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1. B B e ll e H H e 

npo6neMe ITOCTpOOHHR KOppeKTHOH TOOpHH C HOITOJ1HHOMH8JlbHhlMH nar

pamKH8H8MH B38HMOllOHCTBY!OIIlHX nonefi B ITOCJlOllHOe BpOMR ITOCBRIIIOHbl MH0-

/1/ 
I'O'IHCJlOHHbiO pa60Tbl • 0llH8KO B 60JlhlliHHCTBO H3 HHX HCCJ10llOB8JlCR 

JlHUih BTOpofi nopRllOK TOOpHH B03MylllOIIHH ITO T8K H83b!B80MOH I'J18BHOf!: KOH

CT8HTO CBR3Ho fnaBHbiM o6pa30M H3y'IaJ18Ch rrpo6JleMa ITOCTpOOHHR llBYXTO

'IO'IHOH ljlyHKUHH fpHHa B TaKHX TOOpHRX - cynepnponaraTOpaJ1 JlHlllh B HOM

HOI'HX pa6oTaX llOJlamiCh ITOITbiTKH paCCMOTpOHHR BbiCUJHX ITOpRllKOB TOOpHH 

121 
B03MYIIIOHHH o 0llH8KO llO CHX 110p He 6biJ10 llOCTHI'HYTO 110JlHOf!: HCHOCTH 

B TaKHX BOilpOCaX, K8K 1 H811pHMOp1 BblllOJlHOHIIO YCJlOBHR YHHT8pHOCTH S 

MaTpHUbl B npOH3BOJlhHOM 110pRllKO TOOpHH B03MYIIlOHHfi1 8CHMI1TOTH'IOCKOI'O 

noBelleHHR aMI1JlHTyu paccenHHR B H -M nopnnKe H KOHO'IHOCTH TeopHH. 

HaCTORIIIaR pa6oTa RBJlROTCR eme OllHOft ITOI1blTXOft BOpHyThCR KO BCOM 

nepe'IHcneHHhiM sonpocaM ua ocuose paccMoTpenHR HaH6onee o6mero ueno

nHHOMHanhHoro narpaH>KHaHa saaHMOlleficTBHR. Oco6euuo TIIIaTOJlhHO 6yllOT 

HCCJlOllOBaH TpOTHft nopRllOK TOOpHH B03MYIIIOHHH1 I'llO Bl10pBbiO Mbl BCTpe'la

OMCR C npo6neMOH onpellOJIOHHR HHTerpanoB. OT 11pOH3BOllOHHR o6o6IIIOHHbiX 

ljlyHKUHif-cynepnponaraTopos.~ Mbi r,toKa>KeM, KaK 'nony'IaTh KOHO'IHbie Bbtpa-

>KOliHR llJlR TaKHX HHTerpaJlOB H llOKa>KOM BblllOJlHOHIIO ycnoBIIR YliHTapHOCTH 
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·s -MaTpHilbl B 3TOM nopSIAKe. 3aTeM 6yAeT AOK838H0
0 

<i:To TeopH.II OCTaeTC.II 

KOHeqgofi B nro60M nopSIAKe TeopHH B03MYI1I9HHH, 6yAeT onpeAeneH nopSIAOK 

pocTa aMnnHTYA pacceSIHH.II npn 6onhmnx aHaqeHHSIX HMnynhca B ·H -M nopSIA-

Ke If nOK838H01 qTo BO BCeX nop.IIAK8X OH OAHH If TOT. JKe. 

Hama pa6oTa 6nnaKa K pa6oTe IK. Tafinopa 
121

, B KOTopofi aBTop c 

/3/ 
nOMOI1Ibro npeAnO:lK9HHOro H8MH MeTOA8 TBKJKe nccneAyeT Bbicmne nopSIA-

KH TeopHH B03MymeHIIH B TeopHH C. HenonHHOMHanhHblM ( 3KCnOHeHUHBnhHbiM) 

narpaHJKH8HOMo Ho Mbl npeAnaraeM HeCKOnhKO HHOH nOAXOA K AOKaaaTe."IbCT

By KOHeqHOCTH TeopHH, ~npeAeneHHID nopSIAKa pOCTa aMnnHTYA If 6onee Tl1I8-

TenbHO p8CCM8TpHB8eM TpeTHH nop.IIAOK TeOpHH B03MymeHHH
1 

B qacTHOCTH
1 

AOK83biB8eM yHHTapHOCTb "S -MaTpHilbi B 3TOM nopSIAKe B HMnynhCHOM npOCT-

paHCTBe. 

2. KoueqaocTb Teopun B TpeTheM nop.11nKe no G If 

acnMnTOTHqecKoe noBeneHue aMnnnTynhl·pacceSIHHSI non s -t .00 

HenonHHOMHanhHbiH narpaHJKHBH CKanSipHoro noJI.II cp (x) B o6meM BRAe 

MOJKHO aanncaTb B' tflopMe 6ecKoHeqaoro pSIAa no cTeneHSIM ¢ n ( x) 

·f (x) = 'G -~ !!.l!!l.. ·: ¢ n (x)·: • 
BB. 0 n! ( 2.1) 

(nn.ll YA06CTB8 aanHCH Mbl nHIIIeM CYMMy OT 0, HO nonaraeM u(0)=u(l)=u(2)=0). 

PaCCMOTpHM AHarpaMMy, Hao6paJKeHHyro Ha pnc. J, COOTBeTCTByromyro 

pacceSIHHro ABYX CKanSipHbiX qaCTHU. AMnnHTYAY pacceSIHHSI, COOTB9TCTByro-

p1 t1 
~~.,; 

r ,P3 'f~ .. • Poe.! 

~ ""·~·· . P+ Pt X~ ~?t 
4 

I 

myro 3TOH AHarpaMMe B X -npOCTp8HCTBe·, MO:lKHO aanHC8Tb E 

F211 (x 1 ,x2 ,x 3 J=f.u(2+n 1+n 2.)u(l+n
1 

+n
3 

)u(l+n
2
+n

3
J,. 

c nJ . c n2 c n l 
[-id (x 1 -x2 )] [~id (x

1
-x

3
)] [-id (x

2
-x

3
)] 

X 
I I I n

3
• n 

2
• n.,.. 

L1 c (x) - nponaraTop CBo6oAHofi. qacTHilbi. BbrpaJKaSI CYMMbi q, 

nhi THria Mennnua-BepHca, BBOASI AOCTaToqHo 6onhmne. napaME 

AnSI Toro, qT06bi MOJKHO 6binO B 3THX HHTerpanax. BbiiTp.IIMHTb 

Terp_HpOB8HH.II TaK, qT06bi OHH mnn napannenbHO MHHMbiM OC.IIll 

Mbi MOJKeM nepeHTH K HMnynhCHOMy npocTp8HCTBy, He BCTpeql 

. /3/ /2 C ynhTpa!flnoneTOBbiMH paCXOAHMOCT.IIMH ( CM. , a T8KJKe 

2 -zl 9 3 a, ~too ctg 77% 1 [(477) e 117 ] 
i=y (pl,p2)=(2rr) n f Jz, --u(2. 

. l a ,+too sin"Y% r(.z -J}r(z Jr(z +l) 
I I I I I 

zJ-2 2 z 
xu(l+zl +z3)u(l+ z 2 +z3 )x fJ 4q(q 2+id [(p

1
-q) +id · 

2 z -2 0 
x[(p + q) + i d l + F ( p , p ) • (0 .< a 

1 
< 1 ): 

2 ·y l 2 

Mbx paccMaTpHBaeM aAecb cnyqafi 6eaMaccoBbiX qacTnu. 

P:= P/=0,(pl+p2 )·2=(p3+p"')2=s, 84(pl)=84(p2)=84(pl+p 

X 

2 ITT -zl 2 a 1-loo cfg77 z, [(477) e ] 10 J. 
Fo(p ,p2)=(217) q a too zl·sinrry zr(z·...:J)P(zl)r(zi+V 
y l 1 . 11 I 

( ) ( 2 . z -2 [ z ~-xu l+z u2+Z )u(l+z +z )xl[(p +p ) +id 2 (p2+id 
l 2 . l 2 l 2 . . l. 

) (l ) . z -2 . . z ~-2 I u(2+z 1 +z 2 u +z2 (p2 +id 2 (pff.+.id • 
+ U ( f.t. Z l +z 2 fu (2 +Z 2 ) l 
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yneT onpeneneu nopRAOK 

( HMnynbCa B 'N -M nopRA-

roT. )!{e. 
2/ 

1 B KOTOpO~ aBTOp C 

HCCnenyeT BbiCmHe nopRA-
-

HbiM ( 9KC!lOHeHUHBnbHbiM) 

a nonxon K noKaaaTe~bcT

·a aMnnHTYA H 6onee Tma-

3MymeHH~1 B '18CTHOCTH 1 

pRAKe B HMnynbCHOM npocT-

aKe no G H 

~eRHHR llpH . S -> ·00 

nohR cp (x) B o6meM BHne 

CTe!leHRM . cp n (X) 

( 2.1) 

o nonaraeM 

pHCo· 1, COOTBeTCTBYIOlllYIO 

l8CCeRHHR 1 COOTBeTCTBYIO-

. PRe. 

liiYIO 9TO~ AHarpaMMe B X -npOCTp8HCTBe1 MO)I{HO 3811HC8Tb B BHAe 

" "3 r: "2 r: n J [-i~ (x
1
-x

2
)] [..:.;~ (x

1 
-x

3
)] . [-i~ _(x 2 -x 3 )] 

( 2.2) 

X 
n!nfnl 

3 2 f 

~" (x) - nponaraTop cBo6onuoii qacTHUbi. Bbxpa)l{aR cyMMbi qepea HHTerpa

nbi THna MeJIJIHHa-Bepuca, BBOJlR JlOCTaTO'IHO 6onbmHe napaMeTpbl yl 

AnR TOro, 'IT06bi MO)I{HO 6biJIO B 9THX HHTerpanax BblllpRMHTb KOHTypbl HH

Terp_HpOB8HHR TaK, 'IT06bi OHH mnH napannenbHO MHHMbiM OCHM O:< Rez 1.<1, 
Mbl MO)I{eM nepeHTH K HMDYJibCHOMy !1pOCTpaHCTBY1 He BCTpe'laHCb npH 9TOM 

/3/ /2/ 
C. yJibTpacfJHoneTOBbiMH paCXOJlHMOCTRMH ( CM. 1 a T8K)I{e ) 

Mbi paccMaTpHBaeM anech cny'la~ 6eaMaccoBbiX qacTHU. 

0 J 0 2 a C loa ctg 7T zl [ ( 4rr) 2 e I7T ] - z I 
F (p ,p )=(2rr) n J Jzl X 
y J 2 J ai+IOO ·sinrry z r(z ..:llr(z Jr(z + l) 

I I I I I . 

( 2.4.) 
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D.mi cny'laSI 6e3M8CCOBb!X 'l8CTHU ( 2.4) Bb!pa)KaeTCH B BII.Lle O.LlHOKpaTHOrO 

psrna no CTeneHHM "S , KOTOpbiii cxonnTcsr, ecnn Kos!jJ!jlnuneHTbi u ( n ) 

YAOBneTaopmoT ycnoBJIIO 

0 , u( n) 
um-

n-+.oo r c.l.. n:) 
2 

0. 
( 2.5) 

0 

B F,y ( p , p ) coAep)KaTcsr HH!jlpaKpacHhie 6ecKoHe'lHOCTJI norapn!jJMJI-7 2 
. 2 

qecKoro THna ·(in P 1 J • Ha nx ycTpaHeHnn Mbi He 6yAeM aaecb ocTa-

HaBnHB8ThCH0 nOCKOnhKy 8TOT Bonpoc He pelliaeTCH H81IIHM MeTO.LlOM. 

PaccMoTpHM Teneph ocTaBIIIyiOcsr tPYHKUHIO 

- 0 
F/p1 ,p2)=Fy (p 1'P2 )-Fy (pl,p2). ( 2.6) 

3Ta tPYHKUifH naeT OCHOBHoii BKnan B 8CHMtlTOTH'leCKOe noaeneHJie aMnnnTy

.Llhl pacceSIHHH npn 6onhlliHX S • J1HTerpan no J 4 q CXO.LliiTCH H paBeH 

• ZJ +z2 +zr4 sin 17%JSinTT Z2 r(zl...;J) f'(z ;rl) f'(z 1 +z3 -2) f' (z 2 +z 3 -2) 
-IS ---:-- . . --• (2.7) 

sm" (z 1+z 2 +z 3 )f' (z 1+z 
2

+z 
3 

:...2)f'(z
1 

+z 
2 

+z 
3
-3) 

IloncTaansrsr ( 2. 7) a ( 2.3), nony'laeM 

F ( p , p ) = -i ~ H f Jz 
1 

J z
2 

Jz 
3 

x 
1 2 2 L 

·s z-4 -11Tz 

[ "---2 ] e ctg "z 1 ctg "z2 ctg 77 z
3 

( 2.8) (417) . 
X X 

sinTTz siri17Zf'(z )f'(z +l)f'(z 2 )f'(z 2 ~l)r(z 3 -l)r(z 3 )f'(z 3 +1) . 3 1 1 

f'(z +z3. -2)f'(z2+z3-2) (2+z +z )u(l+z +z3)u(l+z2 +z3)._ 1 ---u 
1 2 

1 
x r (z -2 J r ( z -3 J 

(z =Z 1 +z 
2 

+z 
3 

) 

6 

I 

3nech KOHTypb! HHTerpHpOB8HHSI IIO Z I .[le!jlopMHpOB8Hbi T8K
1 

i 

Ha.[l .H no A peanhHOii IIOnO)KHTenbHOii 0Chl0
0 

06XOASI TO'lKy + 1 Cl 

MeTpbi y
1 ycTpeMneHbi K eAHHnue. 11HTerpanhi no J z 

1 
ner1 

C nOMOIUbiO Bbi'leTOB B UenO'lHCneHHbiX TO'IK8X Ha peanhHOll OCI 

BhmonHeHo ycnoane ( 2.5), To nony'leHHhJe nocne HHTerpnpoaan 

.LlHTCHo 

D.nsr HnniOCTpaUHH Bbi'lHCnHM 8CHMIITOTHKy MHHMOii 'l8CTH 

6onhlliHX 3Ha'leHHHX S AnSI ABYX THIIOB K08¢QlHUHeHTOB u( n) 

a) u(n)=g". 

11a ( 2.8) nnsr MHnMoii 'lacTn F(s) nonyqaeM 

. 2 
- a" g 4 ·":" a · "3 

lmF(s)=[-] ~ }; I -(-1) x 
s "1=1 "2=1 "3=2 an3 

n 

( K s} f'( n 1+n3 -2)r (n
2 

+n 
3 

-2) x---- - - - + 
Hn1)r(n1 +l}r(n2 )r(n 2+1)r(n_ 3-l)f'(n3Jr(n

3 
+l)f'(n_-2)r(n .... 3) · 

+a (s), (n =n 
1 

+n
2 

+n
3

), 

rAe K= ( _g _) 2 , a a (s ) - 'laCTh lm F (s) 
417 , KOrAa n3 

8CHMnTOTHKy ·oHa BHOCHT HeCyiUeCTBeHHblll BKna.[l, H eiO MO)KHO I 

Ilpn6nn)KeHHoe cyMMnpoBaHne ( 2.9) npn 6onhlliHX anaqennsrx n 
1 

K cnenyiOIUeMy Bbipa)KeHniO: 

- · 3y!3 I 1/3 . . . 1/3 
lmF(:s) .. ¢(s)cos[ (Ks) ]exp{.ll(K·s) 1. 

. 2 2 

3neCh ¢ (s ) - Cna6o MeHHIOIII8HCH no cpaBHeHHIO C 8KCIIOHeHTOI 

38BHCHIU8H OT S CTeneHHbiM H norapn!JJMH'leCKHM o6pa30Mo 

6) u(n)=r(>..n)gn (>.. .<'3/2). 

7 



rcHB Bnne onuoKpaTHoro 

r Kos<!><!muneHTbi u ( n) 

( 2.5) 

5eCKOHe'IHOCTH norapH<j>MH-

hi ue 6yneM _ 3nech ocTa

:g H8lliHM -MeTonoM. 

( 2.6) 

ecKoe liOBeneHHe 8MlinHTy

f4q cxonnTcsi n paBeH 

( 2. 7) 

( 2.8) 
X 

=Z I +Z 2 +Z ~) 

3necb KOHTypb! HHTerpHpOB8HHSI liD Z I ne<j>opMHpoBaHbl TaK 1 'ITO OHH HnyT 

nan .n lion peanbuoil: liono:H<:HTenbHOil: OCbiO, o6xonH TO'IKY + 1 cneBa, H liapa-

MeTpbi y1 
ycTpeMneHbi K ennunue. 11HTerpanbi liD J z 

1 
nerKo Bbi'IHCnHTb 

C llOMOlllb!O Bbi'IeTOB B UenO'IHCneHHblX TO'IK8X Ha peanbHOil: OCH 1 H eCnH 

Bbmonueuo ycnoBue ( 2.5), To nony'leHHbie liocne MHTerpMpoBaHMSI pSinhl cxo-

nHTCSio 

nnSI MnnJOCTpaUHH Bb!'IHCnHM acHMllTOTHKY MHHMOil: 'laCTH F (s) llpH 

6onblliHX 3Ha'leHHSIX ·s nnH nByX THllOB K09<!><!>HUHeHTOB u( n) 

a) u(n)=g". 

113 ( 2.8) nnH MHHMou qacTH F(s) nony'laeM 

2 

lm F-(s) = [~]4 
X 

s 

( 2.9) 

X 

+ a(s ), (n =n
1 

+n
2 

+n
3

), 

rne K= ( _g_) 2 , a a (s ) - 'laCTb lm F (s) 
4TT 

, Korna • B 

aCHMllTOTHKy OH8 BHOCHT HecymeCTBeHHb!il: BKnan, H e10 MO:H<:HO npeue6pe'lb. 

npn6nH:H<:eHHOe CyMMHpOB8HHe ( 2.9) lipH 6onblliHX 3Ha'leUHSIX n 1 l1PHBOnHT 

K cnenyromeMy Bbrpa:H<:eHHJO: 

- . 3 ..p . l/3 . . l/3 
lmF(s) ... .p(s)cos[· · (Ks) ]exp{Jl(Ks) 1. 

. 2 2 ( 2.10) 

3neCb cp ( s ) - cna6o MeHSI!Oll!aSICSI liD CpaBHeUH!O C 9KCllOHeHTOft <j>yUKUHSI 1 

3aBHCSill!aSI OT S CTe.lleHHbiM H norapH<j>MH'IeCKHM o6pa30M. 

6) u(n)=r(>.n)g" (>. .<':3/2). 
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i( "l -:·1 i 
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I ,, 
" i 
'I 
'I 

i 
I :, 

11 

!I 
j! 

il 

!I 

I 
" i: 
I p 
i: 

I' 
II 
•I 
q 
II 

II 
II 
l' 
tl 
'I 

~: 

I' ,I 

1r 

v-4 - _00 

Im i (s J .. ( 71 en CK-s J ~ r(n-Or(nJr(n+ 11 
(..:1} n £ r(m-2) l (>._(m +2)} X 

r(m-n)f'(m-n+1) n 

xi (KsJ'' ·f'(k+n-m-2)f'(A(k+n-m+l}}r(A(k-n +1)) 
m r (k-2Jr (k-3)r (k-m)r (k-m+l J 

CyMMn:pyH pSIJlhi, rrony'IaeM 

l l 

- -3y 3 """J:2X'" ll J:2"X'" 
lmF(s) "'¢>..(s)cos[ 

2 
(Ks) ]exp{(y-3>..)(Ks) 1. 

( 2.11) 

( 2.12) 

J1HTepecHO OTM9TRTb 0 'ITO CTeiieHR pOCTa aMIInRTyJl, Bbi'IRCneHHbiX B TpeTb-

eM nopSIJlKe no G , COBIIa}laroT co cTeneHHMR pocTa cyrreprrponaraTopoB, 

R3 KOTOpbiX CTpORTC5I RCKOMa5I aMIInRTyJla. 

3. KoHe'IHOCTb Teopn:n: B BbiCIIIRX nopHJlKax no 'G 

noKa)K9M Tenepb, 'ITO TeOpRSI, nocTpOeHHa5I Ha OCHOBe narpaH1!<RaHa 

( 2.1) C RCIIOnh30BaHReM Haiiiero MeTOJla, OCTaeTCSI KOHe'IHOll B nro50M no..;. 

PSIJlKe IIO G 
11 2/ 

B pa5oTax ' Mhi nony'In:nn: cneJlyromee ycnoBn:e oTcyTCTBRH ynbTpa-

!fln:oneTOBhiX pacxoJlRMOCTeii B N nopSIJlKe TeopHn: BoaMyiiieHn:ii no G 

4 
Rez 1 < N' ( 3.1) 

rile N .- nopSIJlOK Teopn:n: BoaMymenn:ii, a z 
1 

- cTerreHb KBaJlpaTa RMnynbca, 

cToHmero noll aHaKoM z -rrpeJlcTaBneHn:H B cynepnponaraTope ( cM., Hanpn:

Mep, ( 2.3) ) • nocKonbKY 0 .< Re z < 1 , TO . ycnoBHe ( 3.1) . Bcer}la .. MO)KHO Bbl-

nonHRTh. 

8 

l 
I 

Mbi XOTRM IipRBeCTR 3}leCb , HeCKOnbKO JIHOii BblBOJl ycnc 
11 21' . . . 

'IeM B ' • A RMeHHO, Mbl BbiBe}leM STO ycnOBRe Ha OCHOBe 

paccMoTpeHHH JliiarpaMMbi N -rropHJlKa no G • 3Toii JlliarpaM 

IIOCTaBHTb B COOTB9TCTBRe cne}lyromyro tPYHKUII10
0 

OIIRCbiBaromyi 

pacceHHRH 'IacTn:u: 

11 
-1-z f 

e 2 - - cos 11 z 0 L af-loo r.-
(NJ (4J(_g )'fi [i f rlzn . r(z Jr(z +lJ 

F =0 fP, l Uo+loo r. ·sm11-yfzf_ - f f y . l. 

-2 D(f3 ) L xu(m 1 + :.Sz ) ... u(m + :.S z )C (f3)expi {•P + if:.S f3 
(l k } k N ( N lc} I: C ( f3) l k 

3JleCb 0_< a f < l ' n -

HHX nHHHii, BbiXOJl5IIIIHX 

KOnR'IeCTBO BHeiiiHRX RMnynhCOB, m I 

n:a i -ii BepiiiRHbi, L =N(H-11 - 'IRcno BJ 
2. 

nn:nn:ii, :.S 
(lie} 

- CYMMRpOBaHn:e IIO BCeM nRHH5IM
0 

CB5I3aHHb!M C i 

Roil n: C(f3) n: D( f3,p) - JleTepMn:HaHThi HeKoTopbiX MaTpn:u, Kl 

. - M! 
Bllll KOTOpbiX He JIHTepecyeT Hac 3Jl9Cb ( CM., HaiipRMep, . ) • 

PaccMoTpRM o6nacTb rrepeMeHHbiX f3 f , rile 

Os.f3, ~ {32 ~ •.• $_ f3 L' 

R nepeii}leM B STOll o5naCTR K HOBb!M IIepeMeHHhiM t , ••• ,t 
/4/ l L 

pa5oTe E. Cnn:pa : 

f3 -tt ... to, . f - L L-1 r. 

0 .$. t L $. _oo , 

O<tf< I, f= 1,2, ... ,L-1. 

9. 



r(m-2) r (A(m +2)) 
X 

r(m-n)r(m-n+ l) 

n +lJ) 
.1) 

l 
):IT 

-3>.. )( K s) I. 

( 2.11) 

( 2o12) 

HTYilo . Bbl'IllCneHHbiX B TpeTb-

pocTa cynepnponaraTopoB, 

)PslllKBX • no "G 

HI liB OCHOBO narpa!I)Kll81I8 

3TCSI Konequoil B nro6oM no-

opnn soaMymeHnil no G 

( 3.1) 

cTeneHb KBanpaTa nMnynbca, 

·nepnponaraTope (eM., nanpn

osrre ( 3.1) . scerna. MO)KIIO Bhi-

M bl XOTIIM npliBOCTII 3Jl0Cb HOCKOnbKO JIHOll BbiBOJl ycnOBHSI ( 3o1) 
1 

/1 2/ 
qeM B 

1 
o A HMOHH0 0 Mbl BbiBOJlOM 3TO ycnOBHO Ha OCHOBe KOHKpOTHOro 

paccMoTpeHng nnarpaMMhi ·N -nopSJ:nKa no G o 3Toil nnarpaMMe MO)KHO 

noCTBBHTb B COOTBOTCTBHe cnenyromyro !flyHKUHID1 OnHCbiBBIDIIlYIO aMnnnTyJly 

paccegnng qacTnu: 

-2 D({3 ) L (3o2) 
xu(m

1
+ :£z ) ... u(m + :£ zJC ({3)expi I 

(! k} k N (N k} 
,p + it:£ {3 I 

k • 
C( {3) l 

3necb O.<a f .< J 0 n - KOnHqecTBO BIIOIIIIIHX HMnynbCOB 0 m I - qncno BHOIII-

HHX nHHHil, BbiXOJlSIIIlHX H3 i -il BOplllHHb! 0 L =N(~-l) - qncno BIIyTpeJIHHX 

nHHHil1 :£ - CyMMHpOBBHHO no BCOM nHHHSIM 0 CBSI38HHbiM C i -oil BepiiiH-
(Ik} 

· non n C(f3) n D ( f3,p) - neTepMHHaHThi HeKoTopbiX MaTpnu, KOHKpeTHhiil 
' ' /4/ 

BHJl KOTOpbiX He HHTepecyeT HaC 3Jl9Cb ( CMo 1 HanpnMep, ) • 

PaccMoTpHM o6nacTb nepeMeHHhiX {3 f , rne 

H nepeilneM B STOll o6naCTH K HOBb!M nepeMOHHbiM 

141 
pa6oTe E. Cnnpa : 

{3 f = t Lt L- l •.. t f 

0 .!>, t L !>, .oo , 

O.<t r·< 1, f= 1,2, ... , L-1. 

9 

t , ... ,t 
l L 

( 3.3) 

, cnenyH 

( 3o4) 



,:,r 
l[ 
:I 
I 

II 
!! 

I 

i 

Torna B liOBbiX llepeMeHl!biX nm1 C({J) H D({J,p) MO)I(l!O 3811He8Tb 

·L 
' cf ) C ( {3 ) = ~ t f E( t I , ... , t L _ I , 

L 

o ( f3 ,p. J = , n , c fQ (, , •.. , , , P J, 
L 'I f I L- I 

·( 3.5) 

rne E H Q - IIOniiHOMbl 110 t I HE He neqeaaeT Hnrne B paeeMaTpn-

BaeMoii: o6naeTH llepeMeHHbiX t 
1 

; c C '!Reno lleTenb B nHarpaMMe e f 
/4/ 

BliyTpeHliHMH nHHHSIMH • J1MeSI B BHJly, 'ITO SIK06HaH npH TSKOH 38MeHe 

'TIL ~~ ( llepeMel!HhiX paBeli t 0 , B HOBbiX nepeMeHlihiX llonyqaeM nepenHmeM 
I L . 

nnwb HliTerpanbi no J f3 na (3.2)): 
f 

oo 2(L-c J- t I J J t t L J zf · L-1 I 
o L L · TI f 

I 0 

2( f- c J- :f z - t -
Jt , e 1 " E - 2 ( t· t 1 x f f I 1 

•• 
1 L-

( t , p) ( 3.6) 
x exp it { 

L 

Q t , ••• 1 L-1 + 
I ) 

E(t I ··~:·'L-1 I 

i£(1+t + ••• )I 
L-1 

H'a nonyqel!l!OI'O Bbipa)l(el!HSI BlU:lliO, 'ITO JlnSI eXOJlHMOeTU Hl!Terpana no t 
L 

Heo6xonHMO BhmonHeHue yenomm 

L. 
2 ( L - c ) - I Re z • •> 0. 

L ' L 

lJnena L c H - 'N eBSI38libl paBel!eTBOM 
L 

N-L + c = l, 
L 

na KOToporo enenyeT, 'ITO L- c L = N- J 

( 3. 7) 

( 3.8) 

• IToncTaBnSISI aTo B (3.7) n 

nonaraSI Bee Re z f paBHhiMH npyr npyry, HeMenneHHo npnxonnM K yeno

BHIO (3.1) • 

10 

I 
I 

I 

i 

IToKa)l(eM Tellepb, 'ITO yenoBHe ( 3.1) o6eelle'lHBaeT c: 

OeTanbHbiX HHTerpanoB 110 t f • .llnSI HHX yenoBIIe eXOJllfMO 

f 
2 ( f- c ) - I Re z •> 0, 

- e ' " 
nnii, llpHpaBHHBaSI aee 

Rez <2 e 
e- cf 
--. 

f 

3aMBTHM Tenepb, 'ITO 

f -c =N -1 f f , 

Rez 

" 
npyr K npyry, 

He (Ne -1) 
f<---

2 

Nf -'!Reno Bepwnn B 11onrpa~e e e BHyTpel!liHMH nHliH~ 

HepaBeHeTBO eCTb cneJlCTBHe TOI'O ~8KTa, 'ITO B nonrpa~e ( 

MH nHHHSIMI! MoryT 6biTb He Bee BepmHlibi nonapl!o eoennHel 

(3.11), HBTPYllliO BHJlBTb1 'ITO 

f-c 
2 --L-> 

f 
.A_,> .L. 
N - N 

f 

Ho -~ '> Re z f , KaK rnaeHT ycnoane ( 3.1). 3Ha'lnT, ycnoE 

Hello, eenu BhiiiOnHel!o ycnoBne ( 3.1). TeM eaMbiM noKaaal!c 

o6eeneqnaaeT exonHMOCTb Bcex HliTerpanoB B (3.6). 

OueHnM Tenepb aenMnToTH'leeKoe IIOBeneHne aMnnnTylli 

llBYX eKanSipHbiX 'l8CTHU B 'N -OM nopSIJ:lKe TBOpHH B03MYW9!Jl 

Mbi Haii:neM nopSIJlOK pocTa aMnnnTyJlhi 110 nepeMeHHoii s = ( 

npn :s -+_oo JlnSI enyqag 9KenOH9liUHanbHOI'O B38HMOJl9HCTBHSI 

BbtllenSISI qneHbi, aaBHcSimne oT s B ~YliKUHH Q( t , •• 
- - I 

npoBOllSI HHTerpnpoBaHne no nepeMel!Hoii: t ,- Bbipa*eHne I 
L -

BeCTH K BHJlY 

I I 



MO)KHO 381UIC8Tb 

(3.5) 

te3aeT !!..!!.!:illl. B paccMaTpn-

leTenh a nnarpaMMe c e 
Ko6nan npn TaKofi 3aMene 

! HHbiX nonyqaeM ( ne pennweM 

z _,. 

" E - 2 ( t· I .. It ) X 
I L-1 

( 3.6) 

r ... ) I 

•llHMOCTH HHTerpana no t L 

( 3, 7) 

(3.8) 

IToncTaBnHH aTo a (3,7) n 

IenneHHO ItpHXOllHM K ycno-

IToKa)KeM Tenepb, 'ITO ycnoane (3.1) o6ecne'IHBaeT cxonnMoCTh n acex 

OCTanhHbiX HHTerpanoB no t , DnH HHX ycnOBHe CXOllUMOCTU HMeeT BUll e 
e 

2 ( e- c ) - I Re z ·> 0 I 
. e " 

unu, npnpaanuaaH ace 

Rez <2 e 
e- ce 
---· e 

3aMeTUM Tenepb1 'ITO 

e - c =N -1 e e I 

Rez 

" 
npyr K npyry, 

( 3.9) 

( 3,10) 

( 3.11) 

Ne - 'IUCno aepwun B nonrpa$e c e anyTpeHHUMU nunuHMU, ITocnennee 

nepaaencTao ecTb cnencTane Toro $aKTa, 'ITO a nonrpa$e c e BHyTpennu

MU nuHHHMII MoryT 6btTb He ace aepwHHbi nonapno coenHHeHbt, 11cnonh3YH 

(3,11), HeTpyllHO BHlleTb1 'ITO 

e- c 2 __ .£..._,> ....4_,> _!_. ( 3.12) 
e N - N e 

Ho .!__,> Re z
0 

, KaK rnacuT ycnoaue (3.1), 3na'IHT1 ycnoaue (3,9) Bbtnon-
N L 

neno, ecnu Bbtnonneno ycnoane (3.1), TeM caMbiM noKa3aHo, 'ITO (3,1) 

o6ecne'IHBaeT cxonnMOCTb acex UHTerpanoa a (3,6). 

OueHHM Tenepb acuMnToTU'IecKoe noaenenne aMnnuTynht pacceHHUH 

llBYX CKanHpHblX '18CTUU B 'N -OM nopH:UKe Teopuu B03MYUJe!IUfi no· 'G 

Mbt nafineM nopHnoK pocTa aMnnHTYllht no nepeMeHHofi s = ( p + p )2 
. I 2 

npH ·s -+.oo nnH cny'laH 3KC110HeHUH8nbHOI'O B38UMonefiCTBUH '18CTUU. 

BbmenHH qneHbi, 3aBHCHUJHe oT s a $yHKUHH Q( t 1 ••• 1 t 1 p) u 
. I L-1 

npoBOllH UHTerpHpoBaHne no nepeMeHHOfi t 1 Bbtpa)KeHHe ( 3,2) MO)KHO npu-
L 

BeCTH K BUllY 

1 1 



H 
(H) 11(-1) 

F =--~ 
·-m ze 

COS 11 Zf [K S e ] 
L af- loo 

Y 2 (H;..f) 
·s 

-~ [ i f rlzf 
sin "Y f z {(z f Jr(zf + l} af+ _loo 

f(z , ••• ,zL} 
x----~----~----~--. 

L L 
sin 11 :£ z 0 r( :£ Zo -2H;.3} 

. 1 {. 1 {. 

rne 

1 2( f f L-1 
I( z I ••• I z J = 'II 

J L 1 

J rlt f -c f )-·:£ z 

. 0 f f 1 " 

-1 2 
E- (t 1'''1 t /X 

1 L-

L 
A(t , ... 1 t 1} B(t1 I"'I'L-l'p} , ] :£ zo -2(H-1) 

X [ 1 L- + + I ( J _, f. o 

E(t 1 , •• ,tLJ1 s. 

]x 

( 3.13) 

(3o14) 

4>yHKUHSJ A (t , ... 1 t } He aaBHCHT oT HMrrynhcoe, a ljJyHKUHSJ B(t 
1 
... 

1
t 

1
p} 

J L-7 1 · L-1 . 
He 3aBHCHT OT s • B cepellHHe HHTepBana HHTerpHpoBaHHSJ IIO t KB8ll-. f 
paTH8SJ CK06Ka B (3o14) MO*eT o6pamaTbCSJ B Hynb1 ~TO He OIIaCHO BBHllY 

HanHqHSJ cnaraeMoro i£ 

HH*e Mbl noxa*eM, ~To ljJyHKUHSJ f ( z , ... , z 
J L 

ynoeneTBOpSieT 

ycnoBHIO 

fim f(z 1 , ... ,z J 
z,-.oo r(z }-

0, ( 3.15) 

Toe• SJBnSJeTCSJ MenneHHO pacTymefi ljJyHKUHefi IIO cpaBHeHHJO C raMMa-ljJyHK

UHSJMH1 CTOSJmHMH B 3HaMeHaTene ljJopMynhi ( 3.13) o 4>yHKUHSJ f( Z J , .. lz L) CO-

nep*HT IIOniOCIIble OC06eHHOCTH IIO HeKOTOpb!M KOM6HH8UHSJM. H3 Z I H MO-

*eT enHSJTh Ha aHaKH cnaraeMbiX e· pSinax, rrony~aromHXCSJ rrocne HHTerpHpo

BaHHSJ IIO z • Ho B CHny ycnOBHSJ (3o15) OH8 He BnHSJeT Ha IIOpSillOK poe-
/ 

Ta F (H) (s} , H IIOSTOMy ero MO*HO rrpeHe6pe~b B nanbHefiWHX pacqeT8Xo 

(HanoMHHM, qTo Hac HHTepecyeT nHWb orrpeneneHHe rropSJnKa pocTa F(HJ(s})o 

0CT8BWHeCSJ HI!Terpanbl ·nerKO Bbl~HCnSJIOTCSJ 1 lf1 HaiipHMep, nnSJ MHHMOH ~ac-

TH. aMrrnHTYllbi Mbl rrony~aeM 

12 

.) 

f , I 
~ 

I 

{ 
. 'd l, 

(HJ L .oo 
lm F (s} "' II [ :£ · 

(K·s)nf cp H (s J 
J nr_=J r (n f Jr (n f +I } L 

·r( 7· n f. -2H +J} 

' 1/3 
"' a (s } exp I b ( K s } I · 

H H . 

3necb 0 (s) 3aBHCHT OT s CTeiieHHblM lf norapHljJMH~eCKH~ 
H 

b H - KOHCT8HTao 

lloxa*eM Terre ph crrpaeennHBOCTb ycnoBHSJ ( 3o15) o llnSJ : 
' 

ljJyHKUHH f ( Z J , ... ,z L } paCCMOTpHM ljJyHKUHIO f (z J , ... ,z L ,z '
7 1

, 

paBHYIO rrepBOHa~anb!IOH IIpH z ; = z 
1 

- L-1 1 2(f-ce1-t·z' 
f(z 1 ,,.,z L 1 z; 1 .. 1z~-l }='II [J rlt et f 1 " 1 

1 0 

L 
-1 :£, 

E-1.A.+.!!_+id 1 

E s 

Hac HHTepecyeT rroeeneHHe ljJyHKUHH f (z , ... ,z } rrpH 6o 
· I L 

*HTenbllbiX 3Ha~::mHSJX Z I • lJTOfibi HafiTH STO IIOBe)leHHe, Mbl 

CHa~ana oueHKY HHTerpana ( 3.17) B o6nacTH, rae z 
1 

HMeroT 

no*HTenbHbie aHaqeHHSJ, a z' ne*aT B o6naCTH CXOllHMOCTH 

" (3.17), Toe~ 0 < Rez ;<l o llocne oueHKH HHTerpana B yxaaaa 

Mbi rrponenaeM aHanHTH~ecxoe rrponon*eHHe rrony~eHHoro Bbipa 

rrapaMeTpaM z '" K aHa~eHHSJM1 coerranaromHM c z " , Toe. 

ljJyHKUHH f (z 1 '"'I Z L } II pH 6onbWHX . IIOnO*HTenbHbiX 3Ha~eHHSJ 

z, 
llocxonhKY E(t ... t I HHrne He o6pamaeTcSJ e Hynh, ~ 

1' ' L- f 

eT TaKoe nocTaTo~Ho 6onbmoe nono*HTenbHoe ~Hcno C , ~T! 

-2 

E . (, 1 , ... , t L-1 } .< C 

13 



' [Ks ~-.11T 1 z e 
1x 

r(z J-r(z +I) e e e · 
( 3.13) 

/. ( 3.14) 

, a ljlyHKUHR B(t 1 ••• 1 t 1 p) 
. I . t.-1 . 

pnpoaaanH no 'e Kaan-

~b, qTo He onaCHO BBHllY 

z 
L. 

ynoaneTaopHeT 

( 3.15) 

~paBHeHHIO C raMMa-ljlyHK:_: . 
' 

) • 4JyHKUHR I( Z I 1""1% L. ~ CO-

IM~IIH8UHSIM. H3 Z I H MO

qaJOlliHXCR nocne HHTerpnpo-

1e annHeT aa nopHnoK poc-

b B nanbHeliWHX pacqeTaX. 

ane n~pHnKa pocTa F (HJ (s} ). 

aanpnMep, nnH MHHMOli qac-

. (H) L. 00 
( K ·s ) n f 

lmF (s),. TI [ ·~ 
I n f=l r (n f J·r (n f +I ) 

1 
cp N (s) .. 

"' a (s ) exp I b ( K s ) 
1 
/l I · 

N N . . 

(3.16) 

3necb a ( s) saancnT oT s cTeneHHhiM n norapnljlMnqecKHM · o6pasoM, a 
H 

b H - KOHCTaHTa. 

lloKa*eM Tenepb cnp~aennHBOCTb ycnOBHR (3.15). llnH aToro BMeCTO 

f( ) 
,1, f( , , 

ljlyHKUHfi Z I 1 ••• 1 % L. paCCMOTpHM 'i'YHKUHIO Z I 1"""1% L. 1% I l"""lz L.-l 

paBHYIO nepBOHaqanbHOfi npH Z ' = Z I I 

- t.-ll 2(£-cel-!·z' 
l(z 1 ••• 1 z t. 1 z; 1 •• 1 z{_ 1 )=TI [f dt et £ 

1 
" 

I I 0 

Hac HHTepecyeT noBeneane ljlyHKUHH f (z 1 ••• 1 z ) npn 6onLnmx nono-~ 
. I L. 

*nTenbHhiX saaq·3HHRX z • '4To6hi aafiTH aTo noaenenne, Mhi nponsBeneM 
. I 

caaqana oueHKY HHTerpana ( 3.17) B o6nacTn, rne z 1 nMeJOT 6onbwne no-

z' ne*aT B o6nacTn cxonnMoCTH naTerpana 

" ( 3. ·17), T.e~ 0 .< Re z '.<I • nocne oueHKH naTerpana a yKasaHHofi o6nacTn 

" Mhi nponenaeM aaannTnqecKoe nponon*eane nonyqeaaoro BhiPa*eHHR no 

napaMeTpaM z '" K saaqeHHHM, coBnanaJOIIIHM c z k , T.e. aepHeMcH K 

ljlyHKUHH f (z
1 

1•••1 Z L. OpH 6onbWHX nonO*HTenbHhiX 3HaqeHHRX apryMeHTOB 

zl 

nocKOnhKY E( t II ···It L.-; HHrne He o6pamaeTCH B Hynb, TO cymecTBy

eT TaKoe nocTaToqao 6onhwoe nono*nTenbHOe qncno C , qTo 

-2 

~ , if I 1 ••• 1 f (.-I } .< c ( 3.18) 
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!l:t 
II 

11

11 

II' 

II 

i' 

rrpn mo6hJX 3Ha'IeHnSix t 
. ~ I 

n3 o6nacTn llHTerpnpoBaHnH. B cnny Toro Me 

CBOllCTBa E(t1 , •• ,t L-l) /lnSI KBa/lpaTHOll CK06Kn ll3 (3.17) crrpaBe/lnnso 

IIepaBeHCTBO 

[..!+..!__+ id<D, 
E s (3.19) 

rile D .- TaKJKe llOCTaTo'IHO 6onhllJaSI rronoJKnTenhHaSI Benn'InHa. TiocKonhKy 

B nHTepecyromeii Hac o6nacTn 

L 

I z k - 2 (N - l) •» 1 , 
I 

To /lnSI RHTerpana (3.17) crrpaBe/lnnsa cneJlyromaH oueHKa 
L 
I :z 

f (z)<CD I I 
-2(N-IJL-1 

. n :1 

c.o f -2(N-I}L-1(
2 1 z, 'ILJ 

I 

I
I 2( f - c 

clt t f 
0 f f 

f 
J-Iz' -1 

I k I = 

f 
( f - c n ) - I z ~ r I :I . 

L I k 

( 3.20) 

cBepxy: 

( 3.21) 

113 rrony'IeHHoro HepaBeHCTBa cneJlyeT, 'ITO n JlnH !flyHKunn f( z
1
· , ••• , z L 

MO:lKHO HaiinCaTb 

L 
I :z 

f( z I , ... , z L ) .< ¢ ( z I , ... , z L ) D I 

Pile cp ( Z1 , ••• , Z L ) - CTeiieHHaSI lPYHKUllH OT Z I 

CIIpaBe/lnllBOCTb paBeHCTBa (3.15). 

( 3.22) 

• 113 (3.22) cneJlyeT 

11TaK, Mhi BllllHM, 'ITO cTeiieHh pocTa aMrrnnTy/l pacceSIHllSI He MeHSieT-

CSI IIpll IIepeXO/le OT IIOpH/lKa K IIOpH/lKy. MeHHIDTCH nllllJb Benll'IIIHb! b N 

n rrpe/laKcrroHeHunanbHhie !flyHKunn a N(s ) • B !flyHKUllSIX a/s) 3anoJKe-

Ha BCSI llH!flopMaUHH 0 Ka:lK}lOll KOHKpeTHOll /lllarpaMMe, B TO BpeMSI KaK 9KCIIO-

HeHIJnanhHhiii poeT aonJKeH CKOMIIeHcnpoBaThCH rrpn rronHoM cyMMnpoBnHnn 

pH/la Teopnn B03MyllJeH!Ill B cnny ycnoBUSI YHllTapHOCTll 'S -MaTpllUhi. 

14 

4. flpoBepKa yHllTapHOCTll ·s -MaTpllqhi { TpeTllll 

11MeSI B Blllly, 'ITO ·s -MaTpnua 3aiillCbJBaeTCH B Bll/le 

.00 

S =1 + I 
I 

GN 
HI I clx 1 ••• clxNSN(x 1, ... ,xN ), 

ycnoBne YHllTapHOCTll S -MaTpllUbl 'S'S += 1 B TpeTheM IIOpSIJ 

Ho 3arrncaTh B !flopMe 

s3 + s; = -3 [ s 1 s2 
+ + s 

2 
s;]. 

PaccMoTpnM OIIHTh JlllarpaMMy, H3o6paJKeHHyiD Ha pnc. 1. N 

MeHT, COOTBeTCTBYIDIIJllll 9TOll /lllarpaMMe, llMeeT Bll/l 

. . • 3 . 4 4 4 .oo u(n 
1

) u ( n 
< 34.1 S 112 •> = 1 .<a a .1 I cl :x 

1 
cl x 

2 
cl x 

3 
I---:...-. 

3 P3 P 4 0 n ! n ! 1 
I 2 

n I n2 n3 
xT(¢ (x )¢ (x )¢ (x JJia+ 

I 2 3 pi 

+ 3;
3 ~ u(2+n

1
+n

2
)Ui 

a'>--+-"""' 
P 2 2(2rr )6 0 

l(p3+p4}x3-lplxl -lp2x2 

e . [-iAc 
lp 0 p 0 p 0 pO I 

I 2 . 3 4 

4 4 4 
xicl x

1
c/ x

2
c/ x

3 

x[-iAc(x 1 -x
3

)]n2 [-iAc(x
2

-x
3

))nl 

n. 
I 

( x· -x )] 
I 2 

3To iflopManhHO .3arrncaHHoe BbipaJKeHne CO/lepJKnT B ce6e ym 

paCXO/lllMOCTll. qT06bi IIony'IllTh KOHe'IHCie Bb!paJKeHne, Heo6X 

3oBaTh /lnSI cyrreprrporraraTopoB, BXO/lHmnx B (4.3), z -rrpe/lC 

( 2.3) ) • C IIOMO:UbiD · aToro rrpe/lCTaBneHHSI, a TaKJKe ncrronh3~ 

2 z-1 
-rr(p +i d 

-ITT z ,00 2(:z-1} 
I c/IL 2 --:-IL_.:. ___ _ 

o IL 2_ P2 ~; £ 

e 

sinrrz. 
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-
!rpHf10BaHIHI. B cnny Toro Me 

o6Kn na ( 3.17) cnpaBeJlmmo 

(3.19) 

HTeJibH8SI BeJlll'IIIHB. DocKOJlbKY 

(3.20) 

yromaSI oueHKa cBepxy: 

e , 
c

0 
)-!.:r -1 

(. 1 k I= 
( 3.21) 

n JlJlSI ljlyHKUllll f( z 1· 1 •• •1 z L } 

( 3.22) 

IT z • Ha (3.22) cne)lyeT 

aMnmtTYJl pacceSIHHSI ne.' MeHSieT

~eHSIIOTCSI "Jllllllb BeJill'lllHbl b N 

)lllarpaMMe 1 B TO Bpe¥SI KBK 9KCUO-

rbCSI Upll UOnliOM cyMMllpOBllHllll 

yHUTapHOCTll "S -MaTpllUbl. 

4. OpoBepKa ynnTapnocTn ·s -MaTpHUhi ( TpeTnti nopSinoK) 

HMeSI B BHJlY, ttTO S -MaTpnua aanncbtBaeTCSI B BHJle pSIJlB 

.00 

S=J +!. 
.1 

GN I } N! dx1 ... JxNSN(x11"'1xN I 
( 4.1) 

ycnoBne ynnTapnocTn S -MaTpHUhi "S'S += J B TpeTbeM nopSIJlKe no G MO)K-

no aanncaTb B ljlopMe 

( 4.2) 

PaccMoTpHM onRTb JlHarpaMMy, nao6pa)KeHHYIO Ha pnc. 1. MaTpllttHbiH an~

MeHT, COOTBeTCTByiOIUllH 9TOH JlllarpaMM01 llMOOT BllJl 

34
.1 S 112 = ,.3_<a I I J4 d4 J4 -~ u(n7}u(n2}u(n3} .< . .

3 
: •> a : :x 1 X 2 X 3 .w - X 

P3 P 4 o n ! n ! n I 1 2 3 

+ 3l ~ u(2+n
1
+n 2}u(J+~2+n_Ju( l+n3+n7} 

a ,> ... -.._ -- x 
P 2 2(217 }

6 o · n In In I 
. 1 2 3 

( 4.3) 

R3 
( x· -x }] x 

1 2 

3To ijlopMaJibHO 3anncaaaoe Bhtpa)Keane co)lep)KHT B ce6e ynbTpaljlnoneTOBbte 

paCXOJlllMOCTll. 'liT06bi nonyttllTb KOHettHOe Bblp8)K0Hll0 1 aeo6XOJlllMO llCUOJlb-

30B8Tb JlJISI cynepnponaraTopoB, BXOJlRIUHX B (4.3), z -npencTaBneane )(eM. 

( 2.3)) • C UOMO:Ub!O 9TOrO npeJlCT8BJIOHllSI 1 a T8K)K0 llCUOJlb3YSI ljlopMYJIY 

-liT z 2(z-1) 

rd!l 2 _!:,___._I 
0 !l2-p2...:.;( 

(4.4) 2 
z-1 

-rr(p +i d ,_e __ _ 
sin rr z 
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·r 
)i 

'i 

•·'! 

: 

I 

I 
I 

q, 

<flopMBITbHOe Bb!pa:IKeHMe ( 4,3) MO:IKHO 381IliC8Tb B 'if>opMe CXOllSIIUliXCSI liHTer-

panoB 

(4} 
38 (p +p -p -p )11 

I 2 3 4 

2(2TT) 6 yp0pO p OpO 
I 2 3 4 

3 a-i.oo 

J Jz 1 Jz 2 Jz 
3 

x 
a+roo 

-2(zl+'"2+"3 J (4,5) 
X COS1TZ;ICOSTTZ 2cosTTz3 (4TT) . u(4+Z 1 +z

2 
)u(3+z

2
+z

3
)u(3+Z

3
+":.!.!_X 

sin rry1 Z, sin rry2 z2 sin TTy3 z 3 r( z 1 Jr( z 
1 

+ l}r(z
1 

+2) ••• r(z
3 

)r(z 
3
+1)r(z

3
'+2} 

3 "" 2 ( z -I} ·00 4 '1 
:dl r fJp.,p 1 

1 1 fa q- · . . 
I 0 0 (p2-(p +q}2-i£}(pl -(p -q)2-ic} (p.2-q2 ··iE} 

I 2 2 I 3 
3necb lliTSI IlpOCTOTbl OT6pomeHbl 'IITeHbi1 COOTBeTCTBYIOIUlie 3HB'IeHMSIM ·z I "" 

-0, 1. BKniO'IIITb B paccMoTpeHne aTn 'IneHbi He npencTaBnSieT Tpyna,Ho cne

naeT BecbMa rpoM03llKMMM BbipameHMSI Tnna ( 4,5). IToaToMy Mhr 5yneM 

orrycKaTb nx. 

3aMeTliM Tenepb 1 'ITO 

<34IS 3 112·> +" 341 s3+!12'>=<34:1 s
3

:112 '> + [< 121 S
3

l34,>]* 

= < 34 I S 3 I 12 ·> + [ < 34 I S3 :1 12•>] * = 2 Re < 341 S 
3 

cl 12 '> • 
(4.6) 

3To cnenyeT, HanpnMep, na ( 4,3). PeanbHoii: 'IacTn MaTpli'IHoro aneMeHTa 

'4 OT S 3 COOTBeTCTByeT peanbHaSI 'IBCTb liHTerpana 110 J q B ( 4,5) 
1 

KOTO- . 

paSI1 B CBOIO O'Iepellb1 pacnanaeTCSI Ha Tpli 'IBCTM: 

4 2 2 -1 2 -1 2. 2 -1 Re fJ q(p 1 -(p 2 +q) -i£} (p~-(p 1 -q} -id (p
3
-q -id 

,._217 2 f J 4q I[O(p o + qo )O(po -qo }+O(-p o -qo )O(q o_po)]B(p2 -(p +q)2Jx 
2 I 2 I I 2 

x8 (p~_;(pl-q} 2)P(p: -q2 f'. +[0(q.o)O(p~-qo)+0(-q0)6(q0-plo}]x (4.7) 

x8(p2 -(p -q)
2
)8(p2-q 2)P(p2 -(p +q)

2 r 1 +[(}(-q0)0(pO+q0)+6(qO}{}(-p0-qO)]x · 2 l 3 .. I 2. . 
2 

. 2 
x8(p2-(p +q) 2)8(p2 -q 2 )P (p2 :..(p ..:.q)2 )-I 1. 

I 2 3 2 'I 
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3necb P - aHaK rnaBHoro aHa'IennSI. YKameM cpaay, 'ITo l ,;o '> 0 . 
2 

0 (-p 0 -q OJO(qO-p 0 J = 0(-qO J O(q o_p OJ= O(q 0) 0(-pO -q 0) = 0 
2 I I 2 

IToncTaBnSISI ( 4. 7) B ( 4,5), Mhi . ~lillliM, 'ITo peanbHaSI 'IaCTJ 

MeHTa, COOTBeTCTBYIOIUero llliarpaMMe pnc, 1, pacnanaeTCSI 

K8:1K)laSI li3 KOTOpbiX COOTBeTCTByeT OllHOH li3 pacce'IeHHh!X 

pameHHhiX Ha pliC, 2, PacCe'IeHHhiM ITliHliSIM 6yJlyT COOTBeTC 

,P~ 

~~/'.J 
~.-P4 vs.t Pt ~ ~ +~+ 

Pnc. 2 

pli'IHhiX aneMeHTax if>aaoBhre o6'heMbi 'IacTnu, nepeceKaiOmnx 

a Hepacce'IeHHOH ITliHlili COOTBeTCTByeT peanbHaSI 'IBCTb cyn 

coennHSIIOIUero nepaaneneHHbre BepmMHhi, 

IloKameM Tenepb, 'ITO nony'IeHHoe Bhrpamenne B TO'IHO 

pli'IHOMy aneMeHTY oT npaBoii: qacTn ( 4.2). TeM caMbiM 6yJ, 

llOKa3aTenbCTBO YHliTapHOCTli S -MaTpliUbl B TpeTbeM IlOpSij 

+ + . 
MaTpli'IHbie aneMeHTbl OT s I s 2 li s2 s I . pacnanaiOTCSI I 

IlOITOBIIHa KOTOpb!X paBHa HyniO B CMny ( 4,8), 

<341 s,s;:112 ·>=D. A
1 

+ A
2 

+A
3 

. + - -< 34 1 S2 s, 1 12 ·> =>A 
1 

+A 
2 

+A 
3 

17 



3 tPOpMe CXOJlSIIIIMXCSI MHTer-

) 2 ., (' 2 2' ' • ) 
-q -u .P.J -q ··u 

'CTBYJOIIIMe'· 3aa'leHMSIM ·z 1 '"" 

lpeJlcTaBJISieT TpyJla,ao cJle-

5). IToaT~M~ Mbr 6yAeM · 

12 'Is 
3 

q 34.•>1* 

(4.6) 

CTM MaTpM'!Jioro aneMeaTa 
'4 w no cl q B (4.5), KOTO-

'(2 2,-1 p. 3 .:. 'q -i ( 
' . ' 

o-,p~)]o(p.21_(p 2+q)2 )x 

)+'O(-qO)(J(qo-p
1
onx. (4.7) 

'1(-q O)O(p O+qO) +(J(qO )0(-p O_qO)]x 
·, 2 . . 2 

J;. 

3Aecb P - aJiaK rnaaaoro aaaqeJIMSI. YKa:H<eM cpaay, '!TO JlJISI p:•> 0 
Po •> 0 

2 

M 

(4.8) 

noJlCTaBJISISI ( 4. 7) B ( 4.5) 1 Mbi ~MJlMM, '!TO peaJibHaSI '!aCTb MB'I'pH'lliOrO ane-

MeHTa, CDDTBeTCTBYJOIIIero JlMarpaMMe pMC. }, pacna)laeTCSI Jia TpM '!aCTM1 

K8)!{Jl8SI M3 KOTOpbiX COOTBeTCTByeT OJlJIOll 113 pacceqeJIHblX )lHarpaMM1 M306-

pa:H<eliJibiX Jia pHC. 2. Pacce'!eJIHbiM JIHHHSIM 6yJlyT COOTBeTCTBOBaTb B MaT-

pM'lklbiX aneMeJITax tlJaaoBbre o6'heMbr qacTnu, nepeceKaromHx nMJIHro ce'!eHnn, 

a Jiepacce'!enaoll: nnann cooTBeTCTByeT peanbnasr qacTb cynepnponaraTopa, 

coeJlMliSirolllero nepaa)leneanbre aeplliMHbi. 

noKa:H<eM Tenepb1 '!TO nony'leHliOe Bbipa:H<eliMe B TO'!HOCTH paBHO MaT

pM'lliOMy aneMeHTY oT npaaoll: qacTM ( 4.2). TeM caMbiM 6yJleT aaaepllleao 

JlOKaaaTenbCTBO yaHTapaocTH S -MaTpMUbi B TpeTbeM nopSIJlKe no G 

s s+ s s+ MaTpM'!Hbre aneMeHTbi oT 1 2 11 2 1 . pacnaAaroTCSI aa lllecTb qacTell:, 

nonoanna KOTopbiX paana nynro B cnny ( 4.8). 

(4.9) 
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!i[ 
·It 
il 
'![ 
·' 

.oo u(nz)u(n2)u(n3) IJ4x J4x J4x x ~ 1 2 3 ___ ....:_ ___ 0 (n -l)!(n -l)!(n -2)! 
1 2 3 

A, . 
6 ..-a..-o-'--o-o-=-

2(217) VP
1

P
2 

P
3 

P
4 

· n -2 n - 1 n 
1
- 1 . . l(p3+p4}"3 -lpz"z -lp2"2 <0.1'·A. 3 (x ):T(:cp 2 (x )::¢ (x

1

):10>, ) 
x e · · • 'f' J 2 ( 4.9a 

A _ . i -~ u(n )u(n ) u (n ) 
2- ~ 1 2 ' 3 

2(2 17)
6 /,opopopo 0 (n

1
-l)!(n

2
-2)!(n -1)! 

1 2 3 4 3 

I J4x,J4x2J1c3 x 

l(p3 +p4}"2 -lpz"z -lp2 "3 xe . n 3-1 . n 2 -2 
<Ol:¢ (x

3
):T(:cp (x

2
):: 

n -1 
:¢ 1 (x 1hl0•>. 

( 4.96) 

lJneH A 3 nonyqaeTcsr H3 A2 aaMeHOH p 1 ... p 2 • noJlo6Hbie .~e Bbipa~eHHH 
HMeiOT MecTo H Jlmr A , A , A 

1 2 3 

fipon:aBOJlH T -ynopHJlO'IHBaHHe B ( 4.9a) H BBOJlH CHCTeMy rrpoMe~y-

TO'IHbiX COCTOHHHH Me~y TO'IK8MH x
3 

H ( X l 
1 

X 
2 

) 
1 

rrony'IaeM 

A ; •i 
. . 0 I 

2(217 )
6
..{ p Op o p o p il m • 

£ .u(n-.2) 

0 (2~}3n 
i u(f+m+l}u(n+m- f+l) n ~~~'x 
0 f!(n- f)! 1 2(.) 

1 2 3 4 I 

. . n f .. 
x IJ4x 1 J4x2~4x3 exp:i{(p3+ p 4 -'f kl )xj + ( 7 k I -p2 )x 2 + ( 4.10) 

n 
c: m 

+( ~ k 1-P,)x'1 H-il\ (x
2
-x

1
)]. 

f+l . 

fipeJlcTaBHM Terrepb cyMMy no m oT cTerreHeif rrpH'IHHHbiX rrporraraTopos 

B BHJle 

18 

oo u( f+m+ l)u(n+m- f+l) 
~- ...; 
2 m! 

c: m 
[ -i L\ (x 

2 
-x 

1 
) ] = fim (217) 

·y-+ 1 

-2z } 
1 a-IIocJ COS17z(417) u(z+ f +1)u(z+n- f +1 I.ooJ 

2 
/J 

x~ z--- Jl --
2, a+ioo sin17yzr(z)f'(z+l)r(z+2) 

0 
Jl2_

1 

fioncTaBnHH (4.11) B (4.10), IIOny'IaeM 

o4
(p + - - ) 00 a-loo -2z Ai = . I P2 P3 P4 ~ u(n+£ ..2) ~ I clz coS7Tz[4EJ._f!J 

2(217)\ipOpOpOpO 2 n!f! 21 a+l.oo sin17yzr(z)r 
1 2 3 4 

oo 2 2( z- I) ( 2 2 • ) -1 ( ) ( ) xfc/11 p. · fc/4q p. -q -H 0 p +q 0 p -q + 
0 n 2 f I . 

rne A , COOTBeTCTByeT 'IaCTH A co 3Ha'IeHHHMH n • e 
' ' 

MH 0 H J, KOTOpyro Mbl He 6yneM paCCMaTpHB8Tb
1 

KaK H paH 

ljlaaOBbiH 06'heM n -CKansrpHbiX 6eaMaCCOBbiX 'I8CTHII 

2 
0 n(p) =(4 17 )-2 ·[_P __ ] n-2· 

(4 17) 2 

(}(p2 )(}(po) 

(n-1 )! (n -2)! 

CpaBHHBasr -3 A c peanbHOH 'IaCThiO ( 4.5), nerKo y6enHTbC ' . . . 

pasHa rrepsoif .· Ha Tpex qacTeif, Ha KOTOpbie pacrraJlaroTcsr 2 Re _; 

(eM. (4.7)). lm A = 0 
. ' B CHny paBeHCTBa Hynro HHT 

cJ4 q OT COOTBeTCTByromero MHHMOH 'I8CTH Bb!pa~eHHSio .. 
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. ' 

f J4x1 cl4x 2 J4x 3 x 

n
2

;..2 
T (:rp (x ):: 

' ·.' 2 ( 4.96) 

• llOil06.11bie .'*<e Bbipa'*<eHiHI 

BBOilst CHCTeMy IlpOMe'*<y-

2 ) , nony'laeM 

f+m+l)u(n+m- e +l) ii r!_~'x 
f!.(n- e)! 1 2iil

1 

( 4.10) 

npH'IHHHbiX nponaraTopoB 

00 u( f+m+ l)u(n+m- f+lJ 
I 

-4 4 -lq(x -x ) 
== Um (2rr) fcl qe 2 . ~ 

2 m! ·y->1 

( 4.1 1) 

-2z } 2(>:-1) 
la-loo cosrrz(4rr) u(z+f+lu(z+n-f +1Jf.ooJ, 2 ll 

X - J clz r -----
2i a+loo sinrryzf'(z}f(z+l)f'(z+2) o ll2 -q 2_;£ 

I 

noncTaBnstst (4.11) B (4.10), nony'laeM 

a- ioo -2., I u(n +f +2) ~ J clz COS..J!!.(4rr)- u(nn+2)u(z+ e +2) X 

2 n!e! 2'a+roo sinrryzf'(z)f'(Z+l)f'(z+2) 

( 4.12) 

rne A ' cooTBeTCTByeT 'laCTH A co aHa'leHHstMH n 
1 1 

e H z I paBHbl-

MH 0 H 1, KOTOpyiO Mbl He 6yneM paCCMaTpHB8Th 1 KaK H paHbiiie,, 0 (p) 
n 

tP830BbiH 06'beM n -CKanstpHbiX 6eaMaCCOBbiX 'l8CTHU 

(4.13) 

CpaBHHBast -3 A 
1 

c peanhHoli 'laCThiO . ( 4.5), nerKo y6enHThCst, 'ITO. oHa 

paBHa rrepBoli · na Tpex 'lacTeli, Ha KoTopbie pacnanaroTcst 2 Re .< 34:1 S 
3 

:112 •> 

(eM, (4.7)). lm A 
1 

= 0 B cnny paBeHCTBa Hyn.ro HHTerpana no 

OT COOTBeTCTBYIOIUero MHHMOH 'l8CTH Bbipa'*<eHHst, . . 
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1'J 

il 

:I 

noao6HbiM :JKe cnoco6oM anSI A 2 MO:lKHo nony'l:IITb Bbipa:JKeHIIe 

·y 
A = 

2 

4 } 00 8 (,, +p2-p3-p4 'l: 

(2 ) 4.; 0. 0 OpO 2 11 ·v P 1 p 2 p3 4 
2. 

a-loo . -2., 
u(n+ f+l} _l_ f clz ...£!!.S1TZ(4TT} U(z+f +3}u(z+n+2} x 

n! f! 2i a+loo sinryzr(z}r(z+l}r (z +2} 

,00 . l 

x rcJfl2fl2(.,_,'Jd4q (fL2-(p -qJ2-id- a (qJae 
0 l . n 

A2 . y 
TaK:JKe COOTBeTCTByeT 'l:aCTII A 2 · c n 

II 1, nn.11 p 
2
°•> 0 

·y 
A2 =o B ciiny ( 4,8). 

( 4. i4) 
(-p -q} +A, 

. 2 . 2 

e ,II z , paBHbiMH 0 

-
To'l:Ho TaK :JKe MO:lKHO llOKaaaTb1 'iTO A_3=0 , A ,=o B ciiny paBe!JCTBa 

Hymo npoiiaBeaeHIIii 0(-q O) O(q o_ p 
1
0) IIO(":"p~-qO)O(qO-p~} 1 a£

2 
II 

A 3 SIBnSIIOTCSI 'iiiCTo BemecTBeHHbiMII II paBHbi ocTaBmiiMCSI qacTSIM 

2 Re .< 34 q ·s 3 :I 12 ·> • aeneHHbiM Ha ( -3)_. TeM CaMbiM Mbl llOKaaanii yHH-

TapHOCTb 'S -MaTpHUbl B Tp9TbeM nopSillK9 no 'G 

PaBeHCTBa, noao6Hbie ( 4, 7), 6yayT HMeTb MecTo H B 6onee BbiCOKHX 

nopSillKaX TeopHH B03MyllleHHfi no G , H OHH 6yllyT o6ecne'l:HBaTb YHHTap

HOCTb 'S -MaTpHUbl B 9THX nopSI;:tKa:j!C, 0llHaKO lla:lKe B 'i9TBepTOM nopSillKe 

BbiBOJl paBeHCTBa, noao6Horo ( 4, 7), BecbMa aaTPYllHIITeneH, Ho aTH Tpya-

HOCTH 'l:HCTO T9XHH'i9CKOI'O XapaKTepa, 

3 a K n ro q e H n e 

11TaK1 Mbl noKaaanH1 'iTO HCnOnb30BaHHe HaWHX MeTOllOB n03BOnSieT 

nocTpOHTb TeOpHIO C HenonHHOMHanbHhlMH narpaH:lKHaHaMH 6ea ynbTpa~Hone

TOBbiX paCXOllHMOCTefi B nro60M nop.llllK9 TeOpHH B03MYIIl9HHfi, npn 9TOM 

S -MaTpHUa OCTaeTCH YHHTapHofi, 'iTO .IIBHO BHllHO H3 .PaCCMOTpeHH.II . 

TpeTbei'O nopHllKa, H HeT OCHOBaHHii O:lKHllaTb HapymeHH.II yHHTapHOCTII B 6o-

20 

nee BbiCOKHX nopHllKax. B x -npocTpaHCTBe yHIITapaocTb 'S 

llOK83biBaeTC.II B nro60M . nop.llllKe C nOMOIIlbiO TaK Ha3biBaeMo 

/52/. ·. 
~opMynbi' BenbTMaHa ' • OaHaKo npn nepexoae K HMnyn: 

paHCTBy Mbl OnSITb CTanKHBaeMC.II C Heo6XOllHMOCTbiO HCnom'J 

Ba TIIna (4,7), 

11HTeP.eCH01 'iTO CTeneHb pOCTa aMnnHTYll pacCeHHHH H4 

nopHllKa K nopHllKy, 3TOT 9KCnOHeHuHanbHhlfi poeT C03llaeT 

pbifi '~OH' B Ka:lf{llOM nop.llllKe TeOpHH B03MymeHHfi H llOn:lKeJJ 

nonHOM CYMMHpOBaHHH BCeX nop.llllKOB B CIIny ycnOBHH YHHTa 

PHUbi. 

B 3aKnro'l:eHHe aBTOp 6naroaapiiT n.H. EnoXHHUeBa, A.l 

B.A. MemepHKoBa aa noneaHLie o6cy:lK.'leHHSI. 

n H T e p a T y p a 

I. HenoKanbHbie, aennHeiiHbie H HepeHopMHpyeMbie TeopHII no 

OH.HH, 2-5400, ny6aa, 1970, CTp. 167. 

2. M.K. Volkov. Commun,Math,Phys., 7.J 289 (1968); 

A. Salam. J, Strathdee. Phys,Rev., D1, 3296 (1970); 

J,G, Taylor, Preprint University of Southampton, AJ 

3, M.K. Volkov. Ann,Phys. (N.Y.), .!2, 202 (1968), 

4, E.R. Speer. Journal Math,Phys., _2, 1404 (1968), 

5, M, Veltman.· Physica, ·~ 186 (1963). 

PyKonHcb nocTynnna B naaaTenbCKJ 

12 aBrycTa 1971 roaa. 

21 



D nonyttHTh Bbtpameane 

· - -2z 
cos TT z(4 TT) U(z +f +3)u(z+n+2) 

X 
sin .,y zr(z)r(z+ l)r (z +2) 

( 4. i4,) 

, _ e ,n z 1 paBHblMH 0 

_3,0 _ , A 1 =~ B cuny paBeHCTBa 

o_qo)O(qO-pO) ,aA2 ·u 
2 - I . 

!ibi OCTaBIIIHMCSI ttaCTSIM 

TeM caMbiM Mbi .noxaaanH yaH-

> 'G 

~Tb MeCTO H B 6onee BbiCOKHX 

H 6yJlyT o6ecnettHBaTb YHHTap-

.name B tteTBepToM nopst.nxe 

aaTpy.nHHTenea. Ho aTH Tpy.n-

e HaiiiHX MeTOJlOB U03BOnSieT 

rp~HmHaHaMH 6ea 'ynhTpaljlnone

pHH B03MymeHHii:. npn aTOM 

) BHJlHO H3 ,paCCMOTpeHHSI 

> HapymeHHSI yHHTapHOCTH B 60-

nee BhiCOKHX nopst.nxax. B x -npocTpaHCTBe yHHTapnocTb ·s -MaTpHUhi nerxo 

.noKa3biBaeTCSI B mo6oM _ nopst.nxe c noMOIUhiO TaK aaabmaeMoli: 'paapeaaromeli: 
/52/. . 

ljlopMynhr' BenhTMaHa ' • O.naaxo npH nepexo.ne K HMnynhCHOMy npocT-

paHCTBy Mbi OUSITb CTanKHBaeMCSI C Heo6XOJlHMOCTbiO HCUOnh30BaHHSI paBeHCT

Ba THna (4.7). 

HHTeP,eCH01 "'TO CTeneHb pacTa aMnnHTYJl pacceSIIIHSI He MeHSieTCSI OT 

nopst.nxa K nopstJlK~. 3ToT axcnoaeaunanhHhlli: poeT coa.naeT xax 6bi aexoTo

pbiii: 'ljloii"' B KamJlOM nopSIJlKe TeOpHH B03MyiUeHHii: H JlOnmeH HCIJe3aTb npH 

nonHOM CYMMHpOBaHHH BCeX UOpSIJlKOB B CHny ycnoBHSI YHHTapHOCTH 'S -MaT-

pHUbi. 

B aaKnrotteHHe aBTOp 6naro.napHT n.H. BnoXHHueBa, A.B. EljlpeMoBa, 

B.A. MemepSIKoBa sa noneaHbte o6cy)K.'leHHSI. 

n H T e p a T y p a 

1. HenoKanbHbie, HenHHeli:Hbie H HepeHopMHpyeMble TeopHH nonSI. npenpHHT 

QHSJH, 2-5400, lly6Ha 1 1970, CTp. 167, 

2. M.K. Vo1kov. Commun.Math.Phys., L 289 (1968); 

A. Salam. J. Strathdee; Phys.Rev., D1, 3296 (1970); 

J.G. Taylor. Preprint University of Southampton, April, 1971. 

3. M.K. Volkov. Ann.Phys. (N.Y.), !2, 202 (1968). 

4. E.R. Speer. Journal Math.Phys., 2, 1404 (1968). 

5. M. Veltma~· Physica, -~ 186 (1963). 

PyxonHCh nocTynHna B na.naTenbCKHii: oT.nen 

12 aBrycTa 1971 ro.na. 
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