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• 

BseAeHHe 

YpasHeHHR qy-floy npeACTaBnmoT ea ce6g npocTeAweA npHMep HeTpH

seanbHOA MOAene, B KOTOpoA OllHOBpeMeHHO Y"'HTbiBSIOTCR TSKH6 cfiYHil8M6H

Tan&Hbl6 Tpe6osaHHR llHCnepceoaaoro noAXOAa, iaK aaanHTH"'HOCTb, yaeTap

HOCTb H nepeKpeCTHSR CHMM6TpHR, 3Ta OC06eHHOCTb onpeAenReT KSK npHB

neKaTenbHOCTb ypasaeaeA, TBK H TPYilHOCTb ex peweHHR. HeAaBHo AnR aaa

neaa peweHHA ypaBH6HHA qy-floy CTBnH npHM6HRTbCR M6TOilbl cflyHKUHOHan&

HOI'O SHanH38 /2/, C HX nOMOWbiO 6&Jn0 ll0K838HO cyweCTBOBSHHe peW6HHR 

npH AOnOnHHT6nbHOM orpaHH"'6HHH Ha BenH"'HHY KOHCTSHTbJ CBR3H /3/, 

HelKe M&J npeMeHHM K aaaneay ypasaeaeA qy-floy PRA noHRTHA, B&Jpa-

6oTaHHbJX B TeOpHH 06biKHOB6HHbJX llHcflcflepeHUHSnbHbJX ypaBH6HHA, Llng aTo-

-.ro npHB61l6M ypaBH6HHR qy-floy K pa3HOCTHb!M H6nHH6AHbJM ypaBH6HHRM, 

npe aaaneae aTHX ypasaeaeA c ycnexoM MoryT 6&JTb ecnon&aosaH&J noHRTHR 

CTSUHOHapHOA TO"'KH H HHBSpHSHTHOI'O MHOI'006pa3HR, nocneAH66 6&Jn0 Bnep

Bbl6 BB61l6HO nyaHKSpe / 4 / H llBnO MHOI'O"'HCneHHbl6 none3Hbl6 cneACTBHR/S/, 

nocTSHOBKS 3Sil8"1H H o6aop H3B6CTHhlX peayn&TSTOB 

nepexoll oT ypasaeaeA qy-floy K aeneaeAaoA KpaesoA aaAa"'e aa MaT

PH"'H&Ie aneM6HTbl $ -MaTpHUb! H601lHOKp8THO onHCSH B pa6oTaX /6,7,8/, 

noaTOMy npHB61l6M OKOH"'STenbHYIO cflopMynHpOBKY 3Sil8"1H: 

J) $ 1 (z) - 8HSnHTH"'6CKH6 cflyHKUHH KOMnneKCHOI'O nep6M6HHOI'O (on

peAeneHHbl6 B nnoCKOCTH C pa3p638MH ( -oo,-J1 1 £+ J, + oo ) ); 
2) S,*(z)-S 1 (z*); 

3) IS
1
(w+i0)l•l,w;::_l; 

3 



4) S 1 (- zJ- A 
11 

S 
1 

(z} i.tu 
5) S(z}.1+0((z2-7J 2 }; 

I 

.\ 
6) [S (z} --1 1 perynsq>aa B TO'IKe z~ 0 

I z 

MaTpaua nepexpeCTHoA CHMMeTpHH A 11 H 'IHCna .\I t f paBHbi: 

1 ' -8, 1611 11-4 

A,,=~ 11-2, 7 :II· .\I z ~~-;~~ t 
A .\ .. ->., , e = 1. (2) 1/ I 

4 4 

YcnoBHSI (1), 1)-4) no3aonHIOT ycTaHOBHTb xapaxTep TO'IeK BeTaneHHSI npa 

z .. t.1 , oo 16/. HH*e Mbl paccMoTpHM cjlyHXUHH S 1(z} Ha 6ecxoHe'IHOnHcT-

HoA PHMaHOBOA noaepXHOCTH C KOpHeBbiMH TO'IKSMH B9TBneHHSI npH Z • :t. 1 

H norapH~MH'IecxoA TO'IKoA aeTaneHHSI Ha 6ecKoHe'IHOCTH. TaxaSI pHMaHoaa 

noaepXHOCTb nOA06Ha OAHOnHCTHOA H OT06pa)KaeTCSI Ha Hee C noMOWblO ~YHK

UHH 

(3) 
1 • w --arc smz 

" 
B nepeMeHHOA w ycnOBHSI ( 1), 1)-4) npHHHMaiOT BHA 

1 ) S I ( W} - MepOMOp~Hb!e ~y HKUH H B nnOCKOCTH w 

- 2) S* (w}.S (w*}· 
I I I 

(4) 
3) S (w}S (1-w} -1; 

I I 

4) S1 (-w} -A 
11 

S 
1 

(w}. 

JlnH Aan&HeAwero HeT He06xoaBMOCTH nepenHCbiBaTb noxan&Hb!e ycnOBHSI 

( 1 ) , 5) -6) B TepMHHaX nepeMe HHOA W , 

YcnoBHSI (4), 1 )-4) He onpeaenHIOT cjlyHKUHA S
1 

(w} oaHo3Ha'IHO, Ec-

na S 
1
(w} - KaKHe-na6o cjlyHKUHH, noa'IHHSIIOWHeCSI Tpe6oeaHHSIM (4), TO 

S 1 [ w + f3 (w} ] • D ( w } - TaKlKe noa'IHHSIIOTCSI STHM Tpe6oaaHHSIM npa 

D(w}D(1-w} -1, D(-w}-D(w}, D*(w} .. D(w *}; (5) 

f3(w}-f3(w +1}, -{3 (-w} •fJ (w}, f3*(w}=fJ(w*}. (6) 

4 

l 
~ 

·., 

·a::. 
~ \ 

'• 

npoH3BOn (5) HenocpeACTBeHHO cneayeT H3 ycnOBHA (4) H 

nHH9AHOCTb Tpe6oaaHHSI nepeKpeCTHOA CHMM9TpHH, npoHCXOlKA9HB 

na (6) nerxo noHHTb, ecnH npHAaT& ycnoBHIO nepexpeCTHOA CHM 

CHCTeMbl HenHHeAHb!X pa3HOCTHblX ypaBHeHHA 

S
1

(w+1 J-1/A
11

S
1 

(w}. 

J13BeCTHO, 'ITO peweHHe aBTOHOMHblX CHCTeM AH~~epeHUHan&HbiX J 

o6naaaeT CBOACTBOM OCTaBaTbCSI peweHHeM npB CABHre apryMeHT 

HylO BenH'IHHy, JlnSI CHCTeMbl aBTOHOMHb!X pa3HOCTHbiX ypaBH9HHA 

nepeXOAHT B nepHOAH'IeCKflO cjlyHKUH101 KOTOpaSI AaeT npOH3Bon (6 

Bb!SICHHM, KaKOB 06WHA BHA cjlyHKUHA, YAOBneTBOpSIIOWHX yen 

4). B biAenH H CHMMeTpH'IHbie H aHTHCHMMeTpH'IHbie 'laCTB ~YHKUH~ 

nony'IHM 

S(w )., '(w) u:J .. , (w F ··II ~ 
2 

rae 

s 1(w}-s 1(-w}, s
2

(w}=s
2

(-w}, 1/J(w}=-1/J(-w}. 

H anH'IHe npoH3Bona ( 5) aenaeT yao6HbiM nepexoa K npoeKTHBHbiM 

TaM /9/ 

s,(w} 
X(w}= S (w} 

2 

Y(w} = 

YpaBHeHHSI (7) B 9THX nepeMeHHblX npHHHMalOT BHa 

X(w +7J -2X(w}+4Y(w} +7 
X ( w} + 16 y ( w J _ 8 

rae 

, Y(w+1} .. -2X(w}+4Y(w} +7 
4X(w}+ Y(w} + 4 

X(w}X0-w}=1, Y ( w} Y( l - w } • l . 
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flpOH3BOn (5) HenocpeACTB9HHO cnenyeT H3 ycnoaBA (4) B OTpa~aeT 

naaeliHOCTb Tpe60B8HBSI nepexpeCTHOA CHMMeTpBHo flpOBCXO~AeHBe npOH3Bo

na (6) nerxo nOHSITb, eCnH npHA8Tb ycnOBHIO nepexpeCTHOll CBMMeTpBH BHA 

CHCT9Mbl HenHHeliHbiX p83HOCTHbiX ypaBHeHHll 

S 1 (w+l}~l/A 11 S1 (w}. (7) 

l13BeCTHO, 'ITO peweHBe 8BTOHOMHbiX CHCTeM ABcjlcjlepeHUH8nbHbiX ypaBH9HBA 

o6nanaeT CBOltCTBOM OCT8B8TbCSI peweHBeM npH CABBI"e apryM9HT8 H8 nOCTOSIH

HYIO aenB'IHHy, ,UnSI CHCT9Mbl SBTOHOMHbiX p83HOCTHbiX ypaaHeHBA noCTOSIHHSSI 

nepeXOAHT B nepHOAH'ISCKyiO ~HKUBI00 KOTOpSSI A89T npOH3Bon (6), 

BbiSICHHM, KSKOB 06IllHA BHA cjlyHKUHA, YAOBneTBOpSIIOillBX ycnOBHIO ( 4), 

4), 8hiA9nSI Sl CHMMeTpH'IHbie H 8HTHCHMM9TpH'1Hbi9 'ISCTH cjlyHKUHA S I (w }, 

nony'IHM 

~r r 4 
s(.) •• , (•Ill'~ •• , (·("' ··II~ 

2 

(8) 

rne 

s 1 (w}~s 1 (-w}, s 2 (w}~s 2 (-w}, 1/J(w}=-1/J(-w}. (9) 

HanH'IHe npOH3BOna (5) nenaeT YA06HbiM nepeXOA K npoeKTHBHbiM KOOpAHHS

TaM /9/ 

S1(w} 
X(w}= S (w} 

2 

Y(w} = 

YpaBH8HHSI (7) B STHX nepeMeHHbiX npHHHMSIOT BHA 

X(w+1} . -2X(w}+4Y(w} +7 , Y(w+JJ~ -2X(w}+4Y(w} +7 
X ( w} + 16 Y ( w} -8 4 X ( w} + Y ( w} + 4 

r.ne 

X(w}XO-w)-1, Y ( w) Y( 1 - w ) = 1 . 
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YpaaaeHHSI ( 11) 1 ( 12) He aeaaaHCHMhi! mo6oe H3 ypaaaeaal! ( 11) MOlKeT 6&ITh 

nony"!eHo H3 ypaaaeaal! ( 12) H ocTaawerocSI H3 ( 11), CacTeMa ypaaaeHHll 

(11) 1 (12) yao6Ha AnSI HSXOlKAeHHSI CT8UHOH8pHbiX TO"'eK X(w+1).X(w), 

Y(w+JJ - Y(w) • HalKe Mhi orpaHH"'HMCSI aay"!eHHeM CTauaoaapaol! TO"'-

KH X~ Y = 7 • BalKHOCTh ee onpeaenS!eTc H ycnoaHeM ( 1 ) 1 5), 

BaeaeM cnenyJOWHe nepeMeHH&Ie: 

s2 (w) t{l (w) 
s (w)l y(w)~""'5.T'WT 1 x(w)= s

1
(w) 

I I 

B HHX ypaBHeHHSI ( 11 ) 38llHWYTCSI TSK! 

7-2y +x + J..:!.r'-x' + 7.0
1 

6y+3x 6y'-3x' 
y=y(w) 1 y 'ay(w+1); 

7-2y+x 

3y-3x 
' __ ..::..:_ __ + 7 osO 1 

+ 3y'+3x' 
x -x(w)1 x '• x (w + 7 ). 

( 13) 

( 14) 

PaapeWHM CHCTeMy (14) OTHOCHTenbHO y' 1 x Tenepb MOlKHO B&macaTb 

OKOH"'STenbHYJO CHCTeMy ypaBHeHHJ!, 3KBHBSneHTHYJO ycnOBHSIM ( 4) 1 3) 1 4) 1 

peweHHSI KOTOpOJ! HWyTCSI B Knacce ljJyHKUHll (4), 1), 2), 

x'= F(x 1 Y) 1 F(x,y) • 
2 2 

x + 2x -x y -2 y 

1 +3x +3y- 2x 2 -3xy -2y 2 

( 15) 

y' =- F(y ,x), x (w)=-x(-w) 1 y(w)=y(-w), 

s 1 s 1'(J-2y+xK7-2y '-x ')=1 1 s
1 

(w)=s
1 

(-w), ( 16) 

S(wl·•,(•{ 
4 -4 

} + y(~ll -2 +x(wJII-7 ( 17) 

2 

6 

i~, 
B 
,1.' 
1 

;~ 
t: 
!ti 
t 
'!l 
:~~ 
I. 

YpaaHeHHSI (15) aeaaBHCHMhi OT ypaaaeaal! ( 16), "'TO aonycKaeT 

HOCTb peweHHSJ HX nocnenoaaTenbHo, TaKoll noaxoa peanaaoaaa e 

TaX /8-10/, B HHX HSllt~eHO ylKe H3BeCTHOe peweHHe ypaBHeHHll 1 

Ecna a aToM peweHHH MaKCHManbHO yMeHbWHTb '!:Reno non10coa < 

npOH3BOnOB (5) 1 (6) 1 TO nony"!eHHOe TSKHM o6pa30M peweHHe 6y 

aaTb CKeneTHhiM peweaaeM, CKeneTaoe peweaae yno6ao paccMaTJ 

cjJa30BOft nnOCKOCTH X 1 y OOJ:I06HO TOMy, KSK peweHHe SBTOHOMH 

J:IHcjJcjlepeHUHanbHbiX ypaBHeHHJ! H3y'l:aeTCSI B cjJa30BbiX OpOCTpaHCTB 

H306palK8eTCSI Ha cjla30BOA nnOCKOCTH B BHJ:Ie KpHBOl!1 BCe TO'l:KH I 

HHB8pH8HTHhl OTHOCHTenbHO 38MeHbl ( X1 y) .. (x ~ y ') • YpaaHeHHe 

J:lyeT H3 COOTHOWeHHSI 

y'-x'2 •-(y-x 2) (1+r..=2xK1+4y+4x) 

(1 +3x +3 y -2 x 2 -3 xy -2 yz ) 2 -

H HMeeT BHJ:I 

y-x
2 

.0. 

KpuaaSI (19) S!BnS!eTCSI aaanoroM HHBapaaaraol! Kpasoll 1 sseaeaao 

pe / 4 / ana J:IHcjJcjlepeHUHSn&KblX ypasHeHHll, napa6ona (19) KaCae~ 

B TO"!Ke y.O , Hanpasneaae KaCaTen&HOl! K HKBapHaHTHOll KpHBOl 

TO"!Ke nerKO OOHS!Tb 1 HCXO):ISI H3 nHH8J!HOrO npa6nHlK8HHSI yp8BH8Hf 

, , 
X •X I y --y. 

JIHH8l!H08 npa6nHlKeHH8 TSK lKe1 K8K H HCXOJ:IHbJe ypaBHeHHSI1 MOlKI 

pasaT& KaK npeo6paaosaHHH cjJaaosoA nnocKoCTH x 1 y • Toraa 

B8HHblMH HHBapHaKTH&IMH npSIM&IMH1 npOXOJ:ISIWHMH qepe3 Ha'lano K 

6yayT KOOpJ:IHHBTHble OCHo noMHMO KpHBOll (19) 1 peweHHe /6111/ 

ayeTCSI cjJyKKUHeA 

s (J - y) 2 - 7' 
I 

KOTopaa onpeaenaeTCSI H3 ypaaaeHBSI ( 17). llna reoMerpH'IecKoro 

lK8HHSI cjJyHKUHH (20) ylKe H8J:IOCT8TO'IHO cjla30BOJ! nnOCKOCTH X , 

XOJ:IHMO nepeli:TH K cjJa30BOMy npocrpaHCTBY X , Y ' .I CHCTE 
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YpaBH9HRSI (15) H938BHCHMbl OT ypasHeHHll (16), 'I{TO AOnyCK89T B03MOlK

HOCTb peweHHSI HX nocneAOB8T9nbHO. TaKOll nOAXOA peanH30B8H B pa6o-

T8X /8-10/. B aax aaliAeHo y>Ke assecTaoe peweaae ypasaeaall l.ly-noy/6-11{ 

Ecna s aToM peweHHH MaKCHManbHO yMeHbWHTb 'I{HCno nomocos c noMOIIlbiO 

npOH3BOnOB (5), (6), TO nony'l{eHHOe T8KHM o6p830M peweHHe 6yAeM H83bi

B8Tb cKeneTHbiM peweaaeM. CxeneTaoe peweaae yAo6ao paccMaTpHBBTb aa 

ljla30BOll nnOCKOCTH X 1 y nOA06HO TOMy, K8K peweHHe 8BTOHOMHblX CHCTeM 

AH«jlljlepeHUHanbHbiX ypasaeaall asy'l{aeTCSI B ljlasoBbiX npocTpaHcTsax. Oao 

H306p8lK89TCSI H8 ljla30BOll nnOCKOCTH B BRAe KpHBOll, see TO'I{KH KOTOpoll 

HHB8pH8HTHbl OTHOCHT9nbHO 38M9Hbl (x,y}-o(x ~ y'} • YpaBHeHBe KpHBOll cne

AyeT H3 COOTHOWeHHSI 

y'-x' 2 .-(y-x 2} (l+t=2xKJ+4r+4x} 
(J +3x +3y -2x2 -3xy -2y2} 2 

( 18) 

H HM99T BHA 

y-x 2 .0. ( 19) 

KpHB8SI (19) HBnseTCSI 8HanoroM HHB8pHaHTHOll KpHBOll, BBeAeHHOll nyaHK8-

pe / 4/ AnSI AH«jlljlepeHUH8nbHblX ypaBH9HHll. napa6ona (19) K8C89TCSI OCR y 

B T0'1{K9 y.O • HanpasneHHe K8C8TenbHOll K HHB8pH8HTHOll KpHBOll B 9TOll 

TO'I{Ke nerKO nOHS!Tb, HCXOASI H3 nHHeiiHOrO npa6nHlK9HHH yp8BHeHHll (15) 

' ' X • X 1 y • -y • 

naaeliHOe npa6nHlK9HH9 T8K lKe1 K8K H HCXOAHbl9 yp8BH9HHSI0 MOlKHO p8CCM8T-

PHB8Tb K8K npeo6pa30B8HHSI ljla30BOll nnOCKOCTH X 1 y • Tor.11a eAHHCT-

B9HHblMH HHB8pH8HTHblMH npHMblMH1 npoXOAS!IIlHMH 'l{epe3 H8'1{8nO KOOPAHH8T1 

6yAyT KOOpAHHBTHble OCH. noMHMO KpHBOll ( 19) I peweHHe /6111 I xapaKTepa

ayeTCSI ljlyHKUHell 

s (J - y, 2 - J, 
I 

(20) 

KOTOpaSI onpeAenS!eTCSI H3 yp8BH9HHSI (17). ~ng reoMeTpH'I{9CKOro H306pa

lK9HHSI ljlyHKURH (20) y>Ke H9AOCT8TO'I{H0 ljla30BOll nnOCKOCTH X , Y H Heo6-

XOAHMO nepeliTH K ljla30BOMy npOCTp8HCTBY X , Y ' s I CHCT9Mbl ypas-

7 



I 

aeaaA (15), (16). B cjlaaoBOM npocTpaHCTBe ypaBHeHBSI (19), (20} npeACTaB

nSIJOT ABe noBepXHOCTB. Hx nepece'leHBe ASCT nBHBI0 0 H306palK810UlYIO CKe

neHTHOe peuteHHe, 0AHOMepaoe npOCTpaHCTBO, CBSI38HHOe C STOA nBHHeA, 

SIBnSieTCSI npOCTeAUIHM He TpHBHSllbHbiM HHBSpHSHTHbiM MHOI'006pa3H6M ypaB

HeHHSI l{y-noy • 

HaBapHaHTHaSI noBepxaocTb ypaBHeHHSI l{y-noy 

nocne BbiUieCK838HHOI'O eCTeCTBeHHO fiOCTSBHTb BOnpoc 0 CyuteCTBOBS

HBII HHBapBSHTHbiX MHOI'006pa3HA Bb!CUIHX pa3MepHOCTeA, Ha Tpex iflyHKilBil: 

X y s I , HM610UIHXCSI B H8Ul6M pacnopSilKeHHH 1AB6 MOlKHO C'IHTSTb 

He38BHCHMbiMH, T,e, HHBapHSHTHOe MHOI'006pa3HE! .. MOlKeT 6biTb fiOBepXHOCTbiO 

B TpexMepaoM npocTpaHCTBe /8/. YpaBaeaae noaepxaocTH Bbi6epeM B cpopMe 

S I =ell ( y, X 
2 

). (21) 

KBaApaTH'IHSSI 38BHCHMOCTb iflyHKilHH ell OT X 3apaaee y'IBTb!BSeT BHBa-

pHaHTHOCTb fiOBepXHOCTB OTHOCHTenbHO npeo6pa30B8HHSI nepeKpeCTHOA CHM

MeTPHII, 'lei'O MOlKHO, B006ute I'OBOpSI, He npeJ;tnonaraTb, B TSKOM Cny'lae 

ORa 6yAeT Cne,QCTBII6M ypaBHeHIISI HS cpyHKilHIO cll(y,x) • nonolKeHHe Kaca-

~TellbHOA nnOCKOCTII noaepXHOCTII (21) B T0'1Ke(0,0,1) ycTaHaBnHBSeTCSI pac-

CylK,ll6HIISIMH, aaanOI'H'IHblMH npHBe.OeHHbiM Bb!Ule AnSI onpe.oeneHIISI aanpaB

neHIISI KSCaTenbHOA ypaBHeHHSI (19), noaepXHOCTb (21) B TO'IKe (0,0,1) MO-

lKeT KSCSTbCSI KOOpAIIHSTHOA nnOCKOCTII Y , S 1 nH60 n1060ll: nnOCKOCTH 

113 ny'IKS nnOCKOCTell:, OpTOI'OHanbHbiX KOOp,lliiHSTHOA nnOCKOCTH Y t S I • 

H COAeplKauteA TO'IKY (0,0,1 ), YpaBHeHIIe, KOTOpOMy fiO.ll'IHHSieTCSI cpyHKiliiSI 

ell 1 IIM66T BH,ll 

ell (y,x2 )ell(y:x' 1 )(l-2yu)(l-2y '-x')=l, (22) 

rae y t X, 38,ll8Hbl cpopMynaMII ( 15), 

llpy~aSI ~OpMB ypaBH9HIISI (22) TSKOBS: 

2 , , l) J [--J -- + __ 4 __ + 4 2 ]. 
ell(y,x )ell(y,x =9 l+4y+4x l-2y+ x l+y- x 

(23) 

8 

,,.; 
··~ 

·i ,·~) ,'; 

! 

~-, 
I 

',{ 

~ 
'I 

....__ 

nerKO npoaepHTb, 'ITO Ha HHBSpHSHTHOA KpHBOA (19) cpyHKilHSI 

2 _J~ 
ell (y ,x J- (l-y)2 

SIBnSieTCSI peuteHHeM ypaBH6HHSI (22), ByAeM HCKSTb peuteHHe ypaBJ 

B BIIAe ABOAHOI'O PSI.ll8 no x y 

2 2m n 
ell (y • X ) • m,n~O a2m,nx Y 

npH STOM 06HapylKHB86TCSI0 'ITO ypaBH6HHSI HS H6H3BeCTHbie KOscpcpl! 

0 
2m,n , B03HHK810UIHe OT cpaBHeHIISI Bb!palKeHHA nepeA 'lneHSMI 

C 'leTHbiMH 3HS'IeHHSIMH CYMMbl 2m +n , onpeAenSIJOT STH KOa~Hilll 

H6HHSI aa KosclJcpHuHeHTbi a lm,n , nony'laJOutHeCSI aaanorii'IHOA npou• 

npH H6'16THb!X 3H8'16HIISIX CyMMbl 2m +n , SIBnSIJOTCSI TOlKAeCTBSMII, 

OHB CyTb nHHeAHbl6 KOM6HH81lHII ypaBH6HHA Ha KoacpcpHUII6HTbl a2m,n 

WHMH 3HS'IeHHSIMH CyMMbl 2m +n , CHTYSUHSI H.OeAHO nonHOCTbiO ~ 

HS TOA, KOTOpaSI BCTpe'lanacb B pa6oTe /6/ np11 HCnOnb30B8HHII p~ 

OAHOA nepeMeHHOA, TeXHH'I6CKH OHa, KOHe'IHO, cnOlKHee. nosTOMY f 

weM aocnonbayeMCSI .opyrHM npaeMoM, 3Aec b JKe npHBeAeM aaAAeHI 

peaynbTaT: 

-1 2 2 2 4 3 2 4 2 2 4 
ell (y,x J-l-2x -2y +rY +Byx +Y -4y x -5x + ... 

3aMeHIIM ypaBHeHHe (22) CHCT6MOA ypaBH6HHA1 K8lK,ll06 H3 KOTOpbU 

BaeT orpaHII'IeHIISI Ha cpyHKilHIO ell , HSKn8AbiB86Mbl6 Tpe60B8HHSIMI! 

HOCTH H nepeKpeCTHOA CHMMeTpHH B OTAenbHOCTH, llnS! aTOI'O 38Me 

cornacao cpopMynaM ( 17), (21) 

2 
s2 (y,x)-ell(y,x )(l-2y-x), 

T,e, HM610T M6CTO cneAyJOUIIIe ypaBHeHHSI: 

x .. F(-x, y), y --F(y,-x), S2 (y,x)S2 (y,x) zl, 

s2 (y,x) 

J -2y-~ 
"'~(y,-x) 

J -2-;:-;--. 
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'W ;, 

It 
I 

I 

;~ 

nerKO npoaepHTb, ~TO H8 HHB8pH8HTHOA KPHBOA (19) ~YHKUHH 

l zl -·2, ell (y ,x - (l-yl 
(24) 

ganHeTCH peweHHeM ypaaaeHHH (22). EyneM HCK8Tb peweHHe ypaaHeHHH (22) 

B BHll9 llBOAHoro PHl18 no x , y 

2 2m n 
ell (y, X J • l: O a2 X Y 

m,n~ m,n 

npH 9TOM 06HapylKHB89TCH0 ~TO ypaBH9HHH H8 H9H3B9CTHbl9 K09~HUH9HTbl 
2m n 

a 2m,n 
, B03HHK810WH9 OT cpaBH9HHH Bblp8lK9HHA nepell ~neH8MH X Y 

c ~eTHhiMH aaa~eHHHMH cyMMbi 2m +n , onpenenHIOT 9TH K09~HUHeHThi. Ypaa-

aeHHH aa Koa~~HUHeHTbi a 2m,n , nony~arowaecH aaanorH~HoA npouenypoA 

npa ae~eTHbiX aaa~eHHHX cyMMbi 2m +n , HanHIOTCH TOlKlleCTaaMH, To~aee, 

OHH CyTb nHHeAHbl9 KOM6HH8UHH ypaaHeHHA Ha K09~~HUH9HTbl a2 m,n c MeHb-

WHMH 3H8~9HHHMH CyMMbl 2m +n , CHTYBUHH HlleAHO nonHOCTblO aaanorH~-

H8 TOA, KOTOpaH BCTpe~anaCb B pa6oTe /6/ npH HCnonb30B8HHH pHl10B no 

onaoA nepeMeaaoA. TexHH~eCKH oaa, KOHe~Ho, cnolKHee. noaToMy a llBnbHeA

weM aocnonbayeMCH npyrHM npHeMoM, 3nec b lKe npaaeneM aaAneHHhiA HaMH 

peaynbTaT: 

-1 2 2 2 4 3 2 4 2 2 4 
ell (y,x 1-1-2x -2y +;rY +Byx +Y -4y x -Sx +... (25) 

3aMeHHM ypaaHeHHe (22) CHCT9MOA ypaBHeHHA, K8lKJ;IOe H3 KOTOpblX y~HTbi

B89T orpaHH~eHHH Ha ~yHKUHIO ell , H8KnBl1biB89Mbl9 Tpe60B8HHHMH YHHTap

HOCTH H nepeKpeCTHOA CHMMeTpHH B OTnenbHOCTH, .fing 9TOro 38M9THM 0 ~TO 

cornacao ~opMynaM ( 17), (21) 
2 s2 (y,xl-ell(y,x J(J-2y-xl, 

T,e, HMeiOT M9CTO cnellyiOWHe ypaBHeHHH: 

xcF(-x,yl, y =-F(y,-xl, S2 (y,xiS2 (y,xlzl, 

S 2 (y, xl 
l-2y-~ 

z~(y,-xl 
l-2~· 

9 

(26) 

(27) 



I 

YpaeaeHHe (26) MOlKeT ObiTb nerxo peweao. Caa'lana ynpocTHM paBeHCTBa 

(14) nyTeM BBe.QeHHll HOBblX ~YHKUHll: g II g 
y 

"· 
2y-x y+x 

!1 ----- --
1 + y- t X I y 1- 1 Y+ t X I 

(28) 

g (y,x}+g (y,"'i}-0, g (y,x}+g (y-;xJ-0. 
X X Y Y 

(29) 

Tenepb nerxo npoeepHTb, 'ITO peweaae ypaBHeHHll (26) HMeeT BH.Q: 

J 1-a(g. •!1y 

s 2 ( y I X J • 1 + a ( "· ,g y J (SO) 

I'.Qe 

a ( g , g J •- a (-g , -g J. 
X y X y 

11CKOM8ll ~HKUHll a(g ,g }nO.Q'IIIHl!eTCll ypaBHeHII~ 
• y 

(a-a K1-2y}=x(1- a:), (31) 

r.Qe 

a•a[g (y,x},g (y,x}], ti .a[g ( y,-x},g (y,-x}l. 
X y X y 

"'Y'paBHeHHe (31) oy.QeM peW8Tb C llOMOWb~ pa3nOlKeHHSI HeH3BeCTHOll: ~HK-

UHH B .QBOli:HOll: pli.Q no g 1 g , 0.QH8KO .Qnll .Qan&Hell:wero YAOOHO BOC-
• y 

ll0nb30B8TbCSI ni!Heli:Hb!MH KOMOHHBUHliMH g • 0 g y , YcnoBHSI, H3 KOTOpb!X 

H8XO.QSITCSI KOS~HUHeHTbl nHHeliHblX KOMOHH8UI!li1 onpe.QenSI~TCSI ~pMyna-

MH: 

G .!,.(-g . ., . +2g J•x+ O(y,x};G •
3
1 (g +g }•y+O(y,x}. 

y y • y 
(32) 

.Reno, 'ITO cjlyHKUHII G ' G nO.Q'IHHSI~TCSI ypaBHeHHSIM (29), noaTOMY 
• y 

pa3nOlKeHHe cjlyHKUHH a B .QBOli:HOII pS!.Q !!MeeT BII.Q: 

a • I a G"'G" 
•+n •lp +I "''" x Y (33) 

m,n,p~O 

10 

no.QCTaBnS!ll Bblp8lKeHI!ll .Qnl! a , a B ypaBHeHI!e (31) II llpllp8E 

acjlcjli!UIIeHTbl llpll X my m C O.QIIH8K0Bb!MII 3H8'1eHHl!MII m 
1 

n , no, 

KOHe'IHY~ CHCTeMy ypaBHeHHII 118 KOS~~IIUI!eHTbl a m,n 3aMeTIIM, 

'leTHblX 3Ha'leHI!SIX m 9TH ypaBHeHHll 6y.QyT TOlK.QeCTBBMU, llei!CT 

nerKO YBH.QeTb 0 'ITO o6e '18CTH ypaBHeHHll (31) l!Bnli~TCS! He'leTHb 

UHSIMU X , CpaBHeHue nHHeiiHb!X H KB8.Qp8TII'IHblX no X , y 

BO.QHT K CUCTeMe ypaBHeHUH 

2 a 
10 

• 1, 

-2 a +a = 0. 
10 01 

npoCTOH no.QC'IeT nOK83biB8eT, 'ITO npH m+n=2p + 1 HeU3BeCTHbie ! 

Tbl am,n onpe.Qenl!TCl! H3 2 (p + 1 J ypaeaeaull. 3TH ypaBHeHUll nuae 

'18CTH 38BUCl!T OT KOa~~UUUeHTOB a C MeHbWHM 3Ha'leHHeM m,n 

3anHWeM ypaBHeHHll B M8TpU'IHOM BU.Qe: 

A a = F p p p 

3.QeCb a - CTOn6eu c aneMeHTaMu a , 0.::; q ~ 2 p + 1 , a 
p 2p+l-q,q 

paTHall MaTpuua (puc. 1 ). Onpe.QenuTen& MaTpUUbi A oTnH'IeH or 
p 

Det A ,llp+ll 
p 

p 
n ( P +2 +3 e J. 

f..o 

3To AaeT B03MOlKHOCTb nocTpouTb noxa ~opMan&Hblll PSIA (33), lln 

38TenbCTB8 CXO.QHMOCTU Pli.Q8 BOCnon&ayeMCl! 'IBCTHbiM peweHHeM ( 

aeaull (22). Ha aero cne.QyeT, 'ITO BHyTpu cerMeHTa !xI <-::.2 __ _ 

1+-./T 
CTeneHSIM x .Qnli~YHKUUU a[• (x 2 ,x},g (x 2,x}) CXO.QHTCS!,I1Hbl 

J • y 

MU, .QBOIIHOll: PSIA CXO.QHTCSI B TO'IKBX CerMeHT8 [a,,B) napa6onbl 

(puc, 2), 0TC~.Q8 ylKe nerKO yCTBHOBUTb CXO.QHMOCTb pS!AB ( 33) B 

yron&HHKe 

!xi< -./41-5 
4 

-./41 -5 2 
;y!<l~-1 

TaxuM o6paaoM, AOKaaaao, 'ITO ypaeHeHHS! l.Jy-noy c TpexpSI.QHOH M 

nepeKpeCTHOII CUMMeTpUU (2) o6na.Qa~T .QByMepHblM nOK8nbHO-HHB8 

MHOroo6pa3HeM- IIHBapuaHTHOA noeepXHOCTbiD (21), 

11 



noACT8Bn5!SI Bb!p8)1{9HIHI Ami a ;; B ypaBH9HH9 (31) H npHp8BHHB8SI KD-

s$$HUH9HTbi npH X my m C OAHH8KOBbiMH 3H8'19HHSIMH m , n , nony'IHM 6ec-

KOH9'1HYIO CHCTeMy ypaBH9HHit H8 KOS$$HUH9HTbl a m,n 3aMeTHM, 'ITO npH 

qeTHblX 3H8'19HHSIX m STH ypaBHeHHSI 6yAyT TO)I{A9CTB8MH. LleitCTBHT9.1lbHO, 

nerKO YBHA9Tb, 'ITO o6e '18CTH ypaBH9HHSI (31) SIB.IlSIIOTCSI H9'19THhlMH $yHK-

UHSIMH X • CpaBH9HH9 .llHHeitHblX H KB8Ap8TH'IHblX no X , y 'l.ll9HOB npH-

BOAHT K CHCT9M9 yp8BH9HHit 

2 a 
10 

• l, 
(34) 

-2 a +a = 0. 
10 OJ 

npoCTOit nOAC'IeT nOK83blB89T, 'ITO npH m+n=2p + J HeH3B9CTHbl9 KOS$$HUH9H-

Tbl a onpeAe.llSITCSI H3 2(p + J) ypaBH9HHit. 3TH yp8BH9HHSI .llHHeitHbl. npaBbl9 
m,n 

'18CTH 38BHCSIT OT KOS$$HUH9HTOB a C M9HbWHM 3H8'19HH9M m+ n 
m,n 

3anHW9M ypaBH9HHSI B M8TpH'IHOM BHAe: 

A a = F p p p 
(35) 

3AeCb a - cTon6eu c sneMeHTBMH a , O,$q ~2p+l , a AP - KBaA-
P 2p+l-q,q 

paTHaSI MaTpHUa (pHc. 1). OnpeAe.llHTe.llb MaTpHUbi A OT.IlH'IeH OT aynSI 
p 

Det A =i(p+ll 
p n < p +2 +3 e '· 

f..o 

3TO A89T B03MO)I{HOCTb nocTpOHTb noKa $opM8.1lbHbiH PSIA (33). LlnSI AOK8-

3aTe.llbCTB8 CXOAHMOCTH pSIA8 BOCnO.Ilb3yeMCSI '18CTHblM peweHHeM (20) ypaB-

H9HH!I (22). Ha aero cneAyeT, 'ITO BHYTPH cerMeHTa lx I< 2 - pSIA no 

l+ v'l"" 
CTeneHSIM X AllSI$YHKUHH a(il' (x 2 ,x),g (x

2
,xJ1 CXOAHTCSI.HHbiMHC.IlOBa-

J X y 

MH, ABOitHOit pSIA CXOAHTCSI B TO'IK8X cerMeHT8 (a,tJ) napa6onbi Y= x2 

(pHc. 2). 0TCIOA8 y)l{e nerKO ycTaHOBHTb CXOAHMOCTb pSIA8 (33) B npSIMO-

yrO.IlbHKKe 

lxl < y'4l-S 
71 

y'4l -5 2 
;yl < 1---r-1 

TaKHM o6pa30M, AOK838H01 'ITO ypaBHeHHSI l.Jy-noy C TpeXpSIAHOit M8TpHUeit 

nepeKpeCTHOit CHMMeTpHH (2) o6naA810T AByMepHbiM .llOK8.1lbHO-HHB8pH8HTHbiM 

MHoroo6pa3HeM- KHBapH8HTHOH ITOBepXHOCTbiO (21). 
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06cyJKI19HH9 

YcTaaoaneHHbill BbiWe ljlaKT cywecTaoaaHHH HHBapaaHTHoll noaepxaocTH 

y peweHHll ypaBH9HHll l.fy-noy, nO-BHilHMOMYt HC"'epnb!B89T HHBapHaHTHbi9 

MHoroo6paaHH c npe.aenLHoll TO"'KOll X- Y- J • 

Llel!CTBHTenbHO, llB9 H93aBHCHMbl9 KOOpllHHaTbi HHBapHaHTHOl! noaepXHOC

TH H npoaaaon (5) npaao.aHT K ToMy, "'TO o6wee peweaue 6y.aeT aaauceTb 

oT Tpex npoaaaonbHbiX ljlyHKUHll. TeM caMbiM .aocTHI'HYTbill npoaaaon coana

.aaeT C npOH3BOnOM, npe.ayCMOTpeHHbiM ycnOBH9M nepeKpeCTHOll CHMM9TpHH 

(8). 

Paaee OTMe"'anocb 161, "'TO nocTaHOBKa aa.aa"'H .aonycKaeT npocToe 

o6o6weHHe Ha MaTpHUbl nepeKpeCTHOll CHMMeTpHH npOH3BOnbHOI'O nopS!IlKJ6,8/, 

J.1anoJKeHHbill BbiWe no.aXOil TaltlK9 MOlKeT npHM9HSITbCSI B 9THX o606IIIeHHSIX, 

J.1.ael!HO OH COCTOHT B TOM, "'TO HHBapHaHTHbl9 MHOI'006pa3HH Bb!CWHX paa

MepHOCTell CTpOSITCH HCXOilSI H3 CBOl!CTB H3B9CTHbiX MHOI'006pa3Hll HH3WHX 

pa3MepHOCTell, 

AaTop 6naro.aapea B.H. )l(ypaaneay aa noneaHLie o6cyJK.aeHHH. 
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