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§ 1. BseaeHHe 

/1/ 
B pa6oTe HaMH paccMoTpeHo BhipOMlleHHe BaKyyMa CKanSipHOI'O aa-

pSIMeHHOI'O nonSI C C8MOlle~CTBHeM 

. 2 
H ' = g J ( ¢ * (x ) ¢ ( x ) ) d x 

B cny'lae OllHOA npocTpaHCTBeHHOit CTeneHH CB060llbl, B COI'naCHH C Teope-

/2/ /1 I 
MOlt fon)lCTOyHa KB8HTOB8SI TeOpi!SI nonSI C BblpOMlleHHbiM BaKyyMOM 

coaepMHT 'laCTHUY Hynes ott MaCChi noKoSI. H o npHcyTCTBHe TaKoA 'laCTHUhi c 

Heo6xoaHMOCTbJO npHBOllHT K nosmneHHIO HH!jlpaKpacHhiX pacXOlliiMOCTeil:. B 

H8CTOSIUlelt pa60Te paCCM8Tpi!B810TCSI paCXOlliiMOCTH, B03HHK810Ullle B yKa3aH

HOil: BbiWe MO)lenH npH nO)lC'I~Te cpeJlHIIX 3H8'1eHHA no COCTOSIHHIO tjJH3H'IeCKO

I'O BaKyyMa. TaKHe pacxOJlHMOCTH ycTpaHSIJOTCSI H3noMeHHhiM HHMe npHeMOM. 

Mbi, OllHaKo, He yTsepMaaeM, 'ITO aToT npHeM aocTaTo<~eH anSI ycTpaHeHHSI 

BCeX HH!jlpaKpaCHbiX paCXOllHMOCTei!:, B03HHK810ll{HX npH nOllC'I~Te S -MaTpH-

Ubi• 
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1.1. PaccMOTpHM B KaqeCTBe npHMepa noacqeT cpeaHero 3HaqeHHH 

cjlyHKUHI'I 

f(k)= .;,2 (k)I/J2(-k) 

no COCTOHHH!O cjlH3HqeCKOr'O B8KyyMa, 0T nepeMeHHbiX ¢ 1 ( k) 1 ¢ 2 ( k) 

axoaHIUHX B cjlopMyny (2) pa6oTb/
11

, yao6Ho nepefiTH K nepeMeHHbiM 

(} ' .p1(k) '.p2(k) ' k ;1 0 , no ¢opMynaM 

¢ 1 ( 0 ) = p cos (} ' 

¢
2 

( 0) = p sin (} , 

¢ 
1 

( k ) = cos (} 1/J 1 (k ) -sin (} 1/J 2 ( k ) 1 

k ;1 0 

¢ 
2 

( k ) = sin (} 1/J I ( k ) + COS (} 1/J 2 ( k ) 

( 1 ) 

' 
p 

(2) 

/1/ . 
( CMo nyHKT 2.5 pa60Tbl ) , Torna anSI cjlyHKUHOHana OCHOBHOr'O COCTOSIHHSI 

no 

0 o= e-K I' (3) 

nonyqaeM npencTaaneHHe 

K = f a 
2
o ( k )1/J 1 ( k) 1/J 1 (- k) d k + f a 02 ( k ) 1/J 2 ( k) 1/J 2 (- k ) d k + 

4 

~ 

I 

,, 
~~ 

·.~1 

{ 

''I ·' '·· 

.]!JJ* 

+ f I C nm ( P 1' P 2 ' "• ' P n ; q 1' q 2 ' "' q 
n+m 2: a 

m 

ll (1/J (q)dq )B(Ip +Iq ), 
2 j j I j 

rne cjlyHKUHH a 20 1 a 02 1 C n m onpeneneHbi 

To A )l{e pa6oTbi. B ( 4) cne,llyeT: 

1 ) 38MeHHTb HHTerpanbi HHTerpanbHbiMH CyMME 

fa 
20

(k)l/J 1(k).jl 1(-k)dk -+h Ia20(k 1)1/J 1 (k 1 ) 
I 

2) cqHTaTb .jl 11(0)=0 1 ljl
1 

(O) =P- {3/ h 

Ill 
CM. T8K)I{e ¢opMyny (3) pa6oTbt • Torna HopMa 

COCTOSIHHSI npeACT8BHTCSI B BHAe 

-2 K 
(Oo,no>= f e pdpd(} n dl/l,(k) d 

k#O 

{3 
=- fe- 11 Kdr+ f e-2 Kl/J 1(0), 

h 

noncq~T nayx nocneAHHX tineHOB (5) npoBOAHTCSI aH 

HeAIUeM 6yneM CqHT8Tb 1 qTo HOpMa cjlyHKUHOHana OC 

nenBeTCB nHmb ( rnaBHhiM npH {3 .... 00 ) nepahiM qne 
-

Torna aenHqHHa £ (qepTa caepxy o6oaHaqaeT y 

COCTOSIHB!O) p8BH8 
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PaccMoTpHM B Ka'leCTBe npnMepa noacqeT cpeaHero 3Ha'leHHH 

f(k)= l/J2 (k)!f2 (-k) 
( 1 ) 

HHJO qmanqecKoro BaKyyMa, OT nepeMeHHbiX ¢ ( k ) , ¢ ( k ) 
Ill I 2 

B <fJopMyny (2) pa6oTbi , yao6ao nepel1TH K nepeMeHHbiM p 

(k) ,l/J 2 (k) , k;t!O , no ¢opMynaM 

¢ ( o > = P cos e , I 

¢2 ( 0) = p sin e ' 

cP I ( k ) = COS 8 1/J I (k ) -sin 8 1/J 
2 

( k ) 
0 

cP ( k ) = sin e 1/J ( k ) + COS 8 1/J ( k ) 
2 I 2 

(2) 
k ;t! 0 

Ill 
2,5 pa60Tb! ) , Toraa illiH tPYHKUHOH8li8 OCHOBHOr'O COCTO.HHHH 

Q 0 = e-K ' 
(3) 

eacTaBneHHe 

2o(k)!fl(k)!f 1 (-k)dk+ f a
02

(k)!f
2

(k)!f
2

(-k)dk + 

4 

_, 

ll 

~~!' 
·j~' 
;;l; 

,':,',!~~; 
•·I 

w,, 

··.·.·,,t,'~ 
j• 

••• 

+ f I n 

C nm (PI' P 2 '"'' P n; 1J I' IJ 2 ' ... 1J j ~ ( 1/J I ( P 1) d P 1 ) n+m >a 

m 

ll (l/J 2 (q)dq )B(I p +I q ), 
J J I J (4) 

rae <PYHKUHH a 20 , a 
02 

, C n m 

Tott *e pa6oTbi, B ( 4) cne,ctyeT: 
onpeaeJieHbi YPBBH9HH HMH (7), ( 8) 

I) 38M9HHl'b HHTerpal!bi HHTerpaJibHblMH CYMM8MH, HanpHMep, 

fa 20(k),P 1(k),P 1 (-k)dk -+h Ia
20

(k
1
),P

1 
(k

1
),P 

1
(-k

1

); 
I 

2) C'lHTBl'b lji:I(O) = 0 
0 

ljJ 
1 

(0) = p- f3/ h 
B COOTBel'CTBHH C ( 2), 

Ill 
CM, l'BK)I(e <fJopMyny (3) pa6oTbi • Toraa HOpMa ¢YHKUHOHana OCHOBHoro 

COCTOHHHH npeilCl'8BHl'CH B BHile 

-:1 /( ) ) <no,no>= f e pdpde n difJ,(k d,P2(k 
k~O 

f3 
h f e-:IKdr+ f e- 2 K ljJ (0) dr , 

l 

(5) 

Doac'l~T ilByx nocneaaux tineHoB (5) nposoaHTC.H aaanorH'lHo, H Mbi B aanb

HettweM 6yaeM C'lHT8Tb 1 'll'O HOpMa <fJYHKUHOHaJia OCHOBHOr'O COCl'O.HHH.H onpe~ 
il91I.Hel'C.H liHWb ( r'liBBHbiM ITpH f3 .._ .oo ) nepBbiM 'lli9HOM npasott 'l8Cl'H ( 5), 
Toraa BenH'lHHa 

COCTO.HHB!O) PBBHa 

r 

f 
('lepTa CBepxy 0603HB'l89T ycpe)lH9HHe no OCHOBHOMy 
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:1) 

-

f = I e - 2 K 1/1
2 

( k) 1/1 
2 
(- k) d r / I e-

2 
K d r • 

/3/ 
CornacHo npaBIWBM, ABHHbiM B pa6oTe , 

3 

1 
r<k>=Zb(w 

h C04 (k,-k,k 1 -k 1) 
I- -
k1 [2h b(k)]

2 
2hn(k 1 ) 

6. 2 

1! 

h 3 C 22 (k 1,-k 1;k, -k) 
I ( 
k 1 

2 
[2hb(k)] 2h a(k1) 

2 

1! 

4 
h Cao(k1 ,-k,1,0)C1JO;k,-k) 3·2·2 ___ 2!)+ 

2h a (0) 2ha ( k 1 )[ 2h h (k ) ] 
2 

. 

(6) 

+I ( 
k 

c12<o ;k1-k1)Ct2(0;k,-k)h
4

2·2 C12(x;k1,k)C12(-x;-k 1,-k)h
4
4·2) 

+ - + 

1 2ha(0)2hb(k1)[2hb (k)]
2 

2! 2ha(x)2hb (x 1H2hb (k)]
2 

2! 

+ I 
k,,k 2 

+ •..• 

h 6 C04 (k,k1 ,k2 ,ka)C04(-k,-k1,-k2,-ka) 2.4.4.3! 
-- + 

[2hb(kd 2hb (k1)2hb (k 2)2hb (k 3 ) 

2! 

6 

• 
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3AeCb Mbl BOCITOnb30B8nHCb cneAyJOUlHMII 0603H8"1eHHHMII 

/1/ 
Hb!X B : 

a 20 (k)=a(k), 

a
02

(k)=h (k); 

nepBbdl qneH B ( 6) onpeAenHeTCH HHTerpanoM 

I exp [- 2 K 2 0 - 2 K 02 1 1/1 2 ( k ) 1/12 (- k ) d r , 

ocTanbHbJe - HHTerpanoM 

fexp[-2K -2K H-20 02 
K04+K22 (Kao+K12f (Ko 

+--+ 
1! 21 

I'lle K n,m 

1/11(1/12) 

, n=0,1,2, ••• , m = 0,2,4_,, ; 1 - OAHOpOllHbie CTeneJ 

"18CTH 4JyHKUHOHana K • 

~fHcneHHbie KOacjl!lJHUHeHTbl B (6) onpeAenHJOTCH H8 

coo6palKeHHA: 

8) !lJaKTOpHanhl B 3H8MeHaTene B03HHK810T OT p83l 

6) !lJaKTOp 2 B "'neHe C SOC 12 npOHCXOlliiT OT pa 

no ~opMyne 6HHOMa Hb!OTOHa; 

B) B OCTanbHOM "'HCneHHhlft Koa!lJ!lJHUHeHT onpeAenH 

HblX CnapHB8HHft, B03HHK810UlHX npH llOllC'I~Te HHTei'pana 
/1/ 

2.7). CornacHo 4JopMyne n. 2.4 pa6oThJ b (0) = 0 

TeOpllll B03MyUleHHA b ( k ) = k ) , ll09TOMY HHTei'panhi 

COlleplK8UlHe B 3HaMeHaTene b ( k 
1

) t paCXOllSlTCSlo 
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f = f e-2 Kr/12 (k) r/1 2(-k)dr/ f e- 2Kdr. 

/3/ 
rnaCHO npaBJ.W8M 1 A8HHbiM B pa6oTe 1 

3 
h C04 (k,-k,k

1
-k

1
) 

kl [2h b(k)] 2 2hn ( k 
1

) 

l 
6. 2 1 

(k) = 2b(k)h I! 

2 
4 

h C 3 o(kl ,-ko~,O)CIJO;k,-k) 3.2.2 
. '2"!) + 

2h a (0) 2ha ( k 1 )[ 2h b (k ) ] 2 · 

h 3 C 22 (k 1 ,-k 1;k, -k) 

2 
[2hb(k)] 2h a(k 1 ) 

l! 

(6) 

2 (0 ; k 1-k 1 )C12(0; k,-k)h 4 2.2 
r + 

Cl2(x;kt,k)CI2(-x;-k 1 ,-k)h
4
4·2) 

- + 

h a (0) 2h b (k
1

) [ 2 h b ( k ) ] 
2 

2 ! 2ha(x)2hb(x 1H2hb(k)]
2 

2! 

h
6

C04 (k,k 1 ,k 2 ,ka)GJ4(-k,-k~o-k2,-ka) 2.4.4.3! 
+ 

[2hb(kd 2hb (k 1 )2hb (k 2)2hb (k 8 ) 
2! 

6 

-· 

,~~{ 

:1: 

3A9Ch Mbl BOCnOnh30B8nHCh cneAyiDUIHMH 0603H8"!9HHHMH 1 KpOMe BBeAeH

/1/ 
HbiX B : 

a20 (k)=a(k), 

a
02

(k)=b (k); 

nepBbiA qnea B (6) onpeAenHeTCH HHTerpanoM 

f exp [- 2 K 2 0 - 2 K 02 ] r/1 2 ( k ) r/12 (- k ) d r , 

OCT8nhHbl9 - HHTerpanoM 

fexp[-2K -2K H-
20 02 

K 04+ K22 (Kao+Kt2f + (K04)2 ] dr' 

21 2! (7) + 
l ! 

rae K n,m 

r/J I ( 1/J 2 ) 

, n==O,l,2, ... , m .. 0,2,4_., ,, - DJlHOpOJlHbie cTeneHH n ( m) no nepeMeHHhiM 

"'8CTH ~YHKUHOHana K • 

l{HcneHHbie KoaifJ~HUH9HTbl B (6) onpeJlenl'IIOTCH H8 OCHOB8HHH cneayiDUIHX 

coo6pa>KeHuA: 

a) ifJAKTOpHanbi B 3H8M9H8Tene B03HHK8IDT OT paano>KeHHSI 9KCnOH9HTbi; 

6) iflaxrop 2 B 'lneHe C 80 C 12 npoucxoJlHT or paano>KeHHSI (K 80+K 1 ~
2 

no ~opMyne 6HHOMa HbiDToaa; 

B) B OCTanbHOM "'HCneHHbiil: K09~~HUH9HT OnpeaenSieTCSI "'HCnOM paanH"'-

131 
HbiX cnapHB8HHA 1 B03HHK8IDU!HX llpH llOJlC"'~Te HHTerpana (7) (eM, 

1 
nyHKT 

Ill 
2.7). CornacHo ~opMyne n, 2.4 pa6oTbi b (0) = 0 (a anaweM nopSIJlKe 

TeOpHH B03MyUieHHA b ( k) = k ) 1 TI09TOMy HHTerpanbi TIO k I B (6) 
1 

coaep>Kawue B aaaMeHaTene b ( k 
1

) 1 pacxoaHTCSI, 

7 
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§ 2.YcTpaHeHHe paCXOAHMOCTeH 

Mbt yTBep)KaaeM, 'ITO ecnH y"'eCTb He TonbKO AHarpaMMbi, BXOASIWHe 

B (6), HO T8K)Ke HeKOTOpb!H OllpeaenSieMhili HMH 6eCKOHe"'HbiH Knacc AH8rpaMM 0 

TO paCXO):IHMOCTH HC'IJe3HyT. 

2.1. llnSI H8'1Jana Mbl paCCMOTpHM nHlllb COBOKYilHOCTb AHarpaMM, orrpe-

aenSieMyro "'aCTbiO K 04 !jlyHKUHOHana 

B f ( k ) 0 O'IJeBH):IH00 paBeH: 

---
f 0 4 ( k ) = f t/J 2 ( k ) t/J 2 ( - k ) ; 2 ( K 2 0 + Ko 2 

f 
- 2(K02 +K 20 

e dr l 

K • BKnaa sToii coBoKynHoCTH 

n 
(-) n 

dr 'S'. --- K04 
ll' n! 

I 

(8) 
(-) n 

_n_!_ K;4 

llaarpaMM8TH'IJ9CKH K8)K):I0MY !jlaKTOpy Ko 4 CneayeT 110CT8BHT9 B COOTBeTCTBHe 

rpynny H3 'IJeTbipex TO'IJeK 0 K8)K):IOMY C118pHB8HHIO - nHHHI0 0 C09):1HHSIIOWYIO 

ABe TO'IJKH. 8TH ABe TO"'KH MoryT 11pHH8):1ne)K8Tb na6o K O):IHOMy H TOMy )Ke 

!jlaKTOpy K 04 (K O):IHOli rpynne), nH60 K p83Hb!M QJ8KT0p8M (K pa3nH"'HbiM 
I 

rpynrraM) • flHHHIO, COe):IHHSIIOWYIO pa3Hbie rpyllllbl, Mbl 6yAeM H83biB8Tb ):lnHH

HOH0 nHHHIO, COeAHHSIIOWYIO ):IBe TO'IJKH OJ:IHOH rpy1111bl 0 - KOpOTKOH. !13 BCeH 

COBOKYilHOCTH CBSI3Hb!X ):IHarpaMM 1 BXO):ISIWHX B n -biH 'IJneH paanox<eHHSI (8) 0 

Mbl paCCMOTpHM nHlllb T8KH9 J:IH8rpaMMbl 0 B KOTOpb!X HeKOTOpbie ):IB9 TO"'KH 

K8)K):IOrO H3 !jlaKTOpOB K 04 CBSI38Hbl ( KOpOTKOH) mrHHeHo 3aMeTHM 1 'ITO 

KOpOTKyiO nHHHIO B ):18HHOH rpyrrrre B03MO)KH0 llpOBeCTH llleCTbiO pa3nH"'HbiMH 

CI10C06aMHe nocne ycTaHOBneHHSI KOpOTKHX nHHHH B K8>K):IOH rpyrrrre K 04 

8 

{ 

:\~ 

I
t 
\. 

}~ 
\(•\ 
~ ' 

~ p 
.~ 
~~ 
~ 
·~ 

,,_,., 
,, ·-' 

xl 
OCTaeTC S1 ):I Be CB060J:IHbie TO'IJKH; BC SIK8 Sl CBSI3H8SI 

n -My 'IJneHy ( 8), HMeeT BH):I U9110"1KH H3 rpyrrrr T 

MH nHHHSIMH; Uei10'1JK8 H8'1JHH8eTCSI nHHHeH, COe):IHHSIK 

t/J 
2 

( k) 
1 

H KOH'I89TCSI nHHH9H, C09AHHSIIOWeH ITOCne 

4Hcno paanH'IHhiX aaarpaMM TaKoro BHAa paBHO, O"'• 

n ! - 'IJHCnO B03MO)KHb!X rrepeCT8HOBOK !jlaKTOpOB 

2 - "'HCno crroco6oB noacoeAHHeHHSI anHHHhiX naHHH 

aaHHOH rpyrrrrht. TaKHM o6paaoM, cyMMI'I paccMoTpe! 

):IHarpaMM paBH8 

,ro4(k)= 
00 n 1 
l (-12) [f 

2hb (k) 

d k ,co4 (k ---
2b(k) n=O 

ak 1 Co41 =_I_ [ 2 b ( k) + 12 f 
h 2b(k,) 

PaCIIIHpHM Terrepb rrpHBe):IIIIHH K (9) Knacc AHarpa~ 

B (8) B BHJl9 

n=m+n 1 +n 2 ••• +nm 

rae m , n 
1 

, n 
2 

... - HeoTpHuaTenbHbie uenhte "'H< 

11pOH3Be):leHHSI 

x/ 
131 

HarroMilHM, 'ITO B (6) cneAyeT y'IHTbiBaTb 

Mbl ( , rryHKT 2.7), 
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8H9HHe paCXOAHMOCTefi 

MAaeM, 'ITO eCJIH y'!eCTb He TOJlbKO AH8f'p8MMhi
1 

BXOASIIUHe 

e HeKOTOpblll onpeaenSieMbiU HMH 6eCKOHe'!Hblll KJ18CC AH8f'p8MM
1 

H HC'Ie3HyT, 

8'!8Jl8 Mhl paCCMOTpHM JlHIJlb COBOKYilHOCTb AHarpaMM, onpe-

IO 
K 04 ljlyHKI.tHOHana K , 8Knaa 3TOU COBOKyilHOCTH 

BHAH01 paBeH: 

1/J 2 ( k ) 1/J 2 (- k ) ; 2 ( K 2 0 + Ko 2 ) "" 
dr t 

(-) n 

n! 
n 

K 04 I 

- 2(K02 +K 20 
e dr I 

(-) n 
n 

- K04 n! 

(8) 

H K8MAOMy ljlaKTopy K 04 cneayeT il0CT8BHT9 B COOTBeTCTBHe 

X TO'IeK, K8MAOMy CilapHB8HHIO - JIHHHI0
1 

COeAHHSIIOIUyiO 

Be TO'IKH MOf'yT ilpHH8AJieM8Tb JIH6o K OAHOMy H TOMy Me 

OAHOU rpynne) 1 JIH60 K p83Hb!M ljJaKTOpaM ( K pa3JIH'!Hb!M 

, coeaHHSIIOIUyiO paaHhie rpynnhz, Mhi 6yaeM Ha3biB8Tb l:lnHH

HHSIIOIUyiO .QBe TO'IKH OAHOi\ rpyUUb!
1 

- KOpOTKOH, J13 BCei\ 

3Hb!X AH8f'p8MM, BXOASIIUHX B n -biil 'IJI9H p83JIO)KeHHSI (8), 

T8KHe AH8f'p8MMbl 1 B KOTOpbiX H9KOTOpbie ABe TO'IKH 

K 04 CBSI38Hb! ( KOpOTKOil:) nHHHeil:, 3aMeTHM
0 

'ITO 

A8HHOH rpynne B03MOMHO npoaeCTH IUeCTbiO pa3JIH'IHbiMH 

YCT8HOBJ19HHSI KOpOTKHX JIHHHH B K8)KAOH rpynne K 
04 

8 

-

i 

xl 
OCTaeTCSI ABe CB060AHhl9 TO'IKH; BCSIK8SI CBSI3HSSI AH8f'p8MM8

1 
OTB9'!8IOIU8SI 

n -My 'IJieHy ( 8), HMeeT BHA U9ilO'IKH H3 f'pynn TO'IeK, CBSI38HHhiX AJIHHHbi

MH nHHHSIMHi ll9il0'IK8 H8'IHH8eTCSI JIHHH9H 1 C09AHHSIIOIUefi nepByiO rpynny C 

1/J 2 ( k) , If KOH'189TCSI JIHHHei\, C09AHHSIIOIUeil il0CJI9AHIOIO rpynny C 1/J 
2 
(- k) 

l.fHCJIO pa3JIH'!Hh!X AH8f'p8MM T8K0f'O BHA8 paBH0
1 

O'IeBHAHO, 2° n!; 3AeCb 

n ! - 'IHCJIO B03MOMHhiX nepeCT8HOBOK ljlaKTOpOB K 
04 BAOJib I.teilO'IKH 1 

2 - 'IHCJIO Cil0C060B ilOACOeAHHeHHS! AJIHHHbiX JIHHHH K ABYM CB060AHbiM TO'IK8M 

ABHHOil rpynnbz, TaKHM o6paaoM, cyMM<'I paccMoTpeHHoil: coaoKynHoCTH 

AH8f'p8MM paBHS 

If 04 ( k ) 
"" n l 
I (-12) [f 

2hb (k) 

d k..! C04 (k, -k,k 1-k 1 ) ] n 

2b(k)2b (kl) n=O 

=-
1
-[ 2b(k)+l2f 
h 

a k 1 

2b(kl) 

(9) 

-I 
CO 4 ( k,- k, k 1 , - k 1 ) ] • 

p 8ClllHPHM Tenepb ilpHBeAIJlHH K ( 9) KJ18CC AH8f'p8MM: npeACTllBHM 'IHCJIO n 

B (8) B BHAe 

n=m+n 1 +n 2 ••• +nm 

rae m , n 1 , n 2 ••• - HeoTpauaTenbHhie uenhie '!Hcna, Paao6beM 

ilpOH3BeA9HHSI 

n 
K 04 Ha 

x/ ) 
131 HanOMIIHM, 'ITO B (6 cneayeT y'IHThiB8Tb TOJibKO CBH3Hhze anarpaM-

Mbi ( 1 nyHKT 2.7). 
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...,. 

n m n 1 n2 n m 
K 04= K 04 (K04) (K04) "" ( K04) 

EcnH AnSI A8HHOrO i, i = 1,2 ..• m , D I 1> 0 1 COCT8BHM H3 
n I 

K 04 ueno-q-

KY HanOA06He paCCMOTpeHHhiX BhiWe, H3 KOTOpoit rnSIASIT HapyJKy TOnbKO ABe 

CB060AHhie TO"iKH Ha"iana H KOHU8 uenO"iKHo Jlanee B -M MHOlKHTene K 04 
m 

H3 "iHCna K 04 paaopBeM uhiBWYJO KOpOTKYJO nHHHJO H 3aMeHHM ee 

Ha ABe AnHHHhiX, COeAHHSIJOIUHX A8HHhlit MHOlKHTenb K 04 CO CB060AHhiMH 

TO"iK8MH MHOJKHTenSI 
n 

K 
0
1
4 • CyMMHPYSI no BCeM aeoTpHuaTenbHhiM aaa-qe-

HHSIM m t D 
1 

t D 
2 

t ••• R m t nony-qaeM AnSI paCWHpeHHOit COBOKynHOCTH AHarpaMM 

npeACTaBneHHe 

00 

f (k)= I 
2 04 m=O 

"" 

( -12)m 

2hb(k) 

( I (-12)n f 
n =0 

[ f 
dk 1 C 04 ( k, -k, k1 .~ 

2b(k)2b(k1) 

d k~C04 (k 1,-k p k:ao - k2 > __ ) n ] m 

2b(k1)2b(k2) 

h -
11 2 b ( k) + 12 f d k\1 c 04 ( k t- k t k 1'- k 1 ) [ 2 b ( k 1 ) + 

+ 12 f 
dk 2 

2 b ( k:l) 

-1 -1 
co4(k1,-k1,k2,-k2)l I. 

10 

' 

JlanbHeitwee npoAOnJKeHHe onHcaaaoit npoue 

CYMMhl COOTBeTCTByJOWero Knacca AHarpaMM: 

1 
00 f 04 = 

[2b(k)+7j(k)]h 

3AeCb 1j ( k) - 4JyHKUHSI, onpeAeneHH8SI HHTerpl 

f 

1j ( k ) = 12 f 
d k 1 c 0 4 ( k, -k t k 1.-

2b (k1)+ Tj(k 1) 

2,2, TaKHM o6paaoM, nony"iaeM: 

I 
+ 

04 
[2b(k)+7j(k)]h 

2 

2.3!4.4 
+ - f 

C
04

(k,k 1• k
2

• k
3 

)dk 1d 

-------
2!h[2b(k)] 2 2b(k1)2 

+ •.• 

8ht6HpaSI H3 npaBoit -qacTH ( 12) HaAneJKaiUyJO nc 

npHBOAHM ( 12) K BRAY 

1 2!3!4·4 
f --------+ 

04 
[2b (k)+Tj(k)]h 2!h[2b (k)+ 

11 



n m nt n2 nm 
Ko4=Ko4(K04) (K04) ••• (K04) • 

HHOI"O I, i = I,2 ... m, D I'> 0 1 COCT8BHM H3 
n 

K 
0

1
4 

ueno'l-

e paCCMOTpeHHblX Bhlllle, H3 KOTOpOA: !"nHJlSIT HapyJKy TOnbKO JlBe 

Ha'lana H KOHU8 UeUO'IKHo nanee B -M MHOlKHTene K 
04 

paaopBeM ubiBWYJO KOpOTKYIO nHHHIO H 38M8HHM ee 

COSJlHHSI!OWHX Jl8HHbiA: MHOlKHTenb K 04 CO CB060JlHhlMH 

lKHTenSI K ~14 • CyMMHPYSI no BCeM aeoTpHUaTenbHhiM aaaqe-

, n
2

, ••• n m , nonyqaeM JlnSI paCWHpeHHOA: COBOKYUHOCTH JlH81"p8MM 

He 

00 

I 
m=O 

"" 

( -I2) m 

2hb(k) 
[ I dk 1 C 04 (k,-k.k1 ,-k 1 ) 

2b(k)2b(kl) 

( I (-I2) 0 I 
dk 2 C04 (kp-kpk 20 -k 2 ) 

) n ] m 

n =0 
2b(kl)2b(k2) 

-I 
I 2 b ( k) + I2 I d k I c 04 ( k'- k' k 1'- k I ) [ 2 b ( k I ) + 

+ I2 I dk 2 

2 b ( k2) 

-

-1 -1 
co4(k~,-kl,k2,-k2)l I . 

10 

nanbHeA:wee UpOJlOnJKeHHe OUHC8HHOA: npoUeJlyphl, 0'18BIIJlHO, Jl88T )lnSI 

CyMMhl COOTB8TCTBY!OW81"0 Knacca JlH81"p8MM: 

I 
00 f 04 = 

[2b(k)+77(k)]h 

3JleCb 11 ( k) - <iJYHKUHSI, onpeJleneHH8SI IIHTei"panbHhiM ypaBH8HH8M 

f 

11 < k > = I2 I 
d k 1 C 0 4 ( k, -k , k 1, -k 1 

2b (kl)+ 77(k 1) 

2.2. TaKIIM o6paaoM, nonyqaeM: 

I 
+ 

04 
[2b(k)+77(k)]h 

(10) 

( 11 ) 

(12) 

2.3!4.4 
+ -I 

2 
C

04 
(k ,k 

1
, k

2
, k

3
) d k 

1 
d k

2 
d k 

3 
8 ( k+ k 1 + k 2 + k 3 ) 

- + 

2!h[2b(k)] 2 2b (k
1

) 2b (k 2 )2b (k
3

) 

+ ... 

8hi6HpaSI 113 npaBofi 'laCTH ( 12) Ha)lneJKawyJO nocneJlOBaTenbHOCTb JlHarpaMM, 

npHBOJlHM (12) K BIIJlY 

I 213!4·4 
f ----------------- + 04 

[ 2 b ( k ) + 11 ( k ) ] h 2 ! h [ 2 b ( k ) + 11 ( k) ]
2 

11 

' 



-
l. 

I 
2 

C04(k,kpk 2 ,k 8 )dk 1d~ dk 8 S(k+k 1+k 2 +k 3 ) 

8 + ... (13) 
n [2b(kl>+77<kl>l 
1=1 

3JleCb TO'IKH 0603H8'18!0T COOTBeTCTBeHHO yMeHbWeHHYtO no cpasHeHH!O C 

COBOKynHOCTbtO JlUarpaMM 1 0603H8'19HHOH TO'IK8MU B ( }2 )
0 

COBOKynHOCTb JlUa-

rpaMM, 

. /3/ XI 
2,3. J1a «flopMyn (20), (21) pa6oTbi u «flopMynhi (II) cnenyeT 

1 

'ITO 

71(k)=O( ln/3 -·) 
13 

npu f3 -+ oo • ( 14) 

0TC!OJl8 Jl9f'KO y6e]lUTbCR1 'ITO OTHOW9HUe BTOpOf'O 'IJieHa B (13) K nepBOMy 

~-2 eCTb BenU'IUH8 nOpRJlK8 ~ paBHOMepHO no k ; nnR cnenytOmux 'lne-

HOB .B ( 13) nony'laeM aHanoru'IHbte oueHKH. TaKuM o6paaoM, <jlopMyna ( 13) 

naeT paano)l(eHue f 
04 

npu (3-+ oo j BCe 'IJ19Hbl :3T0f'O p83J10)1{9HHR1 B 

OTJIU'IHe OT UCXOJlHOH «flopMyJibi (6), KOHe'IHbi, 

2,4, PaHee Mbi paccMaTpHBanu 'IJieHbi c Co4 K8K e]lUHCTBeHHb!tl: UC-

TO'IHHK pacxonuMOCTeA B (6}, B neH:CTBUTenbHOCTH ocTanbHbie 'lneHbi B (6) 

TO)Ke Jl8!0T paCXOJlHMOCTU, liT06bi U36aBUTbCR OT HHX, He06XOJlUMO pacmu-

PHTb no cpaBHeHHtO c n .2.1-3 MHO)KeCTBO y'IHTbiBaeMbiX JlHarpaMM, Mbi 

He 6yneM npoBOJlHTb anecb BCtO aTy,npoijenypy, a npHBeJleM nHmb ee pe

aynbTaT: K8K H B (13)
0

UM99M 

x/ 4>yHKUHR.C 04(k 1,k 2,k 8
,k

4
) 1 KaK u ace «flyHKUHH C

0 
(kpk 2, .•. km), 

orpaHH'IeHa, Korna ace ee apryMeHTbi paBHhi HyntO; :3To caoftcTBO RBnReTCR 

HeTpHBU8J1bHbiM, noCKOJlbKY ifJYHKUHU Com· onpeneneHbi ypaBHeHHRMU BUJla 

amCOm(k1,k2'""" km)=Am(k1,'k2,' ... km)' 

rne CJ m ( 0, 0, ... 0 ) = 0 H paBeHCTBO Am< 0,0, ••• 0) = 0 He O'leBHJlHO, 

12 

f ( k) = 
1 
- + 

h(2b(k)+T/(k)) 

+ 

2. 4.4.3! --- 2 

h2![2b (k)+T/(k) 1 

2 
C

04 
< k1 k ~s k ) a < k t" 

I 3 n (2 b < k 1) 
1 

<l>yHKUHH 17 ( k ) Ha :3TOT 
paa onpeAenHeTCR 6onE 

z (k,k1)dk 1 
1/(k)=S(k)+I 

2b(k1)+7j(k1) 

3AeCb 

S(k) =2 
c22 < k 1, -k 1; k,- k > 

I- -
2a(k

1
) 

dk 1 -

- 6 I 
c so ( k 1t- k 1 '0) c 1 J. 0; k' -k) d k 
. --

2 a ( 0) 2 a ( k 1 ) 

Z ( k , k I ) = 12 C o i k, - k , k 1 , - k 1 ) -

- 2 C 12( 0; k 1,- k 1 ) C 12 ( 0; k - k) 

2 - 4 C 
1 2 

(- k - k 
1 

; k, k 1 ) / (2 a ( k + k 

13 



2 

C0/k,k 1 ,k 2 ,k 8 )dk 1d~ dk 8 8(k+k
1
+k

2
+k

8
) 

8 

fi [2b (k, )+l7(k, )] 
l=l 

+ ... (13) 

6oaaa'laiOT eoorsererseaao YMeHhmeaayiO no epasaeHHIO e 

.QH8I'p8MM, 0603H8'18HHOit TO'IKBMH B ( I2 ), eOBOKynaoeTh .QHa-

13/ XI <jJopMyn (20), (21) pa6oTbi H <jJopMyJibi (II) ene.Qyer , 

In f3 l7(k)=0( -) 
f3 npu f3 ... "" . (14) 

y6e.QHTheg, 'ITO OTHOll!eHHe BTOporo 'lneaa B (I3) K nepBOMy 

nopH.QKa {3-
2 

paBHOMepao no k 
; Jlng ene.QyiOll!Hx 'lne-

'laeM aaanorH'IHbie oueHKH, TaKHM o6paaoM, ¢opMyna ( 13) 

f 0 4 npu f3 ... "" 
i Bee 'IJ18Hbl STOI'O p83J10)!(8HHH, B 

•.QHOH <jlopMyJlbi (6), KOH8'1Hb!, 

Mbi paceM a TpHBanu 'IJieHbi c C 
04 KBK 8JlHHeTB8HHbltl: He-

OCTen B (6), 8 JleitCTBHT8JlhHOeTH OeTBJlhHb!8 'IJ18Hbl B (6) 

.QifMOCTH, qT06bi H368BHTheg OT HHX, He06XOJlHMO pacmu-

HIO e n .2.1-3 
MHO)KeCTBo Y'IHTbiBaeMbiX JlHarpaMM, Mbi 

HTh 3.Qeeb BCIO STy npoijeJlypy, a npuse.QeM RHWh ee 
1
pe

(I3), HMeeM 

. C olk 1,k 2,k 8 ,k 4), KBK H BCe <jJyHKUHH C
0 

(kpk
2

, ... km ), 
a Bee ee apryMeHTbi paBHbi ayn10; sro eBoAerBo HBnHeTcg 

OCKonhxy <jlyaxuuu C0 ., onpe.QeneHbi ypasaeHHHMH BH.Qa 

( k I' k 2' ... k ) =A ( k I 'k2 •· ... k ) ' m m , m 

) = 0 
H paseHCTBo Am( 0,0, ... 0) = 0 

He 0t{8BH.QHO• 

I2 

..; 

r < k > = 
I 

+ 
h(2b(k)+1'/(k)) 

(15) 

2 

c04(k1 k J<a k) 8 (k1+k:tka+k )dkldk2 dk3 
. + ... 2. 4·4·3! 

f 8 
fi (2 b ( k 1) + 1'/ ( k 1)) 

+ 
2 

h2![2b (k)+l'/(k)] 

<l>yHKUHH 1'/ ( k ) HB STOT paa onpenenHeTeH 6onee cnoMHbiM ypaBHeHHeM 

1'/(k)=S(k)+f 
z (k,k1)dk 1 

( I6) 

2b(k1l+77(k1) 

3nech 

S(k) =2 dk1-
2a(k

1
) 

- 6 f 
C. 80 (k 1.-ki,O)Ct:JO;k,-k)dk 1 ·---

2 a ( 0) 2 a ( k 1 ) 

(17) 

Z(k,k 1 )= l2C 0lk,-k,k 1,-k 1 )-

- 2 C 12 ( 0; k 1 , - k 1 ) C 12 ( 0; k - k ) I (2 a ( 0)) - ( 18) 

2 
- 4 C 1 2 (- k - k 1 ; k, k 1 ) I (2 a ( k + k 1 ) ) . 

13 



l! 

HeTpyaao.npoBepHTb, qTo paGnoMeHHe (15) no cTeneH~M 

HaC K (6). 

7J B03BpamaeT 

2.5. TaK KaK b (O)= 0 t TO an~ llpHMeHHMOCTH !jJOpMyn BHaa (15), 

(16) Heo6xoaHMO 

7J ( 0) ·> 0. (19) 

131 
npHHHMa~ BO BHHMaHHe !jJopMyl1bl (19), (20) pa60Tbl H !jJopMyl1bi nyHKTa 

Ill 
2.3 pa60Tbi , nonyqaeM BbipaMeHH~: 

2 2 
· yf8g (k 1 +k2 ) +<!k 1 l+lk 21 )w(k 1 +~) 

Z(k"k 2 )= --[ --- + 

f3 ( I k I I + I k 2 I> w ( k I + k2 ) ( I k II + I k 21 + w ( k I+ k2 ) )
2 

-

2 
2 ( k I + k 2 ) ( I kl I +I k 2 I ) 

+-
2 

( I k 
1 

I + I k 2 I ) w( k 
1 
+ k 2) ( [ k 

1 
I +I k 2 1 +w( k 1 + k 2 )) 

I 

2 I k I k2 I 
+ -------------------

(1·+ 2 I k I I> (1 + 2 I k 2 I HI k II+ I k 2 I ) 

S(O) _ V8g ----J 
f3 

1 
-+' --

1--l dk ' 
8w(k 1 )

4 1 
8w(k 1 )

2 

14 

+ 

,. 

Gaecb w(k) =V~k2 • TaK KaK Z(k,O)=O 

qHHa Mana~, TO an~ BblllOJ1HeHH~ ycnOBH~ ( 19) Heo6xoa1 

v~-g-R :S(O) +-1 fZ(O,k 1)dk 1 /k 1 >0. 
f3 2 2 

noacTaBHB eme 

2 
Z ( 0. k 1 ) I k 1 = V 8 g I f3 • 2 I [ ( k 1 + w ( k 1)) w( k 1 ) 

HaXOaHM 

1 1 
R = f d k [ -------- - -----

1 2 
(w(k

1
) +k

1
)w(k 

1
) 2ctJ(k 1 ) 

I 

8w(k 1 ) 

rae 

2 2 4 
F(k

1
)=[4w(k

1
) (w(k

1
)-k

1
) -1]1[8w(k 1 ) 

¢yHKUH~ W ( k)[w ( k )- k] MOHOTOHHO y6b!BaeT C pOCTOII 

HMeeT 3HaqeHHe 112 • 0TCIOaa BbiTeKaeT HepaBeHCTB 

npH 0 < k < "" , H3 KOToporo cneayeT HepaBeHCTI 

cBoiO oqepeab, BneqeT ( 19). 

2.6. Toqaoe GHaqeaHe BenHqHHbi R paBHO 

R = 16 + 9 rr I 2 . 

15 



.rrroBepHTh, qTo pasno~eHHe (15) no cTerreHRM ., B03BpamaeT 

T aK KaK b ( 0) = 0 1 TO JJ.ng ITpHMeHHMOCTH $OpMyn BH/].8 ( 15) 1 

XOIJ.HMO 

., ( 0) ·> 0. ( 19) 

/3/ 
BO BHHM8HH9 <flopMynbi (19), (20) pa60Tbl H <flopMynhi ITYHKT8 

111 
hi , rronyqaeM Bbipa)!{eHHR: 

.,;s.L [ ) = -(3 

2 . 2 
(k1+k2) +(Jk 1l+lk2J )w(k1+~) 

--- + 

( I k I I + I k 2 I ) w ( k 1 + k2 )( I k tl + I k 21 + w ( k 1 + k2 ) )
2 

2 
2 ( k 1 + k 2 > ( I k1 I +I k 2 I > 

2 
(Jk 1 I+Jk 2 [)w(k 1+k 2)([k 1l+lk 2 J+w(k 1+k 2)) 

2 I k 1 k2 I 
+---

0·+ 2 I k 11 H 1 + 2 I k 2 I Hi k 11 +I k 2 I > 

-
.,;s.L I 

>=--(3 1 

8w(k 1 ) 2 

~ 

-+' 1 --:;:(~4 ] d k 1 ' 

14 

3JJ.9Cb w(k) =V~k2 • T aK KaK Z ( k, 0 ) = 0 H 7l ( 0) ecTb Benw-

qHHa ManaH, TO JJ.nH BWITOnHeHHR ycnoBHH (19) He06XOJJ.HMO 

y~-g-R =S(O) +-I-JZ(O,k 1)dk 1 /k 1 >0. 
(32 2 

(20) 

no/].CT8BHB eme 

2 
Z ( 0. k 1 ) I k 1 = y 8 g I f3 • 2 I [ ( k 1 + w ( k 1)) w( k 1 ) ], (21 ) 

H8XO/J.HM 

I I I 
R=fdk [-------- ------------] = JF(k 1 )dk1 , 

I 2 2 
(w(k)+k)w(k) 2w(k 1 ) 8w(k 1 ) 

I I I 

I'/].9 

2 2 4 
F(k

1
)=[4w(k

1
) (w(k

1
)-k

1
) -I]I[8w(k

1
) ] • 

<JlyHKUHR W ( k )[ w ( k)- k) MOHOTOHHO y6hiB89T C pOCTOM k H ITpH k = 00 

HMeeT 3HaqeHHe Il2 • 0TcJoJJ.a BhiTeKaeT HepaBeHCTBO F ( k ) •> 0 

rrpH 0 < k < 00 
1 H3 KOTOpOI'O cneJJ.yeT HepaBeHCTBO (20) 1 KOTOpoe 1 B 

CBOJO oqepeJJ.h, BneqeT (19). 

2,6, ToqHoe SHaqeHHe BenwqHHhr R paBHO 

R = I6 + 9 " I 2 . 

15 

,. 



~ 

· § 3, 3aKniO'IeHHe 

n onhaySicb (22), (20) H ( 16), rrony'laeM cne.uyiOwee Bhipa)KeHHe .unSI 

BenH'IHHhi Tf ( 0) 

Tf(O) =V Bg 
{32 

2g-
R (1 - V -- In f3 + ••. ) . 

{32 

YIMeHHO HanH'IHe 3.QeCb B rrpaBOft '18CTH HeaaanHTH'IeCKOft 38BHCHMOCTH OT 

-1 -1 
{3 IlpH {3 = 0 SIBnSieTCSI IlpH'IHHOii: paCXO.QHMOCTH HHTerpanOB B (6), 

'ITO C.Qenano Heo6XO.QHMOft H8CTOSIWYIO pa60TY ( ecnH 6hi HHTe-

rpanbJ B ( 6) CXO.QIWHCb 0 

-1 
ro ( 6) .uaBano 6hi paano)KeHHe no cTerreHSIM f3 ) • 

B aaKniO'IeiiHe Bhipa)KaJO 6naro.uapHOCTb aKa.QeMHKY M, A. MapKoBy aa 

HHTepec K pa6oTe, 

JlHTepaTypa 

1. Jl.r. 3acTaBeHKO. nperrpHHT OH.f!H, P2-4603, lly6Ha, 1969. 

2. I. Goldstone, A. Salam, s. Weinberg. Phys. Rev., 127, 965 (1962). 

-

3. n.r. 3acTaBeHKO. nperrpHHT OHHH, P~-4322, lly6aa, 1969. 

PyKOIIHCb IIOCTyiiHna B H3.QaTenbCKHft OT.Qen 

16 anpenSI 1971 ro.ua. 

16 

• 

Y CJIOBMJI 06MeHB 

nperrpHHThl H coo6weHHH OYIHYI paCCbin8IOTCSI 6ecrrna 

HMHOrO o6MeHa,yHHBepCHTeTaM, HHCTHTyTaM, na60p8TOI 

aay'IHhiM rpyrrrraM H oT.uenbHhiM y'leHhiM 6onee 50 cTpa 

nony'laTenSIM H3.Q8HHfi OYIHYI rrpe.uocTaBnSieTCH B03MI 

SIBHTb HHHUH8THBY B 6ecrrnaTHOfi IlOCbinKe rry6nHK8UHfi E 

o6MeH8 IIPHHHM8IOTCSI H8Y'IHbie KHHrH, )Kypaanhlt rrperrp 

rry6nHK8UHH no TeMaTHKe OYI.f!YI, 
E.UHHCTBeHHbifi BH.Q rry6nHK8UHfi, KOTOpblft H8M IIpHC 

9TO perrpHHThl l OTTHCKH CTaTeJil: , y)Ke OIIy6nHKOB8HHhiX B 
~ pH.Qe cny'laeB Mhl C8MH o6pawaeMCSI K H8Y'IHhiM 

6onee KpyrrHhiM rrony'laTenSIM aamHx Ha.uaaHa - c rrpocb 

cnaTb H8M K8KHe-nH60 KHHrH HnH BhiiiHC8Tb .QnSI H8llieti: 

: ... 


