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1. B B e JJ. e H II e 

3a nocne.oHIIe roJJ.hI ycIInIIncH IIHTepec K nenoKanbHOMY 0606meHII10 

KBaHTOBOti aneKTpOJJ.IIHaMIIKII l3 CBH3II C npoBeJ].eHIIeM 9KCnepHM0HTOB no 

npoBepKe cnpaBeJJ.nHBOCTII aneKTpOJJ.IIHaMIIKII Ha ManbIX pacCTOHHIIHX ( CM., 

HanpIIMep, o(foopbI B.A. ITeTpyHbKIIHa na II Me~yHapOJJ.HoM coBemaHIIII 

no HenoKanbnoti KBBHTOBoti TeopIIII nonH B A3ay
111 

II n.n. ConoBbeBa na 

xv MetKJJ.yHapOJJ.HOH KOH<pepeHUIIII no <pII3HKe aneMeHTapHbIX lJ:aCTIIU B KII-

/2/ 
eBe ) • 

nnH OU0HOK OtKIIJJ.aeMbIX, a<p<peKTOB, CBH3aHHbIX C HenoKanbHOH npHpOJJ.OH 

aneKTpOJJ.IIHBMIIKII, 06bilJ:HO BBOJJ.HT <popMrpaKTOpbi B OTJJ.enbHbie CTpyKTypHbie 

sneMeHTbl JJ.IIarpaMM <PetiHMana: nponaraTOpbI, BepIIIIIHbl II T,JJ., HaIIpIIMep, 

nponaraTop <pOTOHa II3M0HH0TCH cneny101UIIM o6pa30M: 

__ 1 ___ ], 

M2 
- k2 -i £ 

( 1. 1) 

rne M - IIMnynbc o6pe3aHIIH, CBH3aHHhIH c "aneMeHTapnou" nnunou r COOT-

nowenIIeM r = ~-. i1Me10mnecH cxeMbI nocTpoeHIIH BHyTpenHe uenpoTHBope

tIHBOfi nenoKanbHOll aneKTpOJJ.IIHaMIIKII OCHOBaHbl Ha npenrrpIICaHIIHX, 381IMCTB0-

/3 4 5/ 
B8HHbIX II3 MeTOJJ.a perynHpH3aUIIII ITaynn-Bunnapca ( CM, ' ' II CCI,JJIKII 

TaM Ha 6onee paHHIIe pa60TbI). 
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OcHOBHbIM HCTOqHHKOM Tpy.OHOCTeit, B03HHK8IOIIIHX nprr nocTpoeHrrrr. 

Teoprrrr c ¢opM~aKTopoM Trrna perynHprraaurrrr TTaynrr-Brrnnapca (KaK, Ha

nprrMep, B ( 1. 1) ) , HBmrnTcsr nosranem1e .oononHrrTenhHbIX oco6eHHOCTeit 

B aMnnrrTy.oax ¢rrarrqecKHX npoueccoa. Cne.ocTBHeM aToro sransreTcsr Hapy

ll!eHrre yHHTapHOCTH H nprrqrrHHOCTH S -MaTpHUbI, a T8K)K0 Tpy,!lHOCTH C BbI

nonHeHHeM rpa.orreHTHOit HHBapHaHTHOCTH TeopHH. tJTo6bI cnaCTH nonO)K0HHe, 
/5 6/ 

npnXO,!llITCSI npn6eraTh K TeopnsrM c lIH,!le¢HHHTHOlt MeTplIKOll: ' n ¢opMynn-

. poaaTh ,!lOBOnhHO rpOM03,!lKIIe npaBnna Bb1qncneHHSI MaTpHqHbIX aneMeHTOB, 

KOTOpbie peanhHO MOryT 6b!Th ncnonh30B8Hbl nlllllh B HH3ll!HX nopSI,!lKax Teo

pnn IioaMymenntt. 

HaM Ka)KeTcsr, qTo Knacc aHanHTnqeCKHX MepoMop¢HblX ¢YHKUHlt, K KO

TOpoMy oTHocnTcsr perynsrpnaaurrsr TTaynn.-Bnnnapca, He sransreTcst · npneMn~

MbiM c TOqKn apeHII.11 Tpe6oBaHnlt, HaKna)lbIBaeMbIX Ha S -MaTprruy a KBaH

TOBOlt Teopim non.11. 

KnaCCbl uenbIX aHannTnqeckHX ¢yHKUIIlt y)Ke He 06.ria.oaJOT OCHOBHbIM 

He,!lOCT8TKOM MepoMop¢HbIX ¢YHKUHlt .- He nMeIOT oco6eHHOCTelt B Koneqnoit 

KOMnneKCHOlt o6naCTll, TTpH ITOllXO,!lstllleM Bb16ope npoMe)KyToqHoit perynsrpn

aaunn uenhle ¢YHKUllll BITOnHe MoryT nrpaTh ponh ¢opM¢aKTOpOB npH ITOCTpo

emm HenoKanhHOlt Teopnrr, ITonyqeHHa.11 Teoprr.11 ne 6ylleT o6nallaTh TpytiHo

CTstMH, CB.1138HHb!Mll C yHHTapHOCThlO s -MaTpHUbI, H He Tpe6yeT nprrane..: 

qeHH.11 HHlle¢HHHTHOlt MeTpHKH. 3Ta nporpaMMa 6bin8 BbIITOnHeHa npH ITOCTpo-
. . /7/ B 

eHHn HenoKanhHoit TeopHH cKansrpHoro HeltTpan_hHoro nonsr • · HacTostmelt 

pa6oTe 9TH M8TOllbl npHM8H8Hbl lln.11 ITOCTpoeHH.11 s -MaTpHUbl B KB8HTOBOlt 

M8KTpOlllIHBMHKe. ; 

OcHOBHa.11 rrne.11 ITOCTpoeHH.11 HenoKanhHOlt sneKTpon~HaMHKH COCTOHT 

a cneny10,meM. TTpennonaraeTcsr, qTo sneKTpoMarHHTnoe . no~e A µ< x ) casr

aaHo HenoKanhHf?. ~- noKanhHbIM TOKOM I µ<x >=;pY~"' ¢epMHOHHoro non.11 
• I ~ ' ' • • ' ~ 

L 1 (x ) = e f d y A µ (x ) K (x -y ) I•µ ( y ,), ( 1.2) · 
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rne K ( x-y ) - HenoKanhHaSI, o5o5meHHaSI cjJyHKUllSI, TaKaSI, 'ITO ee cjiyphe

o5pa3 K ( µ2 £ 2> npencTaBnSieT co5oit ueny10 cjJyHKun10. 3cjJcjJeKTllBHO B pSiny 

Teopnn aoaMymeHnit nnSI 

Topa cjJoToHa: 

S-MaTpllUbl 3TO npnBO/lllT K ll3MeHeHllIO nponara-

[K(p2 e2) 12 

-k 2 -i£ 
( 1 .3) 

llanee B pSillY Teopnn aoaMymennit Hano TaK nono5paTh npoMe)KyTO'IHyIO 

perynSipnaaunonny10 upouenypy, 'IT05bI B npenene CHSITllSI perynSipnaaunn 

uony'IaromaSICSI S -MaTpnua 5bma Koneqna n ynoaneTBopSina aceM Tpe5oaa

lUISIM1 HaK·nanbIBaeMbIM B KBaHTOBOfi aneKTponnnaMHKe. OKaaanoci., 'ITO 3Ta 

uporpaMMa Mo)KeT 5bITh npoaenena B npennaraeMoM BapnaHTe HenoKanhHofi 

aneKTponnHaMnKn. TTpn 3TOM oKa3b!BaeTCSI, 'ITO ImKaKnx· 5ecKoHe'IHblX KOHTp

'IneHOB He nano BBO/lllTh B narpaH)KllaH B3allMOJleficTBllSI. 

Mb! He C'IllTaeM, 'ITO npennaraeMaSI cxeMa IlOCTpoeHnH HenoKanhHOfi 

KBaHTOBOtl: aneKTponnnaMljKll HBmieTCH OKOH'IaTenbHblM pemeuneM npo5neMbI, 

onnaKo uaM Ka)KeTcH, 'ITO aTa cxeMa aacny)KnBaeT nanhHetl:mero nccnenoaa

HnSI, TaK KaK, ao-nepBbIX, oua ynoaneTBOpHeT Tpe5oBaHllHM yHnTapHOCTH, 

npn'IllHHOCTll, penHTllBllCTCKOtl: KOBapnaHTHOCTll n rpanneHTHOtl: llHBapnaHTHO

CTlli BO-BTOpb!X, BCSI 11eon11oaHa'IHOCTh npennaraeMotl: cxeMbl cocpenoTO'IeHa 

B BbI5ope nenoKanhHOtl: pa3Ma3Kll B narpan )KllaHe B3allMO/l8tl:CTBllH ( 1,2) 

n, a-TpeT1>nx, nccnenoaanne pHna Teopnn aoaMymeantl: nnH HenoKaithuon 

S -MaTpHUbl TexHH'IeCKll npome, '18M B pauee npennaraBlllllXCH aapnaHTax 
/5 6/ 

nenoKanhHOtl: KBaHTOBOtl: aneKTPOllHHaMHKH 1 • 

2. Baeneune aenoKanhHQCTH a aneKTponnHaMnKy 

/8 9/ 
KaK H3B8CTHO 1 1 B3aHMO/letl:cTBHe 38P5I)KeHHOI'O aneKTpoHHOI'O·nonSI 

C aneKTpoMaI'HHTHbIM onpenenHeTCSI Tpe5oBaHHeM Kann5pOBO'IHOtl: IIHBapHaHT

HOCTH. 3To oaHaqaeT, 'ITO npH onncaHHH aneKTpoMaI'HHTHOI'O nonSI noTeHuna-

5 



naMII A µ q>H3H'I0CKOe conep)K8,IJ:He TeopHH He H3M0HSl0TCH npH Kan116p0B01I

HOM npeoopasoBaHHH BHJla 

a r 
A ➔ Aµ+ µ ( 2.1) 

T8K K8K TeH30p aneKTpOMarHHTHoro rronH 

Fµv= ~-~ 
ax µ ax V 

HHBapH8HTeH no OTHOlli0HHIO K Kan116pOBO'IHOMY npeo5pasoB8HHIO (2.1). 

B KB8HTOBOfi TeOpHH aneKTpoMarHHTHoro rronH npoHSBOnbHaH-q>yHKUHSI f 

B (2.1) JlOn)KH8 YJlOBneTBOpHTb ypaBH0HHIO 

n r = o. 
'ITO HBnHeTCH cne)lCTBHeM Bb!OOpa narp8H)KH8H8 CBOOOJlHOro aneKTpoMarHHT

Horo rronH: 

I a Aµ 
L em,O =- -2- ax v 

~}!:_. 

axv 

nnH Y'I~Ta B38HMO)lefiCTBHH aneKTpOMarHHTHoro H aneKTpOHHO-IT03HT
x/ 

poHHoro rronefi B narpaH)KHaHe n11paK0BcKoro rronH 

L e,O =-if<rµ_a_+m)tf, 
iax µ ' 

Heo6xon11Mo cnenaTb saMeHy 

a 
--- ➔ a 
iax ·a -eA µ I ,X µ • 

µ 
( 2.2) 

xi 
HaMH npHHSIT8 cnenyrou:caH CHCTeMa 0003H8'I0HHfi: 

YaY13+Y13Ya =2~af3• ~a/3=0 a I,. f3 ' 

~ = - ~ =- ~ =- ~ = 1 ' 
0 0 11 22 33 

➔ 
,~ ➔➔ ➔ k 
P=PaYa=PoYo-PY, pk=p 0 k 0 -P 
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----------------------------------

rae e , - sapslll sneKTpoHa. TaKHM o6pasoM, MbI rronyqaeM 06bI'IHy10 no-

KanbHYK> KBaHTOBYIO sneKTpOlllIH8MHKy. 

TaKoft cnoco6 BB0ll0HlIH B38lIMOll0ftCTBlIH sneKTpOHOB C $oTOH8MlI 

o6bI'IHO H83b!B8IOT nplIHUlIITOM MlIHHManbHOCTil B38lIMOll0ftCTBHH. Boo6me 

roBOpH, B narp8H)KlI8H B38HMoheftcTBHH MO)KHO ll008BlITb rpalllI0HTHO lIHB8-

pliaHTHbl0 qneHbI BHlla ,\ F /.tV ;ju /.tv if, , rae u/.tv = + (y/.t Yv -Yv Y /.t) 

Il T,ll. OaHaKO Mb! ne 6ylleM KacaTbCH TaKoro copTa MOlllI$HK8Ulift Teop:irn. 

EcnH OCTaBaTbCH B paMKaX ITOCTynaTa ( 2.2). TO nerKo Bllll0Tb, 'ITO 

9TO npeo6pa30B8Hil0 MO)K0T 6b!Tb o6o6meHC cnellYIOllllIM o6pa30M: 

a 
➔ ---- -

iax/.t . Jax/.t 

rae K ( £ 2 n ) .. I ..!:n_ (e 2[1) n - HenoKanbHblft onepaTop, T.e. K (£2 
p 2)- ue-

. ·· n=<> (2 n)I -
2 (4) 

naH $yHKUHH, a, K (x -y)= K (£ [l )8 (x-y) ITplIH8llne)KlfT ITOllXOllHlll0My 
. _ · IV 

npocTpaHCTBy HenoKanhHblX o~o6meHHI,IX $yHKUHft • ITapaMeTp e HMeeT 

CMbICn' sneM0HT8pHoft llnHHble OnepaTop K (e2 □ ) HOpMIIpOBaH cnellyIOlllHM 

o6pasoM: 

K (0) = 1. 

Toraa narpaH)Kli8H CIICT0Mbl B38HMOll0ftCTBYIOlllHX llHpaKOBCKoro H sneKTpo

MarHHTHoro rroneft HMeeT BHll 

L (x ) = L em,O (x) + L e,O ( X) + LI ( X ) , 

. aA 
L (x) =-..J._ ~-

em,o 2 ax 
V 

7 



TionHbltl narpam1maH, O'l0BHJlHO, HHBapHaHT0H OTHOCHTenbHO Kanu5pOBO'IHblX 

npeo5paaoBaHHti 

tf, ➔ tf, le r 
e . ;j ➔ (f e -I e f 

A ➔ A +...i.f_ 
µ µ ax 

µ 
npu ycnoBHH O f = 0. 

narpaH*HaH B3aHMOJl0tiCTBHH MO*HO aanucaTb B BHJle 

L 1 (x) = ea µ(E,x ), tf, y µ'P , 

rae 

(j µ ( e ' X ) = K ( e 20 ) Aµ (x ) = I d y K (x -y ) Aµ ( y ) • 

I1HblMH cnoBaMH, sneKTPOMarHHTHbltl noT0HUHan Aµ (x,) CBH38H HenoKanbHblM 

cpopMct,aKTOPOM C noKanbHblM TOKOM JlHpaKOBCKoro nom, Iµ ( X ) 

CneayeT 38M0THTb aanee, 'ITO Tpe5oBaHHe rpaJlH0HTHOtl HHBapHaHTHO

CTH O3Ha11aeT, 'ITO sneKTpoMarHHTHOe none I A µ<x ) onHCb!BaeT cpoTOH co , 

cnHHOM 1, a -qaCTb noTelIUHana A µ<x ) , COOTBeTCTBYIOlllaH cpoTony co cnHIIOM 

/10/ o, nonHOCTblO HCKn1011aeTCH H3 B3aHMOJletiCTBHH ( CM, ) , 

Paano*eHHe S-MaTpHUbl no HOpManbHblM npOH3B0/l0HHHM onepaTopoB 

H0B38HMOJl0tiCTBYIOlllHX sneKTpOM8rHIITHOrO nong A µ If nong sneKTpOIIOB tf, 

HMeeT BHJl 

S= I 
n,m,£ 

1 
n ! m ! e! 

f d k I ... f dk n f dp I ... f dpm f d q 1 ... f d q f X 

( 2,3) 

X Fµ µ ( k 1, ... , k ; p 1' .. ,, p ; q 1' ... , q n ) X 
1 ••• n n m l. 

X : Aµ I (kl) ... Aµ 
0 

( k ) 'P ( p 1 ) ... 'P ( p J J;- (q 1 ) ... ifJ (q f ) : 
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Tpe6oBaHne rpagneHTHOH llHBapllaHTHOCTll O3ffaqaeT, qTo ~ paanomeHllll 

( 2.3) K03cpqmuneHTHbie cpyHKUllll F µ. 1 ••• ·µ. n ygoBneTBopmoT ycnoBllHM 

k µ. .Fµ. µ. µ. ( .. • ) "' 0 , 
I 1'" I"' n 

ITp11 3TOM Haao HMeTb B Bllgy, qTo Kamgoe 113 yc.rtOBllti ( 2.4) BbIIIOnHHeTcH, . 
Korga Bee OCTanbHbJe llMDynhCbI, OT KOTOpb!X 38BHCllT cpyHKUllH F µ. 1 "'µ. n ( ••• ) , 

nemaT Ha MaccoBott o6onoqKe. 

3. S -MaTp11ua n TeopHH BO3MymeHntt 

. <l>opManhHO S -MaTpnua 38IlllCb!BaeTCH B Bnae 

S =Texp I le fd 4 x (jµ.<f.x)~(x)yµ.r/1 (x)I, (3.1) 

rae 

nnH nonyqennH pHaa Teop11n BO3Mymenntt neo6xognMo paanom11Tb sKcnonenTy 

B ( 3.1) no aapHgy e II nepeuTH K N -npoH3Beaenmo onepaTopoB nonH 

Aµ. (x ) 11 r/1 (x) cornacHo TeopeMe BnKa. 

CnegyeT OTMeTHTb, qTo B nenoKanbHOti TeopHH CMbICn T -npoH3Bege

HHH, KaK CTpororo ynopggoqnBaHHH onepaTopoB nonH no BpeMeHH, yme Te

pHeT CMbICn. XoTH Mb! coxpaHH8M CHMBO.rt T I HO nog HHM ITOHllMaeTCH He

KOTopaH onepaunH, cornaCHO KOTopott CTpOHTCH pgg TeopHH B03MymeHHft. 

B naweM cnyqae nog c11MBonoM T nogpaayMeBaeTCH Bb16op nponaraTopoB 

qacTHU nnroc HeKoTopag npoMemyToqHaH perynHpnaaunoHHaH npoueaypa, 

g 

I 
I 



noaBomnomaH CTpOHTb MaTpHqHhlli sneMeHT S -MaTpHUhl B mo6oM nopsinKe 

TeopHH B03MymeHHH. 06 9TOH npouenype 6yneT CKa3aHo HII:lKe •. 
/8,9/ . . 

KaK II B noKanbHOfi TeopHH • HHBapHaHTHOCTb nonHoro narpaH:lKHaHa 

OTHOCHTenbHO rpanneHTHhIX npeo6paaOB8HHH eme He rapaHTHpyeT rpanHeHT

HYIO HHBapHaHTHDCTb s -MaTpHUhlo Heo6xonHMO BBeCTH TaKyIO npoMe:lKyToq-

. HYIO perynHpli38UHIO, KOTopaH Ohl rapaHTIIpDBana BhIITDnHeHHe Bcex TpeOOBa

HHfi, HaKnanbrnaeMbIX Ha s -MaTpmxy Teop1m II o6ecneqHBana enIIHCTBeH

HOCTb ITOCTpoeHHH s -MaTpHUhl B paMKax BBOnHmefiCH HenoKanbHOH MonmfmKa

UliH TeDpHH, 

ITo onpeneneHHIO 6yneM cqnTaTh, qTo "xpoHonoruqecKaH" cBepTKa 

onepaTopoB ¢epMHOHHoro rronH 6yneT 06b1qHott: 

S (x- y ) = < 0 I T ( 1/f ( x ) r/J ( y ) I O > = 

1 

(2 1T ) 4 i 
f 

4 d p e - Ip (x-y) 

" m-p-ic: 

( 3.2) 

a "npuqnHHaH" ¢YHKUHSI "paaMaaaHHoro" sneKTpoMarHIITHoro nonsi .Ct /l ( f, x ) 

aanumeTCH B Bnne 

Dµv(x-y) C:lµU, X Hr v(f.y)= 

2 2 
= K (f O x ) K (f O Y) < 0 I T (A /l (x ) A v ( y ) ) I O > "' ( 3.3) 

8 µ V f 
) 

4 • (2 1T I 

d 4 k [ K (f 2 k 2 
) ] 

2 

e 
-k 2 -i£ 

-lk(x- y) 
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TaKotl: Bb16op CBepTKH llBYX onepaTopoB nons:r COOTBeTCTByeT TaK· Ha3bJBae-
. . /8 11/ 

MoMy T-npon:aBeneHn:ro B "<popMe Bn:Ka", n:nn: onepaun:n: T* .. ' . 

3aMeTIIM aanee, 'ITO B TO BpeMs:r KaK B Teopn:n: C Bb!CIIIHMH npon:a

BDllHb!MH ( nops:rnoK npon:3BOllHhlX onepaTopo-B nons:r ·. orpaHn:tJeH) BBeneHn:e 
/11/ 

onepaun:n: T * <f>opManbHO rapaHTHpyeT yHn:TapHOCTb Teopn:n: , B HenoKanb-

HOH Teopn:n: 8TOI'O B HaCTOHIUee BpeMH CKaaaTb Henb3H. IToaTOMY llOKa

aaTenbCTBO yHn:TapH.OCTH npon:3BOllHTCH oTnenbHO H OCHOBaHO Ha n:cnonb-
. /7/' 

30BaHn:II TeopeMbl KyTKOBCKOI'O nns:r HOpManbHblX noporoB 

nanee, neiicTByH 06bl'IHblMII anre6pan:qecKn:Mn: MeTonaMn:, npHHHTb!MH 

B KBaHTOBOH Teopn:n: nons:r, nony'IHM no CTpyKType o6bl'IHbitl: PHll Teopn:n: B03-

MymeHHH C enn:HCTBeHHbIM OTnn:qn:eM, 'ITO o6bJ'IHaH npn:tJHHHaH <PYHKUHH ¢0-

TOHHDI'O nons:r 3aMeHs:teTCH Ha ¢yHKUHIO ( 3.3). 

CooTBeTCTBeHHO peaynbTaTaM, nonytJeHHblM B HenoKanbHOH Teopn:n: 

/7/ 6 V(-02k2) __ cKans:rpHoro nons:r , yneM npennonaraTb, 'ITO <f>opM¢aKTop L 

=[K(f2 k 2)]2 ynoaneTBops:reT cnenyromn:M ycnoBn:s:rM: 

1) V ( z ) - uenas:r <pyHKUIIH B KOMnneKCHOtl: z -nnoCKOCTH nopHllKa pocTa 

__ I_<p<I; 
2 - , 

2) [V(z)l*=V(z*); 

3) V(x ) > 0 npn: aemecTBeHHhlX x; 

4) V ( 0) = I , V '(O) < 0; 

5) fduV(u)<oo. 
0 

ilns:r Bbl'IIICneHIIH MaTpH'IHblX aneMeHTOB S -MaTpHUbl Heo6XOllHMO BB9CTH 

npoMelliyTotJHyro peryns:rpn:aaun:oHHyro npouenypy. 

4.- Peryns:rpn:aaun:oHHas:r npouenypa 

ITocTpoeHn:e s -MarpHUbl no Teopn:n: B03MymeHn:tl: HeB03MOlliHO 6ea 

BBeneHn:s:r HeKoTopotl: npoMelliyTotJHoii Heco6cTBeHHOii peryns:rpn:ayrometl: npoue-

nyph1. HenoKanbHbIH nponaraTop <poToHa peryns:rpn:ayeM <pyHKun:eii R 8 

. /7/ 
( nonpo6Hee cM, . ) : 
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d 4 kV(-f 2 k~ Bµv 
D (x)= ---4 

reg µ v _ . (2 IT ) I f 
- k 2 

- i £ 

RB(k2)e-1kx
0 

cl>yHKUHIO RB( z) Bht5epeM B BH.Qe 

rae 

B 2 -
1-+v -ma 

R (z )=expl-B (z+iM ) 2 e I 

O<v<a<_.l_ 
2 

t a M 2 
- HSKOTOpbifi 11apaMeTp paaMepHOCTH KBa.Q

B 
paTa M8CCbI. nm1 perym1pHayromell: <pyHKUHH R (z ) 11pH 5onbll1HX I z I 
c11paBe.QnHBbl OUSHKH: 

rae 

B · - 1-+v I R (z ) I = exp I - B I z I 2 I , - IT a < arg z < IT (I + a ) , 
2 I 

I B -+v a 2 IR (z ) I = exp I BI z I 2 I, IT (1 +a 
1 

) < arg z < 2 ITO - 2 -), _ 

a I 
2(a-v) 

1+2v 
> 0' ft2 

1-2 a 

1+2v 
>0. 

l1Hb!MH cnoB8MH, B KOMl1neKCHOfi 11nocKOCTH Z cpyHKUHH RB (z) 8H8nIITH'IH8 

H y5b1BaeT KaK - 3KCl10HeHTa 11opH.QKa p 1 = + + v< I 110 I z I .B BepxHell: 

11ony11nocKOCTH, BKnIO'l8H BeIUeCTBSHHY,IO OCb. ITocKOnbKY V (z )- uenan cpyHK

UHH 110pH.QKa p < I t To, BbI5Hp8SI p< p I< I ,11ony11HM, 'ITO HHTerpanbI OT 

cpyHKUHH reg D µ V ( X ) xopo1110 CXO.QSITCSI 11pH B > 0 . ITepeilTH K 11peaeny 

B ➔ 0 B 8Ml1nHTy.QaX !pH3H'leCKHX 11poueccoB MO)l<HO, 110BepnyB ~OHTyp HHTer-

pHpOB8HHH 110 k Ha yron ..E:.... , 'ITO MO)l<Ho· caenaTb 11pH B > 0 • ITocne 110-
0 2 

BopoTa MO:>KHO 11ono:>KHTb B = 0 , TaK KaK HHTerpanbI 5y.QyT CXO.QHTbCSI 5na-

I'O.Q8pSI y5hIBBHHIO cpopM<paKTophI V (-f 2 k 2 ) 11pH k ➔-"" • l1HbIMH cnoBaMn, 

BBe.QeHHe perynnpnayromeil 11poueaypb1 RB o5ec11e11HBaeT 11epexoa K eBKnH

.QOBoil MeTpHKe, 

ITpe:>K.Qe 'ISM 11epexo.QHTb K 011HC8HHIO perynstpH38UHH Cl1HHOpHbIX 11pH

'IHHHb!X cpyHKUHfi, c.QenaeM HSCKOnbKO 38M8'18HHil O 110CTpOSHHH rrepeuopMH-

12 



poBa!UJOH MaTpHUbl pacce.lIHHSl B 06bJtlHOH noKanbHOil KB8HTOBOH aneKTPOJlH

HaMHKe. CHMBonuqecKH S-MaTpHua Mo)KeT 6b1Tb 3anucaHa B cfiopMe ( CM., 

. /8/) 
HanpHMep,. 

S == Jim TA exp I i e f d 4 x L 
1 

(x , A ) l 
A ➔ oo 

( 4. 1) 

3aech BBeaeHbI cneayioume oefo3Ha'IeHH.11. TA o6o3HatJaeT xpoHonoruqec

Koe ynop.11ao'IeHHe onepaTopoB nnroc HeKoTopyro peryn.11pH3aUHOHHyro npoue

llYPY ( 06b1'IHO aTo perymtpH3aUHOHHa.11 npoueaypa ITaynu-.Bunnapca c paa

nH'IHbIMH BO3MO)KHbIMH MOJlHcfiHK8UHSIMH) 1 KOTopast aenaeT KOH9'IHblMH Bee 

MaTpH'IHble aneMeHTbl psiaa TeopHH BO3MyIUeHHtt; A - napaMeTp perynst

pH3aUHH, npH CTpeMneHHH KOTOporo K 6ecKoHe'IHOCTH ~O3HHKaIDT 6eccMblC

neHHb!8 pacXOJlstlUH9Cst Bb!p8)K9HHst. nnsi KOMneHC8UHH nony'IaIDIUHXCst pacxo

JlstlUHXCst Bb!pa)KeHHtt B narpamKH8H B3aHMOJl9HCTBHst BBOJlstT HeKOTopoe 'Incno 

KOHTp11neHoB, 38BHCSIIUHX OT A K.aK oT napaMeTpa, np1111el'4 onepaTopHast 

CTpyKTypa KOHTp'IneHOB H HX stBHast 38BHCHMOCTb OT A noa611paeTCst TaKHM 

o6pa3oM, 'IT06b1 nonHOCTbID KOMileHCHpoBaTb BCe BO3HHKaromHe npH Bbl'IHCne

HHH aMITnHTYJl paCXOJlstlUH8Cst npH A ➔ oo Bb!p8)K9HHst 1 H npeaen npH A ➔ oo 

B ( 4. 1) cymecTayeT. TaKHM o6pa30M, HecfiH3H'I8CKHH napaMeTp A cfiurypHpyeT 

KaK B onpeaeneHHH perynstpH38UHOHHOH npoueaypbl TA I T8K H B 38Jl8HHH 

narpanjirnaHa B38HMOJl8HCTBHst ~I (x ,A). 3To aenaeT cfiH3H'IE!CKH 6eccM.bICneH

HblM narpaH)KHaH B38HMOJl8HCTBHst, IlOCKOnbKY napaMeTp A HHKaKoro cfiH3H

'I8CKOro CMbICna ne HM8eT. 

IToaToMy, KaK HaM Ka)KeTcst, 6blno 6b1 uenecoo6pa3HO noao6paTb TaK 

perynstpH381lHOHHyro npoueaypy, 38BHCstIUyro · OT napaM8Tpa A 1 'IT06bI HIJKa

KUX 6ecCMbICneHllblX KOIITp'IneH~~ He nosiansinocb B narpaH)KHaHe B38HMO

Jl8HCTBHst. CneaoaaTenbHO, JlOn)KHO 6b!Tb 

S==lim [TA•exp{ie·Jd 4 xL
1

(x) }], 
A ➔ oo 

rae L 
1 

(x ) He aaBHCHT OT napaMeTpa perynsipuaaUHH A 

13 



0K83bIB80TCSI, 9TB 38J:{8'18 MO)K0T ObITb pe!IIeHa B paMKaX HenoKanbHOH 
· · · I 12/ 

KBBHTOBOii aneKTpOJ:IIUIBMHKH, Mb! oyi:teM cnei:tOBBTb Htlee D,A, CnaBHOBa , 

KOTOpb!H 11ccnei:t0Ban KBBHTOBYIO TeopHIO CBMOi:tefiCTBYIOIUero CKanSipHoro ho-

nSI, 

·KaK 
/8/ 

liSBeCTHO , B KBBHTOBofi aneKTpOJ:tllHBMHKe rrpHMeHSIIOT TaK 

H83bIBaeMyIO rpag11eHTHO-HHBap11aHTHYIO rrpouei:typy TTayn11-B11nnapca. 8To 
!II; 

03H8'!80T, 'ITO cmmopHbie rrpH'IHHHbJe <pyHKUHH aneKTpOHa perynSipmlyIOTCSI 

He no OTi:tem>HOCTH, 8 38MKHYTb!MH CITHHOpHb!MH UHKnBMll. 
2 

I c I Sp [ y S M (x 1 - x 2 ) y SM (x 2 - x 3 ) • • • ] , 
j =0 j j 

TToCKOnbKY B KBBHTOBOfi aneKTpOi:tHHaMHKe M8KCllManbH85I pacxOJ:llIMOCTb 

KBai:tpaTlI'IHBSI, TO J:{OCTBTO'IHO orpaHlI'IlITbCSI J:IBYMSI BCITOMOI"aTenbHhlMH Mac

caMn M 1 n M 2 • B aTOM cny'!ae ycnoBnSI Ha KoaipipnuneHTbI cl sanncb1-

BaIOTCSI B Blii:te: 

I+c 1 +c 2 =0, 

(4.2) 
I+c 1 A 1 +c 2 A2 =0, 

ri:te M 1
2 

= m
2 Al ;. A /i=l,2) - 6onblIIDii 6espasMepHbifi napaMeTp _perynSI

p11saun11, TTpn TaKoii perym1pnsau11n aneKTpoH-aneKTpoHHaSI neTnSI, .TaK Ha

SbIBaeMaSI rronHpll38UlIH BaKyyMa, paCXOJ:llITCH norapH<pMlI'!0CKlI npH 

A 1 ➔ A 2 ➔ A ➔ oo 

Mb! npegnaraeM BMeCTO ycnoBHH ( 4.2) BBeCTlI Tpn 

MBCCb! co cnegyIOIUlIMH ycnoBHHMlI Ha K09!p!plIUH0HTbl C I 

I+c +c +c =O, 
1 2 3 

I + c 
1 
A 1 + c 2 A 2 + c

3 
Al! = 0 , 

c
1

1011;A 1 +c 2 1011;A
2
+c

3
1011;A

8
=0, 
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t c 2 lI c 3 

( 4,3) 



OKa3blBaeTc.a, 'ITO npn nepexone K npeneny A 1 ➔ A2➔ A8 ➔ A ➔ oo Bee 

38MK.IIYTbl9 cnnaop.1Ibl9 UliKJibl1 BCTp9'I8I<lilli9CH B 9JI9KTpomrnaMliKe, CXOJlHT

CH B npenene A= oo • 

3aMeTliM, 'ITO npennaraeMa,.11 peryn.apnaaunoaaa.11 npouenypa ycTpaH.aeT 

pacxOJlliMOCTli TOJibKO li3 38MK.liyTblX cmrnop.lib!X UliKJIOB. Dn.a ycTp~
1
.aemrn 

paCXOJlliMOCTeti B ]lliarpaMMaX COOCTBeaaoti MaCCbl 9JI9KTpoaa li B Bepll!li.lI.lib!X 

JlliarpaMMaX aeooxo]lliMO npliBJI9K8Tb Jl0Il0JI.IIHT9Jib.libl9 TpeooBaHHH. 3TH 

TpeooBaHHH eCT9CTB9.II.IIO YllOBJI9TBOp.HroTCH B paMKax aeJioKaJib.lIOti Teopnn, 

IlOCKOJibKY qiopMqiaKTOP qJO'I'.O.IIa nenaeT 9TH ]lHarpaMMbl K0.II9'IHbIMH. 

• • /8 9/ 
B O0bl'IHOti JIOK8Jib.lI0H KBa.lIT0'l'l0li 9JI9KTP0llHH8MHKe ( CM., aanpHMep, 

1 
) 

pacX0Jl.HIUHMHCH HBJIHIDTCH MaTpH'IHb!e 9JI9M9.IITbI, C00TBeTCTByronme cnenyroIUHM . . 

npHMHTHB.liblM aenpHB0]lHMblM ]lHarpaMMaM cf>etiaMaaa: 

I II 
III 

Pnc. 

M bl ae oyneM paccMaTpliBaTb .1Ili)K9 ]lHarpaMMbl 1 

IV V 

Pnc. 2 

• 
Il0CK0,1bKY BKJI8/l /lHarpaMM (IV) paBea aynro C0I"JiaCH0. TeopeMe cf>appn, a liH-

TerpaJibI, C00TB9TCTBYIDIUH9 ]lHarpaMMaM (V). , CX0/lHTCH. B CHJIY rpanHeHTH0ti 

H.IIBapHaHTH0CTH, T8K K8K nponaraTopb! 9JI9KTp0H0B C00TBeTCTByroT OObl'I.IIOti 

. /8/ 
JI0K8JibH0H TeopHH ( CM,, aanpHMep, ) • 
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3neMeHTbl s -MaTpllUbI, COOTB9TCTBy1011me m:rarpaMMaM co6CTB9HHOtt 

3Heprmr (I ) H Bep!IIHHHOil '18CTH (U) 6yayT CXOJlHTbCH, rroc'KonbKY rrporrara

TOp cpoToHa ( 3.4) y6b1BaeT JlOCTaTO'IHO 6b!CTpo B eBKnHJlOBOH o6naCTH. To 

)1{9 caMoe MO)KHO CK838Tb O nl06b!X HelipHBOJlHMb!X JlHarpaMMax, OIIHC
0

b!B8IOIIIHX 

BeprnHHHYIO '18CTb: 

Pnc. 3 

llnarpaMMbI BUila 

) 

Pnc. 4 

H Bee OCTanbHbie JlHarpaMMbl B pHllY TeopHH B03Myll!eHHl1 T8K)K9 CXOJlHTCH. 

l1HTerpan, COOTB9TCTBYIOll!Hl1 JlHarpaMMe (III) Ha pnc. ], T8K ll83b!B8e

Moll IIOnHpH38UHH BaKyyMa, 6yaeT T8K)Ke KOHetieH B cuny BbI6pa1111on HaMH 

Moan~uunpoBaHnoil rrpoueaype TTaynn-Bnnnapca. 

l1TaK, B paMKaX BB9Jl9Hllb!X H8MH perynHpH38UHtt Bee JlHarpaMMbI, BCTpe

'18IOll!HeCH B TeopHH B03My111e11nn, .. OK83b!B8IOTCH KOHe'IHblMH. 

HH)Ke Mb! paCCMOTpHM IIOJlp06Ho MaTpH'IHhie 3neMeHTbI, COOTBeTCTBy10111He 

anarpaMMaM (I ) , ( U ) , ( III ) 
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5. ¢>H3H"IeCKHfi CMbICn cbopMcbaKTOpa 

KaK 6hmo CK838HO BbIIIle, B paCCM8TpHB8eMofi TeopHH B03MO)KeH rrepe

XO.ll K eBKnH.llOBOfi MeTpHKe. flpirne.neM aeCKOnbKO cfiopMyn, rrone3Hb!X rrprr , 

nanbaefiurn:x BbI"IHcneamix. B eBKnH.llOBOM X -rrpocTpaHCTBe rrporraraTop 

cfioToaa MO)KHO 38IIHC8Tb B BH.lle 

rne k H X - eBKnH.llOBbl BeKTOpbl ( X 
2 = X ~ 

BBe.neM rrporraraTop "Toqeqaoro" cfioToaa: 

I f 
(2 .TT ) 4 

flpencTaBHM cfiyHKUHIO O (x ) B BH.ne 

I I =--- --- . 
(2 TT )2 X 

2 

D(x )= _l _ _ I_ U(~). 

(2 TT ) 
2 X 2 f 2 

( 5, 1) 

x2 
Torna cfiyHKUHSI U ( -- ) CBSl38H8 C cfiopMcfiaKTOPOM V ( k 2 f 2

) COOTHolileHHeM 
f2 

2 
U ( _x __ ) = V ( 0) - _I - f d 4 k elk x V,, ( k 2f 2) = 

f 2 TT 2 

"" --:r-
= 1 + f d u J 

O 
( Vu --2:2 ) V ' ( u ) , 

0 f . 

Bocrronb30B8BIIJHCb CBOHCTB8MH (1)-(5), rronyqHM 

rne 

2 
X 

4 f 2 

00 

f duV(u)+O(x4 
0 

1 + 0 ( exp I - (2.:_)y I) 
f2 

IIPH 

IIPH 

y = p > I • fl pH sToM nnsi Bcex x 2 > 0 
2 p-1 

17 
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x2 
1 2 u (o'2') 1 00 

ID(x2 )1=1-U(~)I< e I 2 o=--::;-;;-r I duV(u), 
. x2 I'.- X 2 X = · 4 (, 0 

T.e. qiyHKUIHI D ( X 2) npnHnMaeT M8KCMM8JlbHO8 3H8'1eHne B Hyne, npn'leM 

D(O) < oo 

x2 
<t>opMqJ8KTOp V ( k2 f 2 ) CBSI38H C qiyHKunelt U ( -- ) COOTHOllleHneM 

f2 

V(k 2 f 2 )= f duJ
0

(yuk 2f 2)U'(u) 
0 

1 -{3-100 

= 2i I· 
d( v(O { k2e2 )( ' 

sin 1r ( • r 2 (1 + (; ) 4 
-{3 +100 

rae O </3 < 1 n qiyHKUMSI 

v(O= { duu(; U'(u) 
0 

( 5.3) 

perynsipHa B nonynnocKocTn Re(;> -1, n B aTolt o6nacTn cnpaBeannBa oueHKa 

I V ( e + j .,, ) I < Const • exp I lfl lo!!:ill_ J.LI_ I 
y y y 

npn 6oJiblllllX I e I n mo6bIX .,, E (- 00 ,+ 00) • YcnoBne HopMnpoBKll (4) /J.JlSI 

qiyHKUllll V (' ) 3anHCblB88TCSI B BJIJ:le V ( 0) = 1 

l13Meaeane CB060AHOI'O nponaraTopa qJOTOHa, COI'Jl8CHO ( 3.3)' lpll3ll' ,eCKII 

O3H8'188T ll3MeHeane 38KOHa KynoHa Ha M8JlbIX paCCTOSIHMSIX. IToTeHunan 

B3aJIMOJJ.eitcTBMSI 3apmKeHHbIX '18CTMU 38 C'l0T o6MeHa BllpTyBJibHbIM qJOTOHOM 

BbI'lllCJISI9TCSI B npH6JIH~eHHM, KOI'J:l8 npeae6peraeTCSI OTJ:l8'18lt '18CTMU,H CBSI3aH 

C qiyHKUMelt pacnpocTpaHeHMSI COOTHOlll8HHeM 

W ( r ) = 
.... 

e 

(2 17 ) 8 

fdlc'elkr' D(t 2
). 
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· IToncTaBmrn D ( k 2 ) cornacHo ( 5.4) H Hcnonhsysr npHBeneHHb1e BbIIIIe <pop

MynhI, nony'IHM 

°" W(r)= e f dp 
211

2 .,, pyp2- r2 

p2 
U(--). e2 

EcnH U ( u)"' I , Torna W ( r) = _e_ ..:..!.._, T.e. MbI nonyqaeM 06b1'!Hh1il' 
· 411 r 

aaKoH Kynoaa. Jlnsr <pyHKUHH V (u ) , ynoaneTBopmomett ycnoBHsrM ( 5.2), nerKo 

rrony'IHTh 

I °" 2 _e ___ f duV(u)+O(_r_ 
2 11 2 e o · e 2 

IlpH r << f, 

_e __ I_ [I+ 0 (exp{-(L)Yj)] 
411 r f 2 

IlpH r » f, 

TaKHM o6pa3oM, IIOTeHuHan '. w ( r) KOHeqea npH r = 0 . H y6b!B80T npH r ➔ °" ' 

npHqeM npH r >> f OTKnoH~HHe noTeauuana W ( r ) oT KynoaoacKoro no-

psrnKa O (exp { -(~) YI), T.e. aTo no6aaoqaoe cnaraeMoe y6brnaeT 6hICTpee . e 2 

mo6ott rayccoaofi aKcno1ieHTh1. 

TaK K8K <popM<p8KTOp y nponaraTopa <p0TOH8 IIOSIBnsreTcsr K8K cnencTBHe 

lienoKanhHoro B38HMO)l0HCTBHSI <pOTOHHoro nonsr A /L C aneKTpoMarHHTHb!M 

TOK~M ¢ y/L 1/f TO H3MeHeHHe noTeHuHana Ha M81'IbIX pacCTOSIHHSIX O3Ha-

qaeT, 'ITO aapsrn aneKTpoHa cocpenoTo'!eH He B TO'!Ke, a HMeeT HeKOTopoe 

npocTpaHCTBeHHoe pacnpeneneHHe. ITycTb p ( r ) osHaqaeT nnoTHoCT.h pacnp_e

neneHHsr sapsrna, Torna npH r > 0 

p ( r) _L __ ·_d - (rW(r)). 
r 2 d r 

TTpH r ➔ °" nony'IHM 

p ( r ) = 0 ( exp I - (-2.:._ ) Y I ) , 
e 2 

T.e. nnoTHOCTh aapsrna 6b1CTpo y6hrnaeT. ITonc'IHTaeM cpenmrii KBanpaTH'IHh1fi 

panHyc pacnpeneneHHsr 
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<r 2 >= - 1-fd;-r2p(r)=2 T dr•r [1-....!!_rW(r)]= 
e o , e 

00 2 4 4 
= I d p. p [ 1 - u ( ..L...)] = 2 I d X I d k [l - V ( k2 e 2)] e lkx 

o e 2 c2 11 > " k 2 

= e2 
_

2_ l- v 'Co> 1 =e 2 
..... U..V_jQ_lj 

772 772 

TaKHM o6pa30M, 38pS11l aneKTpoHa coope.lU)TOtteH rnaBHbIM o6pa30M BHyTpH 

c4>epbI pallHyca ITOpS11lK8 e 

B. IlnarpaMM8 co6CTB8HHOtl aHeprHH 

PacCMOTpHM llHarpaMMy co6CTB8HHott SHeprnn, npellCTaBn8HHyJO Ha 

pnc. 1 (I.). 3Toil llHarpaMM8 COOTB8TCTByeT MaTpHttHbIA aneMeHT 

-1:tf,(x)I (x-,y)tf,(y): ,I 

rae· 

I (x-y ) =:, I e 2 y µ S ( x -y) y µ D ( x -y ) . 

TTepexollSI B HMnynbcHoe npeacTaBneune •H Bocnonb30BBBWHCb perynSipH3aunoH

Hott npoueaypott R 8 • 'ITO IT03BOnSleT nepettTH K eBKnHll~Bott MeTpHKe 
I TT . 

noBopoToM k O ➔ e -2- k 4, nonyttHM B npeaene 8 ➔ 0 : 

I (p) = llm (-1 e 2 ) f d4 x e 1Px 

s ➔ o 

·8 
y µs ( X ) y µ D (x ) = 

= llm 
s ➔ o 
~ f d 4 kD(k2 e2 )R 8 (k 2 )j, S(p-k)y = 

(211) 4 . µ µ 

- e2 - . (2 TT ) 4 I d 4 k E V ( k ii 2) k2 Yµ 

20 

(pg- kE) + m 

(pE- kE)2+m 
y µ' 



.. ➔ 

r.Qe· PE=(ip 0,11), kE=y0 ik 4 - yk, Pi=-p2, Bocnonb30BaBIIIMCb npe.QCTaB-

neHn:eM { 5.3) .Qmr qiopMcpaKTopa V { ki'f 2 ) , nony'in:M nocne HeKOTOphIX 

Bbi'ilICneHMfi 

I -{3-100 

f 
21 -{3+100 

2 a -/3-4 00 d ' V ( 0 F (( ' p ) 2 e 2 < = - _I:__ ~ .r ---___,,__ ____ (.!!!.__ ) 
(2 TT ) 

4 
2 j ( sin TT I' ) 

2 r a (I + /') 4 -{1+100 \:, \:, 

1 I 1-uf; p2 ([ "] F((, p) = --- f du(---J 0-u -) 2m-up rn-oo u m2 

<l>yHKUMH. F ((, p) perynHplia B nonynnocxocTII Re ( > - I . f1onyqn:M oKOH'ia-

TenbHO: 

e2 
I(p)=---

8 TT 2 

m2e 2 
x I F ( n, p ) [ log - + 

4 

00 

n=O 

v'(n)_31{,(n+l)l+F'(n,p) I. 
V (n ) 

Mb! C'iIITaeM, 'iTO sneMe11Tap11an .Qnn:Ha e .QOCT8TO'i1!0 Mana, T.e. 

Tor.Qa nerxo nony'iIITb .Qo 'ineHoB nopSI.QKa L (m 2 0 2)2 
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I ( P) = 
I " 2 

J d u ( 2 m - u p ) log m + 
8 TT 2 0 m 2 - :u p 2 

e2 

e 2 4 + _..;.__ m [ ( 3 log --- + 3 v' ( 0) - 3 1/' (1 ) + 1 ) + 
16 TT 2 m 2 £ 2 

4 2 o 2v (1 ) (log 2 o 2 +m L m L 

2 
V '(l) + 2 1/' (l}- 2.__. _I!.._ ) + O((m2 e 2) 2>1-
v (1) 12 m2 

2 

- _e_ (p - m ) [ ( log 
4 

- v '(0) + 2 1/' (1 ) + 1 ) -
.16rr2 m2£2 

' 2 
-m2£2v(l)_l_ -1!-+0 ((m2£2)2 )]. 

12 m 2 

3To paano)KeHJre crrpaaennnao Jlnfl HMrrynbca p 2 B o6nacTH 

P2 e 2« 1 . 

MHTepecHo rroncqnTaTb rrorrpaBKy K Macce aneKTpoHa: 

8m•=m-m 0 = I (m)= 
e2 

16
~ m I log _

4 
_ + o (1) I 

TT , m2 £ 2 • 

Ecnn cqnTaTb, qTo Macca aneKTpoHa uennKoM, aneKTpoMarHHTHoro rrponc

xo)!{JleHHfl, T.e. . m = 0 , Toraa rronyqnM 

8TT 2 -10
4 

m e = 2 exp I - -- I ,. 10 
e2 

H 
- - 10

4 

£ < 10 CM. 
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i1Hb!MH cnoBaMH, Mb! rrony•mnH Jln5I sneMeHTapHofi JlnHHbl HCKnIO'IHTenbHO 

"6ecCMbICneHHo" ManeHbKOe 3HatJ:eHHe. 

e 2 4 
TTOCKOnbKy B STOM cnytJ:ae HMeeM 

16 77 2 
loJ!; m2 £ 2 "'l ,To, CTpOI"O I"OBO-

p5I, Mb! He HMeeM rrpaBa rronb30B8TbC5I TeopHefi B03MymeHHfi, TTosToMy 

rronytJ:eHHbJe 'l:Hcna JlOn:IKHbl paccMaTpHB8TbC5I K8K 0'l:0Hb rpy6a5I oueHKa. 

EcnH me C'IHT8Tb, 'ITO BenH'IHHa sneMeHTapaott JlnHHbl nemHT I"Jle-TO 

B o6nacTH 

TOI"Jl8 

H 

-1 . 
£ "'100 ➔ 1000 rse, 

0 -8 
Bm=m-m

0
,.,2,l 

3To 03HatJ:aeT, 'ITO B STOM cnytJ:ae Macca sneKTpOHa HMeeT B OCHOBHOM 

HesneKTpoMarHRTHoe rrpoHCXO:IKJ:l0HHe, H sneKTpOM8I"HHTHbie rrorrpaBKH peanbHO 

7. Bep11IHHH85I nHarpaMMa 

PaccMoTpHM BepllIHHHYIO JlHarpaMMy, rrpe/lCTaBneHHyIO Ha pHc. 1 {II). 

3Tofi JlHarpaMMe COOTBeTCTByeT MaTpH'l:HbJfi sneMeHT 

I"Jle BBeJ:leHa BeplUHHHa5I ~YHKUH5I TpeTbero rrop5IJ:lKa 

r {x,zlY)=ie2 y S{x-y)y S{y-z))' D{x-z). 
/l V /l V 

Bb16epeM HMrrynbCHbie rrepeMeHHbie, KaK rIOKa3aHO Ha pHc. 5 •. 
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p+q p 

X p- k ·Z 

PHc. 5 

TTepexonH K HMnynhCHOMy npencTaBneHHID, cornacHO npHHHTOfi HaMH pery

nHpH38UHOHHOfi npouenype, nonyqHM B 8BKnHnoaott MeTpHKe 
-
rµ(p,q)=ie2 fdyfdzelpz+lqy YvS.(y)yµS(z-y)yvD(z) 

2 
4 2· 2 

= - (;TT )4 f 
d kEV (£ (prkE) ) 

2 
(pE-kE) 

m + k E+ ; E y 
Yv )2 µ 

m2 +(kE+qE . 

'm+kE Yv 

m2 + k 2 
E 

2 ' d(v(()(L
4

) 4 " ,, " -{3-100 
e2 _l_ f 

=- (277 )4 21 -{3+100 

. . f 

sin"'. r 20 +O 

d kEy /m+kE+qE)y /m+k E) Yv 

[(p -k )2 ] 1-(tnf+(kE+q \
2
Hm2 +k 2 ] 

E E & E 

e2 1 -{3-100 d(~(O cm2£2 >'Ir Fl((;p,q)+F2µ((;p,q)I, ---- -- f --"""---- 4 µ 
- 8 TT 2i: -{3+100 [sin TT(] 2 r 8 (1 + (} 

rne 
1 

F ( r. q)- _l_ fff 2 · 2 (p +q ) 2 ]-( 
1 <:,,p, - r(l-·() o p f3 ~+ E E a{3 

[f3+y+a.r7+ y m2 m2 

d a d f3 d y a -( 8 (1 - a - f3 - y ) 

F
2

µ(~;p,q)::' 1 fif dadf3dya-(8(1-a-f3-y) 
r(-(} 0 p 2 q2 2 X 

[{3+y+ay-E-+{3y E {3 (pE+I\;:) 11-( m2 --2-+a m m2 
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x [ II! 2 y µ - 2 m q µ + 4 m ( f3 q µ-a p µ) + ( a ; - f3 ~) y µ ~ + 

+ (a p - f3 q )y (a 'p - f3 q)]. 
µ 

nerKo rrpoaepHTb, qTo BepmHHH8H qaCTb yaoaneTBOpHeT ycnOBll!O 

r paaneHTl!Oll: mrnapllaHTHOCTll 

qµ ii(p+q >rµ(p,q )u(p)= 0, 

rae U ( p) ll U (p+q )- CITHHOpb! nnpaKa, OITHCb!B8!0llille aneKTpOH B HaqanbHOM 

ll KoJieqHoM COCTOHHl-l'.SIX. 

CqnTaH aennqnHy m2 e 2 Manoll:, MO>KHo rronyqnTb anH BepmnHHolt 

qiyHKUllll r µ (p, q ) Bb1pa>1rnHlle 

~ 2 4 
r ( p. q ) = y C I (log ---

µ /L 16 TT 2 m 2 e 2 
-v '(0)+2if,(1)+O+ 

m2 3 (m2+(p+q)2)2 
+ [ - -- - ------ log 

(p+q)2 2 [(p+q)2]2 

I 1-a 
-2 J da J df3{3 

O 0 

(l-2f3)q 2 +2a(pq) 
I + 

, : , . • I • • 

: , : , . 
' I I , I I I I .. . 

I • 
' I : • , I : • 
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8. Il1rnrpaMMa nomipnsamrn BaxyyMa 

PaccMoTpHM nnarpaMMy nom1pnsaunn BaKyyMa, npencTaBne1myro Ha 

pnc. I. llneH MaTpnuhI paccesmnsi, cooTBeTCTByrou(ntt aTofi nnarpaMMe, 

npencTaBHM B BHJle 

-i:Aµ(x)IIµv (x-y)Ai,(y):, 

rne 

IIµv (x-y) =-ie 2 Sp[y S(x-y)y S{y-x)J. . µ V 

I1cnonhsysi npnHSIThiii HaMn MeTOJl perynsipnsaunn, nony"lnM B nMnynhcHoM 

npocTp8HCTBe: 

II ( ) 1 Ip (x - y ) 
reg µv x -y = -- f d kreg II ( p ) e (2 17 ) 4 µv 

i 

rne 

a 
e 2 4. 1 1 

reg II µv (p) = --- f d k I c l Sp I y µ--- Yv . ~ " I = 
(2 1T) 4 i l = 0 m l - k - i £ ml -( - p ) · - if 

2 e2 1. m2-a(l-a)p2 8 p2 
=<PµPv-8µvP )-·-

2 
fdaa(l-a)l)og---- + I cllog(Al-a(l-a)--)l. 

2 1T o m2 1 = 1 m 2 

Cornacao aa~eMy nononnnTenhHOMy ycnoBnro ( 4.3), cyMMa no B ct,Iiryp-

HhlX CK06KaX IfC"18388T B npenene Al ➔ A ➔ oo , n MhI nony"lnM OKOH"laTanhno: 

II ( p ) = Jim reg II v ( p ) = ( 8 p 2 - p •p ) II ( p 2 ) 
µv. A ➔A ➔ oo µ µv µv 

j 

fi (p2)= 
e2 

12 1T 2 
p2 t du 

4m 2 (u-p 2-idu 
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2 " ,, ,, 
x [ m y µ - 2 m q µ + 4 m ( /3 q µ-a p µ) + ( a p - /3 q ) y µ q + 

+ (a p - /3 q )y (a 'p - /3 q)] , 
µ 

nerKO rrpoBepnTh, 'L!TO BeplllmIHaSI 'L!8CTh YllOBlleTBOpSieT yCIIOBlllO 

rpaaneHTllofi mrnapnaHTHocTn 

qµ ii(p+q )rµ(p,q )u(p)= 0, 

rae U ( p) ll U (p+q )_ CIIllHOPhl llnpaKa, OIIllCh!B8IOIIJlle aneKTpOH B H8'L{8llhHOM 

n KOJle'L!HOM COCTOSIHllSIX. 

C'L!HTaSI Belll!'L!llHY ~ 2 e 2 Manofi, MO)KHO IIOIIY'L!HTh JllISI BeplllllHHOi1: 

cpyHKUllll r µ (p, q ) Bhip8)Kel!He 

- 2 
r (p,q)=y _e __ 

µ µ 16 TT 2 
I (log --

4
-

m 2 e 2 
-v '(0)+2¢,(1)+1)+ 

2 3 (m2+(p+q)2·)2 
+[ · m --- - ------ log 

(p+q)2 2 

m 2-(p+ q )2 
-----1 

m2 [(p+q)2]2 

I 1-a 

-2 f da f d/3{3 
{1-2/J)q 2 +2a(pq) 

I + 
0 0 

2 I I - a 
+·-8e 2 f d a f d /3 

TT O 0 

Yµ m 2-2m q ;t4m ({3 q µ-a p J+(ap-{3 q)yii+(a p-{3q)y µ(a p-/Jq) 
+ 

[(l-a)m2-ap2-f3q2 +(ap-{3q)2] 
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8. Il1rnrpaMMa nommusamrn BaKyyMa 

PaCCMOTpllM .1rnarpaMMY nqm1pnsmrnH BaKyyMa, npe,llCTaBneHHYIO Ha 

puc. I. 4neH MaTplIUbl paccesmm1, COOTBeTCTByromntt 9TOil: ,llllarpaMMe, 

npe,llcTaBHM B BH,lle 

-i:Aµ(x)Ilµv (x-y)Av(y):, 

I'.lle 

fl µ v ( X - y ) = - i e 2 Sp [ y µ S ( x-y ) y VS ( y - X ) ] • 

I1cnonb3YSI npHHSITbiil HaMH MeTO,ll perynsipnsaum1, nonytmM B HMnynbCHOM 

npocTpaHCTBe: 

( ) 1 · Ip (x - y ) 
regilµvx-y=--Jdkregil (p)e 

. (2 17) 4 . µv i 

I'.lle 

e2 
8 

1 1 
reg n µv (p ) = --- J d \ I C j Sp I Yµ k . y V ( ~ " ) . • I = 

(2 17 ) 4 i l = o m l - - 1 £ ml - - p - H 

. 2 e2 1. m2-a(l-a)p2 a p2 
· =<PµPv-8µv P )--2 Jda a(l-a)l log---- + I c' log (A -aO-a)--)}. 

2 17 o m2 l = 1 l l m 2 

Corna CHO Hawe My ,llOITOnHHTenbHOMy ycnOBHIO ( 4.3), cyMMa no B q,nryp-

HbIX cKo6Kax ncqesaeT B npe.llene Al ➔ A ➔ oo , H MbI nony'IHM oKOH'laTanbHo: 

Il ( p ) = lim reg Il ( p ) = ( 8 p 2 - p p ) TI ( p 2) 
µv µv µv µ v 

A l➔ A ➔ oo 

ii (p2) = 
e2 

12 17 2 
p2 r 

4m 2 (u -p 2 - id u 

du V 1- 4 m 2<1 + _: m: ) 
u u 
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11TaK, B paMKBX npHlrnToli HBMH perym1pH38UHIJ nom1pH3BUHOHHhili onepa

Top KOHeqeH npn CHHTHH perynHpHaaunn H COBnaaaeT C nepenopMHPOBBHHhlM 

Bb1pa)KeHHeM B 06b1qnoli noxanhHOfi aneKTpoanHaMHKe. OH HOpMIJpOBBH ycno

BlleM 

Il(O)=O. 

3To oaHaqaeT, qTo no xpafinett Mepe BO BTopoM nopHaKe Teopnn BOaMymennli 

He nponcxoanT nepeHopMnpoBKH sapsma e , T.e. qmanqecxnli aapsm anexTpo-

Ha COBnaaaeT C 38TpaBoqHhIM. 

9. fpanneHTHaH HHBapnaHTHOCTh S -MaTpHUhl 

nerxo BnaeTh, qTo nonyqenHaH S -MaTpnua 6yaeT rpaaneHTHO-HHBa

pnaHTHa. neliCTBHTenhHO, B paccMaTpHBaeMoli HBMH HenoxanhHOli aneKTpo

aHHBMHKe BhIITOnHeHo TO)KaecTB0 Yopaa: 

a 
( 9.1) 

nocKonhKY OHO HBnHeTCH cneacTBHeM TO)KaecTBa 

1 1 1 

" " ( 9.2) 
m-p m-p 

Tax KaK HaM He Haao aenaTh HHKBKHX BbJqHT8HHli 6ecKoHeqHhlX KOHTpqne

HOB, TO B pHay· Teopnn B03MyllJeHHfi He MoryT B03HHKHYTh HHKBKHe onaCHbJe 

qneHhI, KOTOphie Mornn 6b1 Hapyma:rh To)KaecTBo ( 9.1), xoraa cnpaBeamrno 

(9.2). 

noxaaaTenhCTBO rpaaneHTHOli HHBapnaHTHOCTH B ~opMe (2.4) B pHay 

Teopnn B03MymeHHfi aoBOnhHO npoCTO H OCHOBBHO Ha ncnonh30B8HHH TO)K

aeCTBa 
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1 
k 1-,. 

µ m- p I 

1 
y " 

µ m -,P2 
I= 

" m -p, 
1 ------, 
" m - P 2 

. ecnn k = p 1 - p 2 • 

nnarpaMMa nonHpnaaunn BaKyyMa rpaaneHTHO-HHBapnaHTHa cornacHo 

Bb16paHHOtl: HaMH perynHpH38UHOHHOtl: npoueaype • 

10. 3 a K n 10 q e H H e 

KaKOB npoH3BOn B IlOCTpoeuuotl: HSMH aneKTpoamiaMHKe? 3To c!>opMc!>aK

TOp c!>oToHa. C TeopeTH'l9CKOtl: TO'IKH apeHHH Heo6xoaHMO npHBnetJb KSKHe-

TO HOBbJe c!>naHtJeCKHe HnH MaTeMaTH'l9CKHE! naen, 'IT06bJ KSK-TO oaH03HatJ

HO Bbi6paTb 9TOT c!>opMc!>aKTOp. 

Ecnn npoBeCTH nepenopMnpoBKy B uenoKanbHotl: aneKTpomrnaMHKe, T.e. 

nepetl:TH K ua6n10aaeMblM BenntJmiaM aapgaa H MaCCbI aneKTpoua, Toraa 

qneHbl pgaa Teopnn B03Mymeunn:, norapnc!>MHtJeCKH aaBncmune OT aneMeHTap-
1 

non: anHHbI, KaK loA' ~ , HC'l93HYT H3 nepeHopMHpOBSHHOro pgaa ang 

s -MaTpHUbl. 3To 6yaeT 03H8'18Tb, 'ITO nonpaBKH, CBH38HHbJe C HenoKanb

HblMH ac!>¢eKT8MH, 6yayT nopHaKa 

O(m 2 f 2 ) H O(p 2 f2). 

EcnH Tenepb npHHHTb rnnoTeay aneKTpoMarHHTHoro npOHCXO}KJ19JIHH MSCCbl 

aneKTpoua, T.e. 

m2f2 .. 10-10' 
' 

6yaeT BHaHo, 'ITO ac!>c!>eKTbl uenoKanbHOCTH cnpHT8Hbl CTOnb rny6oKo, 'ITO He 

cymecTByeT HHKSKHX Haae}l{Jl 9KcnepHM9HTanbHO ao6paTbCH ao 9TOtl: o6nacTH. 

CneaoBaTenbHo, ecnn aa>Ke peanbHaH Teopng HBnHeTCH uenoKanbHot!:, 

TO Toraa o6hltJH8H noKanbHSH aneKTpoaHH8MHK8 B o6riaCTH peanbHO aoCTH>KH

Mb!X 9Heprntl: HBnHeTCH~ 6eaycnOBHo, npeKpaCHblM npn6nH>K9HHeM HenoKanbHOtl: TeopHH. 
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Ecnn me Macca aneKTpoHa HeaneKTpoMarHHTHoro nponcxomaeHnH, 

Toraa aneMeHT8pH8SI annHa aonmHa 6hITb °CBS138H8 C H0H3B0CTHOfi ITOKa cfJH-

3HKOil: B38HMO}leficTBHH, floaTOMY nonpaBKH THITa O ( m2 e 2 
)HnH O ( p 2 e 2 ) 

MO)KHO IlbIT8TbCSI H3MepHTh Ha OITblT.e, 

H enoKanbH8SI HHTepnpeTaUHH KB8HTOBOfi aneKTp0JlHH8MHKH Il03B'on'i!eT 

npnaaTh Teopnn MaTeMaTH'l0CKHlt CMbICn 6ea BBeaeHHSI 6eCKOH0'1HbIX KOHTp

'lneHOB ·" aaeT H8M MopanhHOe YJlOBneTBOpeHne, 'ITO MO)KHO na6aBHThCSI 

OT TpyJlHOCTeil:, CBSl38HHbIX C ynhTpacfmone:roBb!MH pacxoJlHMOCTSIMH, nMeH 

KOH0'1Hyro CBSl3b Memay 3aTpaBO'IHbIMH n Ha6nroaaeMbIMM napaMeTpaMn Teo

pnn ( e , m , Z 2 , Z 8 , Z 1 ) ·, 

11, HaKOHeu, ITOCTpoeHH8SI s -MaTpnua YllDBneTBOp'i!eT BCeM 8KCMOM8M 

HenoKanhHolt KBaHTOBolt Teopnn non'i! B KamaoM nop'ilaKe Teopnn B03Myme-

( /7/ ) 
HJilt CM, o 

ITpn e ➔ 0 HenoKanhHaH TeopH'il nepexoanT B 06b1'1Hb1lt BapHaHT noKanh-

HOA nepeHOpMHPOB8HHOA aneKTpOJlHHaMHKH, 

B sainro'!eHne' Bbipa>KaIO rny6oKyIO 6naroaapHOCTb npocfi, n.11. Bnoxna

ueBy, aKaaeMHKY M.A. M apKoBy n B,I1. OrneBeUKDMY sa nones11b1e 06-

cy>KaeHHH, 
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