID: 

;=tJ ('4 T = o . 
tt" 

JLJIH ileKTOpHOro ITOJISI I\KJIJIHHra B CHJIY ypa.BHeHHSl (79) 

no.nytraeu <J:)r-' ( T f""Kv) = 0 • IloaTouy ImTerpan 

"' fi =fT K"do,.. 
I ('4V 
[ 

28 

(85) 

(86) 

(87) 



He 38BHCitiT OT B1>160pa ITOJIHOfrt rKITepiTOBepXHOCTM 2: . 
::!TOT J.IHTerpaJI 6y,ll,eM Ha3h!BaTb BTOpl-fl·IHO KBaHTOBaHHhiM orrepa

TOpOl.l MOMeHTa HMITYJibCa. JloEaJiWM, 1.lTO ero MOlltHO rrpe,ll.CTaBHTb 

" 
B BH.l\8 (82), r,l/.e K-0h..ef{)lH1af(31). 

Jlnfl ,li,OIW.3aTeJibCTBa 3aL!8THM paBeHCTBO 

0HO Herrocpe,li,CTBeHHO CJie.n.yeT It13 TOIQJ;eCTBa (36) l1 ypaBHeHIIM 

(34) n (35) • B CHJIY paBeHCTBa (88) TeH30p :meprYliti-UMITYJI:OCa 

MOlKHO 3aiTUCaTL B BH,ll,8 

T = fl._ [if H r - y.: H r) + il :bo( <r [ H? H., HJ«f. (89) 
jU\1 2 f' v v /" 't 

,ll,aJiee, JIMeeM ot 

I( :0, if [ Hr H, H']'f = 1), if [ H,. K H "J ~ - if [ H,. H ~ H ]'r ( :lJ, IC ), 

r.n.e l{ = K"H,, H B CHJIY TOllt,ll,ecTBa (36) :11: ~'paBHeHMR KHJimmra 

(79) rroJiy"llaeM. 

~v Kv + ip Hr K r = ~~ 3)o( if [HI" If H'Jr + 

+ i.; f cp HC(r (~« ffr-) ~ KC( ifC( Hrw r -.Ktw'1 ~ r-Q'} 
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TaK KaK npaBlR qacTb 3TOrO paB8HCTBa RBRR8TCR AKBepreHQHCH 

aJITKCKMM8Tpli -IHOrO TCH30pa, TO HHTerpan OT Hee no noRHOit 

rKnepnoBepXH JCTU paBH.9:8TCR HYR!Oo TaKHM oopa30M' 

j T .i('Jo" ~ -J if H,.. k r d6" ~ 1 'i H, [Q, Q, Q,] ff: 't, 
~ ,.. £ r 

(91) 

qro H TpeelOB<lROCb AOKJ.3aTbo 

9 • IlepE!XOA OT OAHOrO OpTOrOHMbHOro 6a3HCa K ApyroMy 

Pa3yMee'Ica, MeTpH'IeCKaa cpopMa ds 2 
onpeAenaeT opTo

roHMhHblit Cla::Hc mmih .c ToqHoCTDKJ AO opTorOJranhHoro npeoel

pasonamra. Tiycn cis~= '1 fc;(f'~ = 'l f'«'f'.P 
o( Lot I Jl ()(j'> atp ' 

f = 1' f ,.. H, oelpaTHo, f'tl( =Z; f.f1, 
rAe L H L - HeKoTopb!e MaTpHI.lu, saBHOllllHe oT KoopAKHaT 

"-6"" I) 

X • TorAa ~ L = '/ L . 11Meeu TaKxe 
«t> p .P (j 0{ 

, L} ~_p , -Of -,alL"""' A ;'YLJ> 
eo< = "' e .1' , eO( = L Of e .fl , I,. = f ¥ 1'3 , ftx = c( ,- • 

IlOACT8BRRR no ~R8AHH9 ,lU3 C cl>opMy ,'Jhi B (20), H8XO,lUll.f 
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c 16'" 

/"y 

H UHUJIOrM'mbl 8 

~OpMJJIH ~JIR JIIDOb!X T8H30pOB. 

PaCCMOTpHM T8II8pn 1 KaK rrpeo6p0.3j8TCR ICOBap!1t.HTHh!Yt 

.n;H~epeHLU!aJJ cmmopo., :LlcaKoe rrpeo6pa3o:aamm Tiop()Hl\a 

I c( L"" c( j f = J3 f MOlKHO pa3J!OliCl1Th B IIp0!!3B8,1l;eHI1:8 H8I:OTOporo 

4lfCJ!a p CHMM8TpHfi x< CHMM8TpHR JH:8 OTHOCUT8J.hHO 
C( 

IIJ!OCKOCTW:, OpTOrOHaJihHOrl K 8,1l;YlHWiHOMY B8KTOpy a, 
lct Of 2 0( ~ 

B1Ip8.l!Ca8TCR cpOpMJJJOH f = f - a a.!' f · 

(92) 

TaK KaK -/1 fl~ = Hct- 2 a~ II, r.n;e .:/1 = Clct,H«. , TO ITpli JIDdOM 

rrpeoopasoBaHHH TiopeHua 

(-1 / S-.1.HrxS ;;= L 0( HP 
fi ) 

f' 0( -l_ IX fl 
r-t; ~S H S - L ~ H, 

(94) 

Ps-.1.H (~ L.f' 
(-tJ <> "" II 

o{ 0( J3• 

r.n:e S = Jl ... II s-'- /1 • - • .11 f J.' - f p· 

IloaToMY, cornacHo (93), MaTpm.~a (26) rrpeoopasyeTcil cne.n;yiD!JlHM 

x/q:HCJJO p 1.!8THo, ecmr det I L; / =1' "' 
li ueqerHo, ecmr clet I L;f==-i, T.e. (-.L)"= clet/f;/. 
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odpa30Jl: 

rr = s-.i2's + 2 s-.t~ s c~rs-t;;"sJ. 

ITpH p"" i ~To puneHCTBO ~erKo npoBepaeTca. AeilcTBilTCJI&HO 
~ 

l.. J1 fJ J1 ol (II H~"f!) = / (2a? /1 - H )d (2 a ~"/I-ll"')= 
" t' /" (%) 

= j ( 2 or- A - Ill" ) (.II ol o/'' + a~" of /1) = /1 d /1. 

3)~CCb yt!TBIJO, t!rO 2 a da/" == d (a,.. a"')= 0 
!' 2 

I~ .//·ell!+ dll·./1 = o//1 = 0 , TaK KaK no ycnonmo 

..1/ 2= Q!'(}I'<=J • Jloi~Cl.lKCJJ TBITCph, '-ITO BCJili paBBHCTBO (95) 

BLIIlOJIHHCTCH rrpn HCIWTOpOJJ p , TO OIIO Bh!ITOJIIUIBTC.fl H 11p11 

p +1 • Ha:.r TpedyeTcn, m:crm oCipa.3oM, ,n;orca3aTh, 

U3 ¢opMynu (95) CJie)zyeT tlJOPMYJIJ. 

'-ITO 

(97) 

,llJISI KpaTKOCTH MU OfiYCTHJIH 3,n;ecr:. HOMep ff. { y MaTpHI.{H .fl • lfMeeM 

; S -~~II S ci{S-Jtii'/!S) = f S-A~ liS (c/8-)/111'/IS+ 

. ,.., I -1'. 1'1 I·; s --'_;; H,_. II ( cl (/Ill /1 J) s + 7f s :4 ~~ fl /leiS. 
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fl 
Tax KaK H,.. H paBHO tUiCJIY pas.MepHOCTH npCICTpaHCTBa-BpeMeHH, 

TO Tp8Tb8 CJW.rU.el.!08 paBHII8TC.fl 

; S -.t /1 ~- H~" /1 d S = ft S -
1 .1-f,. 11~" ciS. 

ilropoe cnaraeuoe,cornncuo (96),panunerc.rr 

ITepnoe i:\e cnarae:.!oe pa.BunercSI 

; S-.t( 2a" II-~ )S (cis-~ {2a"./J-1f~IS = 4
1 s-It Src!s)//} 

Cne.n;onarenl>HO, • 

TaKIDJ odpa3oM, H3 (95) cne.n;yer (97). ITo v.u.n.yKl\IIH p<~BC!!C:3 .. ' 

(95) ,n:o:~asau o, a sua tiliT, 

0TCJO)l;a HaXO,llliM 

r.n;e 

r.e. 'f U . s If npeoO}Al3]1JTCII nn O,li.HOJIY H TOl!Y laC 

npaBnJiy. TaK KaK 
• + . p -J.. 

.') H" = (-1) Ho S , (lo.:.) 

ro conpni!:CHHNH cmmop npeoCiiXJ.:lYCTcn no np~.BH.!iY 

JJ 



ITo TaKoMy lite rrpaB1vry rrpeoopa3yeTCR H ero KOBap:~-mnTHLrl1 

)l.ncprpepem(Ra;r: 

(IU2) 

{/)if= dip- f 2 -=(-t/(Jij'- c;-'2')S=(-t/(;!/y/)$_(IOJ) 

Terrep1 yEe nerpy)I.HO )I.OIW.3an, liTO ypa.BnemtR (34) l! 

(35) KOBapmUTHbl OTHOCUT8J!bHO rrpeo6pa30BaHil:fi OT O)I,HOro 

OpTOfOHaJI:bHOI 0 0CJ.31l:Ca K )l.pyrm!y • )J.eifCTBl1T0J!bHO, 1!:3 (99) 

M (103) CJ!8,TI;J 10T npaBHJ!a np eoOpa 30BaHHH KOBa p!.laHTHLIX 

rrpoa3BO.IlHhiX cmmopa 

~v «r = L~ ~ s··t:tJr' <t', 

CorJiaCHO (94\ rroJiyliaeu 

V ps-1 /" I I 
H 'JJ.., 'f' = (- f) H ~r Cf- , 

l{poMe Tor o, l!BeeM 

r- '/ s fl "s-f=/-!~. 

TaK liTO ypaB'!CHHR (34) !1 (35) )1,8HCTBUT8J!:bHO KOBapHaHTHhl. 

(I04) 

(IOS) 

IlaKOH8Ll, H0Tpy)I.HO liOKa3aT1, liTO BCKTOp TOKa J.f T8H30p 

::meprur.t-HMITYJI:bCa rrpeo6pa3yeTCR B CQOTB0TCTBHJ.f C IIX HllUM8-

HOBaHHHMH: 
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