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§I. 

H3Bectso,cxonL nno~otBOpHHM oxa3anocL H3yqesHe npHOnHzeH

HYX CHKMetpHI B ~RaKHKB 3JeMeHTapHHX qaCTHUo 00HqHO B xaqeCTBe 

np!IOJIHZBHBHX paccwtpHBallTCJI BHyrpeHHHe CHMM:erpHB .• O~na.xo, 

no xpalsel uepe, YIRBBeHHJI cBoOo~wx noneR" co cnHsou 0, I/2 H 

l H ~OBOJlLBO mHpOKHI KJiaCC B3aHMO~ICTBHR HX noneR HHBapHaHTHH 

OTHOCHT8J1LHO XOB~OpMHHX npeo0pa30BaHHR XOOp~HHaT B npocTpaHCTBe 

lAHHKOBcxoro ( f '~) , ecJIH npese6peq:o Macca~m 3THX nonen. Becxo

seqso-uanHe KOH~OpMHHe npeo6pa30BaHHH B ~ ~exaptOBHX 
..... 

KOOp~HHaT ~ , ol. p ... -=0,1,2 ,J HM8llT BH~: 
I 

~ci... = ;xot. -t- t .x~ (uacmtaOsoe npeoOpa30BaHRe) 

..... ~"'· = X.c.+£~(t"':X 1"X"'-:2x""'71 .. ~£"':X~ (I) 

r~e £1 etA..- OeCKOHeliHO-IIaJlLie napauetpu H "7·~ II -
:jfc/,"aJ{J.,-1,-.!,-J)/f- MetpH!ieCKHR T8H30p B £", • B pn~e paOot 

( CM.,HanpHMep, pa00TLI/I, 2.JH CCLIJIKH, ~aHHLie B HHX) plCCMatpH

BallTCH CJle~CTBHH KO~OpMHOR HnH TOBLXO MaCWTa0HOI HHBapHaHTHOCTH, 

H,B qacTHOCTH, BLIT8Kall~He H3 3TOrO orpaHHqeHHH Ha aCKMHTOTH

qecxoe HOB8~eHH8 aMnJlHty~ plCCeHHHH npH 60Jil>WHX 3HeprHHX H 

nepe~qax HMnynLca, xor~ MOEHO npese6pe4L MaccaMH Bcex 

qacTHU. 

EcteCTB8HHa HOCTaHOBKa Bonpoca 0 TOM, KaKHe B3aHMO~ICTBHJI 

KOH~OpMHO-HHBapHaHTHLI H HB JIBJlJieTCJI JlH XOH~OpMHaH HHBapHaRTHOCTl>) 
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6y)Iy4H npocrpaHCTBeHHo-speueHsoR CKMMerpHeB, crox» ze 

yHHBepcanLHoR, xax H nyasxape-HHBapHaHTBOCTL. B pa6ore
12; xorn, 

na Ham BSrXSU:, H He COBCeN TOIIHO, ,D;aH OTB8T Ha nepByll llaCTL 

BOnpoca: npH HeKOTOpHX .D;pyrHX eCT8CTB8BHHX npe,D;OOXOX8HHRX 

uanHcau KOHIPOpNHO-~lHBapHaHTHHR mrpaauaa B3aHMo.D;ellcTBHR no.11elt 

co cnHHou o,I/2 * r. 
ll 3TOM .D;OKXa.D;e MY B HeKOTOpOR CTeneHH KOCH81lCR BTOpOR 

4aCTH Bonpoca,paCCMaTpHBaH npHHUHfi npH6.1lHX8HHOR KOH~OpMHOR 

ItoBapHa!ITI!OCTH ypasHeHHU ,li;BHll:eHHH, KOTOp!iR OT.IlHI.laeTCJl 60XLWOit 

061~IIOC TLII H llOCJIC.D;OBa TeXLHOCT Lll H s_xe.D;CTBH8M KOTOporo JIB.IlS:eTCJl 

xonrpopunast HHBapHaHTHOCTL B E"' ( HO He ronxo oHB.). 3ror 

npl1HI.Um MO:leeT 6HTL ClllOPMYXHpOBaH XHDIL B pa.NKaX 06111etl T80pHH 

OTIIOCHTCXLIIOCTH, HO ero CXe.D;CTBHH 6y)IyT B B&CLJm CH.IlLHOit CTene

HH onpe.D;eXJtTL CTP,YKTypy JiarpaHlmaHOB B3aHMO,D;eitCTBHR B fl.(. 
§2. 

!IpUBe,D;eu CHal.laXa OCHOBHHe onpEU(ell8HHJI KOH~Op:UHOrO 

oro6paxeHlUI H KOHIIJopunoro npeo 6pasOBaHHH. 
#O<J 

I. J\sa nceB,l\opHliDHOBI:lX npocrpaacrna ~ M 1{ c .-...~ · 

uerp11lleCKHMH reHsopru.!H 9"'1'(:r) H f"',.(~), .X E ~, ~ E't(, 
HaXOAHTCSl 

KOOPAHIIa.T 

B KOHrllOpMHOM COOTBeTCTBHH, eCJIH B 

del.. HMeeT MCCTO paBeHCTBO: 

-- .! 8•p (j) = {2 rd") 9-'fo (~) J , 

HeKOTOpoR CHCTeMe 

(2) 

r,~~;e ..(1(~)-HeKOTOpall ¢yHKUH.R. 0TO%,lleCtBXIIII KOOpAHHaTH X tt ~ , 

6y,~~;eL~Ha31:lBaTL npeo6pa30BaHHe (2) KOH~OpMHI:lM OT06paE8HH8U ~ 

ua ~. 
2. EcxH B Hexoropou ~ cyl!lecrnyer npeo6pasoBaHKe 

KOOp.D;HHaT 

4 

t;11r• 

)'· 
·' 
,•,' 

I 
' ,;i 

, . . , 

/~«._ = ';x<>l ('32) • 

raxoe, qro 

, ox."( dl::s t 
;{oe.p. (x} : 'UI:l:oe;. 0 ":i""~ ~ l(i C::x:.) = w (x) ~"~ 
ue GV(~ )-BeKO'lOpaa ~YHKI{JIII, TO (3) Ha31:lBa8TCJI KOHl 

npeo6pasosaHJieu. Oao, oqes~o, ecrL xou~opuaoe oro6 

Ha ce6.1t H B03MOEHO 'lO.IlLKO, eC.IlK 68CltOB8llHO-Jia.ll08 npe 

COO'lB8'lC'lBYillll88 (3) 
1 

'~cc. = xor-.-+- ~tl.(!:r..J£ 

( [. - 6ecKoHeqHo-:ua.llYlt napauerp) onpe,~~;euercJI nexro 

y,JJ;OB.Il8TBOpHIIIIIKM ypaBH8BHil 

~c,. + \/,.~ ... = :~. fc~J ~"'~, 
ue f - HeKO'lOpaa wnnu, H Ve~... 03Haqaeor ltOBapHa 

IIpOH3BO,JJ;HYilo EC.IIH npH 3TOM f!! Q , 'lO B (4) W ::F 

11 npeo6pasosaHHe (3a) ecn ,JJ;BHJ:eHHe. B Elf ,JJ;~H:IeHH 
npeo6paaoBaHHa rpynnY llyauxape H swecre c (Ia,O) OHM 

!5-napauerpHll8CJtYil KOH~OpiiHYD rpynny, H30MOpcllHYil S C 
llycrL renepL A&Ha uexoropaa o6~exosapHaaoraan eM 

BeKKi B 11.; ; 0603Ral.IBM ee CHIIBO~Hil8CltK. 

p ( ~t<t, v"' ) \la( v,. , ... ) "'f) ::::. o 
088 B Bll.JIY DO,II; 'Y BCII COBOKynJ'IOC'lL HCKOWX CWHltiUI 

ltOH~OpiiHOII O'l06pazeHHH (2) IIOZHO BBeC'lH npeo6pa30BaE 

,..., r---

y = 'f C .o ~ ~tl..r , 1J!) ) 
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I '::l!.f(. = f ::X. ol ( ~) 
(3) 

TaKoe, llTO 

~ .. ~ ~x} = :;~: ~7}~ ~ a-i C:x) = wt(x' ~.c.~(~), (4) 

ue GJ(x.. )-aexotopaa IPYHKn;xn, to (3) Ha31:lBaetca xoH!Popew 

npeo6paaosaxxeM. Oxo, oqes~o, ect~ xoa~PopMHoe oto6paxeHHe ~ 
Ha ce611 H B03MOZHO TOJI~ltO ,. eCJIH 6eCJtOH81lHO-Ml1.110e npeo6pa30B8.HHe 

) 

COOTB8TCTBYD~ee (3) ' 

,~0( = x~ ... ~.t.(r:x:.Jc. 
(3a ) 

( C - 6eCROHellH0-118..111:lA napaMetp) OIIpe.JJ;eJIII8TCII B8KTOpOM ~ 04 

.} 

YlOBJietsopaD~HM ypasHeHHD 

~c,. + v~~ ... = :t fc~J ~"'~, cs) 
r.JJ;e f - HeKOTOpall !flYHitD;HII

1 
H v.._ 03Haqaet KOBapHaHTHYD 

IIpOH3BO,JJ;IJYDo EcJIH DpH 3TOM f !! Q , TO B ( 4) W ::F i ; 
H IIpeo6pa30B8.HH8 (3a) ecn ,IJ;BH:IeHHe. B £, ,IJ;BHllteHHIIMH IIBJUIIITCII 

npeo6pa3oBaHHII rpyiiiii:l llyasxape H BMeCTe C (Ia,6) OHH Odpa3YDT 

I5-napaMetpHilecxyn xoa~PopMHYD rpynny, H30MONBYD S 0 (2, 4). 

llyct~ tenep~ ~Ha sexotopaa o6~exosapHaHTHaR cxcteMa ypas

aesxH B 11.; ; 0603BallBM ee CHMBOJIHQ8CKH 

~ ( ~t<t, V-' ) \lc( V,a , ... 1 "'f) :::. 0 , 

HM811 B Bll,JJ;y IIO,IJ; :r BCD C OBOKyfiBOCTD HCROMI:lX tPYHRIUI! • EcJIH 1IpH 

ROH!POpMROM OT06pazeHBH (2) MOZBO BBeCTK npeo6pa30BaBH8 
.,..., "' 
~-= 1' ( .o J ~o(r ) 1J') , 
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TaKoe, qro B CHRY (6) Y~OBR8TBOpH8TCH COOTBBTCTBYD~ee 
"V 

ypaBH8HH8 B v;; ; 
r---

<P c~~p , vol, v-... v,. , ... , :r J = a , 
TO 6y~e:M Ha3YBaTb ypaBH8HH8 (6) KOH~OpUHO-KOBapKaHtau.. 

Herpy~HO y6e~TbCH, qro 06~e- K KoH¢opMBO-KOBapHaHTH08 

ypaBHBHKB HHBapHaHTHO OTHOCHT8RbHO KOH¢0pMHYX npeo6pa3oBaHH~ 

(3) ( KOH~OpMHO-KHBapKaHTHO), 8CRK ~HHOB ~ HX ~onyc&aeT, 
s cne.JJYD~eu cwcne: KOnb citopo :J! (:IC!)- pemeHHe (6), ro a ,..., ,...., 

'y:: ':f(w-JJ jrip J 1J') 
osHaqaer npeo6pasosaaze ·~ 
HKHX KOOp,IUIHaT: 0c _,. JC 

1 

asnaercH pemeaaeu (6). Wrpax 

npH npoHssoibHYX npeo6pasosa

"f(x) __.t'J:'(;JC'). 

B 3TOM CUYCne KOHMO~HOB OT06paX8HH8 (2) HaXO~HTCH B taKOM ze 

OTHOW8HHH K KOH~OpMHYM npeo6pa30BaHKaM ( B qactHOCTH, lt (Ia,6~, 
B KaKOM 06~e npeo6pa3oBaHHH KOOp~HaT BaXO~HTCH lt ~BHZ8HHHK 

z, B qacTHOCTH, K rpynne llyaaitape. 3Ta aaanoras eraser acaee, 

8CRK KHtepnp8TKpOBatb KOBapKaBTHOCTb ypaBHBHHR (6) OTHOCHT8HLHO 

&dmzx 6ecxoaeqao-uanYx npeo6pasosaaaR s~a (J) xax KOBapzaHTHOCTL 

oraoczrenLHO 6ecxoaeqao uanYx npeo6pasoBaHHH uerpaKH 

~a(.~~ (':r) :: ~aLl' (':X!) T (\let ~f' + v,. ~0( )£ 

npz O~HOBp8M8HHOM npeo6pa30BaHHH ~HKUK~ jt 

c~~~..p 
1
1j/(x) = :tr~; + 6*i'fct}.) 

C) - - noitanbHaa sapzauzs. 
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§3. 

ITpa Itoa~opuaLix oro6pazeHHsx ~erosoR Koayc ~ 

Ot06pa:raerca Ha CBBTOBO~ KOHYC -v: • Iionee TOrO, I 

zsorponaas reo~eazqecxas oro6pazaercs aa Hsorponayo r1 

qecxyo,r.e. ypaBHeaza ~BHZ8HHH xnacczqecxo~ 6esuaccos1 

ULI B rpaBHTaUKOHHOM none KOH~OpMHO-KOBapHaHTHY. fi03Tffi 

ecrecrseaao oZH~arL, qro B reopzz nons KOH~opuaas KOBI 

aBnaetCR 06~KM CBO~CTBOM ypaBHBHK~ 6e3MaCCOBLIX nonen. 

OZH~aBK8 cpa3y ze onpaB~aROCb B OTHOWBHKH ypaBHBHKH ~ 

K 6esuaccosoro ypaBaeaza lHpaxala/. 

CnoEHee o6crosno ~eno c ypasaeHHeu c&anapaoro n' 

06111enpHHHToe o6o6meaHe ypasaeHHSI KneRaa-':PoKa: 

0 f + v.-.:t f = 0' D =A 'dae.({i I to( ~dpoY;o ... =. 
.t HB S1BBS18TCH KOH~OpMHO-KOBapHaHTHLIM npH VVL =Q • 

fieapoysf4/yKa3an Ha KOB~OpMJIYKl KOBUpKaHTHOCTb ypa.BHBH: 

0 ~ + ~ lf = 0, 

r~e R- cxanspaas KpHBH3Ha. O~HaKo saueqaaHe ITeapo; 

HBCKOnbKO cpopuanLHLIR xapaKTep H He H3M8HHRO OTHOWBHHH 

HHil (8) • B pa6ote IS/ Il.A. !.IepHHKOBUM H UBTOpOM HaCT osmei 

craTLH 6Lino ycraaonneHo, qro B qacrHoM, HO naZHou cE, 

B npocrpaacrse ~e CHtTepa 

nons npH nD6ou m~ :;, 0 
~ , KBaHTOBUH T80pHa 

~onycitaeT o~H03HaqHoe BBe~e 

npe~CTaBRBHHH ~OKa1 JIHWb KOr~a OHa HCXO~HT H3 ypaBH8HH 

BH~ 
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§3. 

ITpH KOH~OpUHHX OT06pazeHHfiX ~eTOBOR KOHYC ~ 

OT06paxaeTC8 Ha CBeTOBO! KOHYC ~ • Eonee Toro, npM 3TOM 

HSOTponHan reoAesHqecxan OTo6pazaeTcn Ha HSOTponHyD reoAe3H

qecKyn,T.e. ypaBHeHHH ABKieHHH &naccHqecxo~ 6e3uaccoBoR qacTH

UH B rpaBHTaUHOHHOK noHe XOH~OpMHO-KOBapHaHTHH. IT03TOMY 6HHO 

ecTeCTBeHHO o~aT», qTo B TeopHH noHH KOHWOPMHan KoBapHaHTHOCT» 

fiBH88TCfi 06~HM CBO!CTBOM ypaBH8HHR 6e3MaCCOBHX noHeH. 3TO 
~ 

OJHAaHHe Cpa3y ze onpaBAaHOC» B OTHOmeHHH ypaBH8HHH MaKCBenna 

H 6e3uaccosoro ypaaHeHHH lHpaxa13/. 

Cnozaee o6cTonHo AeHo c ypaBHeHHeM cxannpHoro nons. 

06~enpHHHToe o6o6~eHHe YpaBHeHHH KJieRHa-<f>oxa : 

2. t1) 0 0 I .-... f. I." ol ~ ). ""' ~ (8) 0 f + """" l = ' = -11 CJ-<.\V-~ ,f Vp. ) Ooe.='") 'X .... ' 

t He fiBHHeTCH KOH~OpMHO-KOBapHaHTHHM npH ~ =Q • 

ITeHpOy3/4/yKa3aH Ha KOH~OPMHYD KOBapHaHTHOCTL ypaBH8HHH 

R., 0 'f + ylf = o. (9) 

rAe R-- CKaHHpHan KpHBHSHa. 0AHaKo saueqaHHe ITeHpoy3a HOCHHo 

HeCKOnLKO ~OpManLHHR xapaKTep H He H3MeHHnO OTHOWeHHH K ypaBHe

HHD (8). B pa6ore151 H.A.'lepHHKOBUM H UDTOpOM HaCTORII!eR 

cranK 6Hno ycraaosneHo, qro B qacrHou, HO BalD!OM cnyqae V;" -
B npocrpaHCTBe Ae CHTTepa ~~ , KBaHTOBaH TeOpHH CKanHpHoro 

nons npH nnoou ~~ ::;:, 0 Aonycxaer OAH03HaqHoe BBeAeHHe 

npeACTaBneHHH ~OKa,nHWL KOrAa OHa HCXOAHT H3 ypaBH8HHH B ~ 
BHM 
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0~ -T ~ 'f -T V"'ttt.p o. (10) 

Huaqe rouopa, TOHLKO STO ypaBH6HH6 OfiHCHBaeT KBaHTOBOe ~BHXe-

HHe CB060~HOi! CK8.HBpHOI QaCTH!Ui B \{ • KpHTHQ 6CKHM 06CT OB-

l'6HLCTBOM 3~eC:& S:BHB6TCB TO, QTO B s'f ,Jl;118 O~H03HallHOro 
BBe~eHHS npe~CTaBH6HHB ~OK8. OK8.3aHOC:& H606XO~MHM paCCMOTpeTL 

YCHOBH6 COBna~eHHS: BHCOK03HepretHtleCKOrO~H KBa3HKXaCCHQ6CKOrO 

npe~eXOB ~B BOXHOBHX ¢YHRnHil qaCTHUo 3TO YCXOBHe, TpHBHaXLHO 

BHfiOXHHD~eeca B t:~ , MOE6T 6HTL BHfiOXHeHO B ~ TOH:&KO ,Jl;1IR 

ypaBHeHHR (10). llo~llepKHeM e~e pa3, liTO peliL H~6T 0 KBaHTOBOft 

TeOpHH noxa C MaCCOil H CXe~OBaTeHLHO, KOH¢OpMHaR KOBapHaHTHOCTL 

ypaBHeHHH (9) Hrpaet pOlL npH6XHE6HHOI CHMM6TpHH ypaBHeHHH (10). 
~ee OK8.3aXOCL/5~ liTO OCHOBaHHaS: Ha ypaBH6HHH (10) TeopHH 

~eel' ~pyrHe npHBnexaTeJILHHe lleptH. Bo-nepBHX, nap~:an~~ett 

COOTBBTCTBYD~ero ypaBHeHIIID (10) xarpaHDiaHa no 3<>4f2' . 
nonyllaeTcs: CHMMetpHliHHR TeHaop saeprHH-HMnyx:&ca cxaxs:puoro 

noxa, Kotopu·R B HD6ow '\(, a cxuonaTeJILHo H B Elf , npH 

m2 : Q HM&eT HYJIBBOR CHe~. 3THM yctpaHH6TCS: H3BeCTHOe HBCOOT

BeTCTBHe MBX~ UOHHMH CO CfiHHOM 0 H C 60HLWHM CnHHOM ( CM.nO~

CTpOliHOe npHMeqaHHe K paeiore/6/). BO-BTOpHX, nepecTaHOBOliHaa 

~YHK~Ha 6eawaccoBoro cxans:paoro noxa, y~oBnetuops:D~ero ypaBHeHHD 

(9), HMeeT HOCI!TeJieM CBeTOBOll KOBYO.J no Kpaitueit Mepe, B 

JIDCiOM KOH<popMHO-fiJIOCltOM ~ • 3TO ecTeCTBeH HOe MH Cie3Ma.C-

COBOrO nona CBOICTBO OTCYTCTBYBT B TeOpHH C ypaBHeHHeM Q 'f: Q. 

B 

··1· .. \ 

;j , ~ I~ 

.' d 
' l 

~. i, 

.:~ 
?~~ .~', .. ~! 
!} .'/: ' ~' ' 

,!~,I 
'\\;1, 

t; 

§4. 
TaKHM oeipa30M,B TeopHH CBOCiOlHHX ( T.e. B3aHMO~eRc• 

l'OX:&KO C BHemHeft rpaBHTan~~ett) noxett H llaCTH~ npHCiXHXeHHa 

KOH¢OpMHaB KOBapHaHTHOCTL BHCTynaeT Kalt 06~ee CBORCTBO H 

B onp~eXeHHOM CMHCXe H606XO~HMa/5 / • 3TO RBXHeTCH BeCltHM 

~OM It BH~BHXeHHD npHCiXHXeHHOR ltOH¢OpMHOll ltOBapHaHTHOCTH 

TpeCioBaHHH H B cnyqae B3aHMO~eitCTBYDmMX noneit. 3~eCL ely~ 

yKa3aHH BHTeKaD~He H3 TaKoro Tpe60BaHHH orpaHHlleHHH Ha B 

saaHMo~eitcTBHH noxett co cnHHOM O,l/2 , I. Hcxo~Hue npe~n 

cne~D~He: 

I. HapymeHHe ItoH¢opMHoR ItoBapHaHTHOCTH BH3HBaercs: ~ 

4JieHaMH, nponop~HOHaXLHUMH Ma.CCaM B CB060~HUX xarpaHXHal 

2. Tpe60BaHHe KOH¢OpMHoit ltOBapHaHTHOCTH ¢opyYXHpye~ 

YCXOBHe HHBapHaHTHOCTH HHTerpana ~eitCTBHH. 

(~: 1 d1° ... dl:'Fj J. = Jf= 1cJ~~ .. dx 1 FJ iJ .... =v 
~ ~ . 

npH paBeHCTB e HYXD IIB.CC nOltOH I'Vl ~ BC6X none it; ~- fi( 

narpauXMaH~ H3 (2) H (9) cne~er, 

i(h. f)= n' p(~"j'.1')+171 bfJ-<p. 
r~e G t_ aexotopult Bexrop. 

3. By~ew paccMa.TpHBaTL JIHWb nonHHOMHaJILH~e no nonm 

H IIIX nepBHM npOH3BO~HHM JiarpaH:l!CHallbl B3aHMO,l\8llCTBHtl dC1 

tJJli.' 4. Ey,l(eM HHTepeCOBaTbCS: J!Hillb TaKI1MH tiJieHaMH Bot' 

pLie He HClle3aiDT npH dol./~ ·--+ 7o(f3 • I103TOIJY 4JieHH: 

BKJIDllaDmHe TeH3op ItpHBH3HLI R«.p yf , Ciy)lyT paccMa.TpHBaTJ 

HHillb nOCTOHL Ky, fiOCltOXbKY OHH HeOCiXO~HMbl ~JIB oClecne4eHHi 

'I 
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§4. 
TaKHU oOpasou,n reopHH cnoOo~H~x ( r.e. B3aHuo~eRcrnyD~KX 

TOHiKO C BHemHel rpaBHTa~el) rroneR H tlaCTHq rrpHORHXeHHafl 

KO~OpUHafl KOBapHaHTHOCTi B~CTyrraer KaK OO~ee CBORCTBO H 

B orrpe~eneaaou c~cne aeoOxo~/5 1. 3ro flBRnercn necKHM rrono-

~ou K B~~BHX6HHD rrpH6RHXeHHOR KOH~OpMHO~ KOBapHfiHTHOCTH KaK oO~ero 

rpe6oBaHHH H B cnyqae B3aHMO~elCTBYDmHX rronel. 3~eCi Oy~ 

YKa3aH~ B~TeKaD~He H3 TaKoro Tpe6oBa~H orpaHH4eHHH Ha B03UOXHHe 

B3aHMO~elCTBHH rronel CO CITHHOM 0,1/2 , 1. HCXO~H~e npe~ITOROXeHHH 

cne~D~He: 

I. HapymeHHe xo~opUHoR xonapHaHTHOCTH B~3~Baercn nHmi 

t~neHaMH, rrponopqHoHan»H~MH uaccau B cBo6o~HHX narpaHEHaHax. 

2. TpeOOBaHHe KOH~OpUHOl KOBapHaHTHOCTH ¢opyYHHpyeu KaK 

YCROBHe HHBapHaHTHOCTH HHTerpana ~elCTBHH. 

[.A: 1 d~0 
••• d~1 Fj i = JT.: icJ~~ .. d:x 1 ff iJ..,.=v 

~ ~ . 
rrpH paneHCTB e HYRD uacc noxon ~ ~ ncex noJieR; £.- rronH~R 
narpaHXHaH~ H3 (2) H (9) CJie~er, 

i ~h • f)= .a~ P' ( h.1')+i7r~f}<p, Y')}, 
r~e ~ -HeKOTO~tt BeKTOp. 

3. Ey~eM paCCMaTpHBaTi RHWi ITORHHOMHaRiHNe ITO ITORHM 

~ ,. c..A.:) 
H HX rrepBbiM npOH3BO~HW4 narpaHXHalll:l B3aHMO)~eHCTBHn o(, • 

(II) 

(12) 

(,:.) 
4. Ey,n;eM HHTepeCOBaTDCH RHWi TaKI1MH t!ReHaMH nd/ , KOTO-

pHe He HCtle3al:lT npH :J"'-Il ·---+ 7-<~ . fi03TOMJ t!ReHH, 

BKHBJ4aDmHe reH3op KpHBH3HH ROI.JS yb' , dy~r paccMarpJ.marbcn 

RHWb ITOCTORbKy, ITOCKORbKY OHM He06XO~HMH ~11 o6ecne4eHH1I 

'J 
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KOH~OpMHO~ KOBapHaHTROCTK HeHC"II83aDmRX "IIHeHOB. 

5. llonn ~ Oy~eM ct~KTaT:D KnaccHt~ecKHMK, nocKon:DKY 

HaC HHTepecyeT HHW:b CTpyKTypa narpaHJHaHOB B3aH:U:O~e~CTBH~. 

TpaHC~OpMaUHOHHHe CBOKCTBa (7) CKaH8pHoro 1f H cnKHOp

HOrO ~ noneR~CTaHOBHeHHUe H3 paCC:U:OTpeHH8 ypaBHeHH~ CBOOO~HUX 
Oe3uaccoBHx noxen ~ec:Dua npoctu/J,5/: 

~(X)==n·i(x)f(x), q;(x}: (2-f:(tX{f'(:x~ ·:r(:x:):ft!)'f(/1:). (IJ) 

BoOOIIIe, eCJIH H8KOTOpU~ Od'DeKT 'l_Y npeo0pasyeTC8 npH KOH<lJOpMHUX ,....... 

OT00paJ:eHH8X no 3aKOHY y: ...(25 'f' TO Oy~e:u: Ha3UBaTD "IIHCHO 

S BenneBCKKM Becou. 

U3 ypaBHeHHn MaKCBenna \/
11 ~" =0 c ot~eBH~OCTDil cne,!1yeT 

3aKOH npeo0pa30BaHHfi npH KOH~OpMHUX OT00paxeHH8X ~JIR TeH30pa 

:lJieKtpouaraHTHoro nonn ~r" : 1:, ==Tor~ • J • 
O~aKO B narpaHJ:HaHU B3aHMO~ellCTBHR BXO~T taKXe H BeKTOp-

-nOTeHUHaJI .A a~.. : ~ v ='C> .t Jt -~ ... .Ar · 
llO:lTOMY B03HHKaeT HeOOXO~HMOCT:b B YCTaHOBHeHHH TpaHc<lJopMaUHOH-

HOrO CBORCTBa BeKTOpHoro !IOJIR .Ad.. H3 ~opuymq>OBKH 3JIEitTpO~HHa
MHKK B TepMHHaX Bexrop-noTeHUHaJia. Ey~eM CI8~0BaT:D ~OPMYJIHpOBKe 

~ep:u:H: narpaHJHaH BUOHpaetcn B B~e 

1./) {i-) ( ) d. <7"" ~ /"'" I (.. /"') .t 
o(. .A. =--;;- -::r,.~j -~{~.n ) 

H OT~eJI:DHO HaKJia~BaeTCR ~OnOJIHHT8Jl:DHOe YCJIOBHe nopeHna 

\f Jlr = 0. 
Ms narpaHJHaaa (14) cne~eT ypaBHeHHe 

IO 

(14) 

(15) 

cJ. f' oi.: 3 v~vf' .A-r - R1 .A.._= o. 
llOJI:D3yac:D H3BeCTBI:DI COOTHOmeBHe:U: ~ 8 T8H30pOB PK"II"IIII: 

R.c.fJ = RCl~ + i (\7"" 'd,e t.o -~"' e..m,. e. a+ ~rr.>" e. n~ 
:U:O:IHO nORa3aT:D, liTO + ~~ ~ 

J.~. = J\. +do( t) 
r ~e j - pemeuHe ype.BseHHH 

0 t + ~ o .. ~a (at + .A.( ) = o J 

y~oBnerBopaet ypaBseHHil (16) K ~ononHHTen:DHo:u:y ycnoBHil (I 

~ , KOH:D CitOpO Jlal. Y~OBJieTBOpaeT HM B ~ • Ileo6 

no~t~epitHYt:D, liTO rpaAHeHtsoe npeo6pa30BaHHe (17) He HUeer 

otuomesHa It reo:u:erpH3aUHH sneittpo:u:arHHTHoro nona B teopHM 

Belxa/7/, a BHCTynaeT Italt rpynnoBoe CBOICTBO ypaBHeHHR (1 

C ~OROJ!HHT8HbHHY YCHOBH8M (15) B pauxax pHMaHOBOR reo:u:eTI 

Yno:u:ase~r~ ell(e HY:IHUe ~a ,JtaJI:DHeltmero 3a:ttosu npeo6pa.sc 

uatpuu JlHpa.Ita: t 

i c~J = ..o ('Jt!J ~ c-.cJ, 
H !IOJ!HOCTbll aHTHCHNK8TpH"IIHOrO T8H30pa £.l..l'yf:: 

~ I{ 

£4'" ,c; = .n ~-~,.~ . 
Otcll~ cne,11yeT, "liTO 

~ ,... ,._ ,..... -t' ,...r "' C""' ts- ::' E.Oi.f'>l~ '(-..(~ ( r = E.oi.{'(f. ( tf'"trK'":= 

II 



~~ ~ 3 ~.-. v~ A-r - R1 .A~~~. = o. (16) 

llOHL3YHCL H3BBCTHHM COOTHOWBHHBM ~H TBH30pOB PH~~~: 

R.q, = RCl"' + i (~"' '4f\ t.o -~co~ e.mr e. a+ }r<J,.. e, .c{a .. e. .a+ 
MOZHO fi0lt8.38.TL, ~0 + ~ll CJ e,(l, 

]..t = J. + d"' t (17) 
) 

r ,11;9 j - pemeHHe ypaBHBHHH 

0 t + ~ o.,. ~a (a'¥+ J\~) = o) (18) 

y,li;OBHeTBOpHeT ypaBHBHHD (16) H ,li;OfiOHHHTBXLHOMY YCXOBHD (15) B 

'i;:, , ltOXL CltOpO ~- y,li;OBJIBTBOpHeT HM B ~ • Ileo6XO,li;HMO 

fiO,ll;~epltsyTL, 'liTO rpa,~~;HeHTHOe npeo6pa30BaHHe (17) He HMBeT 

OTHOWBHHH It reOYeTpH38.UHH 3X8ltTpOYarHHTHOrO fiOJIH B TeopHH 

BelXH/7/, a BHCTynaeT Italt rpynnoBOe CBOiCTBO ypaBHBHKH (16) 
C ,li;OfiOJIHHTBJILHHM YCHOBKBM (!5) B paMitaX pHMaHOBOa reoYeTpHH. 

YnoMHHeM e•e HYZHHe ~H ~LHeamero 3aKoHH npeo6pasoBaHHH 

:ua. T PHil JlKpa. Ita : 

~ c~J = _o r~J ~ ca:J, (19) 

K fiOHHOCTLD aHTKCHWBTpH'IIHOrO TBH30pa £.1../'y(": 

~ ~ (20) E.c.r t<; = ..0. ~otf\r~ • 

0TCD,ll;a CJIB,ll;yBT, 'liTO 

.-..J .... - ,_ ,... ,...r r:~ C"' 

t~ : E.Oi.f'>l .. '(-..(~ (t' '( = C..,'l'tf. ( l''"~r(f": ~ (21) 

II 
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§5. 

EcKH yqBTHBaT& TOK&KO BeRneBCKH8 Beca DoneH, 

BCe B03MOIBH8 narpaHZHaHH B3aHMO~eRCTBHR DOneR CO CDHHOM 

0, l/2, I , Y~OBAeTBOpBD~e yCKOBHD (I2), HBKBDTCH cynep

D03KUB81 CKe~D~HX narpaHJHaBOB: 

cxanap-cxanspuwe B3aHMOleRctBHH: 

£(~)( ) (I() (l}~ ... )(PJ 
'f :: Q.Kftlf 'f lf 'f 'f ; 

CKanHp•CDHHOpHHe B3aBMOleiCTBHH: 

I.PC~>( -) D (i(i llJC,..I ., "ii st,J("t) 
~ 'f, 'r, 'I' = t>He 1'1. 't' 'r'f + Cpq:r. t' '( 't' lf ·, 

CKaKHp.BeKtOpBH8 B3aiMO~eiCTBHH; 

1.1(~ r A) _ I lJ!J(tJ(RJ Ljllo~. f ( (PI (~) tt. J IP J) (t I~ 
J... lf,J14. -ofl<ep,_ 'f''fJ'fv.Ji + p,_-z. 'f~'f-~~ ... f A; 

EJIIIHOp•BeKTOpBH8 B3aiDIO.l8ICTBJIH : 

t,pt.l.l _ ij -.((Jl"'l ~.o( s(PJl"') 

rL ('t', 'f',J\..)=eKem T i t A-.+ ~l'Lr~ ~ t ( r ~ j 

BIKTOP-BIKTOpBH8 B3aJKO,l81CTBHH: 

~(~ J ( ) - h \g) fk.A~I(r/f" . lfJ 't I iJ:l.4 p 
<J.. .A. - t<t--. .. lTd. .H ,. .H + 4 r \ 'L J\e~. J.\ tar + 

,. ~'t "5 <s' '*' 41o<J <"' t:f)cr' C»-l J 
+ £. <~~twal ].c.A~~))\6' +KWIC~ .A.,.}t~ ~.r • 

12 

(22) 

(23) 

(24) 

(25) 

{.U) 

B 41opu;y.mx (22) .. (26) •uexcw IC, C, "'- > ••. , ~ 
1 
~ 

OtMeq&mf pa3~BqHH8 DO~I C O.lHHM H teM ae CDHHOM, D] 

O.lBB H TOT Kl BB.l8KC B pa3HHX 4!0pMYnBX MOK8T odoam 

pa3BH8 DO~ It Q.k( "'p ' -€ tc.t "'- ' • • • - ltOHCTaHtl 

.telctBHI a,qro oqeu~o saaao, OHH Bee despaswepaue. ~ 

pa3oK, YCUBII8 (I2) DpDO,JJIT lt IIIIHIDI8.JlloHW B3aiDIO.ll 

Jla.tee, Ha,J;O e~te notpedosau, qrodu mrpaHDaHI 
vr 

B03KOZRO, BKeCte CO CB060~HHMK KarpaHJ:H8.HaMH o1., 

paCCMBTpBBaeuHX nonel dUKH HHBapHaHTBH OTHOCHT8A&H1 

npeodpaaosaaaa (I7). PaccwotpHM ~· aaa6o~ee npocr' 

B3aBMO.leiCTBB8 O,J,Roro CDBBOpJforo II O,JtHOro B8ltTOpBO 

Tor.v.a .lJII cnBBopsoro nou c m.., ::f: 0 , cornaca 

83 HCXO.UIIX np8,lDO~OK8Hd ( §4 ),w lOJIIBH DO~ODT 

B narpasz.ase (25) 3- = 0 11 113MeHHn aaKoH rnpeod 

(IJ) Dpll KO~OpMHHX OtodpaaeHHIX cne~D~M odpaaow 

,.._ - t i.ef£"> · !:::: . · . 
lf/(.x) = .0.. e t{x)) '#"(x) = ..d J: e- .. efl'A) ~ 

t.e. IB8CTB OdOd.8HBH8 41aSOBHe npeodpa30BaHHfte 

Teopa•, ODHCHBa8Kal DOABHM JlarpaHKMaHOM 

l.P( - ) ""(fl - ~{JJ,; vl'J( -
r/... 'P, t', .A.c, = o{ (t t) -t- of -(ii.J + o( ' of, t, .A. 

COBna,M.et CO CDIIHOpHOI U8KTpO,UHaMHKOI C tell OTJI 

corJiaCBO npHHITOI 3~8C& KOBUenQHH npH6JlMK8HHOI 

KOBapBaHTHOCTHt KaCca DOJII .AGC.. He Odaaate.IIDHO 

I3 



B ~OPIQ'RX (22) .. (26) HB,leJtCW IC, (, "l) ••. J ~I~ 

0TIIe'1181)T pa3JIBllHWe DOJUl C O,UHII H Tell ll8 CDKHOII, DpM'Iell 

O~B X TOT ll8 XB~8JtC B pa3BWX ~opuyBaX 110li8T o6ossaqaT~ 

paSBWe DOJUI, Q.k( "'p , .g 1\tll\.. ' • • • - ltOBCTBBTW B38HUO

~eiCTBBI a
1

qTo ot~eH' BalBo, ORB Bee OespasuepHwe. TaJtHU oO

pasoM, fC.IOBB8 (12) DpHBO,IOIT It UJIHIIUB.UHWII B3811UO~eiCTB14tlllo 

laJee, H~O e•e DOtpeOOBaT,, qto6Y JarpaHIHBHY (24)-(26) 
B03110liHO, BII8CT8 CO CB060,]J;HYUH JiarpaHJ:HaHru.m: /;t (f) 

paCCMBTpBBaeUWX DOJiel 0YJIH HBBapHBHTBY OTHOCHT8JI~HO rpa,ltH8RTHOro 

upeoOpasoBaHHI (17). PaccuotpHU PJ.& uaxOoJiee npocTol npHMep , 

BsaBUO~eiCTBB8 O)pOro CDBBOpBOrO B O,lJ;ROro BelttOpBOro DOJiio 

Tor,:r.a ~~ CDBBOpBoro 00.1111 C m 'I' :f 0 , COrJIBCHO nepBOuy 

B3 HCXO.UWX Dp8~0JIO li8Bd ( §4 ) , W ,lJ;OJiliHY DOJIO :UU 

B JiarpaBIBBBe (25) 1=0 X RSIIeBHT~ 38KOR npeo0pa30B8HHB 

(13) Dpl JtO~OpiiRYX OTOOpalleHISX CJie~m.-u oOpasou 

,.... r\- t i.efc"> · !::::: 1_ • . _ 

~(.x)= ~~- e tfxJ J '#"'(~) = .d r e-.. e/ls) tc~}) 

foe. IB8CTB 0000.eHBYe ~30BYe npeo0pa30BaHHio 

Teopaa, ODBCWBaeMas DOJIBYII JlarpaHJ:HBHOU 

£ ( ~ ~~ A~) = t'tf(t t) ~ d'PfA.J ... ~~~ (of, f. A« ) , 

COBDaAaeT CO CDBHOpBOI 3JI8JtTp0,101HaUBKOI C Tell OTJIBqeeu, qto, 

corJiaCBO DpHHSTOI s~ec~ JtOBU8D~ npH0JIHlleHHOI JtOH~OpUBol 

JtOBapBaHTBOCTH, MaCca DOJIII J\4(. He 0013af8UHO IBBHa HYJim. 

I3 
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l_._._ 

Bes oco6wx npzanHnzan»aux satpy~eazH KOlBO OHJio 6H nepe

Opatb B03MOZHHe rpa~eHTHO-HHBapHaHTHLIC B3aHIIO,D;eiCTBHI BHAa 

(24) - (26) pasJIHqaoro qzcxa BCltTOpHHX, CDHHOpHLIX H Clta~lpHYX 

no~eH, ao Ow~o OH 3To Bcero JIHmb noBtopeaaew pesy~ratoB 

4!YH.JtaK8HTaJibHYX J860t/ 8- 121 DO KaJIH6pOBOq.t:tol teopHH 

3~8KeHTapHLIX B3aHMO)l;CICTBHI. Kalt H3B8CTH0 1 BaiBdiiHIIH 

as 3THX pesynTaToB OYJIH, Bo-nepBsx, noctpoeBHe Bextopaoll 

teopHH cz~~awx BSaHMo,D;ellcrBHIII9 ,lOI, B xoropoll coxpaaeaHe 

qacJia 6apHOHOB 1 H30CDHHa H CTpaHHOCTH DOftBJISmTCI B8C~Ma 

8CT8CTB8HHO, H BO-BTOpHX, orpaaHqeaHe B03:UOIBLIX BHytpeHBHX 

CHMM8TpHA npOCTYMH rpynnauH/IO,I2/ • 

HcXOAHHMH noxozeazaKH arzx paOoT 6HJIH 6espas:uepaocT~ 

ltOHCTaHT B3aHIIO~ellcTBHA H JIOKaJI~Hal 4la30Bal HHBapHaHTHOCTb 

( B pa6oTaX/l2/- tpeOOBaHHe, ~OOLI B3aHK0~8RCTBym~e nona 

nepeaocHJIH onpe~exeaHHR cnza), BY,D;BHraeKHe xax ~Ba aesaBH-

·~HIIYX tpe6oBaaHa. Kax MH BHAKU,Ha ca:uo:u ,~~;ene OHH o6a :uoryr 

paCCMaTpHBaT~CI ItaK CJI8,11;CTBHR KOR4!0piiHOI KOBapHaHTHOCTH -

tpe6ouaaHa, oT~Hqam•eroca acaoctbm reowetpxqecxoro cKHc~a 

H 06GOCTHe 

OrHCBCUKHII H lloxy0apHHOBYKll2J 6LIJIB BY,II;BHHYTH cepb83HLie 

B03paZ8HHS npOTBB " ltOIIDCHCaUIIOBHOR" tpaltTOBltH ItaJIH6pOBOqHoR 

JIHBapHaHTHOCTH B pa60TaX/S-I!I • C 3!011 fOqltH 3p8HHI npHHUHD 

KOa4lOpKHOI ltOBapHaHTHOCTH HIICeT TO npeHMY~CCTBO, qro OR 

BH,D;BHraet aa nepsoe :uecro rpa~eatsoe apeoOpasoBaHHe (17) 

BCETOpHOrO DOll H yze H3 tpeOOBaHHI RHBapHaHTHOCTB OTHOCH

TCJibHO 3TOrO npeo6pa30BaHHR CJie~OT ~OltaJI~BHe 4la30BLI8 npeo0pa-

30BaBHR. 

14 

llOABOAI HTOrH,KOIBO 6HnO 6H CKa3aT~ 1 qto npHHUHT 

ltOH4!0pUBOH ltOBapHaHTHOCTH BLIA8U8T B £Jj B3aHKO,JWit( 

xotopux no~a nepeaocat onpeAe~eHHLIA cnHH ( B3aHKOAeit( 

A no tepiiHHoJioru OrzeBeuxoro z lloJIY6apHHoBa 1!21 ). nc 
1t TaltOMY ze pesy~~TaTy npHB8A8T H paCCKOTpeHH8 OAHHX 

xoJI4lopMHHX npeo6pasoBaaztt B E11 : uacmta6aaa HHBl 

HOCU BHpa311TCI B 6e3pa3118pHOCTH ltOHCT8HT B3aHKOAeitc~ 

xpowe roro, B3Becrsol13~ qro npz xoa4!opMHHX npeo6pas1 

B8ErOpH08 DOJI8 AOJIZHO 6HT~ noAJeprHyTO rpaAH8HTHOMY 

npeo~pasoaas~m, xota z Beo~ua cneUHaJI~aoro,no.cpaBae 

(17),B~. 0AS8lt0 KaJIO roro, qfO raxoit DOAXO~ npHBOA 

o6~ocrz 1 reo•erpzqecxoR npospaqaoctz cKHcJia,oH 1 

BHqJCJIBT81~Hol roqltH 8p8HHI 6o~ee CIOZ8H. 

0tii8THII OAHB B8C~UB BBtepeCBHI B OTHOmeHHH nepc 

4la1tT • 06o6 .. 8HHH8 4la30BLI8 H rpa~8BTHH8 npeo6pa30BaHII 

HHAJUIIPOB8BHLI8 ltOH4!0pKHHKII oro6paZ8BHIKH H1 CJieAOBa! 

xoJI4lopKBHIIlt npeo6pasosaBHHKH B f ~ , npHBoiar x 

HHK npeo6pa30BaHHIK qJieHOB MYJI~TBnB8TOB H cynepuyl~~ 

peaJIB3YDlHX npe~cTaBJI8HHI tOR HJIH HHOI npOCTOI rpynr 

aanpHKep, x Bpa•eaBD B zsoronaqecxow z •yaztapaow• r 

B SlJC~-czKKetpzqaol reopzz. Ho AaZe aesaBHCHKO or 
nepcnenHB;. JBCc:uotpeaaHI s,~~;ec~ noAXO,D; yze wozer CJIYl 

xopomel HJIJimcrpaUHel x aeo,D;HoKpatao BH,D;BHraBmeuyca ~ 

qro we~ reopzel a~eMeatapawx qactHU M oO .. eH teopzc 

T81bUOCtH 1B03:UOIBO,CY•ectBY8T OoJiee TCCHan CBI3b, q1 

nepDwl BSrJIU mzetca. 

ABtOP Bec~ua npzsaare~ea np~.H.A.qepHHltOBY sa 
ymsaHHI H no;uepzxy H A.B.BJ)pe:uoBy sa noJiosaae o6c: 
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llOABOAS HTOrH,MOIBO dHnO dY CKa3at~, qro DpHHUHD 

KOH~OpMBOI KOBapHaHTHOCTH BYAenaet B t:~ B3aHMOAelctBHS, B 

KOTOpYX nona nepeHOCST onpeAeneHHYi CDHH ( B3aKMOAeiCTBHS Knacca 

A no repiUUionorx• OrnBeuoro H nonydapHHoBa 112 '). no-BHAHMouy, 

K raKouy ze pesyn~rary npHB~er H paccuorpeHHe OAHHX ron~Ko 

KO~OpMHYX npeodpa30B8HHI B f~ : MaCmtadHaS HHBapHaHT

HOCT~ BYpa3HTCI B de3pa3KepHOCTH KOHCT8RT B3aHMOAeiCTBHS, H, 

Kpowe roro, H3Becrao IDI, uo npR KOH~OpKHYX npeodpasoBa&Hax (16) 

B8Kf0pBOe none AOXZBO dHT~ noABeprHyto rpaAHeHTHOMY 

npeodpasoaaaHD, xors H Beo~ua cneQHan~aoro,no.cpaBaesHm c 

(I7),B~. O~a&o wano roro, qro taKol noAXOA npHBOAHT K norepe 

od~OCTH H reo•etpHqeCKOI npospaq&OCTH CMYCna,oH H C qHCTO 

BaqxcnBten~aol roqKH spesxs donee cnozeH. 

OtKetKY OAHB BeC~Ma HBtepeCHYI B OTHOmeHHB nepcneKTHB 

~an. Ododll{eHHYe ~asoaae R rpaAHeRTHYe npeodpasoBaHRII, 

HH~UKpOBaBHYe KOH~OpKBYKH OTOdpazeHBIKB H, cneAOBaTeX~HO, 

KOJtti)OpKBHIIB npeodpa30B8.BHJIKH B £If , DIJHBOA!T K nHHei-

HYK npeodpaSOBaHH!K qneBOB uyn~tanneTOB H cynepuyn~THDX8TOB, 

peanxay~xx npeActaBneuxa tol HnH BHOI npoctol rpynna, 

aanpHMep, K Bpalll8HHD B H30TOIJHqeCEOK H "YHHtapHOK" npoctpaHCTBe 

B SlJC~-cHKKetpHqaol reopuu. Ho ~ze aesaBHCHKo 6T CBOHX 

nepcneETHB~paCOKOtpesaYI 3A8C~ IlOAXOA yze MOZ8T C1JYZHT~ 

xopomel unnmctpaU:Hel E aeoASoEpaTHO BYABHraBmeuyca reaHcy, 

QTO ve~ TeopHel sneKeHtapHYX QaCTHU H 0011{8K teopeel OTHOCM

T8XbHOCTK,B03KOZH01Cyll{eCTBY8T donee TCCHaB CB&3b, QOU ato Ha 

nepnNI BsrnaA xazerca. 

ABtop Bec~wa npusaareneH np~.H.A.qepHHKOBY sa ueHaae 
yxasaHea H no~epZBJ H A.B.EPpeuoBy sa nonosase oocy~eaKB. 

15 
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