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CroxacreqecKHe npocTpaHcTaa 

3Ta CT8TbSI SIBnSieTCSI .oqepK0!\1 TeOpHH CTOX8CTB'IeCKHX npocTpaHCTEI. Ee 
CTpOeKHe T8KOBO: EIO BEieQeHHH H E1 §2 ~aeTCSI onpe~eneHHe CTOXaCTH'IeCKOrO 
npocrpaacTaa; a nocneay!OWHX naparpa¢ax paccMaTpHB810TCSI paanH'!Hbre cne
UBanbKbre cny'laH: a) aeneaeiiHbre nonH 11 croxaCTH'!eCKHe npocrpaKCTaa; 
Ci) CTOXaCTH'!eCKHe npOCTpaHCTBa, EI03HHKaDWHe npH npH6nH>KeKHOM peweHHB 
ypaaaeaell nonS! a cnyqailaoil cpeae; a) croxacreqecxee npocrpaacTaa, aoa
HBKaiOWBe acneQCTEIHe Typ6yneHTHOil rpaBBT8UHH HnB r) acneQCTBHe KB8KTo
Eib!X ¢lniOKTY8UHil rpaBHTaUBH. 
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~1971 

Blokhintsev D.I. P2-6094 

Stochastic Spaces 

The paper presents itself a sketch of theory of stochastic 
spaces. In the introduction and sec. 2 the definition of the 
stochastic space is given; in the follovving sections some special 
cases are considered: a) nonlinear fields and stochastic spaces; 
b) stochastic spaces resulting from approximate solving of the field 
equations in a random medium; c) stochastic spaces due to the 
turbulent gravitation or d) due to the quantum fluctuations of the 
gravitation. 
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§ 1. BseaeaHe 

MeTpHqecKoe rrpocTpaHCTBO co cnyqaii:HOH, cToxacTH'l:eCKOH MeTPHKOH 

C 'IHCTO MaTeMaTH'IeCKOH TO'IKH apeHHSI HSyqanOCh B pa6oTaX/1 ,2/ • 

0aHaKo 9TH HCCneaoaaHHSI OTHOCSITCSI K cnyqaiD 9BKnHJJ.OBOH reoM~TpHH, 

HMeiDmeH ITOnOMHTenhHo-JJ.e$HHHTHyiD MeTpH'IeCKyiD <lJopMy • nnsr UeneH $H3HKH 

6onee aaMHhiM cnyqaeM siBnsreTcsr rrceaaoaaKnHaoao rrpocTpaHCTBo MHHKOBCKo

ro. Heae$HHHTHOCTh MeTpHKH aToro rrpocTpaHCTBa rrpHBOJJ.HT K psray crreuH$H

'IeCKHX rrpo6neM, KOTOpbie He BCTpe'18IDTCSI B cnyqae 9BKnHJJ.OB8 rrpocrpaHCTB8, 

8TH CITeUH$H'IeCKHe ansr $H3H'l:eCKOI'O IIpOCTpaHCTBa TpyJJ.HOCTH CBSI38Hhl 

C Tpe60B8HHSIMH, rrpeJJ.'hSIBnsreMb!MH K HHB8PH8HTHOCTH H K HOPMHpOBKe BePOSIT

HOCTH TOI'O HnH HHOI'O 3Ha'l:eHHSI HHTepaana s l B HeaedJHHHTHOM rrpo-

CTpaHCTBe (ITOJJ.p06Hee CM, a
131 ), 0HH He 3aMe)lnHnH 06HapyMHThCSI B pa-

6oTaX $H3HKOB, KOTOpbie B HeSIBHOH !jJopMe HCITOnh30BanH ITOHSITHSI, OTHOCSIIUHe

CSI K CTOX8CTH'IeCKOH reOMeTpHH (eM/ 4-7/), B OTnH'l:He OT ITYTH, H36paHHOI'O 

/1 2/ 
B pa60T8X ' , B 9TOM O'l:epKe TeOpHH CTOXaCTH'l:eCKOI'O rrpoCTpaHCTB8 Mbl He 

HCXOAHnH H3 MeTpH'l:eCKOI'O IIpOCTp8HCTBa, a paCCMaTpHB8nH CTOXaCTH'IHOCTh 

IIpOCTp8HCTB8 K8K HeKOTOpoe OTHOllieHHe ABYX ITpOCTpaHCTB, MeTpHKa BBOAHT

CSI IT03AHee, Mb! H36eraeM YITOMSIHYTb!X Bblllie TpyAHOCTeH TaKHM ITyTeM, 'ITO 

CTOXaCTH'l:eCKHe CBOHCTBa IIpOCTpaHCTB8 BBOJJ.HM SIBHO ITOCpeACTBOM cny'l:aHHhlX 

rrapaMeTpoa ' , 
$H3H'l:eCKHH CMbiCn KOTOpb!X MOMeT 6biTh BeChMa pas-

nH'IeH, Do OTHOllieHHID K 8THM rrapaMeTpaM Tpe6oBaHHSI HHBapHaHTHOCTH H Hop-

MHpOBKH aepOSITHOCTH dW SIBnSIIDTCSI yMe '18CTHb!M )lenOM, 
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ilanbH8llllllf8 pa3)l8nbi O'lepKa ITOCBHllleHJ/ TeopH!i nonH B CTOX8CTH'l8CKHX 

npocrpaHCTBax. B HHX rrpuBeJleHbi pa3RH'lHbie nputvtepbi croxacTH'leCKHX npocr-

paHCTB B TeOpeTH'l8CKOll ~H3HK8. 

§2. OnpeaeneHIHI 

p 8CCMOTp!iM JlB8 rrpOCTpaHCTB8 1 ~4 ( x) H ~4 ( /; ) 1 KOTOpbl8 1 J].nH Orrpe

neneHHOCTH1 6yneM C'lHT8Tb 'l8Tblp8XM8pHbiMH. llonyCTHM1 'ITO cymeCTByeT 

oro6pa.lKeHHe npocrpaHcTBa ~ 4 (I; ) Ha npocTpaHCTBO ~4 ( x ) 

X 
a 

X (I;, ( 
a 

(2 .1) 

38BHCHlll88 OT napaMeTpa ( 1 
KOTOpblll HBRH8TCSI cnyqai!HOH B8RH'lHHOll. 

Don napaMeTpOM 
MO.lK8T nonpa3yMeB8TbCH 60Rblll08 '!HCRO napaMeTpOB 

HRH naMe 6eCKOH8'lHO 6onblli08 (N --> oc ) I B 

'laCTHOCTH 38BiiC!iMOCTb OT napaMeTpOB ( MO.lKeT 6biTb ~yHKUHOH8RbHOll. 

B aToM nocnenHeM cnyqae Mbi aaKnroqaeM ( B ¢urypHbl8 CK06KH: 

x=X (t;,!(l) 
(2.2) 

a a 

Mbi rrpenrronaraeM1 "iTO cyrueCTByeT HOpMupoBaHHaSI BepoSITHOCTh JW ( (; ) 

Tex anu liHbiX pacrrpeneneHH:il: rrapaMerpoB ( 

dW ( ( ) > 0 
(2.3) 

unu 

dW ! c; l > 0 I 

(2.3 1
) 

H ycnoBiiSI HOPMiiPOBKH rnacHT! 

f dW ( c; ) = J I 
(2.4) 

fdW!(l J. (2.4') 
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npoCTpaHCTBO 9{ 4 (X } 1 B03HHK810IIIee K8K OT06paMeHHe (2,1) llpOCTp8HCTB8 

9{4 ( ~ } 1 Mbl 6y.neM H83biB8Tb CTOXaCTHqeQkHM npocTpaHCTBOM ITO OTHOllle-

HHIO K npOCTpaHCTBY 9{4 ( ~ } 

EcnH cymecTByeT o6paTHoe npeo6pa3oBaHHe 

(2.5) 

TO npOCTpaHCTBa 9{ 4 ( ~ } H 9{4 ( x} CTOX8CTH'iHbl O.llHO OTHOCHTenbHO .npyro-

ro. 

none3Hb!M ITOHSITHeM SIBnReTCSI ITOHSITHe penepHOA o6naCTI!, non penepHOA 

o6naCTbiO Mbl 6yneM ITOHHM8Tb T8KYJO o6naCTb B ~ ( ( } , BHyTpH KOTOpoA 

npeo6pa30B8HHe (2,1) He 38BHCHT OT cnyqaftHbiX napaMeTpOB 

"' 0, 

Pa3yMeeTCR, 'ITO penepHaR o6naCTb MOMeT H He cymeCTBOB8Tb, 

no onpe.neneHHIO, HMeeM .nng Cpe.nHHX 3Ha'ieHHil:! 

X "' J X ( ~, '} JW(' } , a a 

3TH MOMeHTbi1 B006IIIe I'OBOpR, CYTb 4JyHKUHH TO'IKH ~ B !R i ~) 

(2,6) 

(2,7) 

(2.8) 

nycTb Tenepb B ITpOCTpaHCTBe !R4 ( ~) aanaHa pHManosa MeTpHKa: 

(2,9) 

I . 3Ta MeTpHK8 HH.llyUHpyeT CTOX8CTH'leCKYJO MeTpHKY B npocTpaHCTBe :!R ix J 

t 

5 



cl s 
2 ~ G a/3 ( x 1 /; ) cl x a clx {3 1 

.( 

rae 

G {3( X I I; ) = g ( ~ ) 
a ~11 ( x1 t;J a~v(xl I;) 

ax ax 
13 a 11v a 

npH'leM KOOpllHHaTbl ·~ B g ( ~) BblpaJKeHbl 'lepe3 X 

/lV 

BOM (2,5),8 CHny (2,10)H (2,11) HHTepBan B npocrpaHCTBe 

X =X ( T) 
a a 

MeJKay TO'lKaMH A H B 1 paBHa: 

B 

e = f ciW( t;J f 
A 

i 1 k = 1,2,3 H TeH30p Y
1
k paBeH: 

y - G -
lk 1k G00 

(cM.f81). 

. 
(2,10) 

(2.11) 

H I; nocpeacr-

9{/x) CTaHOBHT-

(2.12) 

(2.13) 

(2.14) 

ct>opMyna (2,10) II03BOn5!eT paCCMaTpHBaTb CTOXaCTH'leCKOe MeTpH'leCKOe 

npocrpaHCTBO 9{
4

(x) H 6e30THOCHTenbHO K KaKOMy-nH60 llPYI'OMY npocTpaHCT

BY 9{
4 

( ~) npH npeanono)KeHHH, 'ITO ero co6crBeHHaH MeTpHKa orrpeaeneHa 

<tJopMynofi (2.10) BHe cneuHanbHOfi CB5!3H c (2,11 ). 

PenepHa5! o6nacTb B 9TOM cny'lae 03Ha'laer o6nacTb B npocrpaHCTBe 

'!J (x) , BHyTpH KOTOpofi MeTpH'leCKHH TeH30p He 3aBHCHT 

OT cny'laHHblX napaMeTpOB : 

(2.15) 
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3aMeTHM: a) EcnH perrepHaSI o6nacTb He cyu/ecTayeT, To Mbi HMeeM neno co 

CTOXaCTH'IHOCTbJO, IIOKpbiB8JOmefi BCe IIpOCTpaHCTBC' 9l
4 

(X) , 6) E CnH He 

cymeCTByeT IIpeo6pa30B8HHSI OT 5{4(x) K 9l/ ~) , T,e, IIpeo6pa30B8HHSI, 

o6paTHoro rrpeo6pasoaaHHJO (2,5), KOTopoe ycTpaHHno Obi saBHCHMOCTb OT cny

qafiHbiX IIapaMeTpoa, TO Mbl HMeeM Jleno C HeycTpaHHMOH CTOX8CTH'IHOCTb!O, 

§3, ITong B CTOXaCTH'I8CKOM IIpOCTpaHCTBe 

ITycTb a rrpocTpaHCTBe 9l
4 

( ~) JlaHo none ¢ ( ~) , KOTopoe B o6meM 

cnyqae MO)KeT ObiTb cny'laHHbiM, Y'IHTbiBaSI sTy B03MO)KHOCTh, rrono)KHM: 

¢ =¢(~;Tf ), (3.1) 

rae Tf - cnyqafiHbiH rrapaMeTp. (3aBHCHMOCTb or Tf MO)KeT ObiTh H QJyHKllHo

HanhHoii), BepOSITHOCTb TOI'O HnH HHOI'O pacrrpeaeneHHSI IIapaMeTpOB IIYCTb 6y-

aeT cJW( Tf) • TaKHM o6pa3oM, Kax;nofi TO'!Ke rrpocTpaHCTBa 5{4( ~) 1 c 
BepOS!THOCTbJO, OIIpenenSieMOH BenH'!HHOH cJW( Tf) , COOTBeTCTByeT HeKOTOpoe 

3Ha'ieHHe rrong ¢ = ¢ ( ~; Tf ) 

06paTHMCSI Terrepb K CTOX8CTH'I8CKH COIIpSI)KeHHOMy IIpOCTpaHCTBY 9l
4 

(x ), 

X = ~ + X (~I'). a a a (3,2) 

Cny'!aHHbie rrapaMeTpbi ( Moryr a)coarranaTb c rrapaMeTpaMH Tf 

6) '18CTH'IHO COBI18Jl8Tb C HHMH HnH B) ObiTb pa3nH'!HbiMH, IT09TOMy BM8CTO 

uenecoo6pasHee paccMaTpHBaTb aepoSITHOCTb 

(3.3) 

(3.3') 

C IIOMOmbJO 9TOH BenH'IHHbl Mbl MO)K8M Bbip83HTb BepOSITHOCTb TOI'O, 'ITO TO'iKe 
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.. 
e B X B , a none 6yAeT COOTBeTCTBOBaTb TOqKa 

J 
paBHO • 3Ta sepogTHOCTb eCTb 

JW( cp, X, 0 = J JW( ', r,J 0 ( cp-cp ( e, 17)] 0 [ X - e-X ( e, ') ] . (3.4) 

Ecn11 cymecrsyer npeo6pa3osaHHe, o6paTHoe (3.2), BHila (2 .5), To none cp B 

npocTpaHCTBe ~ 
4 

(X) MO:>KeT 6biTb npeACTaBneHO B BRAe 

T.e. OHO IIpHHHMaeT BHA, aHanorliqHblH BRAY nong B IIpOcTpaHCTBe ~4 ( eJ 

§4. CroxacTHqecKHe npocrpaHCTBa 11 cymecrseHHO Hen~~:HeitHhle 

t 
CymecrseHHO HenHHeHHbiM rroneM Ha3oseM none, CKOpOCTb pacrrrncrpaHe-

HHg KOTOporo 3aBHCiiT OT senHqliHbl CaMOI'O nong II ero IIpOH3BOilHbiX. 

DpHMepoM TaKHX none it B rrpocrpaHCTBe ~ 
4 

(x) gsngJOTCg rrong THIIa 

EopHa-l1HijlenbAa, ypasHeHHe ang KOTOpbrX BbiBOAHTcg H3 sapHa!lHOHHOro npHH

llHna: 

S=Jly-G JU, ( 4.1) 

rAe G ecTb AeTepMHHaHT MeTpH"IeCKoro TeH3opa g ILV , -J- G. J n - HH-

B8pH8HTHb!H 3neMeHT 06'beMa B ~4 (X) l rrnoTHOCTb narpaH:>KHaHa, 

KOTopag rrpeAnonaraeTcg ljlyHK!lHeit HHBapHaHTHOB K 11 • llng cKangp-

HOI'O rrong cp 3TH HHBapHaHTbl paBHbi: 

(4.2) 

• B cnyqae CIIHHOpHoro rronSI t/1 ( x) 3TH HHBapH8HTbl 

HMeJOT BHA 
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( 4.3) 

I = t if, 1/1 , ( 4.3 I) 

rae 1/J = __2i_ y P. - Ma rpHUhi llHpaKa ( aaMeTHM1 'ITO B ( 4.3) H ( 4,31) 3TH 
J1 ax 

J1 

HHBapHaHThl BhliiHC8Hhl HBHO ansr cnyqasr nnOCKOro ITpOCTpaHCTBa) • l13 BapHa

UHOHHOrO npHHUHna (4.1) cneayeT ypaBHeHHe nonsr: 

__ a_ [ a(Ly'-G)] + a(Ly'-G) O 
axil acpll a¢ ,. , 

HnH 

i (L v-:G J 

a¢
11 

a¢ P11 

rae ¢ 
p.v a X ax 

J1 II 

noao6HhiM *e o6paaoM ansr cnHHopaoro nonsr nony'IHM: 

__ a_[ 
axp. 

a(Ly-G) ., O, 
a¢ 

H aaanorH'!Hoe conpR)KeHHoe ypaBHeHHe. 
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.. 
B OTnlf"IHe OT ypaBH8HIHI llHpaKa ypaBJleHHe ( 4.5') JlJHI CIIHHOpHOI'O liOnS! 

S!BnSieTCSI ypaBHeHHeM BTOpOI'O IIOpS!JlKa. HeTpyJlHO IIOK838Tb, ~TO COXpaHSI~-

IliHHCSI TOK g p. HMeeT Terrepb BHJl 

as:. - , --t/1 yrt/J 
aK 

( 4.6) 

YpaBHeHHSI THIIa ( 4.5) H ( 4.5') conep)KaT rrepeMeHHbJe KoaliJ~iJHuHeHThi IIpH BbiClliHX 

IIpOH3BOAHbiX1 38BHCSI!liHe OT rrong H ero IIepBbiX IIpOH3BOAHbiX. 008TOMY xapaK

repHCTHqeCKHH KOHyc, orrpenenSI~IliHH HarrpaBneHHSI paCIIpOCTpaHeHHSI CHI'HanOB 

(cna6biX pa3pbiBOB) OK83biBaeTCSI HCKpHBneHHbiM (cM/3 •9 / ) • 0pH 8TOM B He

KOTOpbiX cnyqaSJX CKOpOCTb Cl!f'Hana MO)KeT OK838TbCSI 6onbllleH CKOPOCTH CBeTa 

B rrycrore. B pa6orax110 •
11 1 

6binO o6pallleHo BHHMaHHe Ha uenecoo6pa3HOCTb 

rrepeorrpeneneHHSI MeTpHKH rrpocrpaHCTBa-BpeMeHH B cny~ae HenHHeifHbiX rroneil:. 

3TO IIepeorrpeneneHHe, B qaCTHOCTH 1 II03BOnSieT H36e/K8Tb IIpOTHBOpe qH'SI1 B03-

HHKa~!lief'O B cny~ae "cBepxcBeTOBhiX" CHrHanoB. BHyTpeHHe cornacoeaHHOe 

IIepeorrpeneneHHe MeTpHKH 6binO rrpenno:>~<eHO B pa6oTe/12/ • 0yCTb MeTpHKB 

38JlaHa KBanpaTH~HOH !lJopMOH 

2 ~ v 
da ~G d~ d~ , 

p.v 

rrpH~eM MeTpHqecKHil: reH3op G 
p.v 

( 4.7) 

38BHCHT Terrepb OT IIOnSI cp H ero 

rrpOH3BOJlHhiX ¢p. • CooTBeTCTBy~mee rrpocrpaHCTBO o6o3HaqHM ~epea ~.iO . 
B 8TOM rrpocrpaHCTBe BOnHOBOe ypaBHeHHe nanaM6epa rnaCHT: 

a ( Ly-G) 
-----=0. 

a¢ 
a -- p.v 

---[v'-G G ¢] + 
a~" v 

( 4.8) 

C npyroil: CTOp0Hbl 0 H3 B8pH8UHOHHOI'O IIpHHUHIIa ( 4.} ) CnenyeT ypaBHeHHe IIOnSI: 

a 
a~ 

p. 

a(Ly:G') _ 
0 a¢ - , ( 4.9) 

KOTopoe OTnH~aeTCSI OT ( 4.5) rrpearronO:>KeHHeM, ~TO T8H30p Tenepb eCTb liJyHK-

UHSI cp H ¢p. • ~eTpHKa 6yneT cornacoBaHa xapaKTepoM pacrrpocrpaHe-

HHSI rronSI, ecnH rrono.lKHTb 
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a (Ly-G) 

a¢ 
fJ. 

( 4,10) 

112/ 
(eM, ). TaKHM o6pa30M, HenHHeiiaoe none HHJJ.yuHpyeT B rrpocTpaHCTBe 

CBOIO MeTpHKy, 0'!8BHJJ.H0 1 'iTO pa3nH'lHbl8 liOnS! HHJJ.YUHPYIOT pa3nH'lHbie MeTpH

KH, EcnH cymecTeyeT o6maSI o6nacTb rrpocTpaHcTea-epeMeHH, rJJ.e ece rronSI 

cna6bJe, T8K 'iTO MeTpHKa CT8HOBHTCSI o6weft BC9M HM, IIpeBpaiU8S!Cb B MeTpHKY 

1IpOCTpaHCTB8 MHHKOBCKOro, TO, HCXOJJ.SI H3 9TOH o6naCTH B :R 
4 

(X) H JJ.BHra

S!Cb B HarrpaeneHHH B03pacTaiOwHX rroneii, Mbi rrpHJJ.eM K pacmerrneHHIO rrpocT

paHcTea ~ 4 (x) Ha pa3nH'lHbl8 1IpOCTp8HCTB8 ~ 4cp(x) t B K8:>KJJ.OM H3 KO-

TOpbiX 38)J.8H8 CBOSI MeTpHK8, E CnH H8'l8nbHbl8 JJ.8HHbl8 JJ.nSI rroneft 38)J.8Hbl 

CTOX8CTH'l8CKH, TO HHJJ.yUHpyeMaSI HenHH8HHbiMH IIOnSIMH MeTpHK8 6yaeT CTOXaC

TH'l9CKOH H C8MH IlpOCTp8HCTB8 :R 4 cp ( x) 6yJJ.yT IIpOCTpaHCTB8MH CTOX8CTH

'l8CKHMH, 

§5, ITpoCTOH IIpHMep CTOXaCTHqeCKOro IIpOCTpaHCTB8 

06paTHMCSI K yp8BH8HHIO THII8 ( 4,2), HO B JJ.BYXMepHOM IIpOCTpaHCTBe 

t T8K 'iTO X =f, X , Bo3bMeM narpaH:>KHaH B (jlopMe 

~ 
K J 

~ = .L ( <D 2 -¢ 2 
2 't 

( 5.1 ) 

(5,2) 

H eenH'lHHa b HrpaeT ponb MacwTa6a HenHHeiiHoCTH, H3 9Toro narpaH:>KH-

aHa BhlT8K88T ypaBH9HHe 

2 2 -(1-¢ )¢ +2¢-+. ¢ -d7-¢ )¢ k=O, 
X tt X o.p t X t X X (5.3) 

HMeJOmee KpHBbie xapaKTepHCTHKH. Peweaue Gaaa'lH KowH anSI aToro ypaB

/13/ 
HeHHSI 6hlno rronyqeao B pa6oTe • ITpH 9TOM 6bmo IIOKa3aao, '-ITO 9TO 

peweHHe HMeeT npocToii BHJJ. B rrpocTpaHCTBe :R /~) ~=T, ~, TO'-IKH 
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KOTOpOI"O CB5!38Hbl C TO'IKBMH llpOCTpaHClBa !R2. ( x) npeo6pa30B8HH5!MH 

~+T 
f=T+-~- f 

2b2 ~-T 

'l:J ( >..) d>.. . 
0 

3.1leCb H - raMHnbTOHHaH paccMaTpHBaeMoro nonsr: 

H = ..i!:_ ¢ - ~. 
a¢ , 

t 

(5.4) 

(5,5) 

(5,6) 

(5.7) 

Ho(>..) H 'l:Jo(>..) cyTb 3H8'1eHHR 9THX aenH'IHH Ha npOCTp8HCTBeHHOA 

llOBepXHOCTH B ~2 (~) 
BeHHOA llOBepXHOCTbiD B 

T= 0 , 3Ta llOBepXHOCTb COBllSllaeT C npOCTpSHCT-

• B npocTpaHCTBe 

none cp(r,~) YllOBneTBOpHT npocToMy ypaBHeHHID 

a2¢ a2¢ (5.8) ----ar 2 a~ 2 

H paBHO 

cp ( ~ 
1 

rJ= ..l(cp ( ~ + r) + cp ( ~-T)] 
2 0 0 (5.9) 

rt:~e ll eCTb HMnynbc, KaHOHH'IeCKH conpsr:>KeHHbiA nonro ¢ . 

a~ ll=--· (5.10) 
a¢ 
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II 
0

( A.) 

¢ (/..) 
0 

.. 
- 3Ha~eHHH 8TOrO HMIIynbC~ Ha IIOBepXHOCTH T= 0 , a 

- aaa~eHHH nonH aa aToii )1{9 nosepxaocTH. LlonycTHM Tenepb, 

aaqanbHhre aaa~eHHH HBnHJOTCH cny~aHHbiMH BenH~HH8MH ; 
0 

, aa.o.aHHbiMH pacnpe.o.eneaueM 

" dW = dW { ¢ 0 , II 0 !. 
( 5.11 ) 

Tor.o.a rrpeo6pa30B8HHH (5.4) H (5.5) cyTb CTOXBCTH~eCKHe npeo6pa30B8HHH: 

J ~+T 
f=T+--2 I 

2 b ~-T (5.12) 

( 5.13) 

flOBepXHOCTb T= 0 B ~ 2 (g) COBII8.0.89T C IIOBepXHOCTblO t = 0 B 

~2 (x) , u rroaToMy aTa rrosepxaocTb ecTb perrepHaH o6nacTb. ITone ¢(~,r) 
IIpHHHMaeT orrpe.o.eneHHbie, XOTH H cny~aHHb19 3Ha~eHHH B IIpOCTpaHCTBe ~ (~) • 

~2 
3To npocTpaHCTBO MO)KHQ H83B8Tb COOCTB9HHbiM IIpOCTpaHCTBOM IIOnH cp 

B IIpOCTpaHCTBe ~ 2 (x) CHTYBUHH SIBnHeTCH cymeCTB9HHO HOBOH B TOM 

OTHOlll9HHH, ~TO Mbl y)Ke He HMeeM OTBeTa H8 BOIIpOC 0 sepOHTHOCTH TOrO 
~ 

HnH HHoro aaa~eHHH nonH ¢ (x, t) B 8TOM rrpOCTpaHCTBej HMeeT CMbiCn 

" nHlllb BepOHTHOCTb Toro, ~TO none cp = cp H O.QHOBpeMeHHO X = X , 
~ 

t = t • 3Ta sepOHTHOCTb paBH8 

xMx-x(~,r, 1¢ ,II !J]B[<b-111 (~,r,l ¢ , II !Jk 
0 0 ' 0 0 (5.14) 

= JW(cp,x,t;g,r), 

r.o.e cj)yHKUHH Ill onpe.o.eneaa cj)opMynoA ( 5.9) c aaMeHoii TaM ¢ 
0 

H II 
0 

aa cny~aiiabre senH~HHbi. 
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.. 
PaCCMOTpeHHbiH IIpHMep HHTepeCeH B TO~ OTHOilleHHH 1 'ITO OH coaepMHT 

o6o6meHHe IIOHSITHSI IIOnSI cp ( x) B IlpOCTpaHCTBe !R
2 

(x) B TOM CMbiCne, 'ITO 

He cymeCTByeT ~YHKUHH 

TpH BenH'l:HHbi1 ¢ = cp 
¢=¢(x,t) 1 a cymeCTByeT nHllib BepOSITHOCTb HaRTH 

f' = f 1 COOTBeTCTBYIOWHe TO'!Ke (', T) " X =X 

B IlpOCTpaHCTBe !R /() 

§6. CToxacTH'l:eCKHe rrpocTpaHCTBa, B03HHKaJOmHe npH B38HMoneil:CTBHH 

rrone:il: 

B HeKoTOpbiX cny'l:aSIX rrpH npu6nuMeHHOM perueHHH ypasaeauil: anSI asauMo

AelkTBYIOlliHX none:il: TaKMe B03HHKaiOT C06CTBeHHhie CTOXaCTH'l:eCKHe IIpOCTpaHCT-

sa. 

B Ka'leCTBe rrpuMepa paccMOTpHM CKanSipHOe none <II (x) 

Be !I{/ x) 1 noa'IHHSIIOllieeCSI ypaBHeHHIO 

B IIpOCTpaHCT-

" a<~~ 
g¢ 

a ax 
4 

~6.1) 

¢ ( x) 
a 

HeKoTopoe cny11ailaoe BeKTopaoe none, g - KOHCTaHTa B3a-

HMOaeiiCTBH SI1 M - rrapaMeTp MaCChi 'laCTHU. BylleM HCKaTb perueHHSI aToro 

ypasHeHHSI, 6nH3KHe K rrnocxoil Bonae: 

(6.2) 

nput ... o • 3Aecb A ;; const S - ~aaa BOnHbi1 KOTOpyiO Mbl npeaCTaBHM 

B BRAe 

S=pX+;;(x), 

rae p - HMnynbc BOnHbi rrpH g = 0 
ngg (6.2) H (6.3) B (6.1) IlpH It-> 0 

AnSI cPa3bi ; (X) 

d;; g --+--
dr M 

" a A.. = 0, p '~-'a 

(6.3) 

; (x) - IIOIIpaBKa K ~ae. llOJlCTaB-

H ManoA g 1 rronyqHM ypaBH9HHe 

(6.4) 
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.. 
I'/le T = ( n X) eCTb C06CTBeHHOe BpeMH B0rb! 1 n - e/lHHH'l:Hbiii BeKTOp 1 

napannenhHbiH Hl\mynhcy p J.13 ypaBHeH~H (6.4) cnet:~yeT: 

" a a(x)=-p 
T " 

: J cp ( T ', X_1 ) cJ T ', (6.5) 

I'lle x.l = x -n (nx) , J.13 8TOH <jlopMynbi ll ll3 (6,3) BH,[IH0 1 'ITO <jla3a S MO-

)!{eT 6b!Tb npet:~CTaBneHa B BH/le 

(6,6) 

x +~(x,l¢lJ a a (6,7) 

H 

,, T '" 

~a (x , I ¢ l) =- t f ¢ ( r ',~) cl r '. (6.8) 

0peo6pa30B8HHe (6,7) eCTb npeo6pa30B8HHe K CTOXaCTH'IeCKOMY npocTpaHCTBY 

9!
4 

( ~) 1 B KOTOpOM BOnHa (6,2) nO!I'IHHHeTCH npoCTOMY ypaBHeHH!O na-

naM6epa: 

(6,9) 

QqeBH!IHO, 'ITO penepHoii o6naCTb!O t:~nH 3TOI'O npOCTP8HCTB8 6yt:~eT o6naCTb 

'!J( x) , rt:~e none , 0ot:~06Hblii )!{e npnMep MO)!{eT 6biTb pac-

npocTpaHeH Ha cnHHOpHoe none 'I' (x) 1 B38HMO,[Iei\CTBY!OIUee CO cny'l:aHHbiM 

BeKTOpHbiM noneM ¢a • DycTb none 'I' (x) 

( D -i g ¢ - M) 'I'= 0, 

a 
rt:~e D=Y -ax 

11 
HCKaTh peweHHe 'I' 

g - 3apsm, 

15 
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' . 

(6.11) 

H 

(6.11') 

r}::{e UP - IIOCTOSIHHblll CIIIiHOp, a ljlaay 5 OIISITb B03bM8M B BH)le (6.3). 

HeTpynHo y6eAHTbCSI, qro rrpn t -> 0 6y ll8T OIISITb 

YllOBneTBOpSITb ypaBHeHHID (g.4), a ljlyHKUHSI ~ , B3SITaSI B IIpOCTpaHCTBe 

~ 4 ( .;J, - ypaBH8HHID (6.9) I 17 I. npn 9TOM nro60IIb!THO TO o6CTOSITenhCTBO, 

'ITO B crreuHanbHOM cnyqae aneKTpoMarHHTHoro rronSI ¢a= A a 

KBa)lpaTH'IHOe OTKnOHeHHe 

3 2 
I ( .; - X ) = !'! .;2 

a= I a a 

cpenHee 

( 6.12) 

CoBrranaeT c Bemr'IHHoli, orrpenenSiromeli naM6oBCKHli CABHr !'! E aneKTpOHHhiX 
n 

ypOBHeif B 8TOMe: 

( 6.13) 

rne tji ( x) - BOnHoBaSI ljlyHKUHSI aneKrpoHa114•151 B aToMe, a U - ero rro-
n 

TeHUHanbHaSI 9HepPHSI (cM/14,151) • 

§7. CToxacTH~ecKoe rpaaHTaUHOHHoe none 

Typ6yneHTHoe ABHMeHHe MaTepHH rropoMAaeT ryp6yneHTHYID, HnH cToxac

TH'IecKyro MeTpHKY (cM/3 •161 ). B aToM cny'lae TeHaop HMrrynhca - aHeprHH 

MaTepHH T iW (x) SIBnSieTCSI cny'laii:Hoii: ljlyHKUHeii: B rrpocTpaHCTBe :R 
4 

( x) 

3TO 06CTOSITenbCTBO MOMeT 6b!Tb BblpaMeHO SIBHO BBeAeHHeM CTOX8CTH'Ie

CKHX rrapaMeTpOB ( 

"' T T ( x, (). 
p.v p.v 

(7 .1) 
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B K8'IeCTBe TaKHX CJiyqafiHh!X rrapaMeTpOB M,,ryT 6biTb 0 HaiipHMep, B35!Tbi Ha

qaJibHhie 3Ha"leHH5! narpaH)KH8BblX KOOp.O:HHaT 'i8CTHU. 

!13 ypaBH8HH5I 3llH1llTellHa 

1 
R 11v - 2 9 11v R 

Brrk 
TIll! (X, ') 

roraa cneayer, qro MerpH'IeCKHil reaaop 

CKOH BeliR 'IHHOH: 

g g (x,l;}. 
/lV /lV 

(7.2) 

g (x) 
Ill! 

6yaeT TaK~e CTOX8CTH"le-

(7 .3) 

ECJIH ~IDKTyaUHH IIpH Typ6yneHTHOM ABH~eHHH MaTepHH HeBeJIHKH ITO CpaBHe

HHID CO CpeaHHMH SHa'IeHH5!Mii XapaKTepHb!X B8JIH'IHH 0 TO TeH30p B (7 .1) Ue-

necoo6pa3HO paano~HTh Ha ase "laCTH: 

T (x) +<ll (x,l;), 
/lV /lV (7 .4) 

r.o:e T (x) 
p.v 

eCTb cpe.o:Hee 3Ha'ieHH5I TeH30pa HMIIYJibCa-aHeprHH: 

( 7 .5) 

3aecb JW( {;) - HOpMHpOBaHH85! Bep05!THOCTb TOPO HllH HHOPO pacrrpe.o:eneHH5! 

cnyqafiHbiX rrapaMeTpoB ( • TeHaop <ll (x, I;) orrpe.o:enHeTC5! uenHKOM 
p.v 

cpniDKTyaUHHMH ABH~ymeroc5! semecrBa. H Mbi 6y.o:eM C'IHT8Tb ero rrporropuHo-

HaJibHbiM HeKOTOpOMY M8ll0My rrapaMeTpy E 0 OIIpe.o:eJI5!IOIUeMy 8MIIJIHTYAY 

~IDKTyauHil. IT o.o:o6HhiM )Ke o6paaoM paano~HM H MeTpH'IeCKHH TeHaop ( 7.3): 

9
11
V = g (X) + fl (X, '). 

,.. p.v !11/ 
(7.6) 

3.o:ecb BeJIH'IHHa h/lV (X, {;) T8K>Ke C"'HT8eTC5! IIpOIIOpUHOH8JlbHOH rrapaMeTpy 

E • ITpHpaBHHB85! B (7 .2) aynm Koa!jMJJHUHeHTbi rrpH cTerreHHX E , rrony'IHM 

ypaBHeHH5!: 
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.. 

RIIV-.lg .R ,- 2 p.v 
(7 .7) 

H 

(7.8) 

pa aLpv paa aLp.v 
Ap.v B 

a(aipaJ 
, 

agpa 
p.v 

a.a 

(7 .9) 

paaf3 a Lp.v 
C p.v ;p-

a(~J 
a xaax f3 

H Be1IH'IHH8 

L = R - _!_ g- R 
p.v p.v 2 !LV 

(7.10) 

Tenepb aaMeTHM, 'ITO Koa<ll¢HUHeHTbi A , B , C B (7.8) HMeiOT TOT )Ke 

llOpsu:IOK Be1IH'IHHbi 1 'ITO H 1 HMeHHO: 

(7 .11) 

rile f - M8CWT86 ll1IHHbi 1 onpelleJISIIOIIlHii: KpHBH3HY npOCTpaHCTB8 1 MeTpHK8 

KOTOporo llHKTYeTCSl CpellHHM llBH)KeHHeM, B corJI8CHH C ypaBHeHHeM (7 • 7) • 

C Jlpyroii: CTOpOHbi, npaB8Sl '18CTb ypaBHeHHSl ( 7 • 7) HMeeT nOpSlllOK BeJIH'IHHbl 

p, (7.12) 
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~ 
l 
r 

T'lle p - cpellH51Sl ITnOTHOCTb MarepRH; ee M0)1vt0 rrpellCT8BHTb B 4>opMe p=M/a3
, 

3/leCb M - xapaKrepHast Macca, a a - xapaKrepHbiH paaMep paccMarpHBae

MOH CHCTeMbi. Torna: 

_B_".,.Ic_M _ _ = a / a 3 
a3 g c 

(7 .13) 

a ecrb rpaBRTauHOHHbiH panRyc, coorBercrByJOUIHH Macce CHCTeMbi M . 
g 

11a (7.7), (7.11) If (7.13) cnenyeT 

l7.14) 

T.e. paiJ.HYC KpHBif3Hbl paBeH: 

(7 .15) 

06paTHMC51 rerrepb K ypaBHeHHIO (7 .8) • flyCTb M8CUITa6 JJ.nHHbi, xapaKTepH3yiO

UIHH rpanReHT croxacTH'IecKoro rronSI f. , ecTb f'. Macca, xapaKTepHaSI ana 

M8ClllTa6a 4>nJOKTyauHil: reHaopa $p.v , rrycTb 6yaeT ~m , a b - nnHHa, orrpe

JJ.enSIJOUiast paaMep :3THX 4>nJOKTyauRii. Toraa H3 ypaBHeHHSI (7 .8) cnenyer: 

(7 .16) 

b 
!I 

(7.17) 

eCTb rpaBHT8UHOHHbiH pallHYC 4>nJOKTY8Uiflf. Do CMbJcny BenH'IHH f H f' 

f >f'. B cHny nHHeliHoCTH ypaBHeHHSI an51 TeHaopa t p.v 

TaKHM o6paaoM: 

19 
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.. 
¥13 (7 .18) cnenyeT, 'ITO BeJIIi'lliHbi h 6ynyT ~aJihiMii nonpaBKaMn, ecnn Mano 

OTHO!lleHne b 
9 

/b ( 3Ty BeJIH'lHHY H MOMHO npHH5ITb B Ka'!eCTBe ynOMHHyTOI"O 

napaMeTpa f, no KOTOpOMY H):(eT pa3JIOM€HHe HCXOAHOI"O ypaBH€HH5l H TeH-

30p0B g Jl.V H ) . 
EcnH BeJIH'lliHa f = b

9 
I b He Mana, TO pa3JIOMeHiie B pH!\ no CTeneHHM f 

cTaHOB!iTCH Henplii"O!\HbiM. OnHoBpeMeHHO B03HiiKaeT TPYAHOCTb, liMeiOIIIaH, 

no BCefi Bll!\liMOCTii
1 

npliHUiinliaJibHblH XapaKTep. i1MeHH0 1 KOOpA!iH8Tbl TO'leK 

npocTpaHCTBa ~ixJ ycTaHaBJIIiB8IOTC5l B o6mefi TeOpliH OTHOCiiTeJibHOCTH 

XpOHOI"eOMeTpli'!eCKIIMii MeT0!\8MH T8K 1 'ITO 'leTBepKii 'lliCeJI ( X 1 X X 0 I I L I 

X 
3 

) 
1 

nplinliCbiBaeMbie TOM liJlll liHOH TO'!Ke 1 cyTb He 'ITO liHOe, KaK XpOHO

reOMeTpli'!eCKOe paCCT05IHiie 1 T.e. paCCT05lHIIH 11 npOMe)KYTKii BpeMeH11 1 li3Me

peHHbie nocpe!\CTBOM CBeTOBOI"O CI!I"HaJia. MeMAY TeM B CJiy'!ae, KOI"J:\8 ~JIIOK-

ryau11li TeH3opa T Jl.V BeJIIiKH, ~Jl!OKTyaUHH IIHTepBaJia 

Js 2 = g 
Jl.V 

(x,t;;)Jx ax 
J1. v 

t(7 .19) 

raKJKe 1:1e MaJibi, Ecnn aroT liHTepBaJI 11CnoJib3yerc5l nnH HaTHI"HBaHHH Koopnn-

HaTHOfi ceTKii B ~ 4 (x) (KaK 3TO npHH5ITO B XpOHOI"eOMeTpHH (cM.f3,17/), 

TO 3Ha'!eHH5l KOOpA11H8T X O 1 X I 1 X 
2 

1 X 3 ) KaJK):(OH ~ll3H'l€CKOH TO'IKH 

MOI"YT 6biTb npHIIHC8Hbl JIH!llb B B€p05ITHOCTHOM CMbiCJie. 

Bo3HHKaiO!llaH CHTyauHH 5IBJI5leTC5l BeCbMa Heo6hi'!Hofi. EcnH K roMy JKe 

OTCyTCTByeT penepHa5l o6JiaCTb 1 TO npHBbl'lHOe HaM IIOH5ITH€ B03MOMHOCTH 

ynop5IAO'leHH5I C06biTHH B 5{ 4 (X) TepHeT CBOH CMb!Cll, 

8HAHM0
1 

T8K85I CliTyaUHSI MOJKeT HMeeTb MeCTO B MliKpOM!ipe, eCJIH pOJib 

I"p8BiiTaUHH He 1iCK1IIO'laeTC5I TaM IIpli'lHHaMH, KOTOpbie eme He 06HapylK€Hbl 

C nOJIHOH HCHOCTb!O, CyTb nena B TOM, 'lTO B03MOJKHO B006pa31iTb TaKO€ pac

npeneneHiie Mareplili B MHKpOM!ipe, KOTopoe KpafiHe ocna6nSieT 3Ha'leHiie rpaBii

TaUHH no cpaBHeHHIO C APYI"IiMii B3811MOA€HCTBI15IMI1. ll115I 3TOI"O ):(OCTaTO'lHO, 

'lT06bi M8C!l1Ta6 b, xapaKTepH3yiOIIIHH I"paAiieHTbl nonefi B MliKpOM!ipe, 6bl1l 

6bi cy!lleCTBeHHO 60Jibiiie I"p8BiiTaUHOHHOI"O pannyca b g MHKpOCKOITii'leCKHX 

CKOIIJI€HiiH MaTepHii, 

C IIOA06HOH JKe CHTyaU1i€H Heynop5IAO'lHBaeMOCTH C06biTiiH MOJKHO BCTpe

TiiTbC5I H B 8€TpO~Ii3HKe 1 IIpH H8JI1i'llili Cp€Abl liJIH B6JI!i31i Hee, H B cnyqae, KOI"Aa 

~JIIOKTyaUHii IIJIOTHOCTH MaTepHH BeJIHKH. 
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.. 
§8, KBaHTOBbie <jlniOKTyaUHH rpaBH~fUHOHHoro nonsr 

<J>niOKTyaUHH rpaBH1'8UHOHHOI'O nonsr, o6ycnoaneHHbl9 B8KYYMHbiMH KOne-

6aHHSIMH MaTepHH, 6binH Bbi'IacneHbi a pa6oTe/16/. B aaKyyMe cpellHee aaa

'leaae Teaaopa HMnynbca-saepraa T~ (x)=O. 

nosTOMy <jlniOKTyaUHOHH8SI '18CTb T9H30pa <J> p.v B (7 ,4) COBIT81l89T C ca

MHM TeaaopoM T p.v • CpellHHe aaa'leHHSI KOMITOHeHT MeTpH'IecKoro Teaaopa 

paBHbi: i =gO , rile g 0 cyTb aaa'leHHSI sToro Teaaopa llJISI nceBllo-p.v p.v p.v 

eaKnHilOBa npocTpaHcTaa g 
00 

+ 1, g"" = -1, lc = 1 ,2,3; g 
0 
"• 0. YJ)4s-

aeaHe (7.8) npHHHMaeT npocToA BHil. HMeaao: 

rile 

H 

Lol 2 v 

a¢~ 
ax 

IL 

8 11/c TIL 
~ v 

(8.1) 

(8.2) 

(8,3) 

Teaop Tp.v eCTb Teaaop, onacbiBSIOIIlHA cyMMapHbie cllniOKTyaiiHH acex noneA 

c y'leToM HX aaaHMOileAcTBHSI. BoaMO)KHO, 'ITO sTOT TeHaop HMeeT 6onee npo

CToA BHil, '19M '18CTHbl9 T9H30pbl JlnSI TOI'O HnH HHOI'O nonsr. 01lHaKO STOT non

HblA 1'9H30p HaM H9H3B9CTeB. npHBOilHMbi9 HH)K9 Bbl'IHCneHHSI llnSI CIT9IlH8nbHbiX 

Cny'laeB YK83b!B8IOT Ha TO, 'ITO OCHOBHbl9 BbiBOilbi, BHilHMO, He CyllleCTBeHHO 

38BHCSIT OT '18CTHOI'O BHil8 nonsr, 

B cny'lae cKansrpaoro nonsr cp narpaH)KHaH L paaeH 

(8.4) 
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H COOTBeTCTBYKHllHH KOHTpaBapHaHTHbiH TeH30p HMnynbca-aHepi'HH HMeeT BHA 

Tp.v p.a vf3 acp 
g g --

a X a 

a¢ 
ax f3 

p.v 
- g L. 

CaMo none ¢ npeAcTaBnsJ:eTC.II p.IIAOM 

...;v 

--,;-- "' ikx 
l v--(a e 
k 2wk k 

-ilcx 
¢ +a+ e ) , 

I'Ae npHHSil'bl 06bPIHbie 0603Ha'leH HSI ( V - HOpMHpOBO'IHbiH 06beM, 

(8.5) 

(8.6) 

3 
v~"" ), 

BeKTOp /c I:!MeeT KOMITOHeHTb! /c = Wk , k 2 "'2 , w" =vm +lc - Macca 'laCTHU no-

" ng. ak 
"+ 

1:1 a" CYTb onepaTOpbl YHI:I'Il'OlKeHI:I£1 H pOlKAeHH£1 '18CTHU 1 ITOA'IHHSIIO-

mHeCSI ycnOBI:IIO nepeCT8HOBKH: 

,, "+ 
[a k, a k' ]=o a' (8.7) 

OcranbHbie cK06KH paBHbi HyniO. 

8 cny'lae CnHHOpHOI'O non.II ~ TeH30p HMnynbca-aHepi'HH HMeeT BHA 

T =L(;j / 
p.v 2 f1 

a~ 

axil 

a¢ 
ax 

p. 

yv r/I) 
(8.8) 

( Mbl BbiiTHCb!BaeM B 9l'OM cny'lae ero KOB8pH8Hl'Hbie KOMnOHeHTbl 1 y V - MaT-

pHUbl llHpaKa). TI one rfJ H conpglKeHHoe none if; pa3naraiDTCSI B pSIAbi: 

~ - l { ci' (p) r ( ik ...;v p,r=J,2 r U p)e X 

'' + ikx 
+b (p)V'(-p)e- !, 

r 
(8.9) 

- J "+ -r/I = - l ! a (p) u ' (p) e ...;v- p,r=l ,2 , 

-ilcx " 

+b r 
(p)v r (-p)e 

ikx 
!, (8.9') 

" rAe a, "+ b a H r b+ 
r 

Cyl'b orrepaTOpbl pOlKAeHHSI H yHH'Il'OlKeHHSI 3JieKT-

I 
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pOHOB H n03HTpOHOB; u' (p} H v r (p} - H0pt'IHPOB8HHh!e Ha cnaaopbi. Ycno-.. 

" "+ I a, (p J 1 a,' ( p} I = 0, , (8.10) 

" "+ 
I b (p} I b , (p Jl = 0 , 

r rr (8.10') 

ocTaJihHbie aHTHKOMMyTaTophi paaHbi aymo. PaaeHCTBO aymo cpeaaei'o saa'leHHSI 

Teasopa-aMnyrrhca saepi'HH T f:LV o6ecneqaaaeTCSI TeM, 'ITO Mhi 6epeM a (8.5) 

0 
H (8.8) nceBJI03BK,TIHJl0Bbl 3H8'1eHHSI TeH30pa g p.v H npOH3BeJieHHSI onepa-

" Topoa a ;; + ' b 6epyTCSI B HOpM8JlhHOM BHJle. Do onpe-

aerreHHIO aopMaJihHOI'o npoasaeaeHHH, cpeaaee saaqeaae T p.v 

6yJieT paaao ayrr10. Hs ypaaaeHHSI (8.1) cneayeT, 'ITO 

no aaKyyMy 

( 8.11 ) 

I'Jle G(x-x'J ecTh $yHKUHSI fpaaa "cao6oJIHOI'o" ypaaaeHHSI (8.1)xl. 

CneayH pa6oTell6/, Bhi'IHCJIHM cpeaaee no aaKyyMy oT npoasaeaeHHSI ae-

na'IHH t/J:(x} 1 1/J~ (y J , T.e. KoppeJIHUHIO STHX aeJIH'IHH. Hs (8.11) crreayeT, 

'ITO 

p. a 16 "lc 2 , , p.a , , 4 , 4 , 
1/1 (x}t/JR(y}=(--JxjG(x-x}G(y-y JQ R(x-y }d x d y 

V fJ C: 3 VtJ 
(8.12) 

I'Jle Teasop Q p.a ( X , -y , } 
vf3 

Q ~ ( X -y J = T ~ (X J T ~ ( y J • (8.13) 

x/ 
B (8.11) HMeeTCSI a BHJIY $yHKUHSI fpaaa G(x-x'J , CHMMeTpH'IHaSI 

oTaocaTerrbao npoweawei'o a 6yaywei'o. 
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8 CHJIY OaHopoaHOCTH BaKyyMa 9Ta KOppeJIHUHH 3aBHCHT JIHillb OT pa3HOCTH 

x-y • ITpeacraBHM STY KoppenHUHID B BRae crreKrpanhHoro paano*eHHH: 

rt:{3(x-y)= f Q~ (q)eiq(x-y) d4q. ( 8.14) 

Toraa anH crreKTpanbHoro paano*eHHH KoppenHUHfi KOMrroHeHT MeTpHqecKoro 

TeHaopa rronyqHM: 

p.a f.L a 
M v{3 ( x -y) = .P v (x) .P {3 (y) 

( 8.15) 

-JMp.a() iq(x-y)J4 
- v{3 q e q. 

l1a (8.11) H (8.13) cneayer: 

M p.a ( ) = ( 16 rrlc )' _1_ Q pa ( ) 
v{3 q 3 4 v{3 q ' 

c q 
( 8.16) 

raE! MHO*HTeJib q 4 
B03HHK BCJlellCTBHe paBeHCTB8 

- 1 
G (q) -~ ( 8.17) 

B aanhHefimeM rrplmoaHTCH peayn,.raTbi aoBoncHo rpoM031lKHX BbJqucneHHfi Be-

p.a 
nHqHHbl Q v{3 llJIH cnyqag a) CKangpHOPO ITOJIH H OTilenDHO 6) llJlH cny-

qag CITHHOpHOPO ITOJIH. ITo rrpHqHHaM, KOTOpbie 6yayT BHaHbi H3 ll8nDHefimero, 

Mbl rrpHHY*IleHbl orpaHHqHTbCH KaqecTBeHHb!MH BbiBOaaMH. 8 9TOH *e CBH3H 

Mbl orpaHHqHBaeMCH rrpHBelleHlrteM peayncTaTOB BblqHCJieHHH llJIH KOMITOHeHTbl 

00 
Qoo ( x) 

a) CKansrnaoe none. 

qae rronyqaeTCH Bbipa*eHHe 

nnH CHMMeTpH30BaHHOH KOppeJIHUHH B 9TOM cny-

I 
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Q 
00 

(X- y) = .1_ l T 0 
( ) T 0 

( ) 1 ( ) T 
0 

( ) I 00 2 0 X 0 y + 00 y 0 X = 

(8.18) 

~2 
M2(1c, lc ')cos(lc +lc: x-y), 

2w 2w , 
k k 

pasHa 

-> -> 

( lc lc ') 
+ ---], (8.19) 

wkwk' 

TaK ~TO BeKTOp q B (8,16) paBeH: 

(8.20) 

i1HTerpan B (8,18) paCXO.QHTCSI, f109TOMy Mbl onpe.QeJIHM B HeM BepXHIOIO rpa-

HHUy HHTerpHpOBaHHSI no BeKTopaM k H k ' , HMeHHo, IIOJIO)KHM I kl < K 

I k'l < K 
OueHKa HHTerpana (8.18) rrpu STOM orpaHH~eHHH npHBO.QHT K cnenyiOWeMY 

peaynbTaTy: 

~2 KB 
00 J J h 

0oo(r)=32 (2rr) 4 c2 
+ ... (8,21) 

3TO IIPH r -> 0 , t -> 0 

oo 2 t 2K 4 
J 

Q ( r) = - -- • - [ J +cos 2 K r ] 
00 ( 217 )4 c 2 r 4 

{8,22) 

llpH r -> "" t = 0 ; H 

00 t2 K6 
cos 2K t Q 00 ( t) 

=- (217)4 2 c 2 t2 

(8.23) 
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npH t ... oo , r = 0 • BBeaeM BMecro K anHHy A= lE._ 
K 

00 
BHaHo, 'ITO BenH'IHHa Q OO ( r) HMeeT nopsmoK 

~2 

c2A8 

• Toraa H3 {2,1) 

, H, cnertoBaTenbHo, 

aMnnHTyaa KOne6aHHll nnoTHOCTH CKanHpHOll MaTepHH flp HMeeT nopHaOK 

tc 
!lp- c2A4 

0THOllieHHe rpaBHT8UHOHHOf'O partHyca 9TOH ITnOTHOCTH 

b 
g 

~(!lpA3) 
2 c 

~ pa3Mepy caMoli !flmoKTyaUHII A 

8rr lc t c 2 A 
2
9 b9 / A= ---z- --r.4 A =-. 

c c A A2 

eCTb 

(8,24) 

(8,25) 

(8,26) 

0TCIOrta cnertyeT, 'ITO rpaBHT8UIIOHHbie s!fl<jleKTbi, Bbi3B8HHbie BaKyyMHbiMII !jlniOK

TyaUHHMII CKanHpHoro nonH, IIMeiOlliHMH n11HeliHhiH MacmTa6 A , ae 3aBIICHT 

oT MaCChi qacTIIU, ecn11 A<< t I m c H Manbi no Toil nopbi, rroKa 

Brrlct l-2 -32 
A»A =(---) =- 10 CM. 

q c3 (8.27) 

6) CnHHopaoe none. Bbi'IHCneHHH nporeKalOT coBepmeHHO aaanorH'IHo 

cnyqaro CKanHpaoro nonH 11 npHBOrtHT K pe3ynhrary 

00 ..L 1 .,.~ 2 3 ' 2 Q (x-y)= -......O...fJicdlc(w -w,) x 
00 4 (2h)6 c 2 k k 

{8,28) 

xM2 (1c,lc ')cos(lc +lc ', x -y ), 

npH'IeM Benii'IHHa M
2

(1c,lc ');:; 1 • DpH TaKoM Me, KaK 11 B (8.18), o6pe3aHIIII 

IIHTeroana nonvqaeTCH: 

Q oo ( r) = _1_ _1 ___ 1 _r K a + .•• 
00 (2rr) 4 16 15 c 2 {8,29) 

i 
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• 
3ro rrpH r = 0 

npu r H t = 0 ' H 

Q 00 (t) = _1_ 
00 (277)4 

t 2 K4 m 2 

t 2 

• Llanee: 

-1- [ 1 + cos 2 K r ] 
4 

r 

cos 2 K t 

. . 

(8.30) 

(8.31 ) 

npu t -."" 3.QeCb m - Macca CIIHHOpHbiX 'I8CTHU. KaK BH.QHO H3 cpaBHeHH:SI 

ljJopMyll (8.21), (8.23) H (8.29), (8.31), aMIIllHTy.Qa IIllOTHOCTH flp B o6oux 

Clly'I8SIX rrpaKTH'IeCKH O.QHa H Ta )1{8 H He 38BHCHT OT MaCChi 'I8CTHU. 0 OBe.Qe-

Hue )Ke rrpu 6onblllHX r HllH t B Clly'!ae 6o3e-CT8THCTHKH H ljJepMH-CTa-

THCTHKH HeCKOllbKO pa3llH'!aeTCSI. 

§9. ¢lliDKTyaUHH rpaBHTaUH:OHHOI'O IIOllH B6llH3H 9ll8KTpH'leCKOI'O 38pH.Qa 

3TOT Clly'IaH ljJlliDKTyauH:fi rpaBHT8UHOHHOI'O ITOllH Cy!lleCTBeHHO OTllH'IaeT

CH OT paCCMOTpeHHOI'O B rrpe.Qhl.QY!ll8M rraparpaljle TOllbKO B TOM Clly'Iae, eCllH 

H3MeHeHHH MerpHKH, Bhi3BaHHbie rrpucyrcTBHeM 3apH.Qa, BellHKH. KnacCH'IeCKOH 

MO.QellbHO 38pH)KeHHOH 'I8CTH:UeH MOlKeT CllY)KHTb, HaiipH:Mep, "ljJpH.QMOH"/ 18/ -

'I8CTHU8 C MeTpHKOH ¢pH:.QM8H8 BO BHyrpeHHeH 06llaCTH H C MeTpHKOH TH:IIa 

IllBapU!llHllb.QOBCKOH BO BHe!llHeH o6nacTH. Mbi orpaHH'IHMCSI paccMorpeHHeM 

BHelllHeH o6naCTH r > r 
0 

r = ya a 
0 9 0 

(9.1) 

rae 

87Tkm 0 ( 2 
a = a =---

9 3 0 m c2 c 
0 

(9.2) 

T.e • .QllH:Ha r O eCTb cpe.QHee I'eOMeTpH'IeCKOe H3 I'paBHT8UHOHHOI'O pa.QHyCa 

a 
9 

'!aCTHUhi H ee sneKrpoMai'HHTHoro pa.QH:yca a o • DpH orrpeJlelleHHOM 

Bhi6ope KOOp.QHHaT ( cp/18/) MeTpH:Ka IIpH r > r0 OIIpe.QellSieTCSI HHTepB8llOM 
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Js2=g Jt2 -g dr2 _,2JO.. 
00 r r (9.3) 

3necb - TpexMepHbiii pan11yc, 0. CYTb yrnOBbie KOopniiH8Tbl 1 TBK 'iTO 

d0.=d8 2+Sin 2 8 Jcp 2 II KOMnOHeHTbl MeTpll'ieCKOf'O TeH30pa paBHbl 

g 00 = ( 1 - _r- )2 r I 

0 
g =-1-

r r 
g 00 

(9.4) 

Tenepb 3aMeTIIM, 'iTO nn11Ha r 0 

MO)KeT 6biTb 3aniiC8Ha B Bllne 

npHMeHIITenbHO K ycnOBIIHM MIIKpOMHpa 

'o 
A , { 2 
gv-r-<A 

he g 
(9,5) 

8 o6naCTH I >r O MeTpiiKB (9,3) CTBHOBHTCH 3BKnHnOBOH, l13 (9,5) Bllll-

HO, 'iTO np11 3TOM r MOlKeT 6biTb eme MeHbme HnH cpaaHIIMbiM c nn11Holf A 
g 

OnaaKo pe3ynbTaTbi pac'ie.Toa, np11aeneHHbiX a rrpenhrnymeM rraparpa<jle noKa-

3biBBJOT, 'iTO B 3TOH o6naCTH KBBHTOBbie 1\JnJOKTyBUIIH rpBBIITBUHOHHOf'O nonH 

6ynyT y)Ke O'ieHb aenHKH, TiosTOMY KnBCCII'ieCKHe MOnenH 'iBCTHUbi, BllniiMO, 

MOf'YT IIMeTb nHllib 3BpHCTH'ieCKOe 3HB'ieHHe, 

§10, 0UeHKH H8 OCHOBe tPYHKUHOHBnbHbiX HHTerpanoa 

Ka'ieCTBeHHOe paccMOTpeHIIe KBBHTOBbiX 1\JnJOKTyauHii rpaBHT8UHOHHoro 

nonH H noaeneHHH KB8HT0Bb!X noneii B rpBBIITBUHOHHOM none MO)KeT 6b!Tb 

ycoaepmeHCTBOB8HO HB OCHOBBHIIH MeTonHKH, npenno)KeHHOH B pa60Te/19/, 

3Ta MeTOnHK8 OCHOBBHB HB paCCMOTpeHHH 1\Jeii:HMBHOBCKHX HHTerpan.OB no 

TpaeKTOpHHM np11 orpaHII'ieHIIH rayCCOBCKIIM npH6nii)KeHHeM nnH !\Ja3b!, p ac-

CMOTpiiM COBMeCTHO rpaBI!TBUHOHHOe none g 11 CKanHPHOe none ¢ 
fLV 

TipenCTBBHM, MeTpH'ieCKHil: TeH30p 9 fLV a a11ne ( 7,6), npH'ieM non 

gfLV 

IJ fLV 

Tenepb 6yneM noHHM8Tb Kn8CCH'ieCKOe rpaBHTBUHOHHOe none, B non 

- KBBHTOBOe, l1HTerpan <l>eJ:I:HMBHB HMeeT Blln: 

G = fdlcf>IJI itHN)e I$ 1 (10.1) 

I 
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• 
I')le CHMBOnhi J{ cp } 
Hb!X IIpOCTpaHCTBaX 

H J{ h } 03Ha~aroT ~Tei'pHpOBaHHR B ~yHKUHOHanb-

~cp H ~ I> 0 a 8 oi} eCTb IIpOH3Be)le HHe 8 -~y HK-

UHH B 9THX )Ke IIpOCTpaHCTBaX, C IIOMOIUbiD KOTOpOI'O y~HTbiBaiDTCR B03MO)KHbie 

JlOIIOnHHTenbHbie ycnoBHR N = 0 • <t>a3a <t> paBHa: 

¢ = f[ _J .1. R gp.v + -i- L] .y-:g JV . (10.2) 
A2 2 p.v he 

II 

3JleCb y"'::'g JV - HHBapHaHTHhiii oo'beM, g ecTb orrpeP.enHTenb: g = II g [1, p.v 

R p.v - TeH30p KpHBH3Hb! 0 L - ~YHKUHR narpaH)Ka CKanRpHOI'O rrong ( 8.4). 

fpaBHT8UHOHHOe JleiiCTBHe 

(10.3) 

B COOTBeTCTBHH C pa3nQ)K9HHeM 

g -g- -t h 
p.v p.v p.v (10.4) 

MO)KeT obiTb 3aMeHeHo B HHTerpane ( 10.2) Ha 

_ p.vpa 
W* = W + W h h 

atpa 
+ 

p.v pa 
a 

(10.5) 

+ W p.vpaaf3 + ••• , 

T.K. 'lneHbl C IIepBbiMH CT9II9HgMH t p.v B CHny KnaCCB'IeCKHX ( H9KB8HTOBbiX) 

ypaBHeHHii rpaBHTaUHOHHoro rrong Bb!IIaJlyT npH HHTerpHpoBaHHH B (10.2). Ec-

- o Q - uvaRpa 
nH Terrepb qepe3 W p.vp at-' o6o3Ha'IHTb 3Ha'IeHHe TeH3opa W r ~-' JlnSI 

IICeBJl09BKnHJlOBOH MeTpHKH, TO B9nH'IHHa 

~W*=Wp.vpat ~ 
- p.vpaa t p.v 

atpa 
+W + 

p.v pa ax a 

atp.v ahpa 
(10.6) 

- p.vpaaf3 -p.vpaa{3 
+ (W -Wo }- +• .. 

ax ax/3 a 
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6yAeT XapaKTepH30B8Tb BKJIBA B cflaay HHTerpaJia ct>eii:HMaHa, o6yCJIOBJI9HHbiH 

aanH~HeM HeKoToporo cpeAHero, KJiaCCH~ecKoro rpaBHTaUHOHHoro nong, Hay-

- JLVpa _ p.vpaa _ p.vpaa{3 
'leHHe K09cpcfJHUH9HTOB W , W , W IT03BOJIR9T CA9Jl8Tb 

Ka'leCTB9HHbie 38KJIID'I9HHR 0 ITOB9A9HHH KBBHTOBOT'O rpaBHTBUHOHHOf'O ITOJIR 

B6JIH3H 38pRAa 6onee TO'IHO, '19M 9TO CA9JI8HO B §9, 0AH8KO BBHAY rpOM03A

KOCTH Bbip8)!(9HHH 9TH OUeHKH 6yAyT ony6JIHKOB8Hbl OTA9JlbHO, 

B AaJibHeii:llleM Mhi paccMoTpHM 6onee npocroii: cnyqaii: KBaHToaaHHSI CKa

nRpHoro nonR ¢ B KnacCH'IeCKOM rpaBHTaUHOHHOM none, B 9TOM cnyqae 

JLV - p.v 
Mhi nonaraeM h a{3 = 0 H TeHaop g B ( 10.2) paBHhiM g 

ct>aaa <I> B ( 10,2) npHHHMaeT BHA 

"' 1 f-w.i= cJV 1 1 J(-p.va¢ a¢ ' 2J .I -'~'=~ v-9 +-.....- g -- -rrr¢ v-9 cJV. 
!\. 2 he ax ax 

9 p. v 

(10.4) 

HHTepecyiDIII8SI HaC KB8HTOB8R 'laCTb 9TOH cfla3bi paBHa 

"'* 1 1 f(-p.v a¢ a¢ 2,~.2) . 1--- c/V '1'=2rc g a;:-a;--m'f' v-g . 
p. v 

(10,5) 

- p.v 
ilOACTaBJISIR CIDA8 9 H3 ( 9,1), Mbl 6yAeM HM9Tb A9JIO CO cnyqaeM KBaH-

TOBOT'O CKBJIRpHOf'O ITOJIR B KJI8CCH'I9CKOM rpaBHT8UHOHHOM none 3apRAa f 

HeTpyAHO npoaepHTb, 'ITO B 9TOM cnyqae 

00 ~ -
2 

g =.L=O--J, 
9oo r 

rr (}(} 2 A.A. 2 ·2ll 
g =- g , g = r , g '+''+' = r sm v , 

00 
(10,6) 

TBK 'ITO 

- 2 y -g clV =r sin(}. clr c/(} cl¢ clt = clx ely clz clt (10,7) 

H ITJIOTHOCTb narpaH)KHBHa paBHa: 

L = , ( ..21!._ )2 -(1 _ ..!._) 2( _.!:!:_ / _ 
( 

r 2 at r a 
1- -) o r 

[~ ( ~i.l + + ( ti:..._)2]. 
r ae sin (} a¢ (10,8) 

'o 

I 
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I 

0TCJOA8 BHAHO, 'ITO KB8HT0Bbl8 <jJJIJOKTYaiUIH Ilp0j3BOAHOH ITO BpeMeHH OT IlO

liSI :: B 06llaCTH r > r O CTaHOBSITCSI M8Hbllle (yCilOKaHBBJOTCSI) B cpaB

HeHHH CO Clly'laeM IlJIOCKOI"O IlpOCTpaHCTBa, lleifCTBHT8JlbHO, rrepBbiH 'IJieH B 

(10.8) ABeT TOT )!(8 BKJIBA B <jlaay HHTerpana <l>eHHMaHa, 'ITO H B IlCeBA09BK

liHAOBOM Clly'lae, HO IlpH 3H8'18HHSIX Ilp0H3BOAHOH j_it\, M8HbllllfX B(l-.!....) 
at 'o 

pa3, 3TOT s<jl<jleKT rpaBHT8UHOHHOI"O IlOJISI M0)K8T 6biTb IlOHSIT B TepMHH8X "s<jl

/19/ 
$eKTHBHOH IlOCTOSIHHOH DnaHKa", IlOHSITHe 0 KOTOpOH 6biJIO BB8):18HO B • 

11M8HHO HMilYllbC II , K8HOHH'I8CKH COilp5I)K8HHbiH IlOJIJO cp , Terrepb 

paBeH 

a L oo 
II=---= g rp I 

a~ , (10.9) 

t 

'·:: H, ClleAOBa T8llbHO, YCliOBHe KB8HTOB8HHSI I'li8CHT: 

... -->, ] ;t ( ... ... ,, .t (-> ... ') [ rp (X 1 f) 1 rp (X 1 f = -- 0 X- X = I h * 0 X -X 1 

• 9 oo 

. 
(10.10) 

eCTb "s<jl<jleKTHBHaSI IlOCTOSIHHaSI DnaHKa", paBHBSI 

(10.11) 

TaK 'ITO IlpH r ->r
0 

t*.,. 0 , !13 (10,10) Terrepb HellOCpeACTB8HHO BHAHO, 'ITO 

KB8HT0Bbl8 <jJJIJOKTY8UHH IlpOH3BOAHOH cp t Il8):18JOT ITO Mepe IlpH6JIH)K8HHSI K 

38pSIAy, 0AH8KO QJJl!OKTY8UHH paAH8JlbHbi8 B03paCT8JOT; A8HCTBHT8JlbHO, BTo

poif 'IlleR B ( 10,8), COA8p)K8!llHM rrpOH3BOAHYJO cp r , HM88T KOS<jJQJHUHeHT, 

y6hiB8JO!llHH IlpH r -+ r O , DOSTOMy B03paCTaeT BKJ18):1 KBBHTOBb!X <jJJIJOKTy8UHH 

rronSI rro aarrpaBneHHJO panuyca-BeKTopa, rrpoBet:~eHHoro H3 ueHTpa aap5I):Ia, 

3TOT IlpHMep IlOK83biB88T B03MO)KHQCTb K8'18CTB8HHOI"O aHaJIH38 BJIHSI

HHSI rpaBHT8UHH H8 KB8HTOB8HHOe IlOJie Ha OCHOBe HHTerpana <l>eifHMaHa (10.1), 
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