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SUMMARY 

Ba.sing on the requirement of the invariance of the 

Schrodinger's relativistic equation relatively the Galilean 

transformations, the procedure of the proof of the nonrelat1-

v1st1c wave equation invariance relatively approximate trans

formations of the type of Galilean ones 1s introduced. 

It is shown that the Schrodinger's equation is invariant 

relatively the Galilean transformations. 

It is also shown that on the basis of the transformation 

formulae for the energy and the momentum of plane wave and 

or condition that there exists a limiting transition from 

quantum mechanics to classics the statement of the problem on 

the Schrodinger equation invariance relatively space-like 

transformations is correct. In this case it should be noted 

that the considered equation corresponds to the so-ca.lled 

properly no.nrelativistic approximation; in the Galilean appro

x1nia:tf·on it has a trivial form. As for the nonrelat1v1st1c 

invariance requirement, not the Schrodinger equation, but 

another nonlinear equation different from the Schrodinger's 

b7 the form of the time term satisfies it. 

Some difficulties of quantum mechanics should be taken 

into ace cunt. The .. elimination of these difficulties may be 

apparently conne.cted only-•with the· rejection from the 

Ehrenfest's theorem. 

In particular; it•·is shown that the ·transformed wave 

function of the plane wave does not assume additional phase 

in the nonrelativistic approximation. 



ITpe>Kae '19M nepeHTH K Henocpe/lCTB9HHOMy paCCM0Tp9HlIIO eonpoca, 

c~opMynnpoeaHHoro B aarnaenn, Mb! aaTpoHeM ecnoMoraTenhHYIO npo6neMy, 

KOTOpoii 6yayT nocBHW9Hbl cne.ny1011me HH>Ke paccy)l(Jl9HHH. 

§1. 06 lIHBapnaHTHOCTll penHTHBHCTCKoro ypaBH9HlIH 

llJpe.nnHrepa oTHocnTenbHO npeo6paaoBaHnii rannneH 

Konb cKopo npeo6paaoaaHHH rannneH 

x'=x-{3ct, t, = t ( I) 

Bb!T9K8IOT ll3 npeo6pa30B8HH8 nopeHua npn ycnoBHH, 'ITO Benn'IHHBMH nopH/lKB 

ff (n M9Hhllle) MO}l{HO npeHe6pe'Ib no cpaBH9HlIIO C I, TO Mb! Bnpaee yTB9plK-

.llBTb cne.ny10wee • 

PenHTHBHCTCK09 ypaBH9HHe llJpeanHrepa 

1 a22 a2"' 2 2 
m C 

"'' 
( 2) 

c2 at 2 ax2 h 2 

yaoaneTBOPHIOIUee Tpe6oBaHHIO HHBapnaHTHOCTll OTHOCHTenbH0 npeo6paaoBaHHH 

nopeHua, (npn llOCTBT0'IHO ManbIX CKOpOCTSIX) JlOn>KHO 6bITb HHBapnaHTHO 

H 0THOCHTenbHO BblT9K8IOWHX 113 «popMyn nopeaua npeo6paaoeaHHH rannneH. 

ITepe8neM Ha OCHOBBHHH «popMyn (I) K apyro8 (111TplIXOB8HHOH) CHCTeMe 

OTC'I~Ta. ITpn 3TOM ypaBH8HHe ( 2) nepettaeT a cneay10mee Bb1pamenne 

z a2¢,, 
7 ae' 2 

_p_ a2.,,, 

C at'ax' 

a 2.,., a 2.,., 2 2 < 2,) +{32 __ '1'___ __'1'__ m C "'', 

ax'2 ax' 2 h2 
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\ 

KOTOpoe OTnHqaeTCH OT ypaBH9HHH (2) HanHqHeM nByx nocnenHHX qneHOB 

B neBott qacTH. 

qTo KacaeTcH caMoro nocnenaero na ynoMHHYTbIX qneaoa, TO ero cpaay 
2 

MO)KHO oT6poCHTb, T.K. OH Man ( nopHnKa /3 ) no OTHOill9.HHIO K nepBoMy 

qneHy npaBott qacTH. 1-ITo KacaeTCH OCTaBillerocH qneHa, TO .Ha OCHOBaHHH 

cqmpMynnpoBaHHoro Bblllle YTBep~eHHH, OH TO)Ke non)KeH 6bITb ManbIM no 

OTHOill9.HHIO K MaKCHManbHbIM qneHaM ypaBH9HHH, T.e. non)KHO Bb!IlOnHHTbCH 

ycnoaee 

a'"' , 
"'{3 C 

a'"', 
( 3) 

ax•at' ax,, 

11n11 ycnoane 

a' t/J, /3 a 't/J, 
=----

ox'dt' C ae'' 
To, qTo onao H3 8THX ycnOBHtt nettcTBHTenbHO HMeeT M9CTO, MO)K9T 6b!Tb 

noK838HO H938BHCHMO. 

'-1To6bi cnenaTb aTo, Bb!IlHill9M qiopMynbI npeo6pa30B8.HHH npoH3BOnHbIX 

a 2ip I a X 2 
H a 2ip I axat, onepaHCb Ha qiopMynbI npeo6pa3oBaHHfi nope.Hua 

x'=(x-{3ct)y, t'=(t-LxJr 
C 

(4) 

II fanHn9Ho 

B peaynbTaTe 6yneM HMeTb 

a2"' a2"' , 
(1 + f32)-f3c 

a2"' , /3 a'"', 
] y2' --=l 

ax at ax'at' ax' 2 C at' 2 
( 5) 

a2"' a :z"' , - {3 C 
a 2"', 

= 
( 5') 

ax at ax'at, ax' 2 

a2"1 i)21{,, f3 a2"', f3 2 a2"', 
) y2 ' -=< -2- +--

iJx 2 ax' 2 C ax ·at' c2 a e, 2 

( 6) 

i) 2 'f_ a :z"', 
( 6') 

ax2 ax'2 

nanee paccy)KJlaeM cnenyromHM o6paaoM, 
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Konb cKopo nepexon OT pennTnancTcKoro cnyqan K rannneeay npn6nn

>1<eHmo CBH3aH C OT6paCbIBaHneM qneHOB nopHnKa f3 2 ( n MeHbwe) no cpaB

H9HHIO C 1, TO Mbl Bnpaae CBH3bIBaTb ncqe3HOB9Hlle TpeTbero qneHa B QJOpMyne 

(5) npn nepexone K (5') c BhmonHeaneM nnn ycnoBnH (onycKaeM lllTpnxn) 

a2 VJ 
""f3 C 

a2VJ 

a e 2 ax at 
( 7) 

nnn ycnoann 

a2VJ f3 2c 2 a2VJ 
"" 

a e 2 ax 2 
( 8) 

nnn nx o6onx onHoBpeMeHao. 

ITpnaneqeane qiopMyn (6) n (6') npnaonnT Hae K nocnenaett BO3MO)KHOCTn. 

B peaynbTaTe nMeeM: 

a2.~ a2.~ 
---''I'--- "' f3 2 C 2 __ 'I' __ _ 

ax ae ax 2 (9) 

ITocnenHee Bb1pa)Keane, oqeannHo, BKn10qaeT KaK paa Tpe6yeMoe ycnoane (3). 

KpoMe Toro, oHo conep)KHT ycnoane 

a 2 VJ 

ae 2 

KOTOpoe noHano6nTCH HaM a nanbHettllleM. 

( 10) 

CyMMnpyn cKaaaaaoe Bbillle, cnenyeT nonqepKHyTb, qTo n B npouecce 

nayqeHHH BonpocoB HHBapnaHTHOCTll HepenHTHBHCTCKHX ypaBHeHHH OTHOCHTenbHO 

npn6nn)KeHHbIX npeo6paaoaaantt KoopnnaaT (Tnna npeo6paaoaaantt rannnen) npn 

nepexone K npyrott cncTeMe oTcqeTa MoryT noHBHTbCH nononHnTenhHbie qneab1. 

Ecnn npn aToM yKaaaHHbie qneHbI Ha ocaoaaann ycnoBnii: Tnna (3) n ( 10) 

OKa3bIBalOTCH ManbJMH ( no pH nKa {3 4 
) no OTHOW9HHIO K MaKCHManbHOMy I TO 

nx Hano oT6pocnTb, a paccMaTpnBaeMoe ypaBHeHne cnenyeT cqnTaTb nHBa

pnaHTHbIM OTHOCHTenbHO naHHblX npeo6pasoaaanll:. 
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§2. 06 llHB8pll8HTH0CTH ypaBHeHH.11 lllpe,imurepa 

0TH0CHTenbH0 npeo6pa30B8HHtt ranHne.11 

BosbMeM ypaBHeHHe lllpei:murepa B <l>opMe 

a1p i h 
--=--• 

at 2m 

a:iifF 
ax 2 

imc' 

h 
Ip' ( 11) 

K0Topoe nonrmeTC.11 H3 o6bJ'IIHOro ypaBH9HH.11 lllpeni,urepa C Il0M0illblO H3BeCT

H0tt 38M9Hhl 

,/, i m C :1 
'I' 1ll = tfr exp ( -- t ) 

• h 

II ynpocTIIT HaM nocnenyromee paccMoTpeHIIe. 

KpoMe Toro, Mbl BblillillleM <popMynhI npeo6pa30B8HIIii .nm1 a 'PI a t 
H a1p I ax B pen.11THBHCTCKOM cnyqae II B ranHneeB0M npH6nm1rnmrn. flpH 

9T0t,; 6y,neM llM9Tb: 

.±L= ( aifF , 
- f3 C 

aifF, 
) y' 

at at' ax, ( 12) 

_!_±_ = aifF' aifF, 
-f3c --

at at' ax' 
( 12 ) 

H 
aifF aifF' f3 aifF' 
--=(---- , )y, 

ax ax' C at 
( 13) 

..±L = .!L ( 13 ) 
ax ax, 

OTCIO.ll8 Ha OCHOB8HHH paccy)l{.lleHHii, auanorH'IHblX Bbllll9H3n0)K9HHbIM, Mbl 

MO)KeM saKnIO'IHTb o cnpane.nnnnocTH cne.nyromero ycnoBH.11: 

aifF a,,, , 
-- "',{3 C ....::.:t:. 

at' ax' 
( 14) 

Tenepb Mb! HM98M Bee aeo6xo.nHMoe, 'IT06bI nepettTH K uenocpencTBeH

HOMy paccM0TpeHHIO Bonpoca 06 HHB8pH8HTH0CTH ypaBH9HH5! lllpellHHrepa 0TH0-

CHTenbH0 npeo6pa30B8HHtt ranHne.11. 
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CoBepunrn nepexoa B apyry10 (mTp11xoBaHHy10) c11cTeMy oTcqeTa na 

OCH0B8HIIII (6) rr (12 ), llnH ypaBHeHIIH (11) 6yaeM IIMeTb 

ih 

2m 

• 2 
_i _m_c__ ijJ , . 

h 

TTony11eHHOe T8KIIM o6pa30M ypaBHeHIIe OTnI111aeTCH OT ypaBHeHIISI llipellIIHrepa 

1rnnrr11rreM BToporo qneHa B neBofi qacTn, npn'leM IIMe10u1eecH B uarneM 

pacnopm1wmm ycnoBrre ( 14) ne noaBomieT ero oT6pocnTh. Bonee Toro, ono 

roBopIIT, •ITO yKa3aHHbIH qnen no ITOPHllKY BenII'll!Hbl paBeH MaKCIIManbHOMy 

11neny - nepBoMy 11ne11y B neBofi 'laCTII, HO KOnb CKopo Mb! ne MOlKeM OT6po

Cl!Th 9TOT aononHIITenhHblll 11neH, Mb! BbIHyxmeHbl CKa3aTb, 'ITO ypaBHeHne 

llipellIIHrepa He IlHBapnaHTHO OTHOCHTenhHO npeo6pa30B8HilH ran11neH. 

2. CneayeT OTMeTIITh, 'ITO npn o6h!'IHOH TpaKTOBKe aaHHoro BOilpoca 

(cM., HailpIIMep, / 1/) npIIHIIMaeTCH, 'ITO npeo6pa30BaJIHaH BonnoBaH cpyHKUIIH 

npeo6peTaeT aononnrrTenhHYIO cpaay 

i/J ' = 1/J exp [ i ( m f3 c x - _I - m f3 2 c 2 t + C J] . 
2 

OanaKO TaKOH mar BpSill ml MO)KHO C'IIITaTb nocneaoBaTenhHbIM • .Ueno B TOM, 

'ITO ranrrneeBa IIHBapllaHTHOCTb SIBnSieTCSI qacTHblM cny11aeM nopeHU-IIHBapllaHT

HOCTII ( npn ManbIX CKOpOCTSIX) • A KaK Mbl 3HaeM, B penSITIIBIICTCKOM cnyqae 

npeo6paaoBaH1taH (cxansipHaH) BOnHOBaSI cpyHKUIIH HIIK8KOH ll0ilOnHIITenhHOfi 

cpa3bl ne nprro6peTaeT • TTo9TOMY HIIKaKofi ll0IlOnHIITenhHOl1 cpa3bl y nee He 

aonlKHO B03HlIKaTb lI B ranuneeBOM np116m1>KeHIIII ,to)• 

Bonbllle Toro, ecnu nocneaoBaTenhHO npIIlleplKIIBaTbCSI yKa3aHHOll TO'IKII 

3peHIISI, TO npll llOKa3aTem,cTBe lIHBaprraHTHOCTII HepenSITlIBIICTCKOro ypaBHe

HlISI raMHnhTOH8- .HK0611 OTHOCIITenhHO npeo6pa30B8HIIH ran11nesi B Kl18CCl!Ke 

Mhl BbIHy,KJleHbl 6yaeM llOilYCTIITh, 'ITO IlplI nepexoae K apyrofi CIICTeMe 

,.., Ho ecnH 8TO Bepao, TO Mb! J:tOlilKHbl OTK838TbCSI OT npaBnna EaprMaaa121, 
KOTOpoe rnaCllT, '!TO He cymecTByeT aepenSITllBHCTCKllX KB8HTOBOM8X8HH

'18CKHX COCTOS!lllllt, KOTOpbi8 OilllCblB8JOTCSI nnaeltHb!Mll cynepno3HUllSIMll 

t/, -cpyHKUHlt, OTB8'l81011{HX 'laCTllUaM pa3HbIX Mace. 
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OTC'i~Ta <pyHKUIHI )lell:CTBJISI s, ( X ',t')6y)leT npeo6pa30BbIB8TbCSI no ¢opMyne 
mv2 

S '=S-mvx - --- t. 
2 

Ho KOnb CKOpo STO npOTllBOp0'illT penSITllBllCTCKOA <popMyne npeo6pa30B8HllSI 

s, = s ' TO Mb! JlOmKHbl IlOCT8BllTb IlO)l COMH0Hll0 ll npaBllnbHOCTb nono6Hb!X 

paccy)KJleHllfi B cnyqae KBaHTOBOfi M0X8HllKllXI. 

3. KpoMe Toro, Mb! oco5eHHO XOTllM o5paTIITb BHllM8Hll0 Ha cneny10umfi 

<paKT. 

HcnonbaoBaHne npeo5paaoBaHnfi rannnen nnn KoopnnHaT rrpnBonnT K TOMY, 

'ITO nepBbl0 npOll3BOJlHbl0 OT BOnHOBOfi <pyHKUllll npeo5pa3y!OTCSI no <popMynaM 

( 12') ll ( 13'). nm1 nnOCKOfi BOnHbl STO IlplIBO)lllT K cneJlyJOIUllM <pOpMynaM 

npeo5paaoBaHnA Jlnst nMnynbca II aHeprnn: 

, E, , 
p,.=Px E= +{3cp,. ( 15) 

KOTOpb1e, O'i0Bll)lHO, OTnil'iaIOTCSI OT Tpe6yeMbIX <pOpMyn npeo6pasoBaHJlfi 

Px p' +..!!_E' 
X ' C 

E = E'. , ( 16) 

BMeCTe C TeM, ecnn yqecTb, 'ITO, HanpnMep, B penSITllBllCTCKOM ypaBH0Hllll 

lllpennHrepa qneH a 2tf, I at 2 
cooTBeTcTByeT KBanpaTy rronHofi aHeprnn, a qneH 

a 2tf, I a x 2 
- KBanpaTy llMnynbca, TO KaK Toraa IlOHllM8Tb ycnoBH0 ( 10). ll3 

KoToporo cneJlyeT, tJTo B rannneeBOM npu5nnlKeHnn BTopofi tJneH MHoro 5onbwe 

nepBoro? 

0Ka3b!B80TCSI, 'ITO yKa3aHHb!0 TpynHOCTH CHllMyTCSI, ecnn BM0CTO npe

o5pa30B8HllA rammen MbI 5yneM onepnpoBaTb c TaK H83bIBaeMbIMll npocTpaH

CTBeHHo-nono5HhlMII npeo5pa30B8HllSIMH/3/. 

§3. 05 llHB8pH8HTHOCTH ypaBH9HHSI illpen1rnrepa OTHOCHTenbHO 

npocTpaHCTBeHHo-rrono5Hwx rrpeo5pa3oBaHnfi 

1. 11TaK, paCCMOTplIM npocTpaHCTB0HHO-IlO)l06llbl0 npeo6pa30B8HllSI 

B rannneeBoM npn6nn•eHnnI4/ 

xi B STOfi CBSl3ll CM. TaK•e nononll0Hll0. 
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, 
X ~ X, ( 17) 

B aTOM cnrrne )lml cpopMyJl npeo6pa30B8l!llll: nepBbIX npOll3BOJll!bIX OT B01IHOBOll: 

cpyl!KUllli 6yJleM llM9Tb CJ19JlYIOII1ll9 Bbip8)K9Jllll'I: 

atf, atf,, f3 --=-----
ax a .x' C 

atf, atf,, 

at at' 

atf,, 

at' 
( 18) 

( 19) 

KO'.\'Opb1e, KaK nerKO Dll)l9Tb, )lell:CTDllT9Jlbl!O 06ecrre'11IBaIOT l!Y)KHbJe cpopMyJlbl 

npeo6paaonannll: ( 16) Jlml nMrrynbca H aneprnu nnocKofi BOJIHbI. 

ITpn 8TOM JlJll'I BTOpbiX npOll3BOllllbIX BMeCTO ycnonnii ( 9) TaK)Ke nony'IHM 

Tpe6yeMbie ycnOBlll'I BH)la: 

a 2"' f3 a 2"' f3 2 a 2 tf, ___ ,,, _____ ,,, __ 
ax 2 C axat c 2 at 2 

( 20) 

Ho rrpe)KJle '19M C)lenaTb nanbl!9Mllllle IllaI'H, Mb! XOTHM HalIOMJIHTb cne

nyIOIUee. 

rannneeno rrpll6Jlli)K9Jllle COOTBeTCTByeT TOMy CJIY'!a!O, KOI')la '!Jlel!aMH 

2 
rropl'l)lKa f3 MO)KHO rrpeHe6pe'!b no cpaDH9l!HIO C 1. IToaToMy B )laHJIOM rrpn-

6JIII)K9Hlill B ypaBH9l!llH lllpennnrepa ( 11) rrepBbIM '!Jl9l! B rrpaBoii qaCTH, llMe-

2 
!OlllHM B9Jlli'llil!Y rropHnKa f3 , nanpnMep, ITO. OTHOilleHHK? KO BTopoMy •meny 

rrpanoil: '!aCTll, CJle)lyeT OT6poCHTb KaK MaJlbIM. B peayJibTaTe 6yneM IIM0Tb 

atf, 
---+----tf,=0. 

imc 2 

( 21) 
ae h 

ITocnenirne Db1pamenne 6y.QeT rrpencTaBJIHTb co6oro ypanneane Illpe.a.nHrepa 

B rannneenoM rrpn6nnmeHIIH n, KaK Jl8I'KO DHJl8Tb Ha OCHODaHHH ( 21)' 6y)leT 

HHBapnaHTHO OTHOCllT9JlbHO rrpeo6paaoBaHHH (17). 

CnenyeT, O)ll!aKo, aaM eTHTb, 'ITO Be)lb Hae, B KOHUe KOHUOB, llHTepe

cyeT rrpo6neMa HHBapHaHTHOCTH ypaDJl0HHl'I IllpennHrepa (11), a He ypaBHe

l!lil'I ( 21). 
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KaK )1(0 IlOllOfiTH K ll8HHOfi npo6neMe? 

lJT06b! CllenaTh 9TO, Mb! llOn)l{Hbl HM0Th B BHllY cne1ly10mee. 

KaK H3B0CTHO, ypaBHeHHe lllpellHHrepa OTpa)KaeT co6010 CTpyKTypy He

pemITHBHCTCKOfi tpopMynbI llmI saeprnn. A nocnenmrn tpOpMyna COOTB0TCTByeT 

TOMY npu6nmKean10, KOrlla qneHaMn nopHllKa /3 4 
cnellyeT npeHe6petJh, cox

paHHB ( B OTnHtJH0 OT rannneeBa npn6nH)K0HHSI) qneHbl IlOpS!llK8 /3 :z • I1Hb!MH 

cnoBaMJI, KoppeKTHoe perueane 3aTpoHyTofi npo6n eMbI 3aKn10tJaeTcS1 B noucKe 

OTBeTa Ha Bonpoc 06 HHBapHaHTHOCTH ypaBHeHHH lllpemrnrepa OTHOCIITenhHO 

HepenHTIIB;ICTCKIIX npocTp8HCTB0HHO-IlOll06Hb!X npeo6pa30B8HHfi 131: 

X , = X (I + _J_ /3 1 ) -/3 C t, t ' = ( t - Ji_ X) (I + _J_ /3 z ) • ( 22) 
2 C 2 

YKaaaHHbie npeo6paaoBaHHH TaK )Ke, KaK n npeo6paaoBaHHSI ( 17), o6ecneqn

BaroT HY>KHbie ipopMynbI npeo6pa30B8HHfi llnH HMilYllhC8 H 9Heprnn IlllOCKOfi 

BOllHbI, a T8K)K8 Bb!IlOllH0HHe ycnOBHfi ( 20). 

2. HTaK, nepettneM K paCCMOTp0HIIIO Bonpoca 06 HHB8pHaHTHOCTH ypaB

H0HHSI lllpellHHrepa OTHOCHTenhHO npeo6pa30B8HHfi ( 22). B 9TOM cnyqae nocne 

nepeXOll8 B 1lpyry10 CHCTeMy OTC'l~Ta llnH ypaBH0HHSI (11) nony'IHM cne1ly10mee 

Bb!pa>i<eHHe: 

arfr' 1 z arfr' ih a1rfr' f3 a1t/J' {3
1 a1rfr' -- U+-/3 )-(:3c --= __ (_...;__ -2- ---+- ---)x 

at' 2 a X ' 2m a X '2 C a X' at' c2 at ' 
• 2 

xU+/3 2 )-~r/r', 
h 

KOTOpoe nocne oT6paCb!B8HHH 38B01lOMO ManbIX tJneHOB MO)K0T 6b!Th nepenIIca-

110, HanpnMep, B BHlle: 

arfr' ih 
-=-
at ' 2m 

a :zr/r, 

ax ' 2 

im c 2 h 2 f3 --- r/r , + _ __;_ __ 
2m 2 C h 

a3rfr' 
ax ,3 

1 f3 -- ---~. 
2 C 

TTocnellnee Bb!p8>1(0HHe, KaK nerKo Bllll0Th, OTnHqaeTCH OT ypaBH0HIISI lllpei:rnH

repa nannqneM nocnei:rnero cnaraeMoro B npaBoli qacTn. Ho KOnh CKopo Mb! 

lie HMeeM B CB00M pacnopH)K0HHH ycnoBnfi, KOTOpbl0 6bI Il03Bommn OT6pOCHTh 

ero KaK Manoe, H8M OCT88TCSI 38KllIO"IHTb, 'ITO ypaenenne llipellIIHrepa ne 

HHBapnaHTHO OTHOCHT0llhHO nepellSITHBHCTCKHX npeo6pa30B8Hllli, 
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B CBOe BpeMSI aBTOpOM 6bmo npennO)!(eHO nepenSITIIBlICTCKOe BOnHOBOe 

ypaanenne/5/: 

-(tf, 
ih 

2m 

im c 2 

-..-h-tf,, 

ynoaneTBOpSIIOIUee Tpe6oaaHlllO nepenHTllBllCTCKOfi llHBapnaHTHOCTll. 

( 24) 

Ypaanenne (24), oqeannno, oTnnqaeTcSI OT ypaanennH llJpennarepa (11) 

~opMofi apeMeaaoro qnena. B cTaunoaapaoM cnyqae oan coananaroT npyr 

c npyroM. 

Mb! ne 6yneM cefiqac o6cy)KnaTb BonpOCbI, CBSl38HHbJe C TpynHOCTHMll 

pewemrn aToro aennaeuaoro ypaaaeanH B aecTaunoHapHbIX cnyqagxx/, a non

qepKHeM cnenyromee. 

Ecnn onnpaTbCSI Ha Tpe6oBaHne •KnHeMaTnqecKofi' llHBapnaHTHOCTll (6ynh 

TO penHTHBlICTCKaH lIHBapnaHTHOCTb nnn, K8K ab.ech, ee qacTHblfi cnyqafi -

HepenHTHBllCTCKaSI l!HB8pll8HTHOCTb), TO Mb! non)KHbl npennoqeCTb ypaBHeHne 

( 24) ypaaaeHnro llipennHrepa. 

ITpemne qeM nepe1'l:Tn nanee K 06cymneH1110 aeKoTopbIX cnencTBntt, Bb1-

TeKarouu1x na nocnenaero nono)Keans1, MbI XOTHM aanoMHHTh, qTo npnMeaeane 

npeo6pa30B8Hllll (22} B cnyqae MexaHlIKll ITOK83ano, qTO HepenHTlIBHCTCKOe 

ypaaaenne faMnnhTOHa-flKo6n KaK B cao6onHoM cnyqae, TaK n npn Hannqn11 

aneKTpoMarHHTHoro nonSI ynoaneTBOpSieT Tpe6oBaHHIO aepenSITlIBlICTCKOfi HH

BapnaHTHOCTn/3,6/. 

§4. HeKOTOpbie cnencTBHSI, BbITeKBIOllllle H3 npellblllylllero 

paccMoTpeHHH 

l1TaK, BbI6epeM B KaqecTBe HepenHTHBIICTCKoro ypaBH8Hl!SI Bblp8)!{8Hl!e 

B~opMe (24). 

xi 
no HaWeMy MH0HHID, nnH PH/l8 ypaBH0HHfi <jiH3HKH M)>K0T OK838TbCSI 

Heuenecoo6pa3Hb!M (a MO>KeT Ob!Tb H H0B03MO>KHbiM) nepexon K HepenSITH
BHCTCKOMY npeneny. 8 STOM cnyqae OTBeT Ha Bonpoc O noaeneHHH /l8HHoro 
<jiH3H'l0CKOro 0O'&0KT8 npn M8nblX CKOpOCTHX MO>KHO 6yneT nony'IHTb TOnbKO 
nocne peweHHH penHTHBHCTcxoro ypaBHeHHH c nocnenyroWHM nepexonoM K ae
penHTHBHCTCKOMY npeneny nnSI nony'!eHHOrO peweHHH. 
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Konb CKOpO JlBHtIOe ypaBHeHKe HemmeitHo, TO cpaay >Ke MO>KHO CK838Tb, 

'ITO B aTOM cnyqae CT8HOBHTCSI HeB03MO>KHb!M Bb!BOJl HeKOTOpb!X paBeHCTB 

JlJlSI cpeJlHHX BeJill'IHH, H3BeCTHblX noo H83BaHHeM TeopeM 3pemjiecTa. 

Kaaanocb 5bI, nocneJ1HHr1 peaynbTaT SIBJISleTCSI cepbe3Hb!M apryMeHTOM 

npoTHB BBeoemrn yKa3aHHOI'O ypaBHeHHH. 

0JtHaKO npe>KJle 'leM Jl0JlaTb KaKne-To BblBOJlbl H3 STOI'O <paKTa, Mb! 

XOTHM o5paTHTb BHHMaHne Ha CJ10JlYIOIIIee. 

'B Jll050it IlOCJieJlOBaTenbHOit Teopnn HepemITHBHCTCKoe npn5JIH>KeHne 

JlOJl>KHO C Heo5xOJlllMOCTblO Bb!TeKaTb ll3 penSITllBHCTCKOI'O paCCMOTpeam1. 

IToaToMy, B 'laCTHOCTH, n B KBaHTOBOit MexaHnKe, ecnn oHa npeTeaayeT 

Ha ponb nocneaoBaTeJibHOii TeopHH, 05bI'IHbl0 TeopeMbl 3pempecTa JlOJl>KHbI, 

B KOHUe KOHUOB, BbIT0KaTb ll3 ,, penHTHBHCTCKHX" TeopeM 3pempecTa. 

Ho KOJlb CKOpo ~ peJISITHBHCTCKOM cnyqae aHaJIOI'H'IHbIX TeopeM Mbl 

He HMeeM, TO cymecTBOBaHHe (HepenHTHBHCTCKHX) TeopeM 3peH<pecTa SIBJIH

eTCSI noaToMy caoero POJla HenocJieJlOBaTeJibHOCTblO, KOTopaH, no-BHJlHMOMY, 

MO>KeT 6b!Tb ycTpaHeHa TOJlbKO B peaynbTaTe OTKa3a OT YilOMSIHYTbIX Teo

peM. 

ITocneay101IlHe paccy>KaeHHSI noaKpennSIIOT nocneJlHHit war. 

TaK, paHee 5b!Jl0 yKa3aHo/7 /, 'ITO Ha OCHOB8HHH TeopeM 3pempecTa 

cpeJlHHe 3H8'1eHHSI ( npoCTp8HCTB0HHb!X) KOOpJlHH8T JlOJl>KHbl YllOBneTBOpSITb 

npeo6pa3oBaHHHM ranHneH. 0JtHaKo, KaK cneJtyeT, B '18CTHOCTH, H3 npeJlblllY

IUero paCCMOTpeHnH, ypaBHeHne lUpeJlHHrepa COOTBeTCTByeT, Boo6me I'OBOpH, 

He ranHneeBOMy, a co6CTB0HHO HepeJISITHBHCTCKOMy npu6nH>KeHHIO. IToaToMy 

cpeJlHHe 3Ha'leHHSI KOOpJlHHaT JlOJl>KHbl 6b!JlH 6b! CKopee YllOBJieTBOpSITb Hepe

JIHTHBHCTCKHM <pOpMynaM npeo6pa3oBaHHii THna 

- - 1 2 x '= (x-f3ct}(l+-f3 ), 
2 

t '= t (1 + _l_ {32 ) f3 _ 
2 

--x 
C ' 

BKJ110'la101IlHM B ce6SI OTM0'10HHbl0 cjiopMyJibl npeo6pa30BaHHSI ranHneSI. 

0JlHaKO SI He Bll>KY. KaK MO>KHO ( cneJtySI paccMOTpeHHblM paHee coo6-

pa>KeHHSIM/7,8/) JlOKa38Tb crrpaBeJlnHBOCTb aTHX <popMyn, rrpellIIOJiaraSI, 'ITO 

KBaHTOBbie KOOpllHHaTbI TaK>Ke IlOJl'IHHSIIOTCSI aepenSITHBHCTCKHM <pOpMynaM 

npeo6pa3oBaHHSI, Jla>Ke rrpII ycnoBHH, 'ITO Bbl'IHCJieHHe X Mb! 6yJleM rrpoBOJlHTb 

npH <pHKCHpOBaHHOM BpeMeHH. 
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KpoMe Toro, HY)l<HO o6paTHTb BHHM8HHe II Ha cnenyrournii cj:,aKT. 

KaK H3B0CTHO, cymecTByeT OCHOBSHHhlii Ha TeopeMax 3peHcjiecTa npe

.aenbHbiil nepexo.n OT KBaHTOBoil MexaHHKH K KnaccnKe. Ero cymecTaoaanne 

CBSI38HO C TeM, 'ITO cornaCHO TeopeMaM 3peHcjiecTa KB8HTOBO-Mexa}U!'l0CKil0 

cpe.llHHe y.noaneTBOpSIJOT KnacCII'leCKHM ypaBHeHHSIM JlBH)K0HHSI. IToaTOMY 1 

0CT0CTB0HHO, Mb! MomeM Tp8KTOB8Tb yKaaaHHbl0 aenH'IIIHbl KBK COOTB0TCTBYIO

um'e Knaccn'leCKHe. 0.nHaKo, KaK noKaaano .aeTanbHoe paccMoTpeHne/9/, na 

9TOM nyTH BCTp0'18JOTCS1 cepbe3Hble TPY.llHOCTH, CBS138Jlllbie C Tp8KTOBKOii 

Bb!p8)K0HHSI JlnS1 nonHofi aHepr1m II CT8BS1tllHe no.n COMHCHIIC rrpaBOMepHOCTb 

.naHnoro rrpe.nenbnoro nepexo.aa. TaKHM o6paaoM, 11 B aToM cnyqae oTKaa 

OT TeopeM 3peucjiecTa IIpHBO.llHT K ycTpaHeHIJJO B03HHK8l0lllHX TPY!lHOCTeii. 

llononHeHlle 

I 10/ 
06bI'IHast npouenypa npeo6paaoaa1mst ( cM., uarrpnMep, ) aonnoaoii 

cjiyHKIIHH nnOCKOfi BOnHhl 

i rp = C exp ( i s ) = C exp [ -h ( p x- Et)] 

IIpH nepexo.ne K .npyroii CHCTeMe OTC'l~Ta B HepenS1TlfBIICTCKOM cnyqae. rrpn

BOllHT K IIOS1BneHHJO nononHHTenbHOii ¢a3bl S z 

'I' = 'I' ' exp [ _i_ m V ( x ' + ..!.:._ ) ] = 'I'' exp ( i s ) • 
h 2 1 

3ToT peaynbT8T S1BnSieTCS1 cne!lCTBHeM IIpS1MOfi noncTaHOBKH <jiopMyn npe-

0 6paaoaaHHSI nnst KoopnnHaT, HMrrynbca n aHepr1111 nnna; 

m V 
2 

p=p'+mV, ---, 
2 

0.nnaKO C T8KHM peaynbT8TOM BpSI!l nn MO>KHO cornaCUTbCSI. 

neno a TOM, 'ITO npnMeHenne TO'IHbIX penSITHBHCTCKHX qiopMyn npeo6-

pa30B8Hllii CBHllCTenbCTByeT O TOM, 'ITO ileml'IIIHa S IIHB8p1IallT, Ho TD'lllbl0 

penS1TIIBIICTCKII0 ~lDpMynhl OIIl!Cb!BSJOT, B '18CTHOCTII, II cnyqait ManbIX CKOpo

CTeii. noaToMy npaBHnbHOe ncnonb30B8Hl!e Bb!TCK8JOIUHX H3 penSITHBHCTCKIIX 
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np116n11:>KeHHblX cpopMyn npeo6pa30BaHni1 He non:>KHO npHBOilHTb K B03HHKHOBe-

HHIO nononHnTenbHOll: !p83bl S l 11 B 11epGnHTIIBHCTCKOM cnyttae. 

l.JTOObl nponnnIOCTpllpOBaTb 9TO, B03bMeM (c Y'l~TO:vt peaynbT8TOB §3) 

B COOCTBeHHO HepenHTHBIICTCKOM npu6nnmeHHII cpopMynbI npeo6paaoBaHnll: 

B cnenyIOIUeM aune: 

2 2 

p =J p ' + _!_ E ') (J + _1 ___ v_ ) , E = E ' ( 1 + ... L ~ ) + V p ' , 
c2 2 c2 2 c2 

2 2 

X=x'0+-1--1'......)+Vt, t=(t'+Lx')(l +-l ___ v_) 
2 c2 c 2 2 c 2 

flpHMaH noncTaHOBKa nx B Bb1pamem1e nnH s naeT: 
4 

px-Et =(p'x '-E 't ')(J __ l _ _v_). 
4 c' 

(N t) 

(N 2) 

Konb CKOPO nepexon K paccMaTpHBaeMoMy npu6nnmeHHIO CBSl38H C OT6pa

CblBSIUieM ttneHoB nopHnKa V 4 I c 
4 

, TO nonttep1rnyTb1ll: ttneH cneayeT oT-

6pocnTb. B peaynbTaTe npnAeM K Tpe6yeMOMY paBeHCTBY s = s 

B .rammeBoM np116nnme1111R BMecTo (j,opMyn ( N1 ) n (N 2 ) 6yneM RMeT1: 

, V 
P=P +--E' 

c2 

X = X 

E = E ', 

, V , 
t=t +--x. 

c2 

floncTaBnHst 11x B Bb1pa}Ke11ne nnH s , nonyttlfM 

px-E t =p'x '-E't'. 

(G,) 

(G2) 

PeaynbT8T He H3MeHHTCH, ecnn BM9CTO cpopMyn ( N 2 ) 11 (G 2 ) Mb! 6yAeM 

ncnonb30B8Tb OObl'IHble HepenSITlfBllCTCKHe H rannneeBbl cpopMynbl nnst Koop

AHHaT. 

t.JTo KacaeTCSI OObl'IHOI'O BbIBona, TO 011, B qacTHOCTH, o6ycnoaneH TeM, 

ttTo cpopMyna npeo6paaosannst Anst aHeprnH 6epeTCH B HHOM npn6nmKeHnn, 

tteM Apyrne cpopMynhl npeo6paaoBaHnll:. 
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