
COOBIUEHJ1H 
OB'bE~J1HEHHoro 

J1HCTJ1TYTA 
H~EPHblX 

J1CCJIE~OBAHJ1'1 
Lly6aa 

~ 
:I: -:I: • ·• s = :r 
s: ... ... 
A, 

• ... ... 
"' f 

P2-5662 

' ff .H .B oroJno6oe H B .C .B Jia,llHMHpoe 

IlPE~CTABJIEHHH n -T01IE1IHYX 

tYHKQHA 

! 
2 

, 

• IA 

"" "" 1971 



P2-5662 

H .H .B oroJ11060B H B .C .B JiaAHMHpoB 

IlPE~CTABJIEHMH n -TO'IE'IHHX 

cI>YHKUMH 

Hay1n10-TeXHH'leCK8B 
6u6JJHOTCKa 

OHSIH 



§ 1. BB ea e H He 
/1/ 

B pa5oTe Boromo5oBbIM H BnanHMHpOBbIM 5bma noKasaaa cneny10masr 

Teo Pe Ma I. llycTb rpyHKUirn f(z), z=x+iy=(z<0> ,z<l)•···• z (m) ), 

ecTb rrpeo6pasoBaHHe <Pypbe-Jlarrnaca o6o6meHHbIX rpyHKIIHii g+ H g- Met:1-

neHHoro pocTa, HOCHTenH KDTOpbIX coaep}l(BTCH B 38MbIKBHHH CBeTOBbIX KDHy

COB 6yaymero H IIpoIIIeP.IIIero COOTBeTCTBeHHD. llycTb, 11.anee, IIpeo6p830B8HHH 

<Pypbe F [ g ± 1 (x) COBII8t:18IOT 11pH Bcex 11pOCTp8HCTBeHH0-110t:lODHbIX X 

Toraa f ( Z ) IIpet:1CT8BnHeTCH B BHJ:le KOHe'lHOil CYMMbI 

f ( z ) ( 1. 1) 

rae pf - IIOllHHOMbI H rpyHKIIHH ¢ /? 2
) B BepxHeil rronyrrnOCKOCTH ( - HBnH

IOTCH npeo6pa30B8HHeM <Pypbe-llannaca o6o6ui:eHHbIX rpyHKIIHil MeaneHHOI'O 

pocTa c HOCHTeneM B [ 0, "" ) • 

npencTaBneHHe ( 1. 1) OK83bIBaeTCSI B0ChMa rrone3Hb!M B aKCHOM8THqe -

CKOH KBaHTOBOH TeopHH rronsr, HaIIpHMep: IIplf llOKa3aTenhCTBe H0B03MO)KHOCTH 

cymecTBOBaHHH HeTpHBHanhHoro rroneBoro orrepaTopa, orrpeneneaaoro H orpa

HHqeaaoro B KBIBllOH ToqKe rrpocTpaHCTBa-BpeMeHH (BaHTMaH/91); IIpH llOKa-

3aTenbCTBe TaK H83bIBaeMOH "no-go TeopeMbl O H0B03MOIBHOCTH IIpHeMne

MOH noKanbHOH 5eCKOHeqHOI{OMIIOH8HTHOH TeopHH rronsr ( fpollCKlfH If CTpH

Tep/ 10/); rrpn: BhlBOlle rrpencTaBneHlfSI llBYXTO'I0'IHOH ¢yHKUlflf noKanbHhIX 

5ecKoHeqaoKOMIIOHeHTHbIX rronefi nnsr rrepeHopMHpyeMb!X TeoplfH ( 0KCaK If To

nopoB/ 11/). 

CTpHTepoM/2/ 5hlnO BhlCK838HO rrpenrronoIBeH!fe O cymecTBOBBHlflf rrpen

CTaBneHlfH, aHanorlf'-IHOro ( 1.1)' If B cnyqae cpyHKUlfH, 38BlfCSIIIJlfX OT n 4-BeK-
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TOpOB ( n -To'Ie'IHbIX qiyHKIUiil:). Tpn aBTOpa - Bpoc, 8nrnTeil:H H rnasep -

aoKasanH sTo rrpearrono*e»ne B pa6oTe/3/ (TeopeMa 2), Hx aoKasaTenhCTBo, 

cymecTBeHHO onHparomeecsi Ha Teopnro npencTaBneHnil: rpynn nn, aoBonhHO 
• 

cnO*HO, KpoMe Toro, rrpH HCIIOnb30B8HHH TeopeMbl Xerrna/21,22/ 0 rno6anb-

HOil: CTpyKType Moaynsi ronoMopqJHbIX TeH30pHbIX noneil: Haa KOnbUOM L (C ) -
+ 

HHBapHaHTHblX qiyHKUHil:, ronoMopqJHb!X B n -ToqeqHoil: pacumpeHHOil: Tpy6e T ~ ' 

Heo6xoaHMO, 'IT06b! T ~ 6bma o6naCTblO ronoMOpqJHOCTH, 8TOT qJaKT BeCbMa 

BeposiTeH, HO B o6meM BHae IIOKa He aoKa3aH; BO BCSIKOM cnyqae ycTaHoBne-

H0 1 'ITO T, 
n 

eCTb o6naCTb ronoMopqJHOCTH IIpH m = 1 , n= 1, 2, ... ; n = 1 , 

m = 1,2, ... H 1 '5._ m '5._ 3 , 1 '.:: n '5._ 4 ( cM.l 16/, rn. IV ) • 

B STOil: pa6oTe, HCIIOnh3Y5J HeKOTOpb!e HaeH pa6oTbl/3/' Mb! aaeM HOBoe, 

aocTaTO'IHO rrpocToe, aoKasaTenhCTBo TeopeMbI I • KpoMe Toro, anSJ n -Toqeq

HbIX qiyHKUHil: ( OT ( m + 1 )- BeKTOpOB) Mb! ycTaHaBnHBaeM cneayJOIIIee yTO'IHeHHe 

TeopeMbI 2 Tpex aBTopoB/3/. 

T e o p e M a D. llycTb pacurnpeHHaH Tpy6a r; ecTb o6nacTb ronoMop</J

HDCTH. llyCTb n -To'le'lH8H <PYHKIIHH f( Z) 1 Z = (z 1' ... , Zn ) , eCTb npe

o6pa3DB8HHe <Pypbe-nannaca o6o6caeHHbIX </JyHKIIHi1 g + H g - Me,aneHHOI'O pOCTa, 

HOCHTenH KDTOpbIX co,aep)K8TCH B 38MbIK8HHH n -ToqeqJibIX CBeTOBbIX KDHYCOB 

6y,aymero H npome,amero cooTBeTCTBenno. llycTb, ,aanee, npeo6pa3oBaHHH 

<Pypbe F [g±] c0Bna,aa10T B TD'lKax HocTa Jn • Tor,aa f(Z) npe,acTaBnH-

eTCH B BH,ae KOHe'lHDi1 cyMMbI 

f(Z)= I Pe(Z)fe(Z), 
e 

( 1,2) 

r,ae pf - 11onHHDMbI H <PYHKIIHH ff -o6na,aaIOT TeMH )Ke CBDi1CTB8MH, 'lTD 

H </JyHKIIHH f I H, CBepx Toro, ronoMopipHbI H L (C) -HHBapHaHTHbI B r' , + n 

B §3 6yaeT ycTaHoBneHo, 'ITO TeopeMa II llpH n = 1 9KBHBaneHTH8 Teo-

peMe I. 

nnsi aoKa3aTenbCTBa Te ope Mb! II rrpeaBapHTenbHO ( CM, §5) Mb! ycTaHaB

nHBaeM, 'ITO qiyHKUHSI f ( Z ) ronoMopqiHa H oaH03H8'IH8 B T ~ H yaoaneTBOpSI

eT CHCTeMe m aHqi;pepeHUHanbHb!X ypaBHeHHil: 

A l ( A 2• - 1) ... (A~ - p 
2 

) f ( Z ) = 0 , j = 1 , ... , m 
I I 

( 1.3) 
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npH HeKOTOpOM uenoM p ( 38BHcmueM TO.IIhKO OT f ) ; 3)leCb onepaTopbI A l 

onpeaeneHbI qiopMynoil: ( 2.2). 

IlpH n = 1 B §6 yaaeTCH IlOCTpOHTh o6mee pellleHHe CHCTeMbI ypaBHeHnil: 

( 1.3) B paccMaTplrnaeMoM Knacce q>yHKUHil: n TeM caMbIM .aenocpe)lCTBeHHO 

nony'IHTh JlOKaaaTenhCTBox/ TeopeMbI I • Eonee Toro, cpean npeacTaBneanil: 

( 1.1) Mb! BbIJlensreM TaKOe npeJlCTaBneHHe ( 6. 12), Jl.lIH KOTOporo q>yHKUHH f f 

onpeaensrroTcsr OJlH03Ha'IHO no qiyHKUHH f 

npepb!BHO ( B H8)l,lle)lrnI!leM CMbIC.IIe) • 

H 8TO COOTBeTCTBHe nHHeHHO H He-

B cnyqae npOH3B0.1IhHOrO n Mb! IlOK83bIBaeM. B §7, 'ITO q>yHKUHH f 

npHHa)lne>KHT HeKOTOpoMy KOHe'IHOMepHOMY mrnapHaHTHOMY npocTpaHCTBY upea

CTaBneHHSI rpynnbI L ( C ) • 3To npoCTpaHCTBO o6pasyeT MOJlY.IIh Ha)l KO.IIh.. + 
UOM L + ( C ) - HHBapHaHTHbIX qiyHKIIHH, YJlOBneTBopsrromnx ycnoBHHM Teope-

Mbl II • llanee, npeanonarasr, 'ITO r ' ecTh o6naCTh ronoMopq>HOCTH, H rrpH-
n 

MeHsrsr TeopeMy Xerrna/21,22/, rronyqnM npeacTaBneHne ( 1.2) c qiyHKIIHHMH fe, 
ronoMopq>HhIMH H L + ( C) - mrnapnaHTllbIMH B r ~ • HaKoaeu, C IlOMOinblO 

neMMbl 5, §4 3aKnroqaeM, 'ITO f e YJlOB.IIeTBOpSieT BceM ycnoBHHM TeopeMbl II. 

3aMeTHM, 'ITO (n + 1) -ToqeqHbie q>yHKUHH Bail:TMaHa ( 6es npeJlITO.IIO)KeHHH 

nopeHueBoil: KOBapHaHTHDCTH) B OTHDCHTenhHbIX rrepeMeHHbIX SIB.IIHIDTCH rpaHH'I

HbIMH 3HaqeHHHMH n -TO'Ie<tHbIX q>yHKUHil: ( CMJ 16-18/). IlosTOMY Te ope Ma II 

YK83bIBaeT Ha CH.IIhHyro CBSI3h Me>KJlY 8KCHOM8Mlf noKa.libHDH KOMMyTaTUBHOCTH, 

TpaHC.IIHIIHOHHOH lfHBapnaHTHOCTH, crreKTpanhHOCTH H nopeHueBofi KOBapuaHTHDCTH 

Teopmr. 

3 a Me 'I a H He 1. IlpeJlcTaBneane ( 1.1) sKBHBaneHTHO npeacTaBne1m10 

f(z) 1 
Q e < z) < ~ e (,\) ' -. --2) ' 

,\ - z 
( 1.4) 

rae Q e - nonHHOMbI H ~ e- o6o6meHHhie q>yHKUHH na :D ~
2 

, o6pamaromnecsr 

B Hynh npH ,\ <0 • 0TMeTHM, 'ITO npe)lcTaBneHHe ( 1.4) cneayeT T8K)Ke H3 

6onee o6mero HHTerpanhHoro npeJlcTaBneHH5I HocTa-neMaHa-llaucoaa 

(cM./7,8,4/). 

xi 
11HTepecHo 6bmD 6hr o6o6Ull!Tb 8TOT M0TO/l Ha cnyqail n > 1 • . 

• 
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3 a Me q a H He 2. YTBep)K.nemrn TeopeMbI II coxpaHSI!0TCSI, ecnH o6naCTJ:, 

J n saMeHHTh Ha MeHhWYIO, HO TaKyIO, qTo ee BbIIlyKnasi. o6onoqKa 0TH0CH

TenhH0 BpeMeHH-no.no6HbIX KpHBbIX ( B CMbicne n -ToqeqHoro CBeToBoro KO

Hyca) coBrra.naeT c J'n (B cnny TeopeMbI o C -BhmyKnoil: o6onoqKe, cM/4/, 

§ 28). H,rnpHMep, npH n = 1 B Ka'ieCTBe TaKOH o6naCTH MO:lKHO B3SITh 

- £ ~ < X 2 < - £22 • 

3 a Me q a H He 3. EcnH B TeopeMe I MH0)KeCTBO X 
2 < 0 3aMeHHTh Ha 

X 
2 < a 2 

' TO B rrpe.ncTaBneHHH ( 1.1) <pyHKUHH ¢ £ ( w ) • w = ' 2 
,. 6y.nyT rono-

MOp!pHbIMH B nnOCK0CTH w C paspe30M W = p , p > a 2 

§ 2. 06o3HE1"/eHHH H IIpe1wapHTenbHbie CBeaeHHH 

(0) (1) (m) (O) m+l 
O6o3HaqaeM:zk=(zk ,zk , ••• , zk )=(zk ,zk)- TOqKH C ,z1=Zj 

n (m+ 1 ) 2 n m (j) 2 
Z = X + i Y = (z 1 , ••• , z n) - TQqKH H3 C ; !Z I = 2 2 I zk 

k=l J=O 

eBKnHJ:lOB KBa.npaT B 
Cn(m+l) ; 

2 (0)2 (1) 2 
z = z - z 

(m)2 
z - nopeuueB 

C m+l a (Of O (1) a1 (m)am 
z = z z z , a = ( a o , a 1 , ... a m ) - MynbTH-KBa.npaT B 

HH,tleKCi 
a alal 

D = ------ ·---- -npoH3B0.nHaSI rropsi.nKa a, la I =a O + ... +a ; 
a x<O)aoa x<Oat ••• ax<m)am m 

v+=[y:y<O) >0,y2>0]~v-- CBeTOBOH K0HYC 6y.nyurero B R 
n+l 

v+ = v+ x ••• xv+= - v-
n 

n -Toqe'iHb!H CBeTOBOH KOHYC 6ynymero; 

+ Rn(m+l) . V + _ 
T = +I =-T 

n n n 
- n -Toqequasi Tpy6qaTaSI o6nacTh 6y.nymero; 

r' = u A r+ - n n n 
6 + + ' ' ToqeqHaSI pacwnpeuuasi Tpy a; r 1 =T , r 1 = r ; 

AE L+(C) 
KaK H3BeCTH0, T '= [ z: z 2 ip,p~O] ; L ( C ) - K0MrrneKcuasi co6cTBeuuasi 

+ 
rpynna Jlopeuua B C m+ 1 aneMeHTbI A rpynnb1 L + (C) .neii:cTBy10T Ha 

n(m+l) 
n -ToqKH Z EC no npaBHny 

\_ 

AZ =(Az 1 , ••• ,Azn). 

O.naonapaMeTpnqecKy10 a6eneay BpeMeHn-no.no6ay10 no.nrpynny rpyIIIIbI 

L +<c) , COCTOSIIllYIO H3 Bcex KOMIIneKCHbIX nopeaueBbIX .IIOB0pOTOB 
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_1_ (,\ + _1_ ) 
2 ,\ 

0 ( 2, 1) 

0 

B nnoCKOCTlf ( 0, 1). o603ll8'ilfM qepe3 aHanorH'iHbli1: CMbICn HMe!OT H 

o6oaaaqemrn [,\] 
1 

H L ~ 

3aMeTHM, 'ITO BCllKlfll K0MnneKCHblll eBKnlfJ:I0B IIOB0pOT B rrnocK0CTH ( 1.2) 

( T.e, nnHefiHoe rrpeo6paaoBal!lfe, coxpaHH10mee qiopMy z < 1> 
2 

+ z <2> 
2 

) nMeeT 

BHJ:I 

_1_(,\+_l) 
2 ,\ . 1 ) 

-~ (,\--x-) 

' ,\ ;6 0 . 
_1_ (,\ + _1_ ) 

2 ,\ 

TToaTOMy BCllKHfi K0MrrneKCHblll nopeHueB II0B0p0T [,\ ] j k B rrnoCK0CTH (j, k ) 

Bhlpa•aeTCll qepea K0MrrneKCHhle nopeHU9Bhl II0B0p0Thl B rrnoCK0CTllX (O,j) 

If (O,k) 110 qiopMyne 

( 2,2) 

O6oanaqnM aTy OJ:IHorrapaMeTplfqecKy10 a6eneBy rroJ:Irpyrrrry rpyrrnh1 L + ( C ) 
Ljk 

qepea + . 

I1HqilfHHT931fM8nbllbie orrepaT0pbl A j , j = 1 , ... , , m I C0OTB9TCTBy10-

IUHe rrpeo6pa30B8llllllM f(Z) ➔ f([,\]j z ), HMeIOT BHJ:I: 

n 
I ( z co> 
k=l k 

__ a.,..,._+ z(j) 

a Z (j) k 
k 

a 
----). 

a z <0 > 
k 

( 2.3) 

TTycTb C -BblllyKnbill OTKpb!Tb]ll OCTpb!ll K0HYC B R N C BeplllHHOfi B o . 
• 

O6oaHa'iHM qepea H ( C ) anre6py, cocTo.muy10 H3 Be-ex cpyHKUHil: f ( Z ) 
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ronoMopcjJHb!X B Tpy6'!8TOH 06nacn1 RN + i C H YJlOBneTBOpSIIO!CHX cnenyIOmeMy 
''II 

ycnoBHIO pocTa: nng nI06oro IIOJlKOHyca C ' , KOMIIBKTHOroX/ B KOHyce C , 

cymecTByeT 'lliCno ~(C ') ,TaKoe, 'ITO cnpaBeJJ:nHBO HepaBeHCTBO 

If( Z ) I ::: M ( C ') (1 + I z I t ( 1 + I y , -p ) , z E RN + i C ' ( 2,4) 

npli H8KOTOpOM ( uenoM) p ::: 0 ( 38BHCSIIU0M TDnbKO OT f ) • 06osHa'IHM 

1tepes H P( C) coBoKynaocTb cjJyHKunii, ronoMopcjJHbIX B RN +i C n ynoBneTBo

pSIIOIUHX oueHKe ( 2.4) nnSI nI06oro C 'CC C • Tononormo a H P ( C ) BBeneM 

B COOTB0TCTBHH C ( 2.4) C IIOMOIUblO C'l0THOH CHCT0Mbl HOpM 

11£11<p) 
e 

Ir< z ) I 
sup 

zERN+ice (l+lzPP 0+\y ,-p , £ = 1, 2, ... , ( 2.5) 

rne C 1 CCC 2CC ••• , -BhmyKnbxe KoHyca, U Cn=C; H (C )- rrpocTpaHCTBa <llpeme. An-
V L P 

re6py H(C) MbI aanenSieM Torronorueii CTpororo HHJlyKTHBHoro rrpenena ( 061,enuae-

mrn) BospacTaIOIUeii nocnenoBaTenbHOCTH npocTpaacTB: Hp(C) ,p=O,l,... ( cM/191 ). 

Ecnn f E H I C ) , To B npocTpaHCTBe S ' o6o6meHHhIX cjJyHKUHii Men-

neHHoro pocTa cymecTByeT rpaHH'IHoe 3Ha1teHne f( x) = lim f ( x + i y ) , 

y ➔ 0 , y E C ( cM.14/, § 26). Anre6pa H ( C ) nsoMopcjJaa ( anre6pan

qecKH H TOIIonorH'l0CKH) CBepTO'lHOH anre6pe s , (C * ) - o6o6uxeHHblX <!>yHK

UHH MerineHHoro pocTa H3 S ' C HOCHTeneM B KOHyce C * , conpmKeHHOM 

K C , rrpn1teM 9TOT usoMopcjJnsM ocymecTnnSieTCSI onepauueii rrpeo6paso

BBHHSI <llypbe-nannaca ( cM/ 12,4 / ) • 

<llyHKUHH f ns anre6pb1 H ( y+ 
n BO Bceii o6naCTH 

JOT oueaKe (cM,/3/) · 

lf(Z)l<C 
n 

n 
k=l 

1 ] M N 
I z 2 I [ 1 + . < co) -I y I ) 

k mm y k k 
k 

xi -T,e,C'CCu{Ol rrpn 9To M rrmneM C 'CC C • 

8 

r+ 
n ynoBneTBOpSI-

( 2.6) 



rrpn HeKOTOpbIX C ::'.. 0 H uenbIX N > 0 H M ·> 0 ( 38BHC51IUIIX TOJihKO OT 

f ) • Anre5py cpyHKUHtt, ronoMopcpHhIX ( ll OAH03H8'Wb!X) B pacurnpeHHOil Tpy5e 

r ' n rrpnaaane,KaIUHX anre5paM H ( V +) II II ( v- ) o5o3Ha 'IHM qe pe3 1-1 (rn'); 
n n n 

H (r' )=ll(r ') , Anre5py H(r' ) MhI HaaenHeM Torrononiefi CTporo HH-
1 n 

AYKTHBHoro rrpeaena 

H (r ' ), p = 0, 1, ... 
p It 

COCTOHT H3 cpyHKUlltt 

Bo3pacTaJOmefi rrocneaoBaTenhHOCTH rrpocTpaHcTB <Pperne 

xi; C'IE!THO-HOpMHpOBHHHOe npocTpaHCTBO II D ( T ~ ) 

f I'OJIOMop41HblX B r C HOpMaMII II n1(p) +[I frfp) ' 
n f f. 

3A9Cb 'i (Z) = f ( - Z ) II 

uUie anre5pe H ( V + ) , 

II f 11 (pl - nopMbI ( 2.5), cooTBeTCTByJO
£ 

n 

§3. 3KBHBaneHTHOCTb TeopeM I H 11 11pH n = 1 

JloKa,KeM, 'ITO TeopeMa I u TeopeMa II rrpu n= I 8KBIIBaneHTHbI, TaK 

KaK r '= [ z : z 2 -/4 p. p > 0 ] ecTb o5naCTb ronoMop~1HOCTH H rrpocTpaHCTBeH

HO-II0/'.:1D5Hhl9 TO'IKH X 2 <0 cyTb TO'I~.H flocTa rrpu n = 1 • TO ycnoBH51 Teo-

peM I u II OAHHaKOBhI, 

JloKa,KeM, 'ITO H3 rrpeACTaBneHH51 ( l. 2) rrpn n=l cneayeT rrpeacTaBneHHe 

( 1.1). B cuny TeopeMbl 6aprMaHa-Xonna-BafiTM8Ha/ 14/ ll3 CBOHCTB cpyHKUJ!tt 

fr (z) npn n=l cneayeT cymecTBoBaane cpyHKUHfi ¢ /(, 2 ), ronoMopqlHhIX 

B rrnoCKOCTH w = (, 
2 C pa3pe30M W= p , P''?_ 0 , TaKnx, 'I.TO f £ ( z ) = <p e< z 2 ). 

Oonara51 B 8THX paBeHCTBaX z = ( (,, 0 ) , y5e,K,[l8eMC51, 'ITO cjiyHKUHI! <p £ ((, 2) = 

= f e< (, , 0) rrpunaane)KaT anre5pe H ( 0, oo), 'ITO n Tpe6oBanocb ( CM, § 2). 

JloKa,KeM o5paTHoe: H3 rrpeacTaBneHH51 (1,1) cneayeT rrpeacTaBneHIIe 

( 1.2) rrpn n = 1 • TaK KaK cpyHKUHII ¢ £ ((, 2 
) rrpIIHaane,KaT anre5pe II ( 0, 00 ) 

(CM, §2), TO cpyHKllllll <p £(w) , W= (, 2 , I'OJIOMOpcpHbl B I1JI0CK0CTII W 

C pa3p930M w = p • p '?. 0 H B cHny ( 2.5) ( rrpn II = I • m = 0 ) YA0BneTB0-

p51IOT ouenKe 

-------
1 ¢ e ( w > I < c I " I N o + --1-- ) M = c I " IN o + v ---2-- l M. 

Im V ~ I " I - Re " 

xi 
B § 5 6y/lCT /10K/13flllfl 110/JHOT/1 npocTpn!!CTB ,11 p (' ;, ) 
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T 8KHM o6pa30M 1 <pyHKUHH f iz) = rp f ( z 2 ) ronoMOp<pHhl B r 
'Iii 

L ( C ) - RH
+ 

B8pH8HTHbl H B r+ u r- ynoBneTBOpH!OT oueHKe . -~-
If e ( z n < CI z 2 IN (1 + V 2 ___ ) M. 

- I z 21 - Re z 2 

lloKa)KeM oueHKy 

I z 
2 I - He z 2 '> ~2 

l+ I Z 
2 I 

ITycTh 
2 

x :s; 0 ; Torna 

z E r + 

lz2 I-Rez2 =v(x2-y2)2+4(x,y)2 -x2+y2'>2y2> 2y2 
- - l+lz 2

1 

( 3, l) 

( 3,2) 

( 3,3) 

Ecmr )Ke X 
2 ·> 0 ' TO, C'IHT8H nnsr orrpeneneHHOCTH X (O) > 0 ( 'ITO He 

orp8HH'IHB80T OOIUHOCTH) H 0003H8'18H t = x 2 - y 2 , TBK 'ITO 

(0) . I I 12 2 ( ) (0). / . , I 2 2 I I . , . , 0 
X = V l +. X + y , x,y ~ y y l + . X . + y - · X I . Y > , 

rrony,rnM 

I z 
2 

I - Re z 
2 

: V t2 
+ 4 ( y (O) V t + I X I 2 + y 2 - I X I I y I ) 2 - t • ( 3,4) 

2 2 2 ( ) ITycTh X :. y 'T,e. - y < t :. 0 . TaK K8K rrpaBasr '18CTh B HepaBeHCTBe 3.4 

MOHOTOHHO yoh!B80T 1IpH t '.:: 0 , TO 

.
1 

2.
1 

R. 2 2 ( coJ_,
1 

.
1

2 2 
. z - e z .:::_ . y y X. + y IX 11 y I) > 

( ---- 2y2 
> inf 2(y

0
}vr 2 +y 2 -rl YI )=2y2 > ----

r'> 0 - 1 + I z2 j 
( 3.5) 

OcTanoCL paCCMOTpeTh cny,rnfi x
2 '> y~ T,e. t '> 0 
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·1 
2 

·1 R 2 
. z : - e z 

I z 2 :1 2 - ( Re z 2 ) 2 . 

-------->2 
·\ z 2

1 + Re z 2 

'>2-2- (y<Ol Vt+lxl 2 +y 2 -lxllyl)2 > 
- :1 z :1 

( 3.6) 

Ifa o~eHoK (3.3), (3.5) 11 (3.6) cneayeT oueHKa (3.2). Ifa oueHoK (3.2) 

JI,(3.1) BbITeKaeT, 'ITO fe E H(V+) nH(V- • T8K 'ITO feE H(r'). 

TaKHM o6pa30M, 9KBHBaneHTHOCTb TeopeM I ll n ( 1Ipll n = 1 ) J:(O-

Ka3aHa. 

§4. llHTb neMM 

ilm1 aanbHeiiwero HaM IIOH8J:(06SITCSI cneayJOIUHe IIS!Th neMM. 

n e M M a 1. nycTb ¢YHKIIHH ¢ ( ,\) I'OJIOMop¢Ha B C 
1

\ { 0 I H YtIOB

neTBOpHeT O11eHKe 

( 4.1) 

Toraa ¢(,\) eaHHCTBellllbIM o6pa30M rrpetICT8BJIH0TCH B BH.ae 

(4.2) 

J1 0 K a 3 a T e JI b C T B o. 
. /3 12/ 

( CM. • ) • EaHHCTBeHHOCTh rrpeacTaBneHJISI 

(4.2) oqeBHJ:lHa. OueHKa (4.1) o6ecrrequeneT cywecTBoBnHHe rpaHH'IHhlX 3Ha

qem1fl ¢ +<a) y <pyl!Kllllll ¢ (,\ ) IIpll T , i O B CML!Cne CX0J:(HMOCTJI B s , 
( CM. § 2). nocKOnhKY qiyHKUHSI ¢ (,\) ronoMopqma BCJOJ:ly, KpoMe TO'IKll A= 0 , 
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TO ¢ (a) - ¢ (a) = 0 • a I, 0 • 0TCIO,'.la cneayeT, 'ITO rrpn H0KOTOPOM + - . 
uenoM N ·> 0 ''11 

aN[¢+(a)-¢,_(a)LO. (4.3) 

llanee, qiyHKUMSI ¢/A)=,\N¢(,\) ronoMopqiHa B C '"-IO I n yaoBneTBopSieT 

oueHKe TllITa ( 4.1). CneaoBaTenbHO, B rronynnoCKOCTll r ·> 0 ( r < 0 ) 

oHa ecTb rrpeo6pa3oBaHne ¢ypbe-narrnaca g ~ S ' ( [ 0, .00 ) ) ( cooTBeT-
+ 

CTB0HHO g - -; s , ( ( - 00 ' 0 ] ) ) • B cnny ( 4.3) rpaHll'IHbl0 3Ha'IeHHSI qJyHKUHH 

¢ I COBrranaJOT, H IlOTOMY g+ = g _, OTKy.Qa cnenyeT, 'ITO supp g +=supp g _c 

C I O I . TaKHM o6pa3oM, g (,;) ecTb nnHefiHaSI KOM6nHaunsr l/11 
)( f) 

+ 
n, cTano 6bITb, ¢ 1 ecTb rronHHOM ( cp.f 5/). Ho Torna ¢ (,\ ) npeacTaBnSI

eTcSI B BH.Qe 
M 

<p (,\ ) = ,\ -N ! C , ,\ V • 
V= 0 V 

0Tc10aa n H3 oueHKH (4.1) cneayeT rrpencTaBneHne (4.2) npn M=[a] n N=[/31 

neMMa .QOK83aHa. 

JI n (m + 1) L (C) e M M a 2. flnH Toro 'lT06b1 o6nacTb D c C 6bma + - HH-

BapH8HTHoii, Heo6XOIJHMO H IIOCT8TO'lHO, 'lT06bl OHa 6blll8 HHB8pH8HTHOH OTHO-

cHTenbHO BpeMeHH-nono6HbIX nonrpynn Li,j=l, ... ,m. 
+ 

.aoKa.3arenbCTBO (cp_/21). Heo6XO.QllMOCTb O'I0Bll,[lH8, .QOK8)1(0M 

.QOCTaTO'IHOCTb. J,fa ( 2.2) cneayeT, 'ITO o6nacTb D HHBapnaHTHa OTHOCHTenbHO 

Bcex oa11orrapaMeTpnqecKnx rroarpyrrrr Li Ljk 
+' + rpyrrnb1 L +< C ) . Cneao-

BaTenbHO I D. llHB8pHaHTH8 H OTHOCHTenbHO BCefi rpyITITb! L + ( C ) • neMMa 

aoKa3aHa. 

JI e M M a 3. llnH Toro 'lT06bI rjJyHKIIHH f (Z) , ronoMopr/JnaH B L + (C) -
" n(m+I) ( ) " 

-HHBapnaHTHOif o6nacTH DC C , 6bma L C -HHBapHaHTHDH, neo6xonnMo 
+ 

H l]OCT8TO'lHD, 'lT06bl OH8 ynoBneTBOpHna ypaBHeHHHM 

Aif(Z)=O, j=l, ... ,m. (4.5) 

fl o Ka .s a re n b c r Bo. Heo6xo.QHMOCTb ycnoBHii ( 4.5) o'IeBH.QHa. lloKa

)K0M HX llOCTaTO'lHOCTb. J,fo o6vatueHHH B H)'llb onepaTOpOB Ai Ha ipyHKUllll f(Z) 
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cnenyeT, qTo aTa ¢yHKUHH HHBapnaHTHa OTHOCHTenhHO onHorrapaMeTpnqeCKHX 

rronrpyrrrr Li 
+ , T.e. 

f ( [,\ ] j Z ) = f ( Z ) , j = 1, ... , m • 

OTcJOna ll ll3 ( 2,9) 38KnJOqaeM, qTo ¢yHKUHH f ( z ) 
Ho Bcex onHorrapaMeTpnqecKnx rronrpyrrrr Li 

+ H 

llHBapnaHTHa OTHOCHT8nh

L i: rpyrrrrh1 L + ( C )_ 

n, cnenoBaTenhHO, f (Z) - L+ ( C ) - HHBapnaHTHa, neMMa noKaaaHa, 

II e M M a 4. llyCTb <fiyHKUHH f( z) ·ronoMop</JHB B o6naCTH B N + i C , 

rae C - OCTpbIH BbI11YKllbIH KOHyc, H p ( z) fo O - IIOllHHOM, TBKoli, "ITO 

Pf~ H ( C) , Toraa f<=- H (C) H oro6pa»WHHe f ➔ Pf HMeer nenpepb1Bnoe 

o6paTHoe B H(C) • 

.aoKB3a renbCTBO, 
I '2:-J I 

B pa6oTe XepMaHnep noKaaan cnenyIOurnil: 

peaynhTaT: nnH naHHoro rronHHOMa P -/4 0 Hail:nyTcH '!Mena m '2: 0 - uenoe 

K O 6 ~ ,I_ r cm ( R 2N ) ll > • TaKne, qTo nnH nIO oil: 'f'YHKUHH 'I-' ,:c crrpaBennHBO He-

paBeHCTBO 

I ¢ (x, y ) J ":_ K sup (1 + I z I )ID ID a [ P ( z ) ¢ ( x, y ) ]I . (4.6) 

!al'.:; m 

no ycnoBHIO pf E II ( C ) H, CJI8Jl0B8TenhHO, Hail:neTCH TaKoe uenoe 

qncno p2'0 , qTQ Da(Pf)E Hp(C), JaJ~m 

TTycTh C 1 cc C 2 cc ... , ~ C e= C , - KoHyca, ¢nrypnpyIDrrme B orrpeneneHnn 

T0IIOn0f'llll B Ilp0CTpaHCTBe II p ( C) ( CM, § 2). <PHKCHpyeM rrpoH3B0.1lhH0e uenoe 

f> I • TTycTh y 0 EC e • O6oaHaqnM qepea d(y0 ) paccToHHHe OT KoHyca 

y O +Cf no rpaHHUbl a C f+1 KOHyca Ce+1, T8K qTO 

n:caJOn:cyJOcH B Hynh BHe K_oHyca C C+ 1 

I ::: I y O I inf I y,, - y' I ::: a e I y O I . 
y"Ece,yly"l=l 

y'Eacf+ 1 

ll TaKyIO, qTo ... 
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cm 
<'~ 

I D a 1/ ( y ) I - d (yo) I a I 

BaeaeM Tenepb cpyHKUHIO <p E c"° ( 'R2
N) 

Yo 

f(z)77(y) ¢ (x, y) = ____ . ______ _ 
· YO m+p 

O+lz 12 )-rr- yl +!y 1- 2p 

H IlpHM8HHM K H8ll H8p8B8HCTBO (4.6): 

no cpopMyne 

1¢ ( 
Yo 

x,y)l:S K. sup (l+lzl)m!Da[' P(z)f(zll/(y) 
(x,y ) ( . 2 m+p -I a 1-S. m l + I Z I ) -Z- yl + I y , -

2 
P 

}, 

< Kc sup 
Da[P(z)f(z)] -l1ot\(y)I, 

p I I - 2 p xE RN. vE C ~+1 

lal+li5'1~m 
., .,2 ) ""'2'""" V l -1- V (1 -1- z 

( 4.8) 

rae tmcno K f He 38BHCHT OT x, y ll y O • YqllTb!B8SI 0118HKH ( 4.8) , 

ll ( 4. 7). IlPO/lOff)KlIM Harm,r 0118HKH 

I ¢ ( x, y )I < K , n (1 + l ) max 11 D a ( P f) !I \P ) , 
. y O - L ·1 ·1 m . r.+ I 

· Yo lal::;m 
oTKyaa rrpn acex x E 'RN , y E Ce+ y 

O 
n y 

O
E C f rronyqaeM 

m+p 
lf(z)l<K~(l+ l ) max II oa(Pf)II':) O+lzl 2 )--Z-yl+!yl- 2 P. 

- L ·1• ·1.m I ·1 r.+t ·Yo .a~m 

TionaraSI B 8TOM HepaBeHCTBe y = Yo , 3aKnIO'I88M, 'ITO 

[\fll(m+p)<Kf max l!Da(Pf)llt ,f=l,2, ... 
e - lal~m +' 

Tionyt.reHHOe HepaB8HCTBO 03Hat.raeT, 'ITO f E H (C) H 'ITO onepa11u11 f -> p f 

B H(C) HMeeT Hen,JepbIBHy10 06paTHy10, ecnu yt.recTb, 'ITO onepaTop oa He

npe pb!B81I B H ( C) • fleMMa aoKa3aHa, 
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ll e MM 8 5. llyCTb qJyHKUHH f _; H ( rn' ) H OIWOPO/1H8 CTeneHH v '? 0 

npH npeo6p830B8HHHX [ ,\ ] J 

f(L\].Z)=Avf(Z), ZEr' 
I n 

( 4.9) 

Torl(a IIpH K8)K/1OM k = J, ..• , n OH8 npel(CT8BIIH0TCH B BH/1e 

V-> 0, 

( 4.10) 

+ j 
rl(e cfiyHKUHH f; E- H ( r; ) H L + -HHB8pH8HTHbI. 

,lloKa3arenbcrso. PaccMoTpHM cny<rnfi v·>O. <!>yHKUH.II (z<il-zCil )V 

O)lHOpO/lHB CTerreHH - V IIpH rrpeo5pa30BHHH.IIX [A] j • TBK 'ITO cpyHKUH.II 

( 4, 11) 

rrpHHannexrnT 

nenHTC.II .If H8 

II (r' ) H Li -HHBapliaHTHa. IlosToMy Fk+, nen.HCb Ha(z<0 l _z<il f 
n + k k ' 

(z<Ol2 _ z (j) 
2 

) V II, CTBIIO 6b!Tb, cpyHKUII.II 
k k 

( 4.12) 

T.e. f+EH(r') .lfa (4.12) II 
k n 

(4.11) cnenyeT npencTaBneHHe (4.10) 

IIplI V > 0 • Cnyqaii V < 0 paccMaTplIBBeTC.II aHanorH'IHO. fleMMa )lOKB3aHa. 

§5. TeopeMa III H ee IWKasarenbCTBO 

TeopeMa .111 • llyCTb cfiyHKUHH f(~ _/ 

H H( v;) H I'OIIOMOppH8 B TO'lK8X tfocTa J n 

+ 
npHHa1111e)KHT anre6paM H(Vn) 

• Tor11a f( Z) 11onycKaeT 

O/1HO3H8'lHOe I'OIIOMOpqJHOe llpO11.Oll:>K0HHe B p8CII1HpeHHy10 Tpy6y r; H npII 

K8)K/1OM j=l, ... ,m e11HHCTBeHHbIM o6p830M np~GT8BllqeTCH B BH11e 

15 



f(Z) = I fiV(Z), 
-q~v::; P ,,_ 

( 5.1) 

r11.e <fiyHKUJIII [. I1pIIH811.lle)f(8T JI ( r ' ) II 011.HOpOIJ.Hbl CTeIIeHII V IIpII IIpe-
J V n 

o6p830B8HIIII [A ] . 
J 

f ([,\] Z)=,\vf (Z), zr;;,r' 
jV j jV n 

( 5,2) 

llpll 9TOM </JyHKUllll [JV Bbip8.)1{8.JOTCH qepe3 </JyHKUllJO [ IIO </JopMyne 

fiV(Z) 2 
1:::f~p+q+ I 

c i vrr < [ eJ i · z ) , z ET , 
n ( 5,3) 

xi ) 
311.ecb p :: 0 If q ~ 0 - HeKOTOpbie uenble 'llICna ( 38BIICHiaIIe TOnbKO OT r ; 
Ci ve- IIOCTOHHHbie 'IIICna. 

.aoKa.3a.renbcrso. To'IKII HocTa J coBrra.[laJOT c BemecTBeHHhIM 
n 

ceqeHneM pacwnpettttoii Tpy6b1 r n 

'ITO ( I ,\ k x k>2<0 rrplI Bcex 

T.e. 

,\ I< :::: o, 

3TO TBKHe TO'IKH X = (x I' ••• , X n) , 

I ,\ = I ( cM.115, 18/). ITycTb 
k k k 

I 
0
-(oTKpb!TOe) MHO)KBCTBO, COCTOHUiee II3 TeX TO'leK X ,::: J

O 
, /:\ITSI KOTOpb!X 

x<0)2 < x<i>2 
k k 

rrpn Bcex j = I , ... , m , k = I , ... , n 

PacCMOTplIM ¢yHKUHII 

¢i (,\)= £([,\] i X), j=l, ... , m. ( 5.4) 

IloKa)KeM, 'ITO ¢ . (,\) ronoMop$HhI B C 1 
'-._ I O l 

l 
ll YilOBneTBOpH!OT oueHKe 

( 4. 1) C a II {3 , He 38BHCSIUIHMII OT X E f n 

Ileii:CTBHTenhHO, ecnn ,\ JO BellleCTBBHHO, TO [,\] l X E J O n ITOTOMy 

¢. (,\) ronoMop¢HhI rrpn BemecTBeHHhIX ,\ I,. 0 • Ecnn ,\=a+ i r , r I,. 0 , 
l 

TO rrpn Bcex k = 1,.·-•-1 n 

xi 
6e3 orplllHPieHIHl o6UJHOCTII 'lllCna p II q MOlKHO C'll!TllTb pllBHblMII. 
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( 5,5) 

0 

TBK 'ITO 

(0) 2 T 
2 

(1)2 (0)2 
Om[i\] 1 xk) !O, Om[i\] 1 xk) =--(x -x )>0. 

li\12 k k 
( 5,6) 

HepaBeHCTBa (5.6) 03H8'I8IOT, 'ITO[,\] lxk n, CTano 6b!Th, [,\]ixk'=r+ur

n rro8T0MY [,\ ] i X = r ! u r-;; • TaKHM o6pa3oM, cpyHKUHH ¢ i (,\ ) rono

Mop<pHhI rrpn r ! 0 • OueHHM 8TH cpyHKUHH. npnHHM[lSI BO BHHMaHne ( 5.5 ) • 

(5.6) n oueaKy ( 2.6), rrony'IIIM rrpII r j 0 

+ max 
k 

< C 
n 

TI 
k=1 

I Um [ ,\] l x k {
0
> I+ I Om [,\ ] l x k) Cl ) I 

Om [ ,\ ] l x k ) 
2 

max 
k 

·1 ci> ·1 ·1 co> l 
.....;..._x~k._~•-+_-~x----"k'--'--- ]M 

(j)2 (0)2 
X k X k 

8THM oueHKa ( 4.1) Jl0KasaHa rrpn a =2 M n f3 = M • 

IlpnMeH.IIH neMMy 1 K cpyHKUHHM 'Pi (,\) n l10llh3Y.IICb ( 5,4)' rrony'IHM 

(eanHCTBeHHoe) rrpeacTaBneHne an.11 cpyHKUHfi 

f([,\\ X) fi/X)i\v, ( 5. 7) 
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rne p=2M • q = M n £ - H8KOTOpb1e <pyHKUllll, orrpeaeneHHhie Ha ] 
JV n 

TTonaraH B paBeHCTBe ( 5. 7) ,\ =1 = 1,2, ... • p+ q + 1 • nnH qiyHKUllii fl V '-q~v<_p' 

rrony'lllM m CllCTeM nMHejJ:HhIX anre6p8M'leCKllX ypaBHeHMii rropHnKa p+ q+ 1 

~ 
- q<v.<p 

e v £ iv ( x > = r < [e] j x > , det ( ev ) ./, O • 

TI08TOMY 

f l/X) I Civef([e]iX), XEln. ( 5.8) 
t<r<p+q+l 

3aMe'laH, 'ITO qiyHKUllll f( [e] . Z) ronoMopqiHhl B o6nacTn D = r + UI r- uJ 
l n n _n 

rne f ( KOMIIneKCHaH) OKpeCTHOCTh J • ll IIPIIH8)lne)!<aT anre6paM H ( V n+) 
n n 

n II( v:) ' ll3 paBeHCTB ( 5.8) 3aKmottaeM, llCIIOnh3yH IIpllHUMII ronoMopqiHoro 

rrponomKeHMH ( cM.f 4/, CTp. 54). 'ITO qiyHKUllll f j v< X) norrycK8IOT ronoMopcp

Hoe ( ll OllH03Ha'lHOe) IIPOllO/l)K8Hlle f j v< z ) Ha o6naCTh D ll IIpMHannmKaT 

anre6paM H (v:) M H <v:) . 
lfa cKa3aHHoro cnenyeT, '!To paBeHcTBa ( 5. 7) M ( 5.8) a.aJOT ronoMopqi-

Hoe rrponon)KeHMe cpyHKUllii f n f. v Ha o6naCTh L i D IIO <popMynaM 
J + 

f([,\]. Z)= 
l 

I fJv(Z),\v ' 
-q<V<p 

fjV (Z) I Civf f([e]i Z ). 
t 9'~p+q+ I 

TTonaraH B (5.9) ,\ =l, 

iloKa)KeM, 'ITO cpyHKUllll 

rronyttHM rrpencTaBneHMH (5.1) B 0611acTHX 

f i V , a, 3H8'lllT 0 ll qiyHKUllH f OllHO3H8'lHbl 

3aMeHHH B paBeHCTBe (5.9) ,\ Ha /1. µ , IIO/IY'lHM 

r([,\µ L z > I f j V ( z ) Avµ V = r ( [ µ] i [ ,\] j z ) = 
- q 'S_v 'S_p 

I f. ([A]. Z)µv, 
l V l 

-q ~''::> 
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0TKyaa cneayeT B cnny eaIIHCTBeHH0CTII pa3n0)K8HIIH ( 5. 9) t qTQ cpyHKUIIII f J V 

yaoBneTBopmoT B ycnoBilro 0llH0p0llH0CTII (5.2). Ho Torna f JV 

oaH03Ha'IHbI B L~D, n6o ecnn [,\]J Z=[,\']J Z', ,\;,(0,,\'/0. Z ~ D, Z'E D, 

TO z =[A]~
1 

[,\']J Z'=[ r 1jz, II II0ST0My 

,\, 
Av f 

1
• v ( Z ) =Av f ·v ([--] . Z ') 

I A I 

,\'vf (Z')=f ([,\'] Z'). 
JV JV J 

I1TaK, rrpnMeHHH rrocneaoBaTenhno ;-i3no)l<e1rnyro rrpouenypy, noKa)KeM, 

'ITO cpyHKUIIH f( z) ronoMopt\rna ( II Ol:{H03Haqna) B Kll)Kl:{OH o6nacTII B03pacTa

romei1 rrocneaoBaTenbHOCTII 

( 5.11) 

O6o3HaqnM o6bellHH8Hile 8TIIX o6nacTeH qepe3 n H llOKameM, qTo H = T n,. 

QqeBnaHo, H C r ~ • lloKa)KeM, qTo H - L + ( C ) - mrnapuaHTHaH o6naCTb, 

llei1cTBHTenbHO, o6naCTb L ~ B ecTb o6bellHHenue B03pacTaromei1 nocnen::rna-

• j I j m 2 l 
TenbHOCTH o6m:icTeii L :. ll, L + L + () , ... , L +L+ ... L +L +D• .... Ho Ka)KnaH 

Il3 o6nacTei1 8TOH nocneaoBaTenhHOCTll coaep)KHTCH B neKOT0poA o6naCTII 

( 
r::, I ) J ~ I j j- I l m LI 

nocneaoBaTenhH0CTII ::J, I , narrpuMep, L+L+L +DC L+L + ... L+ L L"' + D. 

TToaToMy 
j 

L+H c H , J 
qTo BMecTe c oqeBIH'.HbIMII BKnroqeHHHMII L + R ::> R 

aaeT L ~ R = R j = I , ... , m . OTcroaa no neMMe 2 3aKnroq.9eM, qTo o6nacTb 

R- L+( C) -HHBapnanTna, TTocKonbKY R coaep)KIIT o6nacTb r ! , a r ~ -

- naJIMeHbmaH L+ ( C ) 

ll IlOT0My 

-HnBapnanTHaH o6nacTb, coaep)KamaH 

I1TaK, cpyHKlllfH f( Z ) aonycKaeT OllHOOHaqnoe n ronoMopcpHoe rrpo-

llOn)KeHHe B o6naCTb T 
n 

II B T 
n 

crrpaBellnl!Bbl eaHHCTBeHHbie IlpeacTaB-

neHHH ( 5. I) c · cpyHKUHHMII f iv ( Z) , YllOBneTBOpmoIUIIMII ycnoBIIHM TeopeMbl, 

TeopeMu III llOKa3aHa, 

C .n e I! c r n II e 1. BcHKllH </JylIKUlfR /'(Z) • • YJJ.OB.Tit!TBOjJHJOl1.l8H ycnoBHHM 

reopeM1,1 Ill B 06.TI,'JCTJf T n a.onyc1wer ( en.u11crJ.!eH1Ible) apen.craB.neJIHH 

np1r j '" I, ... , m , k = 1, ... , 11 

19 



f( Z ) = fl ( Z ) + i 
V= 1 

[ ( (0) (i) ) V + ( z ) ( (0) (j) ) V - ( z ) ] 
Z k + Z k f lkV + Z k - Z k f l k V ' 

'!I 
( 5.12) 

rae tpyHKUHiI Ii H r'fkv IIpHHaane)KBT H(r: ) H L: -HHBBpHBHTHbI. 

TipencTaBneHIIe ( 5. 12) BbITeKaeT na npe/J.CTaBneHnSI ( 5. 1) npn p = q 

B cnny neMMhI 5. 

C n e a c r B H e 2. EcnH tpyHKUHH f(Z) yaoBneTBOpHeT ycnoBHHM Teo

peMbI .III , TO OHB yaoBneTBOpHeT CHCTeMe t:(HtptpepeHUHBllbHbIX ypaBHeHHii 

A
1
(A~-l) ••. (A~-p

2
)f(Z)=O, j=l, ..• ,m. (5.13) 

CooTHOUieHnSI ( 5.13) BbITeKaIOT na npencTaBneHnSI ( 5.1) IIpH p = q • 

ecnn 3aMeTnTb, qTQ <PYHKunn fjV Y/J.OBneTBOpSiroT ypaBHeHnSIM 

A1 £ iV =vf1v, -p:Sv'S_p, j=l, ... ,m, ( 5. 14) 

SKBnBaneHTHbIM ycnoBnSIM 0/J.HOPO/J.HOCTn ( 5.2). 

C n e a c r B u e 3. ITpocTpBHCTBB H p(r,; ) - IIOIIHbie p = 0,1, 

TiycTb I f k I - rrocnenoBaTenbHOCTb Kornn B H ( r ' ) • Torna If I -
p n k 

- nocnenoBaTen~HoCTb Kornn n B Ka:1K1J.OM na rrpocTpaHCTB HP( V!) n HP( VJ 

( cM. § 2). TiosToMy cymecTByroT npenenhI r± STOH rrocnenoBaTenbHOCTll 
+ 

B H P(V;; ) cooTBeTCTBeHHo. Ilanee, rpa11nq11h1e a11aqe11nSI <jiyHKUnfi f k 

COBIIaJ].a!OT B ToqKaX BocTa. TipnHnMaSI BO BHnMaHne Herrpepb!BHOCTb orrepaunn 

nepexona K rpaHnqHhIM 3HaqeHllSIM ( n:a H ( V; ) B S ' , CM, I 12/), 

3aKnIOqaeM, qTo rpaHnqHbJe 3H8'I8HHSI ll rrpenenbllb!X <PYHKUHH f ± COBII8/J.8IOT 

B ToqKax BocTa. f1o TeopeMe 06 "ocTpn:e Knn11a" (cM.f 13/, norrnnHe11n:e A, 

TeopeMa 1; CM. T8K)Ke/4/. §27) cymecTByeT <jiyHKUnSI f • ronoMop<jiHaSI B 

ToqKax f:locTa n: c0Brrana101nasi c f + B r + n f - B r - • f1o TeopeMe n n 

III f ron0Mop<ji11a B T n n: rroToMy f G- HP( r; ) 
3 a Me q a H He 1. y CTaHoBneHHoe B TeopeMe III rrpn: K8:1K/J.OM j = 1, ... , m 

COOTBeTCTBHe ( 5. 1) n ( 5.3) Me:1K/J.Y tpyHKunefi f ll cpyHKUllSIMH I f i V 
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11=-q, ... ,p l B3BHMHo 0ilH03Ha'IH0 u B3aHMHo aerrpepbIBH0 113 H ( r' ) 
n 

3 a Me 'I a H He 2. TeopeMa, aHanorl:PIHaSI TeopeMe III , noKaaaHa 

B pa6oTe/6/ nnSI o6nacTeft .llaftcoHa Bnna 

N - -( R + i C ) u ( R N_ i C ) u C u ( - L ) , 

HHBapnaHTHblX 0TH0CHTenhH0 0/lH0IIapaMeTpH'IeCK0H rpyIIIIbl K0MIIneKCHbIX 

roMoTeTnJ:i z ➔ A .z , A ,/4 0 

3aMe'laHHe 3. CTpHTepoM H rna3epoM (cM.12,16/) C II0M0IUhIO Teo

peMbl "aerrpepb!BHOCTH" H TeopeMbl 06 "ocTpHe KllHHa" ( CM.113/) /l0K83alrn, 

'ITO pacurnpeaaaSI Tpy6a r n ecTh ronoMop<jrnoe pacrunpeHne o6nacTH 

0 = r n+ u r;: U J n • 

3 a Me q a H He 4. l13 /l0Ka3aTel!hCTBa TeopeMbl III BbITeKaeT 0/lH0CBSI3-

H0CTh pacmnpeHH0A ~py6hl r , 
n H, Cll8/l0B8T8l!hH0 0 CH0B8 0/lH03H8'IH0CTh 

I'Ol!OMOpcpaoro nponomKeHHSI <pyHKUHH f • lleACTBHT8llhHO, II0CK0llhKY o6nac;:Th 

0 0llH0CBSI3Ha, a IIpHM8H8HHe orrepaUHH L ! K 0/lHOCBSI3HOA o6nacTH nacT 

CH0Ba 0ilH0CBSI3HYIO o6nacTh, TO Bee o6nacTH B03pacTaIOIUeJ:i rrocne/loBaTenh

H0CTH ( 5.11) 0JlH0CBSI3Hbl. OTcrona cnenyeT, 'IT::> H HX o6'be/lHH8HH8 R = r 
n 

- 0/lH0CBSI3H8H o6naCTbxl. 

3aMeqanue 5. YcnoBHSI TeopeM II H III 9KBHB8l!8HTHbl. 3To cne11yeT -
H3 H30Mopcj:JH3Ma anre6p II ( V /) H S '(V ~) n S '(V;:) (cM, §2) 

H H3 TeopeMbl 06 "ocTpHe KllHHa" (cM.1131). TToaToMy TeopeMa II rrpn m= 1 

noKa3aHa B cnny cnencTBHH 1 K TeopeMe III • 

§6. /lOK838TellbCTBO TeopeMbI I 

3To 8KBHBaneHTH0 /l0Ka3aTel!hCTBy TeopeMbl II rrpH n = 1 • TTpn m = 1 

TeopeMa I y)l{e noKa3aaa ( cM. 3aMe'Iaane 5, §5). TTycTh m ·;:: 2 TTpnMeHSISI 

rrpencTaBneHHe ( 5, 12) rrpn n = j = 1 K <pyHKUHH f( z ) rrony'IHM 

f( z) = f 
O 

( z ) + t [ ( z (O) + z(I)) 11 f: (z) + ( z(O) - z (I> ) 11 f~ ( z ) ] , 
II= I 

xi 
iloKa3aTenbCTBO O)lHOCBH3HOCTII o6nacTII T n 

y ToMoaaBa/20/. 
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( 6. 1) 

3 CM, T8K)Ke 



+ 
rne ennHcTaeHHhre qiyHKUllll f O , f ~ npnHanne)l<aT H ( r ') n ynoaneTaopmoT 

ypaBHeHmo A 1 u = 0 • cf>bpMyny ( 6, 1) npencTaanM B anne 

Pt 
f( z) = I 

V=O 

. ~ 
z(l)Vf(l) (z)+z(O) 2. 

V V=I 

Z (l)V-1 f(2) (z ), 
V 

( 6.2) 

rne 41YHKUHH f(~ ( z ) cyTb nnHefiHb!8 KOM6HH8UHH f o< z ) H BbipalKeHnfi Bnna 

2 2 + (j) (j) 
(z(O) _z<l) )sr-(z), s•>O -uenoe; II08TOMy fv EH(r') nAifv=O. 

V -

CooTBeTCTBHe MelKJly qiyHKUHSIMH If O, f i I n If~) I B381fMHo Oll.H03Ha'IHo, 

TTpnMeH5!5! Teneph K K8lKJlOfi 41YHKUHH f ~) npencTaaneHHe (5.12) rrpn 

= 2 , rrpnxonnM K cneny10mefi 3anaqe: HafiTn Heo6xonHMbie ycnoBHSI pa3-

pe!llHMOCTH B Knacce H ( T , ) CHCTeMbl ypaBHeHnfi 

A 1 t/J(z) =O, ( 8,3) 

p 

A 2t/J(z)=}; 
V= 1 

[(z(O) + z(2) )Vt/J+ (z)+(z(O) -z(2))Vt/J- (z)]' 
V · V 

(8,4) 

rne 3anaHHbre qiyHKUHH t/J; rrpnHannelKaT anre6pe H ( r ') n ynoaneTBopSIIOT 

+ 
ypaBHeHHIO A 2 t/J-;_, = 0 • 

+ (6) 
CHa'Iana OTMeTHM, 'ITO. t/J' 1/fv- - 'IE!THbie qiyHKUllH 110 z , n6o ecnn 

) 
(0) (0) 2 (0) 3 

t/J (z =t/J 0 (z)+ z tjf 1 (z)+z tjf
2 

(z)+z tjf
3 

(z)+ ... , 

To B c11ny ypaanemrn ( 6,3) 

co) aiµ o atf, 1 2 
A r/J(z)=z (---+/0l ---+ ... )+zC 1l(y

1 
+2z< 0lw 2 +3z<Ol rp 3 + ••• )=0, 

t az(l) az(l) 

oTKyna 11onyqaeM t/J 1 = t/J 
3 

= ... = 0 , 'ITO n yTBeplKnanoch. 

no )lOK838H!rnMy A 2 t/J 11, CTano 6bITh, 11paaa51 'I8CTh paBeHCTB8 ( 6.4) -

neqeTHbie <pyHKUlllf 110 z (O) 1 11 Il08TOMy Heo6XO)lHMO nonlKHbl HM8Th M8CTO 

paBeHCTB8 1/f- =- (-1) V tp + 
V V 

• TT08TOMY ypaBneHne (6.4) IIPHHl!MaeT BH)l 

A t/J (z) = 
2 V=l 

p2 
}:, [(z<O)+z<2l )V-(z<2)_z(O))v].;,+(z). 

V 
( 6.5) 
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ITpHHHM8H Tenepb BO BHHM8HHe npeacTaBneHHe 

_l_[(z<O>+z<2))V-(zC2)_z(O))V]= I bkez(2)e(z(0)2_z(2)2 )s. 
z~) e+2s=V-1 

e·:::, 0, s':::_0 

nepenHIIIeM ypaBH0HHe ( 8.5) B BHae 

A 2 i/J(z)= z<0> ~ 
V=I 

( 8.8) 

rae cjiyHKUHH i/J V cyTh nHH0HHb!0 KOMOHH8UHH H3 Bb!p8)1<eHHii BHaa ( Z <0>2 -

-z<
2
>
2 

)
8

ipt(z), s·~O- uenoe; nosToMy ip
11

EH(r') H A
2

1Py=O. CooT-

BeTcTBHe Me:lKay cjiyHKUHHMH I i/1: I H lip v I Baa11MH0 oaHoaHa'IHo. 

llanee, BbI'IHCnHH KOMMyTaTop [ A 1 , A 2 ] OT cjiyHKUHH ijJ aByMH cnoco-

6aMH, Ha ( 8.3) H ( 8.8) nony'IHM eme oaHo Heo6xoaHMoe ycnoBHe paapemH

MOCTH Hameu aaaaqn: 

P2 
[ A 1 , A

2 
] If = A 

1 
A 

2 
ip = A 

1 
[ z(O) I 

k=I 

t c2,v-1 A 1P ( ) P2 (2) JJ-1 z (0) 
Z I V Z + z (1) I z t/J (z) 

V=I V= I JI 

af af (1) P2 = z ( 1) -z<2l = _z __ A i/1 =z(l) I z<2,v-11f (z), az <2> a z <0 z (0) 2 
V=I 

V 

z< 2> v-
1 

A i/1 ( z ) = 0 . 
I V ·· ( 8. 7) 

lloKa)KeM, 'ITO ll3 ypaBH0HHH ( 8.3) ll ( 8. 8) BbITeKaeT: 

z (2) V 

V ( 8.8) 

rae 

i/1 0 ~H(r') Ii 
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6y)leM JlOK83b!B8T!; 9TO YTBep)KJleHne ITO IIHJlyKUHH ITO p 2 • ITpH p 2 = 0 

OHO Bepao. ITycTb 9TO yTBep)K)leH11e BepHO JllHI 0,1, ... ' p 2-1 ' II JlOK8)KeM 

ero JllHI p 2 
06o3H8"IHM 

p2 

!. 
V=I 

( 2) V-t ,/, ( z ) = V ( Z ) • 
Z 'I' V 

Tor)la B c1rny ( 6. 7) qiyHKUHSI V r;; H ( r , ) H ynoBneTBopsreT ypaBHeHHSIM 

A
1

v(z)=O, A v(z)= 
2 

p.,-1 
z(O) ! 

V= I 

( 2) V-1 lp ( Z ) 
V Z I'+ I 

II, cneaoBaTenbHO, no HHJJ.YKTHBHDMY rrpearronO)Kel!HJo, (j1y11KUIIII rj, I'' V=2, ... , P2 

YJJ.OBneTBOpSIIOT ypaB11e111110 A i1/'v=o • Ho Torna II If I YIJ.DBneTBOpHeT 9TOMY 

ypaBHeHHJO: 

A 1 t/I 1 (z) 
P2 

!. 
V=I 

( 2 )v-l 
z A 1t/I 11 ( z ) = A 1 t/I ( z) = O . 

<t>yHKUIISI lp ( z) . YJlDBneTBDpSI!OllI8SI ypaBHeHIIIO ( 6.6) I rrpencTaBnSieTCSI 

qiopMynofi ( 6.8) I rae lp O - HeKoTopasr qiyHKUIISI ll3 II ( r ') ' YJJ.DBneTBOpHIO

uraSI OJlHOpOJlHOMy ypaBHeHHIO A 2 lp O = 0 . KpoMe Toro, B cnny ( 6.3) 

Atfo(z)= 
P2 
!. 

V=I 

z<:JJ" ,, A 1r/I)z)+A 1 t/I0 (z)=A 1t/I(z) =0. 

3THM ITpeJlcTaBneane ( 6.8), Bb1pa)l,aJ01uee neo6xotu1Mbte ycnomrn pnopemHMo

cTH B II ( r ') CHCTeMbl ypaBl!eHIIii ( 6.3) - ( 6.4)' IJ.DK/1311110. 

ITpHMeHSISI Terrepb K 1(8)1(1].0ii c!>YHKUIII! t/, ,, ' ,, = 0, I •...• r 2 ' n rrpeJlCTaB-

neHHII ( 6.8) rrpcJJ.bIJJ.YllIHe paccy)l(JJ.emrn c 3aMenoii z <~l Hn z <3 ) , npnxoaHM 

K cneJJ.yJ011Ieil: 3aaa'Ie : aail:TJI neo5xomrMLie ycnonn11 p/13pemIIMDCTJI B anre6pe 

II (r ') CIICTeMbl ypaB11em1fi 

A 
1 
If (z) = A

2
!/,(z) ~ 0, 

l P:J 

A 3 t/I ( z ) ~ z(O) !. z (:l) 11-1 cf, ( 
( 6.8) 

,,,~ 1 
. I' I.), 

rne 3a)laHHhie cpynKum1 ¢ 
11 

E II ( r ') H :\ ~ <p I'= () • 

KaK II Bblllle, aeo6YO)ll!Mb!Mll ycnoBHSIMII paopeUJHMOCT;{ CIICT0Mbl ( 6.9) 

SIBnHIOTCH paBeHCTBa, ananof'll'!Hbie ( 6. 7), 
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P3 
z <3 > l--'.-t A cp (z) = 0 :S 

1 V • V= 1 

(3)V-1 
z A 

2 
cp (z) = 0 • 

V • 

ITonh3YRCb 9THMH paBeHCTB8MH II IIpIIMeHRSI HHJlyKUHIO ITO p 
3 

, rronytJHM, 

'ITO cpyHKUIIII ¢ V ' V= 1 • ... • p 3 ynoBneTBOpSIIOT ypaBHeHIISIM A I 'Pv = A 2 'Pv = 0 • 

a cpyHKUIISI ¢ IIMeeT rrpencTasneHne, aHanorH'IHoe ( 6,8), 

rne 

P3 

¢ ( z) = :s 
V=l 

cp EH(r') 
0 

z (3) V 

V 

II A 1 <p 0 = A 2 ¢0 = A 3 <p 0 = O 

HaKoHeu, Ha m -oM ware rrony'IHM rrpencTasneHIIe 

X (z) = 
(m)v 

z 

V 
X (z ) + X ( z ) , 

V 0 

rne XvEH(r') H A,xv=A2 Xv=···=Amxv=O, V=l, ... , P_m" 

( 6. 10) 

( 6. 11) 

B cIIny neMMbI 3 cpyHKUIIII Xv L + ( C ) -IIHBapnaHTHbI, J.,f3 rrpencTasneHnii: 

(6.11), (6.10), (6,8) H (6.2) cnenyeT rrpencTaBneHIIe ( 1,1): 

f(z) = :S 
a 

z a X ~ > ( z ) + z col ; z a (2) 
Xa ( z ) • 

( 6, 12) 

rne cpyHKUHII x <l~ E H (r ') II L+( C) -IIHBapHaHTHhl. TeopeMa I noKa3aHa, 

3 a Me q a H He. J13 rrpIIBeneHHOI'O ilOKa3aTellbCTBa cnenyeT, '!TO COOT-

BeTCTBIIe Me)KJly cpyHKUIISIMH f H Ix <il I B rrpencTaBneHIIII ( 6.12) B38HMHO 
a 

OilHO3H8'IHO; OHO 3anaeTCSI nIIHefiHblMII Herrpepb!BHbIMH ( lf3 II (r') B II ( T' ) ) 

L<lJ f en L<i> 6 u orrepaTopaMir a : ➔ X a • OrrepaTophr a rrpeacTaBnsrroT co on 

nmrnfiHbie KOM6IIH8UlfII cyrrepIIO3IIUIIH orrepaTopoB ( 5,3) H orrepaTOpOB YMHOlKeHHSI 

Ha cpyHKUHH BH)la ( z (0)
2 

- z m2 
) 5 

, s > 0 - uenoe, B3SITb!X B pa31IlltJHbIX 

rropsraKax. 

§ 7. JlDK838TellbCTBO TeopeMbl II 
<t>yHKUHsr f , ynosneTBOpsrromasr ycnoBHSIM TeopeMbI II , ynosneTBop.11-

eT II ycnoBH.HM TeopeMbI III ( CM. 3aMe'IaHIIe 5, § 5). 
Ii. 
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HsBeCTlIO, 'ITO BCSIKHii aneMeHT A rpyIIIIbI L+ ( C) MOJKeT 6hITb npencTaB

neH B BHJ:te cyrrepnosnunn"' KOHe11Horo 'IHcna BpameHHli: [,\ J lk , 0"5..j , k "5.. m , 

B3S!Tb!X B orrpeneneHHOM rropSIJlKe ( He 38BHCSIIUeM OT A ) • Ho KaJK)lOe Bpa-
• 

meHne [.\) l k , 1 <:_ j, k <:_ m ecTb cynepnosnunsi Tpex BpameHHii B nnoc-

KOCTSIX (0, j ) H (O,k) cornacao <popMyne l 2.2). IToaToMy BCSIKHii aneMeHT 

A I; L + ( C ) ecTb cyrrepnos:mrnsi KOHe11Horo 11ncna s = s(m) x/ BparueHHii [.\v] l , 

B3S!Tb!X B onpe)leneHHOM rropSI/lKe ( He 38BHCSIIUeM OT A ) 1 T8K 'ITO 

A = [ ,\ I ] l I • •• [ ,\ s ] l s ' ,\ v = ,\ v< A ) 

ITpHMeHSISI K <pyHKUHH f (AZ) = f ([.\1]
1 

••• [,\ ] l Z ) 
I 8 s 

TeopeMy HI nocne-

J:lOB8TenbHO s pas, rrony'IHM npH Z E T ~ 

f(AZ)= I .\af (Z)= 
a 

Ja J =s 
I Ca(A)fa(Z), 

Ja J=s 
( 7.1) 

f ( z) 
a 

I 
a 

C , f( A , Z) 
a,a a 

A ,EL t , 
a + ( 7.2) 

rile a=(a p••·•a.) ,a'=(a~, ••• ,a'
8
). PasnoJKeHIISI (7.1) H (7.2) IIOK83bIB8IOT, 

'ITO <pyHKUHSI f(Z) IIpHH8/lneJKHT HeKoTopoMy KOHe'IHOMepHOMy IIHB8pH8HTHOMY 

IIO/lIIpOCTpaHCTBy. TeH3OpHoro npencTaBneHHSI rpyIIIIbl L +< C ) 

f(Z)= I fa(Z), f/=H(r~ ). 
Ja J=s 

( 7.3) 

IToaTOMy f MOJKHO pasnoJKHTb B KOHe'IHYIO cyMMy, 

f(Z) = I Ft(Z), Ftc;.H(r~ ), ( 7.4) 
l<t < M 

npn'IeM Ft npnHa/lne:JKHT npocTpaHCTBy KoHe'IHoMepaoro aenpHBO/lHMoro 

npe/lCTaBneHHSI S (A) rpyIIIIbI L ( C) . IlpyrHMH cnoBaMH, F npHHanneJKHT 
t + t 

S -KOBapnaHTHOMy MO/lynro ( COCTOSillieMy H3 <pyHKUHii, ronoMopqJHbIX B T ' ) 
t n 

Hall KOnbUOM L l C) -HHBapnaHTHbIX H ronoMop<pHbIX B r ' + . n 
<pyHKUHli:. TaK 

KaK T , npenrronaraeTCSI o6naCTbIO ronoMopqiHOCTH H T , SIBnsieTCSI H8CblllI9H-
n n 

xi 
Harrp11Mep, s(3) 19. 
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HOH o5naCTh!O OTHOCIITenhHO nonlIHOMIIanhHblX IIHBap1IaHTOB rpynnb! L + ( C ) 

(cM. Xenn/22/), To no TeopeMe Xenna/21/ 3aKnJO'rneM, qTo cpyHKUIISI Ft 

npencTaBnSieTcSI B Bnne 

at 

Ft(Z)= v':1 pvt(Z)ef>vt(Z), ( 7.5) 

rne ¢ -L+(C) "'.' IIHBaplIBHTHb!e ll ronoMopcpHb!e cpyHKUHII B T 
Vt . n 

I Pvt , v =I, •.• , a t l - St -KoaapnaHTHhle nonlIHOMhl. 

B CIIny ( 7.5) II ( 7.4) nm1 ilOKa3aTenhCTBa TeopeMbl III OCTBnOCh 

ycTaHOBHTh, 'ITO 'Pv t E H ( T ; ) • ilnSI STOI'O nocTyriaeM cnenyJOTUIIM 

o5paaoM. I.fa ( 7.5) np1I Bcex A EL+ ( C ) 1IMeeM: 

( 7,6) 

TaK KaK npencTaBneH1Ie St HenplIBOillIMo, TO no TeopeMe BepHcatina ( CM., 

HanplIMep/ 24/, CTp. 102), MaTpH'IHbJe sneMeHTbl I svµ 
t 

o5pa3y!OT CIICTeMy nlIHeHHO aeaaBIICIIMb!X cpyHKUIIH HB rpynne L + ( C) II, 

3Ha'IHT, Ha ee aemecTBeHHOH nonrpynne L : . TiosToMy cymecTBYJOT TaKne 

aneMeHTbl Av'µ' , l<S_v', µ '<S, at rpynnb1 L! 
Tionarasi B paBeHcTBe ( 7,6) A =Av'µ, , nnsi cpyHKUIIH 

I 'ITO det(s:µ (Av,µ,))~ o. 
P µ t ¢ v t nony'IIIM 

cncTeMy a~ nnHeHHb!X anre5panqecKIIX ypaBHeHIIH c OTnlI'IHblM OT HynSI 

onpenenlITeneM. Tio8TOMY cpyHKUIIII p µt ¢ Vt SIBnSIIOTCSI nlIHeHHbIMII KOM5HHa

lllISIMII cpyHKUIIH Ft (Av'µ' Z) c Av'µ' EL: • TaK KaK Ft EH(r;), 

Ton FtlAv',t Z)EH(r~). CneaoaaTenbao, Pµt¢vtEH(r~). 

Ho Torna no neMMe 4 II ¢ vt E H ( r; ) • TeopeMa III llOKa3aHa nonHoCTb!O, 

1, H,H. Eoron1060B H B.C. Bna,aHMHpoB. 0,ana TeopeMa 06 ananHTHqecKoM 

apo,aon)KeHHH 0606meHHb1X </JyHKUHii, HIIBW, <Pn.s.-MaTeM,HllYKH, Jw8, 
• 26-35 ( 1958); §2, 179 ( 1959). 
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