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1. BseneHne 

Ill 
1, B pa6oTe B.r. KanhillleBcKoro U3nmKeH HOBbifi nonxon B KBaH-. ' 

TOBOH TeopUH nong, ucnonb3Y!OlllUH BB9A9HHOe UM opUI'UH8nbHc;>e nOHS!TU9 

OTHocnTenhHoro nMnynbca, B ocHoBe pa6oThi ne:amT runoTe3a o ToM, ·'ITO· 

OTHOCUTenhHhl9 UMnyn~Cbl npUHanne)KaT npOCTpBHCTBy. lle CUTTepa,, fpynna 

ABU)KeHnfi aToro npocTpancTsa cosnanaeT c rpynnofi nsu*eHHfi onnononocT

HOro nSITUMepnoro runep6onouna. 

BonhlllYIO ponh B <nofi pa6oTe urpaeT rpynna o6o6llleHHhiX ( opuctiJepu

"'ecKux) cnsuros nHTnMepHoro runep6onouna, KOTopag B opuctiJepu"'ecKux 

MO)KeT 6biTb npencTasneHa KaK rpynna npeo6pa-

3osanufi anna 

CtJ '= CtJ + a 
.... .... 

·X'= e-a X .... 
+a 

• 121 
3aMeTuM, 'ITO B pa6oTe paccMaTpusaeTCSI aHanoru"'HaSI 3ana"'a. TonhKO 

pa3HOMepnocTb npocTpai!CTBa TaM Ha enuHuuy Mel!hllle, 

nerKo noKa3aTb, 'ITO yKa3aHHaSI rpynna U30MoptiJHa "19TblpexnapaMeTpu-

"19CKOll rpynne nH, KOTopyiO Mbl o6o3Ha"'aeM nocpenCTBOM K • COCTOS!-
.... 

uiefi u3 neficTsuTenhHhiX seKTopos ( x0 , X).= ( x0 ,_ x 1 , x 2 , x3 ) (x 1 ~ ( ..,..."", + .oc )), 

Onepauttsl a. K 3anaeTCSI TaK: 
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...... . ..... - ro ..... ..... 
(x

9 
,X) (y

0 
,Y) =Jx 0 ~y 0 ,e X +Y (1) 

Dng nanbHellmero pasBnTng yKasaHHoro nonxona .B KBaHTOBOll Teopnn 

nong BalliHOe sHa'leHne nMeeT ¢lypbe-aHanns Ha rpynne K • B qaeTHoeTn, 

Heo5xoilnMo sHaane Beex, e TO'IJioeTbiO no aKBnBaneHTHoeTn, yimTapHb;X 
. .··,. i·: ~ . . 

nerrpnBOAHMbiX npeneTasneHUll aTOll rpynnhi. 

n OCTpoeHUIO. 9TH X rrpencTaBneHUll H noeB.IIWeHa naeTO.Ilmag pa5oTa. 

2. O'!eBirnHo, 'ITO K 

rrpoeTpaHeTB8 .f 4 

HeKoMrraKTHa B. o5bi'IHOll Tononornn eBKnnnoBa 

fpyrrna K npimannelliHT K. Knaeey TaK Ha3biBaeMhiX aKenoHeHunanbHbiX 

rpynn (eM.· n. 1 rn. II , n,4 rn. Ill ) • TeopnSI npe.!leTaBneHnfi ~)Tux rpynn 

x~.Poll:lo paspa5oTaHa. B rnaBe II . npnBonnTe.II anropnTM ·nocTpoeHng Beex, 

· e TO'IHOeTbiO no aKBHBaneHTHoeTn, HerrpnBonnMhiX rrpeneTaBnennll sKenoHeH-
. ., . . /3/ 

uuanbHOll rpyrrrrhr, aanMeTBoBaHHbill HaMn us pa5oThi n. Dy KaHeKoro • I1e-

.nonbsyg 9TOT anropUTM 1 Mbl noeTpOIWH Bee, e TO'IHOeTblO no 9KBHBaneHT-

. HoeTu, !lenpnBonHMbie ·yHnTapHhre npeneTaBneang rpynrrhi K (eM~· rri. ·y ). 
. ' 
0Ka3anoeb

1 
'ITO ·Bee dHH 1 a~ UeKniO~eHUeM onHOMepHbiX1 5eeKOHe'IHOMepHblo 

Kallinoe TaKoe npeneTaBnemre sanaeTeg BeKTopoM c ,; (0; c ) , rne 
.... 
c = ( c· 

l ,c2 ,cl I T.e. TpeMg napaMeTpaMU. B 'npoeTp~HeTBe
1 

L}(-"", "") 9TH npeneTaBneHH.II HMeJOT BUn: 

ley+xo (C, X) 
Uc(g)f(y)=e Hr+x 0 ), (2) 

rne 

_g=(x
0 

,X) r;; K,: f(y) 'r;;'L
2 

(..:.oo,"" )~ 

( c I X ) - 'o5~xtiuoe eKangpHoe npoit3Benenne BeKTOpOB ' e. 
... 
X ·~ B n 

rn.aBe.V/1 rrpuBonnTeg eepng HeaKBHBaneliTHbiX ·HerrpnBonHMbiX npeneTaB-

neHnll Bnna (2). Kallinoe nenpnBonnMoe yHnTapHoe npeneTaBneHne rpyrrrrhi K 

9KBHBaneHTHO onHOMY U3 aTOll eepnn. 
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·:·. 

.... 
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; · .. 
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, ,. 

II·~ O'rrpeAeneHU 

.. 

noeTpOeHng 

rrpeneTaBnet 

CymeeTByeT HeeKonbK• 
· .· lsi · ; · · 

. rpynnhi (eM.. } • · Dpimene~ 
. ~ .. . 

mag efi anre5pa :lin L /.lit 
. -~- "" 

tPYHKUlfg, 

. Jei((.exp'aJf.~l) I a~ej 
.·, ,. 

· Hnrne He o5pamaeTeg, B Hor 

:renbHOll anre5po~ .,flu, a . 

ITOMHHM1 • 'ITO nnH~llHbill one] ... ". '•, ", 

·aae (x) =U .~J 'r;; ·L, 

rne e , x r;; L -. :- 1 a [f , x 
E ro., M'omHO 3~naTb He 

oTaoeuTe.JibHo· 5aa·uea•· L 

' ,. :1 • '· 
(exp-aa e · -I J I aa e 

nonpasyMeBaeTe.II p.11n 
, 2 

.aae .. (aaeJ .. 
+-2-. +~ + .. 

B pa5oTe .. ~·.-DyKaneKo 

poro Knaeea HerrpnBonnMhiX 

rpynnhx. TaM *e npnBonHTe: 

Bee e TO'IHOeTblO no 9KBHB8 

npelline. '!eM npHBOnHTb. yKa.:: 

pb!X · llOHgTHgX1 KOTOpb!e B H 

\ 



( 1 ) 

lOilXOila B KBaHTOBOI Te~pHH 

:~ rpynne K • B "!aCTHOCTn, 

nBaneHTHOCTn, yiiHTBpHblX 

~meua uacToSimaSI pa6oTa. 
' ~ ' . 

6bi"lHOI Tononornn eBKnnnoBa 

ra3biBaeMbiX aKcnoueuuuanbHblX .. 

mn npe.lilCTaBneuul sTnx. rpynn 

1 anropHTM nocTpoeHnSI Bcex,· 

1~rX.' npencTaBneunl aKciiOHeH-
., . .. /3/ 

a60Tbl li, ny KaHCKOI'O • I1c-

; TO"lHOCTbJO llO 9KBUBaneHT

USI rpynnbi K (c~/ rri. ·y ), 
IOMepHblX, 6eCKOHe"!HOMepHbl, 

poM c ·,; (0; C ) . '.• 
, rne 

(2) 

... '-·' 

·., 

:e BeKTOpOB · 'C. n 
... 
X ·~B. 

rHbiX ·uenpUBOilHMbiX npellCT8B

tpHOe npencTaBneune rpynnbi K 

· . .. 

I 
.l 

f ~I 

I' 

·,·! 

I 

I 

l 

; '•· 

\'.' 

II • OrmeHeneune ·aKcnouemlnailbHol rpynnbi w arirdmi'ii\.1: 

nOCTp.OeHHSI' BCeX ·· ee yunTapHbiX He'npnBOilHMbiX 

npencTaBneuul: 
~ ; . - ~: 

.-:-

Cymec~By~T uecKonbKO aKBnBaneHTHbiX·onpeneneunl aKcnoueuuuanbuol 
'. 

/3/ .... 
. rpynnbl ( CM,. ) • n pnBeneM Oll.HO H3 . .Hnx: rpynna lin G. u cOOTBeTCTByiO- ' 

maSI el anre6pa .. lin L 

4Jy .HKUn Sl, 

IiaabiBaJOTcSI aKcno.He.Hunanb.HbiMH, ecnn "lncnoBaR 

. clet((.exp ad£ -IJ / acle j (£<:;;L) (3) 

.Hnrne .He o6pamaeTcSI. B .Honb ua L (npn aToM L C"lHTaeTCSI nelcTBn-

!enb.HOI anre6pol lin, a G - CBSI3HOI H OAHOCBSI3HOH rpynnott), .Ha-

no 4JopMyne 

·acH (x) =U ,x] <:;; L, 

rne e . X <:;; L -. . • a . [f I X ] - KOMMyTaTOp f n X 

Ero Mo)Kuo aanaTb .HeKoTopol KBanpaTHol .tielcTBnTenb.Hol MaTpnuel 

ciT.HOCHTehbuo· 6aalica · L KpoMe Toro; non onepaTopoM 

( exp. acl e ! -IJ / ad e 

nonpaayMeBaeTCSI pHil 

ad£ (acle)
2 

+ -2- + 3!' + ••• + 
(ad e)" 

(n+l)! 
+ ••• (4) 

. /3/ 
B pa6oTe li, nyKaHcKoro npnBOAHTCSI anropHTM nocTpoe.Hn~ .HeKoTo-

poro Knacca .HenpuBonnMbiX ymiTap.HbiX npencTaBne.Hul aKcnoHe.Huuan.b.Hol 

rpynnbi, TaM )Ke npHBOilHTCSI noKaaaTenbCTBO Toro, "'TO 9TOT anropuTM naeT . . ' ' ..... 
Bee c TO~HOCTbJO ~o 9KBHBane.HTHOCTH npen~TaBne.HH~ Ta~oro pona. Ho 

npe)Kne "!eM npnBOilHTb yKa3a.H.Hbll anrOpHTM, Mbl OCTa.HOBHMCSI .Ha HeKOTo-
. . . . . ·' . . ' 

pb!X nO.HSITnSIX, KOTOpb!e B .HeM. HCnonh3YJOTCSI, 
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I 
II. 

TiyCTb L - anl'e6pa nu 9KCilOHeHUHanhHOii I'pyllllbJ nu G • 4epe3 

L, o6o3Ra'IHM rrpocrpancrno 1 corrpsnKennoe K L T.~. IlpOCTpaHCTBO 

BCeX nuHeHHhlX ljlyHKUHOHanoB f( X) na L 

Ecnu H c L HeKoropa.H rronani'e6pa L To 'Iepe3 exp H 

o6o3H8'IHM ITOJli'pyrrrry G 1 .HBn.HIOlllYIOC.H o6pa30M H rrpu 9KCrronenunanb-

HOM oro6pamennu: L ... G ( B tJactnocru G = e'xp L ) • CKan.HpHhiM rrpo-

H3BenenueM sneMeHTOB . x ~ L u I;;;; L ' Ha3hmaerc.H ~HatJenue I ( x) ~rrp, 

=(x 1 1) • ,Tipu 9TOM x H I C'IHTaiOTC.H opToi'oHanbHbiMII 1 ecnu 

( X 1 I) = 0 •· TionMHomecrao S c L H sneMeHT I ;;;; L 

opToi'onanbHhiMH, eqnu ( x 1 I ) = 0 npu n106oM x ~ S 

H S. L - rro.i:wnl' e6pa L , To oproi'ouanbHhiM norronueuueM 

C'IIIT8!0TC .H 

• E cnu 

H B L, 
.. J. 

H83hiBaeTC.H MHO/KeCTBO H c L ' , cocTo.Hmee H3 ncex sneMeHTOB I ~ L ' , 

Jlll.H KOTOpb!X (X , I ) = 0 rrpu n106oM x ;;; H 

0603H8'IIIM 'Iepe3 p ( f ) orreparop, neiicrnyiOmuil B rrpocrpancrae 

L , ' MaTpuua KOTOpOI'O panua ( exp ac/ e ) , ( I'Jle " 03Ha'IaeT 

Tpancnonuponanue). Op6uToii 0 (I) sneMenra I ;;;; L ' Ha3hmaerc.H 

MHO/KeCTBO Be ex 3H8'19HHii p ( e) I rrpu e ~ L 

n onani'e6pa H ~ L 

ecnu MHomecrno [ H, H] 

To 6yneM nucarh H < I 

Ha3hmaerc.H ITOil'IHHeHnoii sneMeHTy I ;;;; L ' 

opToi'oHanhHO I • Ecnu H rron'IHHeHa I 

Tipu H < I ljlopMyna 

· X ( exp h ) = exp [ i ( h , I) ] 

(I'Jle X - xapaKrep exp H , a ( h , I ) - CKan.Hpnoe rrpou3neneHHe 1 

orrpenenennoe Bhime) orrpenen.HeT nenpephmnoe onnoMepHoe ynurapnoe rrpen

CTannenue noni'pyrrrrbi exp· H £;; G . 

TipencTaaneHHeM · inc/( H 1 I) na3hiBaerc.H rrpe.ricraanenue, . unnyuuponan-
. . /3 4/ 

HOe 9THM ( XapaKTepOM) rrpencTaBneHHeM ( CM. 1 
) • 

TipencTaBnenue inc/(H,I) HellpHBOilHMO TOI'Ila H TOnhKO TOI'Ila, KOI'Ila 
. . <' /3/) BblllOITH.H!OTC.H yCilOBH.H CM. : 

6 

' :.c._, 

I, 

(*) Jim H = Clim L · 

(:J· IlHHeHHOe MHO 

J. . . ' ' 
I+ H .c 0 (1}:. 

Ecnu H <I H < ,I 

9K~HB8~9HTHbl TOI'Il8 H TC 

···op6ure, · 1-.e~ · o (I) ;,. ·. o 
I'"·. 

B3PIT.Hil, yTaepmn.eHue,_ JlOJ 

yimTapn~e· rrp.en_cranne!iue 

Ba'iiei!THO . HCKOTOpOMY . llpc 
' . 

H· n ·I.··-
113 CK8S8HIIOI'O Bhllll 

. C T<;l'IIIOC,Tb!O ~o:.,9KBHB8IlC 

., tf Haxomiienue nce:x 

2) . ·BbJ60p IlpenCT8BI 

3) Bbi6op rronan~e6p 

1 y noaneTaop.HIOillei 

·. ·cTanuTen.H 1 

4) ·. rro~Tpoeuil~ npen, 

Ill . 0 I'pym 

1. TiimneneM _Marpu• 

rrpencTanrie.Hue K .. B eBJ 

Ty g = (x~ 1 )(I ·, X ;i 1 X J. } = 
.ITOCT8BHM B .COOTBeTCTBHe 

·' 



1_ rpynnbi nu G • 4 8p83 

L. 1 T.~. npocTpaHc:roo 

. . 
l'o '18p83 exp H 

OM H npn &KcnoH8HUnanb-

,)cp L ). _CKanHpllbiM npo

lbiBa8TCH 3!18'1811118 f ( x) ~np, 

•PTOI'OHanhHblMll 1 8CnH 

eHT f .;; L C'IRTaiOTCH 

J6oM x .;;. S • Ecnn 

·nononH8HH8M H D L' 

fl3 BC8X an8M81lTOB f <;; L · 1 

BYIOIUIIi'I B npOCTp81!CTD8 

(rn8 " • " o3Ha'la8T 

t .;; L ' . H83blB88TCH 

1oii an8M8HTy f ~ L ' 

Ecnu H non'lnHeHa f 

CKanHplloe npoR3B8A811He 1 

li!OM8pi!08 yHnTapl!oe np8n-

3eacTaaneHH81 IIIIAYUHpoaal!-
;4/). . ' 

J 

: . .. 

(*) clim H =dim L - ~ clim ( 0 (f)), 

( 't) nRII8 til!o8 Ml!oroo6pa3H8 . 

J. 
f+H cO(f). 

.-

Ecnn H < f 1 TO np8ACTaBn8HIISI ·ind (H_, f) II ind(H1 ~,fl ). 
3KBIIB8n8 liT II bl Torn a II TOnhKO Torna 1 Korna f 11 f I nmKaT lta OAIIOH 

·~op6nTe, ·T,e. n (fJ = n (f I ) 
13/ 

( CM, · ) • l1 ·, HaKolteu1 OCIIODII001 11a Haw 

pa6oTe 
/3/ . B3rnsrn1 YTBep1KA.OHH8 1 AOK838HHOe B . K8/KA00 I!Ollpl!BOAHM08 

yimTapH~8 np_8ACTaBn8ltue aKcnoi!8HUHanhl!oii rpynnhi · ·G . ylluTapHo &KBH,;; 

aa'iiellTIIO HCKOTOpOMy npencTaBn8HHIO ind (H, .f) 1 npu IIOAXOAHIUCM Bbi6ope. 

H. II . f .. 

l13 cKa3aunoro DbiiUe BbiT8K88T cn8AYIOIUHii anropuTM nocTpoeltHH acex. 

. c T?quoc.TbiO no·. aKenoaneHTHOCTH. yHnTapl!bi~ npenc·TaBn8UH~ rpy~!lhi G 

.••. ) . 118XOIKA811118 acex op6nT B L . O~HO~l!TO~bHO p ( e ) ... •. 

2) ·Bbl60p npenc:raan:renH f lta K8/KAOM op6u:re n . 
f(H <·f) 3) Bbi6op nonanr86pbi H ~ L . I llOA'IHH8HliOM 

· YAOBn8TBOpSIIOIUOM ycnoan ~M . (*) H (#) I nnH KaJKnoro npen-

. CT8BIITCl1SI f 

4)·noc:rpo8HII8 npenc:raane11nti i~d(H,f) 

Ill • 0 rpynn8 K u 8e anre6p8 nn 

1. ITpnaeneM MaTpll'IHYIO peann3auniO rpynnhi K 1 To ·ecTb · TO'Il!Oe 

npenc:raari8Hile K . B eaKnnnoaoM npoc:rpai!CTBe ( E 4 _J • KaJKAOMy aneMel!-
-+ . 

Ty g = (x'~ 'X I ' X 2 ' X 3 ) = (X 0 ,X) !;; K 

IIOCT8BHM B .COOTBCTCTBl!C M8TpiiUY 

···'·"· :~. . . 



I :\ l -xo 
/ e 0 0 

I 

I e -xo 
¢ (g) = I 0 0 

I 
0 0 e -xo 0 I 

I 
j \ 

\ x· X X '/ \ 
I 2 3 

I 

(5) 

.... 
Ecnn g'., (y , Y) = (y ,y 

0 0 I ' y2 'y J ) '. 

-xo o\ I 
/ e 

-yo 
e 0 0 

0 \ 
I 

0 e -xo 0 ( 0 
I 

0 0 0 

e -Yo 0 0 

¢(g)¢ ( g ') = 0 0 
-xo 

0 
I 

0 e I 0 . e -Yo 0 

I 
X X X I I yl I 2 3 

\ 
y2 y3 

I 
I 

-Cx 0 +y01 \ 
e 0 0 0 \ 

I 

0 
-(x +y I 

e o o 0 0 \ 

0 0 
-lxo +yr:J I 

I e 0 , = ¢ ( g g') =I 

-Yo -y -~ I-
\ e XI +Y I e .Ox 2 + y 2 e o x 3 +Y3 '/ 
\ I 

noKa3biBaeT, 'ITO ¢ -- roMOMOp(jmaM. A TaK KaK eJliiHI!Ueil: rpynrrbi K 
. I 

smnSieTCSl aneMeHT e.= (0, 0, 0 , 0 ) ~K, ¢ (e) = E, ¢- (E)= e , To 

rp - 1130MOpcjm3M0 nerKO I10K838Tb 1 'ITO rp. HerrpepbiBHO. 

iii 
[i" 
1. 8 

2~ Anre6pa nn L 

~aTpH'!HaSl peann~au 

cooTHOllle~HSl fJ.nSl anre6phi 

L =I· eo ,el· 

e 
I 

= €im . .!.. 
t->0 t 

"(; 

J 

0 

0 

0 
. 0 

0 
0_ 

, e
2 

· , e ... 

e-t 0 

0 

0' 

0 

0 

0 
0 
0 
0 

e3 



\ ,. 
' 

I 
I 

Yo 

o\ 
0 

' ' ~ 
0 1. 

' 

I . 
'/ 

(5) 

t TO COOTHOWeHne 

0 0 0 

e -Yo 0 0 

0 e -Yo 0 

y2 y3 
I 

¢ ( g g') 

K KaK eAnHnueft rpynnhl K 

e). ~ E, ¢- 1 (E ) "' e , TO 

¢ · HenpepbiBHo. 

1 

2. Anre6pa Jln L rpynnbi K 

MaTpll'IH8H peaJlll38UllH (5) no3BOJ1HeT nerKO HafiTll KOMMyTaUllOHHbie. 

cooTHoweHHH AJlH ani'e6pbi Jln I'pynnbi K •· 3Ty anl:'e6py o'6oaHa.J:n.M 'Iepea 

e 
0 

e 
I 

fim 1.. 
, ... 0 t 

_, 0 

0 -1 

0 

0 

0 

0 

0 

0 

0 
0 
0 
0 

0 

,e3 

0 

0 

-1 

0 

.o 

0 

0 

0 
0 
0 
0 

_, 
e 

0 

0 

0 

0 

0 

0 

0 

0. 

0 

0 
0 
0 
0 

, I'Ae 

0 0 

0 0 0 

0 

0 0 

, ' 

:) (: 
I I '\ 0 I . 

e2 . =· / ~ · ·· · ~ · \ g ·o,. 

(o 
e 

3 ~u 
0 
0 
0 
0 

0 
0 
0 ~) 

9 

0 

0 

0 

0 

0 

0 

0 

·o 

0 
0 
0 
0· 

'· 
Q 

0 

0 

0 

~ 
Q\ 

ol 

0 

0 

0 
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.. 

KoMMyTaTopbi 

. [e 
0 

, e ) = e 
· · I I 

[e 
I 

e ) = 0 
I 

(j=l,2,3), 

(6) 

(i,f"=1,2,3) 

3TH cooTHollleHHH orrpet:~enHIOT L • Boo6l1Je 1 MO)KHO C'lHTaTb 1 'ITO L 

a6CTpaKTH8H t:18HCTBH'TenbH8H anre5pa JJu C 5a3HCOM eo el e 2 

e3 1 aneMeHTbl KOTOpOI'O Yt:IOBneTBOpHIO.T COOTHO.lll8HHHM (6), 

3. OrrepaTop ad e ' t:~nn L 

DyCTb E=xoeo +X I e I +X2 e2 + x3 e3 • nocMOTpHMI KaK 

A8HCTByeT OrtepaTOp ad f (x) ~ [ e , X ) H8 aneMeHTbl 5a3HC8! 

[E,e l=x [e ,e l+x [e ,e) +X [e, e ) 
0 0 0 0 I I 0 2 2 o. 

+X [e , e l= 
3 3 0 

= -X I e l -X 2e 2 -X 3 e 3 ' 

[e,e
1

l= x 0 [e 0,e 1 
+x

1 
[e

1
,e

1 
+ x2 [e 2 '. e 

1 
l+ x 

3 
[ e3 , e 

1 
) = 

= x o [ e o , e I ) = xo e l 

'[ e,e2 l=xo[ eo ,e2l=xoe2 

[ e, e
3 

) = X O [ e O , e 3 ) = x0 e 
3 

10 

Terrepb MO)KHO rrocTp' 

. e, I e2 I e .. . 
3 ' .. 

I 

0· 0 

-x, X 

ad e = ./ 
-x2 0 

-x3 0 

· .Unn 'nocneayromero ~ 
' ' 

HafiAe¥ M8TpHUY '(ad e') 2 

o· 0 

(adE )
2 

= { -x, xo 
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, I'Jle S I :::: ITpSIMaSI, COCTOSIIUaSI H3 BCeX B9K'I;'Op0B ( ~, 0 1 0 1 0 ) '.a 

S 2 - nonynpSIMaSI anna e a (0, c 1 1 c 
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, c 
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' 0 0 
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6yJleM C'IUTaTh 1 'ITO 
.. 
C.-=( c , c , c ) ;.. nporraaonhHhiH BeKTop, 

I 2 3 

VII , floKa 

IV, Bh16op nap :. ( H , c) , ynoaneTaopmomnx ycnoanSIM 

(*)II (f) 

1. CJiy'lail c =( c , 0 ,, 0,0) r;;, L , • B 9TOM cnyqae n (c) = c 
0 ' 

ll clim n (c)= 0 ; EyneM IICKaTb nonanre6py H s; L ' ynomeTBOpSI-

IOIUYIO .YCJIOB~ SIM: 
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J. .I.. 
( ~) , c + H ~ n (c) = c ( H 
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ynoaneTBOpHeT ycnoan10 ( * )' n L < c 

s; I.e 1 , e2 , e 3 I , a I e 1 , e 
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, e, 
3 

l .I.. c 
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0) 

• B To me apeMSI H = L 

• lleilcTBnTeJihHo, [ L, L ] ~ 

11TaK, JlJIH JII0.6oro c=(c
0
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2. Cnyqail c:o(O,C) =(O,c
1
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2
,c

3
.J. 

B 9TOM cnyqae ( CM. ( 13) ) n ( e ) = s I + s 2 rae S 1 
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noJiyiTpSIMaSI, COCTOSIIUaSI. n.:: 
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pail SIBJIS!eTCSI H 1 = I e 1 , ' 
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. c + H 1 ,"' S 

1 
+ (0, C) 

To- ecTh BhiiTOJII:ISieTCSI ycnc 

nyqrrnn napy ( H 1 , c ) • 
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" ... -
,;.,(t 101010J=(tiOJ;;.K I ii~H 1 cK. • 3ne.Me.HT tjJaKTOp-rpynnbi 

. ~-

rrpn YMHO)Ke.HHH 

"" -
ne.pe.xoJlHT B t 1 ; = t 1 t H 1 

ua (cnpaBa) 

To ecTh 

rpynrra K Jl9.HCTBye.T 118 T K8K rpynna CJlBl!rOB Ha B9.lll9.CTB9.1!HOH 

IlpS!MOil, no9TOMY Mepoil: dt HHBapiiaHTIIOH OTHOCHT911hll0 K 

TO'IIIOCThiO JlO 'IIICilO.BOrO MHO)KHT911Sl, S!BI1Sl9TCSI 06bi'III8Sl Mepa ne6era liB 

• • ( /6 I) 
B9lll9CTB9HHOH IlpS!MOH CMo • 

H TaK, ycnoBIIe (16) II tjJopMyny ( 17) MO)KI!O Teneph nepenucaTh: 

"" (f7 (;J~f/iJJ= f f
1

(y 01Y)f
2

(y0 1Y)dy0 -oo 

Y CI10BII9 ( 15) MO)KIIO Bblp83HTb CI19JlYIOlllHM o6pa30M: 

... 
- rrpu n106biX y 

0 
I Y X ) • 

nonO)KUM B paB~HCTBe 

-ro ... . ,rc.xJ 
f(y

0 1 e X ),=e 

... 
rrpn ni06biX y II X 

n 

... 
(15') y = 0 

... 
f(y

0 
I 0) 

0TCIOJl8 Mbl 38Kili0'189M, 'ITO 

.... ler0 rc.r1 ... 
f(y

0 1Y)= e f(y 01 0) 

• TorJla 

( 16') 

(17') 

·c 15' > 

(19). 
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. ... 
npu moooM· (y 0 , ·y} ~ K ... ' . 

•, ... 

11rti,n\1u cnoBaMu, KalKJ:\aSI 4JyHKUUSI 

f. (y0 , Y} C;;, M c B neKoTopoM CMbicne onpenenSieTcSI cBouMu 3Ha"'eiiuSIMH 
... ... ... 

f(y
0 
,0}. Ha rrpSIMOH Y = 0 .... . 

BBHJlY yc.noBuSI (16') 4JyHKUHSI 
· ..... · 

I ( y
0

, 0} ='I' ( y 
0 

} nonlKHa obiTb HHTerplfpyeMofi. c KBanpaTOM no· Me-

pe ne6era, T.e. 'I' ( y o' } c; L (- 00 I oo, } • TaKUM o5pa30M, HaMU ycTaHl)B-· 
. . 2 

neHO COOTBeTCTBUe 

¢ c ': M c ... L 2 (- ,00 I ,00 } , 

¢.0(y 01 Y}}':''l' (y0 } ~ L 2 (-oo,oo} (20>:. 

-ter0 (c.YJ 
( ¢ ( f (y · I Y } } = e . f ( y , Y}} 

c 0 0 . 

DoKalKeM, 'ITO ¢ - B3aUMHO OJlH03Ha"'eHoe cooTBeTCTBue MelKJlY M 
c c 

u L2 ( -:'00 I 00} 

TO 4JyHKUUSI 

• 0JlH03Ha"'HOCTb ¢. 
c 

O"'eBHJlHa, Ecnu 'l'(y
0

}c; L
2 

(....,oo,i>o}, 

... y ...... 
teO(C,Y) 

I (y
0 

, Y } = e 'l'(yo }c; M. 

neHCTBUTenhH01 yCliOBUe ( 15') BblllOnHSieTCSI: 

r ... -ro... ... 
_ y -> -> /e 0 ( C, e X + Y J 

l(y o , e oX + y} = e 'I' (yo}= 

I(C ,X J 
y ...... 

/e O (C, Y) 
... ... 

I(C,X) 

=e e 'l'(yo }=e f(y 0, y}. 

BhmonHeHue (16') o"'eBUJlHO, 

~TUM ycTaHOBneH01 'ITO ¢ c OJlH03Ha"'HOe oToopalKeHue M~ Ha 

L 2 ( -""·• .oo} • Ouo. B3auMHO OJlH03Ha"'Ho, TaK KaK ¢. (l(y0 1 Y}} = 

.~ -leYo((!,YJI( ... Y} 
- e Yo 1 
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,; 

0To5palKeHne \¢ c H30M 

00 
( fl (g) ' f2 ( g})M = J f I 

C ·, -.oo 

....... 
. oo ,/o(c, Y J 'I' '(y }e-:-

=I e I o 
""""' 

,00 

=I 'I' 1 (yo } 'I' 2 (yo} rly o = ( 
-oo 

OonOlKUM B 4JopMyne (18) 

(g'g=(xo+Yo 
-~ 

1 e ,. o 

Torno rrpencTaBnenue V 
c . 

v (g }f ( g '} = I( g 'g } = 
c . 

y • ... 
, .. 0 ( c' y J 

V ( g }e 
c 

- xo 
I( Yo ... x o·• e 



., K8lKA8SI #HKUHSI 

enSieTCSI CBOHMH 3H8'leHHSIMH 

yc.noBHSI (16') <flyHKUHSI 

pHpyeMoii., C KB81lp8TOM ITO· Me

TaKHM .o6pasoM, aaMn ycTaaoB-· 

(20): ;. 

:oe. cooTBeTCTBHe MelKilY M c 

IeBnnlra. Ecnn 'l'(y
0

)t;;L
2

(--,c>o), 

M' c 

raK KaK ¢,; (l(y0 , Y)) = 

a a 

0To6palKeHne ¢ c naoMeTpH"'Ho, TaK KaK CKanSipHoe nponaBeneane B M c 

... ... 

(fl (g)' 12 ( g))M ~ f f 1(Yo • Y) 12 (yo • Y')clyo = 
c: -.oo 

.oo ro ... ... r o ... ... 
f 

le (C, Y) .( ) -te (C,Y ~---
= e 'l' y e 'l' (y )cl y = 

I 0 2 0 0 

.00 

• 
OonOlKHM B <flopMyne (18) g ~(x0 ,X), g (yo' y) 

v + x n 

Toraa rrpeACTaBneaue V (g) nei1CTByeT B rrpocTpaHCTBe ·M TaK: 
c c . 

v c (g ) f ( g ' ) = f _( g 'g ) ~ v c ( g ) I ( y 0 I y ) = 

y .. -· 
ie 0 ( C, y) 

- xo 
=l(y

0 
... x

0
,e 

'l' (y ) ~-
0 
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: : ' 

•\,· 

~ e 
->, -x .... X f ) -

ro+x o ( c •" . o Y + 'P ( y + x o -. I e · 0 

)" ...... 
I·~· O (C, Y Yo + " 

0 
( c .... x I m ( y +X )) = .. 

I e T O 0 

(21) 
. = e (e 

ro ... ... . 
I e (C, Y I 

=e 'P'(yo). 

4>yHKUllst 

'P, ( le ro+xo ...... 
. · ~0 ) = e ( c, X I 

., 
'P(yo+xo) 

= ¢ ( v ( g )I ( g I)) 
c c 

To ecrb npn ¢ c v (g) 
c 

npeacraBneaue nepexoaHT B yHHTapHO 8KBII-

Banearaoe npeacraBneane 
_, 

u ( g) ( u (g) '= ¢ v (g)¢ ' ) 
c , c c c· ·C 

aeiiCTBYIOIUee B npocrpaHCTBe L 2 ( ..:..oo I ·"".) • TaK: 

l.,ro+"o (c,x I 
·U~(g)IJI(y 0 )=e 'P(y0 -;~-ic0 ) 

unu 6onee aarn~aHo 

y +x 0 ...... 
le · (C,XI 

U (g)l(y)=e f(y+x 0 ) 
c ' 
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(22.) 

:·: 

.. l 

an~ n106oii I ( rJ G. l 2 (-"" 

2, OpeacraBnean~ inc/ ( 

HocTpOHM npeacTaBneH 

BOM cnyqae, an~ Ka)Kaoro T1 

. K = exp L · B npocipaH 

Q c (h) z 
I c O"O 

=e Z 1 

rae h- = (X 0 I X) ;;; K I. z 

H o· TaK KaK K / K 

inc/ ( L 1 c ) oaHoMepHbi 11. 

M c B STOM cny'Iae COCTm 

COOTHOlll9HHIO ( 15): 

-y ... 
I ( h g) = I ( x

0 
+ y

0 1 e 0 X . 

... 
OonO>KHM y 0 = 0 1 y =0 

I( x 0 I; Y 0 X)= e lc 0 "? 

HnH 

l(x X) lco"o 
0 1 = e 

... 
1(0 1 0J 

Y cnoBHe ( 16) an~ sroro en; 
->. I ~0 "0 

Moayn~ f(y 1 Y) = e · 
0 ' 

inc/ ( L 1 c ) 1 nnu . Vc (g) 

Vc(g)l(g')=elcoxo l(g' 

ao), Ec11n >Ke c 0=0 , r,e, 

Tp11Bll8nbHO, 
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~ JJ= . 
0 ' (21) 

nepeXOAHT B yHHT8pHO 9KBH-

•'.,. 

r ... 
' 

.·< 

.. · .. · { ~· . 

' : < i 

. '· ,:: 

I 
I 
!' 

l 
. l 

.; 

' 

.. ' .. 

.... 
nm1 mo6oii I ( y ) G- i.. 2 (- "" 1 "" ) • .H mo6oro g = ( x

0 1 X) (;; K 

2. OpencTaBneHIHI ina(L 1 c) (c ,:(c
01

0)) 

n OCTpOHM npencTaBneH!Ie ina ( L I c) J:WH c =( c 0 I 0) • KaK II B nep-

BOM cnyqae, lJ.nH Ka/KIJ.Of'O T8KOI'O C IIMeeM onuoMepuoe npencTaBnenlle 

K = exp L B npOCTp8HCTBe Z - Q c (h).,. 

Q c (h) z =e Z I 

rne h- = ( x 
0 

1 X) ~ K I z :;. Z 

- 9AIIHII'IH8H rpynna, TO H BCe npeACTaBneHIIH ' 

ina ( L I c ) OAHOMepHbl HnH TpHBII8nbHb!e Eonee TIOAp06HO, npOCTpaHCTBO 

M B aToM cnyqae cocTonT na ipyHKUII11 I (g ) t .YAOBneTBOpH!OlliiiX 

COOTHO!li9HIIIO ( 15): 

-y .... 
I ( h g ) = I ( x 

0 
+ y

0 1 e 0 X + Y 
. /c 0 x 0 

e 

OonmKIIM y = 0 
0 

, TOf'Aa IIM99M COOTHO!li9HIIe 

1(010). 

.... 
f(0 1 0)=e 

YcnoBIIe (16) AnH aToro cny'laH BblpQ)KA89TCSI II .I!HTCI'pan OT KB8Ap8T8 
.... . I •o xo 

MOAynSI f ( y 
0 

I Y) = e · lk- '1
2 n paBeH • peACTaBneune 

ina ( L 1 c ) 1 nn11 AeiicTByeT B · M TaK: 

( T,e.· OAHOMep-

, T.e. c =(010) TO npeACTaBneune ind( Lie ) 

TpHBHanhHO, 
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l1 TaK, Mhl noeTpOllnH see npeaerasneHH.II ind.( H, c')' . an.II rpynnhi · 

K , · Dpn'I~M, Mhi y6eannneb B TOM, .'ITO 6eeKoHe'IJHOMepHhiM~ epean HnX 

.IIBn.IIIOTe.II TOnbKO npeaeTasneHn.II in_d ( H 1 , c ) , rae c =(0, C) . , C f, 0 

V/ , 0KOH'IaTenbHhiH pesynbT8T 

B rnase · V .tiaMH HaiiaeHhi ae·e, e To;rHoeTbiO ao. 9KsnsaneHTHoeTH, 

HenpHBOJlHM~Ie 6e.CKoHe'IJHOMepllhie yHinapHhie npeaerasneHH.II_ rpyn,nhi K 

· peann3osaiii!hie s npoerp~HeTse L 2 ( """"" •·"") • ·• 8To npeaerasneHH.II 
~ . 

U (g)( c ;=(O,c·)) : c .. .. 

y+x 0 ~ ~ 
I e ( C, X) 

U ( g )I ( y) ,;, e , f( y + xJ 
c. 

(22) 

~ ~ ~ ·~ 

( g =. ( x 0 , X); ( C, X ) ·- o6hi'IJHoe eKan.IIpiioe nponsaeaeune C 
~ 

H X ). 

Ka>KJloe TaKoe npeaeTasneHne onp.eaenSieTe.II seKTopoM C = ( c; , c 
2

, c 
3 

) , 
\ ,; . . 

T.e. TpeM.II napaMerpaMH. H"o, KaK 6hmo yKasaHo Bhiiiie, npeJicrasneHn.II 
~ ~ 

ind ( H , c) H ind ( H, c ') npn c = (0, c ) c , = (0, c , ) 

(a TaK>Ke eOOTBeTeTBYIOIIIHO• HM U (g) 
c 

H 

Hhl TOI'Jla H TOnbKO TOI'Jla,· KOI'Jl8 c = kC.'. 

u ,(g) 
c 

li k•> 0. 

.) ) 9KBHBaneHT

•. DoaTOMy;_ ecnn 

Bhi6paTb · ns seex u (g) 
. C· 

eepHIO npeaeTasneHHii, an.11 KOTOphiX see ~eK-

TOphi C 3anonH.IIIOT eJlliHU'IJHyiO c!flepy , TO 9TO 6YJlYT1 T8K>Ke, see, e TO'IJ-
. . ~ 

HOeTb!O JlO 9KBliBaneHTHOeTU, HenpiiBOJlHMhle 6eeKOHe'IJHOMepHhie yHHTapHhie 

npeaerasneHH.II, ;.K 

EenH B8KTOp, C =(c I , c;, c3 ) ne>KRT Ha eJlHHU'IJHOH e!flepe, TO KOOpJlH-

HaTh! ~ 1 MO>KHO Bhlp83l!Tb 'Iepe3 JlB8 He38BHeliMh!X napaMeTpa 

s ( o' s. , s. 17 , . o · ~ s < 2 17 

c 
1 

=sfn t cos s 

c 2 -~.sin t si.n s 
'' 

~ ~ = .~~s 

TaK: 

!\ 

28 

H 

(23) 

~ ~ .. 

.-.:~: 

. : 

; . 

... ~ 

! . 

L 

·,·· . 

l1TaK 1 e~opMynHpyeM OKOH' ·, 

6E7eKOHe'IJHOMepHOe yHHTapH 

HeKoTOPOMY npeaerasneHHK 

aeiieTBYIOIIIeMy no !flopMYne 
~ 

c=(O;C)=(O,c 1 ,.c 2 ,c 3 ) B 

H s no. !flopMyne (: 

TpliBHanbHhi, 

B saKniO'IeHne asrop 

llleBeKOMY 38 HHIIUHHpOB8H11 

TOBY 38 UeHHhie eoseThi 1 · E 

noMOIIIbo 
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N92, 203 (1971 ). 
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Groups.· Journal of Fl. 

4. A.A. K!ipunnos, Yaurap1 

YMH, T, XV:II Bhlll. 
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• • .... ! ..... 

· .... 

WHC'lHOMepllb!MII cpeJlll HIIX 

I I'JlC ~ =(01 C) 

IOCTb!O JlO, 9Ki311aaneH'FHOCTII 1 

IpeJlCTaanenlln, rpynnbi K 

3To ·npeJlCTaBnenlln 

(22) 

.... 
II X ). 

.... 
!KTOpOM c ~ (c. I c , c ) I .. 

,. , . I 2 3 

no abillle, npe!l:icTaanenllll 
.... .... 

',C) ,_.c'=(o~·.c') 

u ,(g) 
c 

)) SKallaanenT

•. n·oST~My; eCJlll 

mull, · Jlnll KOTOP!>IX ace ~eK

TO 6YAYT1 TaKJK~1 ace, C TO'l

'CKOHe'll!OMepnbie ynuTapHbie 

t' 

J:iiiHH'IHOH clf>epe 1 TO KOOpJlH-

aa~~IIMbiX napaMeTpa II 

(23) 

~ .... 

:; . 
. i . 
• : •. f 

'·· 

J.• 

·~: 

l1TaK, c!f>opMynupyE:JM OKOll'IaTenbHbill pesy"nbTaT, KaJKJlOe nenpuaoJlHMoe 

·6~cKoHe'lHOMepnoe ynuTapnoe npeJlCTaanenue rpynnbi K sKalmanenTno 

neKOTOPOMY npeJlCTaanenuiO U (9) a npocTpancTae L 2 ( -."" 1 "". ) 

. JlellcTayiOIUeMy no lf>opMYne (22), JlnSJ. KOT.OpO:r'O napaMeTpb! aeKTOpa 
.... 

c =(0; C) = (O,c 
1

, c 
2 

,c 3) abipaJKaiOTCSJ. 'lepes Jlaa nesaaHCIIMbiX napaMeTpa 

II s no !f>opMyne (23). OcTanbl!bie npeJlCTaanenun OJlHOMepnbi 11n11 
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