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§1. BBelleHHe 

Anre6pa K Hall noneM KOMnneKCHbiX 'lllcen C , CTPYKTYPHbte 

KOHCTaHTbl H pall!' KOTOpOii onpeaenmoTC51 ypaDHe/111 511\111 

yfl Yv +YvY fl= 2 g flV 

(fL,V=l,2, ... ,n) 

"' 
an 51 o6pa3ytomnx Y 1 , ... , Y n , ua3biBaeTC51 anre6poii Knn<fl<flopaa. 

nonOll<HM 

(1.1 ) 

( 1.2) 

rae [ ... ] - onepaUH51 anbTepHHpOBaHH51 1 cyMMilpOBllHHe BeaeTC51 no CO'le-

TaHll511\1 1 a KOMnOHeHTN 

COB If (t'''VkE ( 

vi ... vk f KOCOCHMMeTplf'IHbl no Ka)I(Jl0ll nape ll!llleK-

06mnii aneMeHT anre6pbt K 

) 

n 

F = I F 
k= 0 (k) 

MO)I(HO npellCTaBifTb B <flopMe 

( 1.3) 
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r lle .F = f 0 • I 
(0) 

I - elliiHIIUa anre5pbi K 1 a F orrpellenHIDTCH 
( k) 

¢opMynoil (1,2). 

OcTaHOBIIMCH Ha reoMeTpii'IeCKOM CMbiCne Benii'IIIH 
f "• ... Ilk II 

y"l"'"k' 

HI!'! TO He MelllaeT HaM C'Il!TaTb y 11 5a31ICHbiMII BeKTopaMII n -MepHo-

ro eBKniillOBa npocTpaHCTBa 1 a ypaBHeHIIH (1.1) paccMaTpiiBaTb KaK anre-

5paii'IeCKOe rrpellCTaBneHIIe CKanHpHb!X rrpOII3B9ll9HIIll 5a31ICHbiX B9KTOpOB, 

B3a1IMHO OllH03Ha'IHbiM oTo5palKeHIIHM anre5pbi K Ha ce5n, rropmK-

)laeMhiM Ilpeo5pa30BaHll HMII 

(a)': y II -+ y ~ = a t y p, ' I a tl ,f. 0 ' 

II II 
COOTB9TCTBYIDT rrpeo5pa30BaHIIH KOOplliiHaT f ~eKTOpa F = f y II 

(I) 

f ", _ "rP--a . 
p, 

"• "'"k ' B o5!lleM lKe cnyqae f 1 o'IeBIIllH0 1 HBnHIDTCH KOHTpaBapiiaHT-

HbiMH KOMITOHeHTaMll rronHOCTbiD KOCOCIIMMeTpii'IeCKOI' 0 TeH30pa F = 

'<' f"t"'"k . k ( ,. (k) ..., Y, , BaneHTHOCTll k ,.;BeKTopa , a y 11 11 ( v
1 
< ... < 11 > 

(l'l"'l'k) v l'"vk !'" k k 

6a3HCHb!MH k- BeKTopaMl!, 

HerrocpellCTBeHHO II3 ypaBHeHIIH (1.1) II onpe)leneHIIH rrony'IIIM 

y P, II= y P, y II- g P, II ; y P, 11..\ = y p, y II y ,\ - y P, g II,\ + y II g ,\ P, - y ,\ g P, 1/ ' ( 1.4) 

§2.YpaBHeHIIe lliipaKa Hall anre6poil Knn¢~op)la 

. 4 
ITepeXOllH K 4-rrpocTpaHCTBy-BpeMeHII 1 6ylleM C'IIITaTb 1 'ITO x = c.t 

a g p, 11 B ( 1.1 ) - TeH3op M HHKOBCKoro 

gp,11 =01 p,,j,.v, g11=.g22 "'gaa=-g44=-I 

( p, ·" ~ 1,2,3,4). 

4 

Torlla, o'IeBHllHO, y ' : 
. lit ... ~~~ 

c Yv 

y 
II 

IlpeJlllOnO)!CllM 1 'ITO J 
CTpaHCTBa-BpeMeHll 1 T,e, 

cpyHKUllii rrepeMeHHblX x 
1 

anre5pau'IeCKHil orrepaTo~ 

3JleCb p =-ih -~ 
II a x11 

-

P" = g"P. I 

llei!cTBYH orrepaTopc 

ll auanOI'll'IHb!X paBeHCTB 

PF = I (Pp,f II -P 

( 1) Cp,, II) 

P F = I ( P p, £11 
..\ + I 

(2) Cp,,v,..\> 

P F · = I · ( pP.fl-
ca > cp,,v,..\,a> . 

p F 
(4) 

I 
cp,,v,..\>. 

p f I 
a 



a F onpenennmTcH 
•(k) 

lll'IIIH 

MH 'B9KTOpaMH n -MepHO-

:cMaTpuaaTh Ka~ anre-

6a3HCHhlX BeKTOpOB, 

· K Ha ce6H1 nopo>K-

KTOpa 
·v 

F = f Yv 
(1 ) 

llHIDTCH KOHTp8B8pH8HT

CKOr o TeH3opa F = 
(k) 

I a Yvt'''vk (vt.< ... <vk) 

.eneHHH nony'IHM 

( 1.4) 

6 po il K n H if~~ o p .Q a 

C'IHTaTb 1 'ITO i = c.t 

l 

Torna
1 

otieBHAH0
1 

y =Yv Yv 1 Y.=Y 1 y 2 y 3 .y 4 1 aHTHKOMMyTupyeT 
Vt ... vk 1"' k " 

(2 .1) 

IlpennonollmM
1 

'ITO. anre6pa Knn¢¢opna 3anaHa B Ka>Knoil TO'!Ke npo

cTpancTa·a-apeMeHH1, T.e. 6yneM npennonaraTh 1 ·•ITo KoMnoHeHThi fv 
1 '~' v k 

iflynKUHH nepeMeHHbiX x 1 · 1 x 2 
1 x 3 

1 x 4 n aaeneM nnifliflepeHunanhHO..;. 

anre6pautieCKHH onepaTop 

3nech p v =-ih 
a 

- onepaTop HMnynhca n 

pv = {P. p I 

p. 

(2.2) 

nenCTBYH onepaTOpOM (2.2) na F 1 
nonytiHM c noMOlllhiD ( 1.4) 

n ananorn'IHhlX paaencTB nnn 

p F 
(3) 

p F 
( 4 ) 

(k ) 

y p.vil.a 1 .Y p.vil.a8 

(2,3) 
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PaccMoTpHM ypaBueune ll11paKa HMl anre6poil: Knn¢¢op.ua 

PF -me F = 0 (2.4) 

r.ue F - o6mnfi aneMeHT anre6pbi ( 1,3), a P - orrepaTop (2.2). Pac-

1Il1Cb!B8SI ypaBH8Hl18 (2,4) qepe3 KOMIIOHeHTbl C IIOM~llihlO (2,3), rrony'IHM 

CliCTeMy 38UeiinS!lOlllliXCSI T8H30pHbiX ypaBHeHHfi rrepBOI'O IIOpS!.UKa: 

p a c<L m e f 0 = 0 ' 

p a call + pll fo -me rll = 0, 

a {LV ll " " ll {I v 
Pf +Pf-Pf-mef =0, a 

.. 
p fa{LIJA + pll r"A + p" fA{!+ p Af !l" -me rll"A = 0 • 

a 

P ll f VAG - Pv f AG{L +PAf -Paf!l"A 
G{L II 

~mefJivAa =0, 

(2,5) 

TaKHM o6pasoM, reoMeTpHqecKast .TpaKTOBKa anre6pbi Kn11¢¢op.ua rro-

3BOnsteT rrpe.ucTaBI!Th ypaBHeHHellHpaKa ua.u K K8K CliCTeMy T8H30pHbiX 

ypaBHeHHH (2,5), ll o6paTHO: Cl1CT8Ma TeH30pHbiX ypaBH8Hl1H (2,5) ll BCe ee 

qacTHbie cnyqan .uorrycKaiOT anre6panqecKoe rrpe.ucTaBneHHe, qT o, B CBOIO 

oqepe.uh, rrosBonsteT rrpHMeHnTh K HX Hccne.uoBaHHIO anre6panqecKne MeTO.Ubi, 

TaK K8K p 
2 

= rf" p ll p v = h2 0 ' r.ue 0 - orrepaTop nanaM6epa I 

TO, 1Ipl1M8HSISI K (2,4) OIIepaTOp p 1 y6e/K.[l88MCSI1 qTo K8/K.[l8SI KOMIIOHeHT8 

F stBnsteTcst TaKIKe perneuneM ypaBHeHnst Kneil:ua-ct>oKa, 

6 

. nonarast 

(2.4) ~ tjlopMe 

U =' F 
(0) 

Dpeo6pasoBaHnst 

(a)': U ... U ' 
ay~ 

e 

, oqeBn.uuo, o6pasy10T. a6e 

'· p 

n, cne.uoaaTenhHO, ypaa 

BaH nil:· ns aTofi r'pyiiiihi; 

ypanHeHHSI llnpa~a;~TO E 

Dpn m = 0 YPI 

ypaBII8Hl1 st: 

PU 

Hs cBoficTB anre6phl K1 

qeune nnst .uanhHefimero, 

S!BnSieTCSI' IIpOCTOfi anref 

H30MOptjJHbiX neBblX (rrpf 

ueo.uuosuaquo; BCS!Koe·: 

anre6pbi ua ce6st stBnste 

(A)': F-



------------------------------~----------------------------------------------------------------

Jii Knncjlcjlopna 

(2.4) 

P - onepaTop (2,2). Pac

IMOlllbiO (2,3) 1 nony'UIM 

paoro nopSIIlKa: 

(2,5) 

'0 • 

•cfttvt..a =0. 

anf'e6pbi Kn11¢¢6pna no- ' 

K8K CI1CTeMy T9H30pHbiX 

yp£lBH9HI1ii (2.5) 11 ace ee 

:TaBneHI19 1 'IT 0 1 B CBOIO 

10 anre6pal1'leCKI1e MeTOilbi, 

,.:.. onepaTop .UanaM6epa , 

fCH1 'ITO K8)KJ18SI KOMnOH9HT8 

a-ct>oKa, 

·, 

, nonaraSI 

(2,4) B cjlopMe 

npeo6pa30B8HUSI 

u = .F + F + F I 
(0) (2) '(4)' 

PU = mc'V, 

PV=mcU. 

V = ,F + F 
(I) . (3) 

, npell~TaBUM ypaaHe1111e 

(2.6) 

(2. 7) 

o'leB111lH0 1 o6pa3yiOT. a6eneay rpynny, a 113 ( 2,1 ) nony'lnM, 'ITO 

. . p e ay~ = :ZY 5 p 

U, cneJlOBaTenbH01 ypaBH9H119 (2_,6) IIHB8p118HTIIO OTIIOCUTenbi!O 'ripeo6pa30-

aa1111ii H3 sToii rpynnhi 1 T,e,, ecnn u 
ypaBH9HUSI .U11paKa 1 TO U U' ~ V ' T8K)K9 eCTb pemeiii1SI ypaBHeimSI '(2 ,S), . 

np11 m = 0 ypaBH9H119 (2,6) pacnanaeTCSI Ha /lB8 H938BIICUMbiX 

ypaaHeHnst: 

(2.8V, 

!13 caoiicTB anre6phi Kn11cjlcjlopna ( n = 2 v ) 1 11M910ll111X CY!l19CTB9HH09 ·3Ha-

'leHI1e nnSI nanbHeiiruero, OTMeTnM cneny10lll11e: anre6pa Kn11cjlcjlopna ( n = 2 v) 

SIBnSieTCSI npOCTOH anre6poii 11 pa3naraeTCSI B npSIMYIO CyMMY npoCTbiX 

n3oMopcjJHhiX neahiX ( npaahiX) 1111eanoa, npl1'lEiM pa3no>KeHI1e onpenenSieTCSI 

H90JlH03H8'lHO; BCSIKOe B3811MHO O/lii03H8'lHOe'I130MOpcjJHOe OT06pa)KeHUe 

anre6pbl Ha ce6g SIBnSieTCSI BHyTpeHH11M 8BTOMOpcjli13MOM, T,e, 11MeeT BUll 

(A)': 
-1 -1 

F ... F ' = AF A , A A '= l ; 
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rrr•oCThte neahte · (npaahte) nJieanht - MO.Qynll npeAcTaaneHufi a~re6pht Knulj:J

tjlopAa, peannayiDmne ee HenpuBO.QHMhie npe.QcTaaneHHSI. HeTpyAHO y6eAHTbCSI, 

'ITO BHYTPeltHHfi aBTOMoptjlnaM anre6pbi. KnutjltjlopAa 

( S ) ': F ... F ' = S.F S - 1 , 

rAe 

S=iAy 0 ; A =a~'-yp. n A2 
l ' 

nopmKAaeT npeo6pasoaaaue KoMnoaeaT k -BeKTopoa; coanaAaiOmee c TeM, 

i<oTopoe nony'laeTCH npn onepauun cnMMeTpni! oTuocnTenblto rnnepnnocKocTu, 

onpe~ensteMofi eAultn'llthiM ileKTopoM A • 3l'o nosaonSieT AOKaaal'b ltii-

BapuaHT!IOCTb ypaBII9ltHSI (2,4) OTHOCHTenbHO onepaUHH CHMM9TpHU 1 81 cne

~OBaTenblt01 n OTHocuTenbHO 4-Bpameauli npocl'paacTBa-apeMean qncTo an

re6panqe.cKn. 
.., 

Paanon:nM Tenepb o6mnli aneMeHT anre6pbi B npSIMYIO cyMMY npoCThiX 

neBhiX nAeanoa n aanmueM ypaaHeHne (2.4) 'lepea KOMUOiteHThi 9THX HAeanoa 

TaK, 'll'06ht npeACTaaneune B tjlopMe (2.6) coxpaannocb, Bo3bM9M, HanpuMep, 

paanoJKeane F B npSIMYIO cyMMY npocThiX neBhiX H.Qeanoa cneAyiDmero 

BHAa: 

F=(~o+~1Y1+(iY2+~12Y12 )ei+(7Jo+l'/1}1+7J2Y2+7J12 Y12 )e2 + 

(2,9) 

+ ( ( o + ( 1 Y 1 + ( 2 Y 2 + ( 12 Y12 ) e 3 + (X o+X 1·Y1:l-X 2Y2 +X 12 Y 12) e 4 

rAe aneMeHThi anre6pbt K 

e 1 = + (l + Y 14 ) (l + i Y 23 ) ' e 2 = + (l + Y 14 )(1- i Y 23 ) • 

e 3 =+{l-y 14)0+iy23 ), e 4 =+0-y 14 )0-iy 23 ), 

8 

J 

~6na.Q810T CBOllCTB8MH 

4 

!. e v = l , e ve 11 
V= I r. 

noACTaBnSISI (2,9) B ,(2 

( 
I 4· J: ( 2 , 3) - p ,-P )c, I+ -P +I p . ' 

' . 

2· · 3 . I 4 
(-P -iP )e 1+(P -P ) • 

<r I - r 4 >eo+ <r 2 -:-i raJ 

(P2+ i p3)e o+<-P l_p4)! 

1 4 2 . 3 
(- P +P )( 1+(-P +i P 

2 3 I' 4 ' 
(-P -iP )' 1+(P +P ) 

(P 1+P
4

) ( 0 + (P 
2
-iP

3
)' 

2 3 . I · 4 
(P + i P ) ' 0+ (- P + P ) 



raaneHHH anre6pbt KnHcp

mH; HeTpy.ouo y6e.OHThCH, 

>oa, coana.oatowee c TeM, 

CHTenbHO rnnepnnoCKOCTH, 

3aonSieT .ooKa3aTh iiit-

unn CHMMeTpnn, a 1 cne

:1-aa-ilpeMetm ttHcTo an~ 

npHMY!O CyMMY npOCTbiX 

KOMllOHeHThl 9THX H.OeanOB 

tocb, BoabMeM, uanpnMep, 

n.oeanoa cne.oytowero 

I2Y 2 + 11 12 Y 12 ) e 2 + 
. (2,9) 

X2Y2+ X 12Y 12) e 4 

14 HI- i y 23 ) ' 

66na.oatoT CBOHCTB8MH 

4 

I. e v ·= 1 , e ve IL = e IL e v = 0 , 
y=l 

llj, v' 
2 

e =e v v 

no.ocl'aBnHH (2,9) B (2,4), nonyttHM ypaBHeHHSl .onH ~,;;,,.,,)( 

(P2-ip3)1Jo+(-;;;Pl_p4)1Jt2=mc1J 2' 
' (2,10) 

1 4 2 3 
(P + P ) I; 

0 
+ ( P - i P ) I; 12 = m c I; 1 , 

9 



Cornacno ci<aaaHHOMY Bhtllle, nJleanht smnsnoTCSI MOJlynstMH rrpeJlcTaBne-

p77 p' Px Imfi anre6pht Knu¢¢opJla, 06oana'last 'lepea- P ~ 

MaTpuuw, peannayromne rrpeJlcTaBneHnst onepaTopa p · Ha COOTB9CTByiOll!HX 

HJleanaX B (2 ,8) 1 ypaBH911HSI (2 ,9) MOlliHO 3anncaTb B MaTpH'IHOfi tjlopMe 

llnpaKa: 

(P ~-me)~= 0, (~ 
71

-:me h =0 , (P (-me) ( =0, ( P x-m e )x = 0. (2 .11) 

TaK KaK HJleanht B (:.!,8) npocThte, TO paccMaTpuBaeMhte npeJlcTaBnennst 

OnepaTopa p HeiipHBOJlHMhl H ~KBIIBaneHTHhl 1 a STO 03Ha'la9T 1 'ITO ypaBH9-

IIH9 (2,4) tjlaKTII'ISCKH SKBI!BaneHTHO OJlHOMY. H3 ypaBH9HHii (2,11), 0TM9THM, 

T8Kll<9 1 'ITO rrpeo6pa30BaHHSI 113 rpynnhi (2,7) B npHM9H9HHH 1 . HaiipHMep, K 

~,;(~o~~tYt+~2Y2~~~2 Y12 )et 

Jl9UCTBYIOT cneJlyiOll!HM o6pa30M: 
• .. 

(a):~ .... ~, = e Ia ~ • 

§3, An r e 6 p a II 'I e C K 0 e II p e Jl C T a BH e H He y p a B He H H il 

MaKCBenna 

DoKallieM, 'ITO BaKYYMHh!S ypaBnennst MaKCBenna 

a.v aa f = 0 • 

a r ,+a r, +a, r =o 
fl. VA v AIL 1\ fl.V 

10 

(3,1) 

.~ 

\1.,-

1~ 

· SIBnSIIOTCSI 'laCTHhlM cny'l 

F =F =F·=F =o 
(0) (I) (3) (4) 

p aCITHChiBaSI ( 3,2) 'lepe: 

BBOJlsl B9KTOp TOK, 

ypaBnenuii MaKcBenna 

,,. 

B BH!\9 

a f 
IL 

PaccMOTpHM npeo6 

Cal 

YpaBnenue MaKCBenna·B 

Dhl 1 T,e, ecn11 F stBn 
(2) 

TaKllie pellleJUte ypaBHeH~ 

PacnnchJBast npeo6t: 

r t 

r2 

fa 



CH MonynRMH npencraane-

p77 Pt; ' Px 

p · H8 COOTB9CTBYIOlllHX 

> B. M8TpH'IHQfi <jlopMe 

(2 .11) 

npuaaeMbie npencraaneHHR 

ro 03H8'189T1 'ITO ypaBHe

aBHeHUfi (2,11), 0TM9THM, 

pHM9H9HHH, HanpuMep, K 

:e ypaaneHuii 

nna. 

(3,1) 

HBnRJOTCR qacTHbiM cnyqaeM ypaaHeHHH JlupaKa (2 .4). ITonaraH B (2.4) 

F ,; F = F = F = 0 , m = 0 , HMeeM 
(0) (I) (3) (4) 

PF = 0. 
(2) 

(3.2) 

PacnuchmaH ( 3.2) qepe3 KOMnoHeHni c noMOlllbJO (2 .3), nony'IHM ( 3.1 ) • 

BBOAH BeKTOp TOK8 

ypaaHeHuA MaKcaenna 

a J = J y a , HMeeM anre6pau'leCKOe npencTaeneHue 

B BHAe 

P F = -ih J. 
(2) 

(3.3) 

(3.4) 

PaccMoTpuM npeo6pa30B81IHR (2.7) B npuMenenuu 1< 6ueeKTopy .. 
(a)'; F -> F~ = e a y F . 

(2) (2) . 5 (2) 
(3,5) 

Ypaaneuue Ma!<caenna a <jlopMe (3.2) QHBapuaHTno o:ruocHTenbHO s'ioit rpyn-

nhi1_ T,e. ecl]u F 
(2) 

Tal< Me peweHile· ypaaueau~. ( 3,2), 

F" 
(2) 

PacnuchiBaR npeo6pa3oaaH1151 (3.5) '1epe3 KOMn~Hei!Tbl, HMeeM: 

14' 14 23 
f = cos a f -sin a f , 

24' 24 31 
f = cos a f -sin a f 

H' 34 12 
f = cos a f -sin a f 

11 



'23 , 23 1 4 
f = cos a f + ·sin a f 

3 1' . 3 1 2 4 
f =cos a f + sin a f · , 

(3.6) 

12' 12 34 
f = cos a f + sin a f . . 

Ill 
CneAoBaTenbHO, npeo6paaoaaHHR (3.5) RBnRWTCR noaopoToM AyanbHOCTH 

I 1 I . . : 
n.A. Yunep OTMet~aeT aHanorHto M9X\AY HeiiTpHHHb!M " sneKTpGMar-

HHTHb!M nonRMH Ha OCHOB9 CyWeCTBOB8HHR UOBOpOTOB AyanbHOCTH AnR sneKT~ 
121 

pOMal'HHTH0£'0 nong B cjlopMe (3,6) II UOBOpOT8MH AyanbHOCTH AnR H9IlTpi!HO 

1/1' =eay5!/J 

u aaAaeTCR aonpocoM: "cywecTayeT nu KaKaR-mi6o rny6oKaR CBH3b MeXcAy 

ABY,MR. BHA8MH UOBOpoTa AyanbHOCTH?" ..• 
0TB9T 6yAeT cneAyiOWHM! anre6paH'I9CK09 npeACTaBneHHe ypaBH9HIIH 

MaKcaeiina 'noaa on geT ycraaoauTl>; t~To ABa anA a· n~aoporo8 AyanbHOCTII -

Ha caMOM Aene numb paannt~Hbie npeACTaaneHHR OAHOii H Toii me rpymtbi 

npeo6paaoaaHnii. 

HaiiAeM, KaK npeo6paaytoTCR npu noaopoTax AyanbHOCTH ·IIHBapnaHThi 
"""2· -+ 2 -+ -+ 

sneK rpoMarnnTuoro, nong A = E - fl · , 11 B = 2 (E. H ) , · I1 Me eM 

I 
2 ... 2 ... 2 ... ... 2 . . : ' •2 

F = E - H + 2 y 5 ( E H) =A + y 5 B , F ' = ! 
2 

a Y5 F 
(2) .. . (2) . (2) 

0TCWAa cneAyeT, 'ITO 

A '= cos 2a A- sin 2a B , 

B ' = sin 2 a A + cos 2 a B • 

TaKiJM o6pa30M1 B9nii'IIIHOH 1 HHBapHaHTUOH KaK OTHOCHTenbHO 4-apawe

UIIH1 TaK II OTIIOCUT9nbi!O T10BOpOTOB AyanbiiOCTll, RBnHeTCR 

L~A 2+ B
2=(E 2-H 2

)
2 

+ 40iH ... ) 2
• 

12 

. ! 

'\ 

I 
I 
I 
I 
! 
I 

.!1 

l 

I1a anre6pauqecK.ciii ~op~ 

3biB89Mbl9 CUHHOpHbl9 np 

peXKOMUOH9HTHOii cjlopMe1 

cg paannt~HhiMH paanmKe· 

no a. 

HanpuMep, npunar1 

F =<~o+~t2Yt2)
1

et-
(2) ' 

J ,;, (k 1Y1 +k2y Jet+ 

rae 

1: _ ·r 14 r 23 "'o - -1 , 

Xo=-f14+if23 

1 4 
k1=J-J,k2= 

Auariornt~Hhie paaeHCTBa 

YpaBHeHHR MaKCBe. 

uoii cjlopMe, 

p ~ ~ =-

rAe 

~
'p I_p 4 p 2.- 1 p3.J. 

p~= . ,· p: 
2 3 1 4 

P +iP -P -P _. 



(3,6) 

Ill 
:oBOpOTOM ~JlyanbHOCTif 

~fiTpH!iHbJM II sneKTpOMOI'-

roB JlyanbHOCTH Jln£ aneKT~ 

o.yanbHOCTII Jln£ HeiiTpnuc/
2 1 

o rny6oKa£ CB£3b Me)I<JlY · 

JeJlCTaBneHHe ypaBHeHHH 

UOBOpOTOB JlyanbHOCTH -

JlHOH H TOll *e rpynnw 

.JlyanbHOCTH ·HHB8pii8HTbl 
-> -> 

;,.2(E.H )· , ·l1MeeM 

8K OTHOCHTenbHO 4-Bpame- . 

£BnlleTC£ 

2 
I, • 

lis anre6pau'iecKofi ljlopMbJ ypaBHeHnfi MaKCBenna nerKo nonytiurb · ux TaK Ha-

, ' "131 
3biBaeMble CIIHHOpHble npeJlCTaBneHH£ K·aK B llBYXKOMUOH9HTH.OU 1 T8K n ~ 'i9Tbl-

peXKOMUOH9HTHOH ljlopMe 1 OTnH'i810IllHXC£; 0JlH8K01 .nnlllb TSM 1 'iTO OHII BBOJlRT-

C£ pasnn'iHbJMH pasno*eHn£Mn F II J B np£MYIO CYMMY neBblX HJlea-

noB. 
(2) 

HanpuMep, npunarasl pasno*eHne· (2,9) K F 
(2) 

. 14 23 
Xo=-f +if • X12 

£12- i£13. -f 24 +if 34' 

AHanoru'iHbJe paaeHCTBa MO*Ho HanucaTb u Jin£ TJ 

II J , nony'inM 

, ' , .I 

YpaBHSHIIR MaKCBenna sanumyrcg Tenepb B MaTpH'iHOfi O.BYXKOMnonenT

aofi ljlopMe, 

I'Jle 

13 



' . 

0TMeTUM TaK>Ke 1 'ITO. ecnu F 
(2) 

yAoBneTBOpSieT ypaBHeHHIO ( 3.4), TO 

F.'= y . F 
(2) 

5 
(2) 

YAOBne~BopSieT ypaBH~HHSIM 

P fav~ = 0 1 

a 

Pf'+Pf +Pf =J p. VA' v Afl A p.v 'flVA 

(3.7) 

I'Ae J=JflVA:Yp.vA=-y
5 

J - aKcnanbHblll BeKTOp TOKa (ToKa MOHononefi), 

<a> . 

§4, ·n p y I' He B bl p 0 >K A e H H bl e tP 0 p M bl y p a B He H H SI n H p aKa 

HaA anre6pofi .KnitjltjlopA~ 

nanhnefiruee paCCMOTpeHUe · BbipO>KAeHHbiX tjlopM ypaBHeHHSI (2,4) HatiHeM 

c ypannenH SI 

PF = 0. 
(3) 

· PacnHCbiBaSI ero qepe3 KoMnoueHTbi 1 nonytiHM c noMOillbiO (2.3) 

p a f a p.v = 0 
. I 

\ 

Pp.£vAa -PvCAap.+P,\Cap.v-PaCp.vA= O, 

( 4.1) 

(4~2) 

( 4.3) 

Bocnonh3yeMCSI H3BeCTHOll TeopeMOll nyaHKape: AnSI TOI'OI 'IT06bl KOBapuaHT-

Hblll KOCOCHMMeTpH'leCKHll TeH30p W , , MO>KHO 6binO 3allHCaTb KaK 
"l"'"q 

BHeillHIOIO npOH3BOAHYIO OT HeKOTOpOI'O q -BeKTOpa ( B BRAe I'paAHeHTa OT 

CKanSipa B cnyqae , q = 0 ) 1 He06XOAHMO H AOCTaTO'IH01 'IT06bi ei'O BHeillHSISI 

npOH3BOAHaSI paBHSinacb HyniO: 

14 

d w p.v 

npunai'aSI 9Ty Tee 

'ITO ycnonue ( 4.4) coar 

. f I flVA =' 

n OACTaBnSISI ( 4~5) 

O f. +f 
p.v 

KaK oqeBHAHoe cneACTBH 

3Ha'IH01 a HMeHH0
1 

C TO' 

I'Ae 

f 
p. 

f fl - npOH3BOnl 

nnSI nonSI F, B3< 
(3) 

HMeeM ypanueuue 

HnH B.KOMllOHeHTaX 

P f , -P p. VI\ a 

B KatieCTBe npSIMOJ 

3aKOII COXpaHei!HSI AnSI Tl 



)pS!eT ypaBHeHHIO ( 3.4) 1 TO 
,;' 

(3.7) 

J TOK8 ( TOK8 MOHOilOneii), 

~paBHeHHSI llnpaKa 

opM ypaBHeHHSI (2,4) HattHeM 

( 4.1) 

UOMO!llb!O (2,3) 

0. ( 4,3) 

llnH TOr'0 1 tJT06hi KOBapHaHT

:O)KHO 6binO 38ilHC8Tb KaK 

cTopa (. B anne rpanneHTa oT 

aTOtJHO, 'IT06hl ero BHelllHS!SI 

dw =a[' w . ]=o. 11 11 ... u " 1111 ... u ( 4.4) 

DpnnaraH aTy TeopeMy K f 
1111

.\ 1 Korna q = 2 , n HMeH B anny, 

ttTo ycnoBne ( 4.4) coBnanaeT c rpynnoii ypaanennii ( 4,3), nonyttaeu, 'ITo 

0 oncTaBnHH ( 4,5) B ( 4,2) 1 HMeeM ypaBHeHHSI nnH f 
1111 

(4.5) 

( 4.6) 

KaK o'IeBHnHoe cnencTBHe ( 4,5) nonyqaeM1 ttTo f 1111 onpenenSieTcH neonHo-

3H8'IH01 a HMeHH01 C TO'lHOCTbiO no 6nBeKTOpa, 

f =P f -P f , 
11 II 11 II II 11 

rne f l1 - npOH3BOnbHOe BeKTOpHOe none, 

llnH nonH F, B3aHMoneiicTBYIOIUero 
(3) 

HMeeM ypaBHeHHe 

HnH B KOMilOHeHTaX 

p F = J 
(3) (2) 

p fCJ 11 II - J 11 II 
(] - . 

•• 
,· 

C TeH30p!IhlM TOKOM J = Jl111y 1 
(2) 1111 

( 4.7) 

CJ 11 II 
B Ka'IeCTBe ilpSIMOr'O cnenCTBHSI KOCOCHMMeTplittHOCTH 'f nonyttaeM 

38KOH COXpaHeHRSI nnH TeH30pHOr'O TOKa: 

15 



p J O"f! 
a 

' ' 

o. 

2 
Benut.II!Ha F , KaK HerpyAHO y6eAUThCH, HBnHeTCH cKanHpOM 11 

' ( 3) 

!jlyHKIUieli Jlarpamr(a Al1H ypaBHeHHli ( 4.2). YpanHeHHH ( 4,6) 6hrnn rrpeAnQi:;e

/4/ 
Hbl B.H. 0r'U9B9UKIIM I! li.B. nony6apHHOBblM' B Ka'!eCTBe ypaBH9llllll .AnH 

'!aCTHU, Ha3BaHHhiX 111\111 HOTO;laMII, 

OcraHOBUMCH rene ph 6onee rroApo6Ho· Ha ypaBHeHI!HX (2,8), Pacm!ChiBaH 

ypanHeHue p U = 0 B KOl\IriOH911TaX, HMeeM 

av v 0 par + p r o= ; . 

a 
P r , + P r , + P,\ r + P r ,\ = o . 

f! VI\ V 1\f! . f!V 0" f!V 

BBOAH rronHpHbili II aKCUanhllbili B9KT0pbl TOKOB 

a 
Jfl ~-PI! r 

0 
I J f!VA = -Pa f f!VA ·' 

npeACTaBUM ypaB~eHUH (4,8) B BIIA9 

p r O"V = J V I 

a 

PflrvA+Pv rAfi+P,\ff!V=Jf!VA. 

(4,8) 

(4,9) 

( 4.10) 

YpanHeHIIH ( 4.10) - ::~To ypaBHeHHH MaKcnenna c TOKaMH ( 4.9) 3apHAOB 

II 1\IOIIODOnefi, Ecnn OAIIH 113 TOKOB panel! Hymo, TO ypaBH9lii!H (4,10) 3KBII

Banei!TIIbl ypaBII9111IH:.t ,\\aKCBenna C TOKOM 3apHAOB, lleliCTBI!T9l1bHO, ecnl! 

J 1-1 vA = 0 , J I! " 0 1 TO 3TO 0'!9BIIAH0 0 a Al1H 

TO'!IIO BCriOMHI!Tb, KaK 6btl111 nony'!ellbl ypaBH9HIIH 

16 

J f!VA ;60, J/!=0, AOCTa

( 3. 7). 

i 

l 
I 

; 

C Apyroli CTOpOHhl, 

ueliTp!!HO, 

p aCrii!CbiBaH B KOl\1 

Uf! V , 
Pa f + P 

PI! r vAa ... p~ 

BBO/lH T91130pHbili TOK 

Jf!V = 

3ariHU19M ypanHeHHH (4, 

p f ,\ -
f! v a 

Ypan!ieHI!H (4.12) 

ll!e, KaK 11 n cnyt.Iae yp 

11119 p V = 0 TaK)K9 M 

!13 "iaCTHhl.X cny"it 

Bl!anbl!b!MII HBl1HJOTCH Cl 



, 5!Bn5leTC5! CKanflpOt-1 II 

1n ( 4,6) 6b!nll rrpe.un01:;e-

KaqecTBe ypaoHeHufi . .unH 

lleHIIHX (2.8); PacmtChiB85! 

(4.8) 

( 4,9) 

( 4,10) 

na C l'OK8MII ( 4,9) 38p5I.UOB 

o.ypaBHeHII5! (4,10) 9KBII-

a, lleiicl'BIIl'enhHO, ecnu 

J ' I 0 j 0 
~ 11 >., r. • . fL = ' .UOCTa-

(3.7), 

I 

C .Upyroii Cl'Op0Hbl 1 ypaBHeH!1e 

HeHl'piiHO, 

, oqeon.uno, MQ)IWT orruchJBal'h 

p aCITIICbiB85! B KOMITOHeHl'8X ypaBHeHIIe p V = 0 1 rronyquM 

Bao.uH TenaopHhiii l'OK 

aarruweM ypaaHeHUH (4,11) B ¢opMe 

P f ap.v = J fL v , 
a 

(4,11) 

( 4,12) 

Ypaa!iennH (4,12) - 91'0. ypaaneHUH (4.7) c TOKOM, orrpe.uenei!HbiM Bbi-

we. KaK 11 B cnyqae ypaaneHHH P U = 0 , cne.uyeT oTMeT!ITh, qTo ypaane-

HHe p V = 0 TBK)Ke MO)KeT OITHCbiB8Th HeilTpllHOo 

l1a qacTHbiX cnyqaea ypaoHennH (2,4) c nepaanon nymo Maccoii ueTpn- . 

auanhl!hiMU HBnHIOTCH cne.uytowHe: 

pllf -mc-fll·= 0 
0 

17 



\\ 

ypaBnennH DpoKa anH CKangpnoro rrong; 

p raJl_mefJl=o, 
a 

pJl fv -PVfJl-mcfJlV = 0 

ypaBneHnH DpoKa ang BeKTopnoro rrong; 

P f aJlV fJlV _ O 
a -me - • 

pJlf v.\ + PVfAJl + P,\ fJlV- mefJlVA = 0 -

ypaBnennH B ~opMe OpoKa anH 6nBeKTopnoro rrong; 

p f a Jl v A_ f JlVA _ O a me - ., 

pafJlVA _pJlrVAa + PvfAaJl_pAraJlV -me raJlVA = 0 

·• ypaBHOHUH B cjlopMe OpoKa ang rrong 3-BeKTOpa (aKCUanbHOrO BOKTOpa), 

. BhmonHHH npn'siTHhiH aonr, rrpnllollly B 38Kn!O'Ienne rny6oKyiO 6naroaap

IIOCTb H,A, t.{epHIIKOBY 3a ITOCTOflllHOe BHHMalme K pa6oTe1 rrone3Hbl0 o6cy>K-

AOilllH ll UOilllhle COBOTbl, 
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