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ATaKHwHeB H.M;, cl>HnHnnoB A.T. 
P2-5657 · 

8bi'IHCneHHe cyn~pnponaraTopa B HenHHeliHbiX KBSHTOBbiX TeOpHrut 
non.11 

·. 
• npeniionaraeTC.II HOBbili MeTOll UOCTJ:!OeHH.II cynepnpoi'aTOpOB,· T,e. npeo 

pa30BSHHli cl>ypbe An .II BbipalKeHHli BHllS n~ 'Cn[g2 /:!i Jx)J_ n , U03Bii>nmoii!Hli eltH
HbiM cnoco6oM nony'ISTb HX .IIBHbie aaanHTH'l:eCKHe Bb!palKeHH.II B ·o5111HpHOM . 
Knacce,.TeopHll rion.11 - oT cTporo noKan&HbiX no cHnbHO aenoKanbHbiX. MeTOll 
CBOllHTC.II K nocTpOeHHIO. llHtjlljlepeHUHanbHOI'O ypaBHeHH.II nnll cynepnponai'aTopa, 
K<?Topoe ".B o6iueM cnyt~ae HMeeT ·6ecKoHet~Hbi:A nopstlloK. Hcnonh30BBHJ:Ie \ 

rpaiJH'l:Horo ycnoBHSI · npH p2 .,O noaBonSieT aaliTH ·peweaHe, aaBHCHWee oT 
OllHOli .UOCTO.IIHH.Olt. npHMeHeHHe MeTOllS. HnniOCTpHpyeTCSI paCCMOTpeHHeM 

npOCTbiX npHMepOB, 

fipenpHHT 061.e.QJIIleHHoro JIHCTIITYTB a.QepHIIIX KCC.Ie,QOBBHKI. · 
)br&la, ·1971 · 

P2-5657 
Atakishiev N.M., Filippov A.T. 

Calculation of Superpro pa.gators in Non-Linear quantum 
Field Theories 

I_ 
.j . A new method of constructing the superpropa.!W-tors, i.e, the . 
l .' Fourier transforms of the expressions of the form n~t C n [g

2 
!:J. F(x)X l . . . 

_

1

. is suggested. The method makes it possible. to derive by use of the 
_ same technique explicit ·analytic expressions for the superpropa.ga~ 
_

1 

tors for a wide class of field theories - from strictly local up to 
essentially non-local, The essence of the· method is the construc-

1 tion of a differential equation for the superpropa.gator which in gene- j. · 

.- . 1 ral is of an infinite order. By use of the boundary condition at 1 • 

. ",' ._1
1 

•• l'2 = 0 we find the solution of this equation depending on one are it- ll.i 

_ racy real parameter •. Simple examples are given to illustrate the. 1 

method. ' .. I· Preprlat. Joint Jaotltate for Nuloar Beoeareh. , .1 
_ ·I Dubaa, 1971 j 
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§I. BBe,~~;eHHe 

llpH HCllOllLSOBaHHH Cyl!leCTBeHHO HellHHetiHWC (HellOllHHOMHallLitb!X) Jiar

paHJmaHOB, BCTpe'llaD!llliXC.fl, liMpHi.lep, B KHpaJibHO-HHBapHaHTI!WC TeOpH.fiX 

cynepnponaraTopoB, T.e~ 
c:>D [ 2. tl. 2! Cll 9 LlF(x)] ' • K 

llOJI.fl, BOSHHKaeT HeOOXO,II;HMOCTL B Bbl'IIHCJieHHH 

npeoOpaso.BaHHt1 ci?ypLe, ,IJ;JI.fl BblpaxeHHtl BH,IJ;a*/ 1\.•1 
peweHHD Ta:&ott xe sa,~~;a'IIH npHBO,IJ;HT ocHoBaHHa.fl Ha TeopeMax sKBHBaJieHT• 

HOCTH TpaKTOBKa llOJIHHOMHaJibHWC HenepeHOpMHpyeKWC,TeOpHit llOJl.llo B ,ItaH .. 

Hott paOoTe .npe,~~;JiaraeTcn BecbMa oOmHtt ueTO,IJ; nocTpoeHH.Il cynepnponaraTO• 

poB, ll03BOJUlDJilHt1 e,IJ;HHblM Cll0C000M noJiyttaTb HX .IIBHUB aHaJIHTHtlBCKHe Bbl

paxeHH.Il ,IJ;JI.fl oOWHpHoro KJiacca TeopHtt noJIH - oT cTporo ·JioKaJibHblX ,11;0 

CHJILHO HeJIOKaJibHb!Xo .. 
. ~e.fl ueTO,IJ;a BOCXO,II;RT K paHHHM HCCJie,IJ;OBaHH.fi!L npHOJIHlltBHHWC llHHet1HblX 

HHTerpaJI:bHUX ypaBHeHHit ,IJ;H.fl ~YHKUHtl rpHHa B HenepeHopMHpyeMblX TeOpH~,

.fiX/l-6/. B OoJILWOM 'IIHCJie paOoT OHJIH, B 'l!aCTHOCTH, HSy'lleHbl ypaBHeHHH 

3,~~;Bap,~~;ca, Bete-CoAnHTepa H HHTerpaJI~>Hoe ypaBHeHHe ,~~;nn npocTettwero 

cyriepnponara!opa, cooTBeTcTBYDillero BblpaxeHHD ~F(x) [ 1->-4F(x)r·~ 
JlJI.Il noc'I:poeHHH cynepnponaraTopo:B Oonee oOmero BH,IJ;a Ob!JIH npe,~~;nolltBHbl 

,~~;pyrHeMeTO,IJ;H, He CBJISaHHUe C pemeHHBM ypaBH9HHit ,IJ;Jl.ll ~YHKUHit rpHH{l-PI 

B paOoTax/5,6/ Ob!JI~ o,~~;HaKo,noKasaHo, .'liTO cynepnponara'I:op, cooTBeTCTBY~ 

mHR SF(x)t~p{.>.~.,(x.)} , y,~~;oBJieTBOp.ReT JIHHettHouy HHTerpanbHOMY ypaB

Hem11l, KOTOpOe Ob!JIO pemeHO B eBKJIH,II;OBOU HWIYJILCHOM npOC'I:paHCTBe no

cpe,IJ;CTBOM CBe,IJ;eHH.Il K ,IJ;H¢¢epeHUHallbHOMY ypaBH9HHD. 

J 



BaiJmo OTMeTliTL CJie~yllmee 06CTO.flT6JII:.CTBO. l1HTerpa1II:.HOe ypaBH91U19 

MMeer peweHHe JIHWI:. ~TOM cnyqae, ecJIH ero .fl,Itpo·KaKHM .. JIHt:lo cnocot:loM 

perynsp!ti30BaHo ~o KBa,JtpaTM'IHoro MHTerpMpyei.!oro (HanpHuep, nocpe~cnou 

06pe3aHliH Ha .BepxHeM npe~eJie HHTerpaJia no BlipTyaJil>HOMY HMDYJII:.Cy), M· 

3TY peryJIS!pli3ar.tHllMOlltHO CH.flTI:.,JIHWb Hatt,lt.fl TO'IHOe peWeHHe H BLJJIOJIHHB 

nepeHopwpoBKy. llocne nepexo~a or HHTerpaJibHoro ypanHeHn.fl K.JtHqxpepeH

r.tHaJII:.HOMY pcryJI.!lpH3ai.tHil MOllCHO yt:lpau, .li npli peweHHH ,ItHqxpepeHr.tHMI:.HOro 

ypaBH9Hli.fl He B03HHKaeT He06XO,ItliMOCTli B liCfiOJib30BaHHli MaTeMaTH'IeCKlif 

6eccMhiCJieHHWC BllpWii:eHHil H onepar.tHil npe~eJII:.Horo nepexo,Ita. PeweHnH, · 

·noJiy'IeHHble 3TliM CfiOCOt:lOM, TOllC~9CTB6HHll peweHH.flM, Ha~eHHllM ~/8-II/, H 

3aBHC.flT OT O~HOil .npOH3BOJibHOld fiOCTO.flHHOit*/. 

06o6meHne · Mero,Ita pador/5' 61, H~noJII:.3oBaHHoro paHee ,ItJI.fl·Hccne,n;ona-:

HH.fl npocrenwnx cynepnponararopon, nosBOJI.fleT nony'IHTb JIHHeilHoe ,Itnqxpe~.-.: 

peHr.tHaJII:.Hoe ypanueHHe ,ItJI.fl cynepnponararopa B ot:lmeu cnyqae. 3ror uero~ 

. npe~cTaBJI.fl6TCSI HaM 60Jiee npOCTllM li ot:lmHM, ~qey M9TO,It pat:lo:r/8-Il/, .. TaK, 

Kalt Oil l103BOJI.fleT, npH UHHI1MaJibHOM 'IHCJie ~OllOJIHHT6Jlbli!lX npe,ItllOJIOllC9Hllld, 

nony'IHTI:. auaJinTH'IeCKRe BblpallteHR.fl ~JI.fl cynepnponara:ropoB B ot:lwnpHOM 

KJiacce reopHil noJI.fl. 

§2. ·cynepnponara:rop 11 uarpHUa pacceSJHJISJ 

B ~aHHOli pat:lore usyqaerc.fl :reopH.!l HeilrpanLHoro cxaJI.flpHoro.nonn c 

narpaHllCHanoM**/ :!. . . 

~ - ;;eo+ ~.i. = ~ !- [~r~(x)]+ f: U [g!P(x)]: , ( 2. I) 

r~e. 
oo. lt.· 

U(w)= Z u~ w ~"- ~xl4 ' 
. 11=1 It, J ? . I. I 

(2.2) 

. *f 3Ta H60~H03Ha'IHOCTb t:lOJiee no~p06HO 06Cyllt)J;aeTC.fl Hl1:llt6o . 
**/ llKJIID'IeHHe B paCCMOTp6Hl1:e fiOJien CO Clll1:HOM l1: l1:30TOllH'IeCKHM. CllH- . 

HOM He CBll3aHO C B03HHKHOBeHl1:6M KaKHX-Jili60 npHHltl1:l1HaJILHWC 3arpy,ItHeHl1:ilo . 

4 



· K ·s~atia.M Ta.Koro r:ana npRBO,lJ,llT. reopRR c tiacTRtiHoit CRMMeTpHeti. PaccuoT;.· 

pKM, Hanp:auep, reopRD c narpaHXRaHOM 
...p "P . 2 2. '2. 2 
o(. = o£.s + ~u :~ ~s,;,.c_ ir~(T)(1>r~), cl"M.= .,...~ H' (2.3) 

rrono .. • .1PC•l=y>[1J'(<l] • ••~•P•• lf<><l Ta.Kll• odpaoou, '"oJ(~JC4¥)• 1, 
,IJ;Jlll tiero ,IJ;OCTaTOllHO B3llTl> ·1£ = s 4C~)d~ • JlarpaHXRaH ;;;ts =- t ('lrlf)2. 
. . 
Oti8BH,]J,HO RHI3apRaHT9H OTHOCHT8Jll>HO O,]J,HOTiapa.MeTpRti8CKOit rpyllllhl npeo0pa-

30BaHHti nonll ~- , nopox,n;aeuon sa.MeHoti "tp ~· il' + C , a narpaHxRaH ;t.n ·. . . 
HeRHBapRaHT9H OTHOCRT8Jll>HO 3THX npeo0pa30BaHHti. nna llOllCHeHHll npHBe-

,n;eM npocroit npHuep: 

4(~)=~1~l~i' , ~i{'=cttcsi.n(~~)) 3P= Singf. (2.4) 

3aueaa 'ip~ "tp+C onpe,n;enJieT HeJIHHettaoe npeoOpasoBaHHe noJIJI -p 
9y> ..- 8Y'eosc~ + J-1-/.Pt.'ai.n.C-9 . 

0THOCHT8JII>HO 3TOrO npeoOpasoBaHRH narpaHXHaH ;/11 Oti8BR,JJ,HO HeRHBapRaH•• 

"' 
TeH: ~ ~ . a 

;;( ,_ ~- ~,,;: ( 3'f)~ - ~, { .;:(.jo/)<os~ + i sin2(.j'f).U,2C9 + s"'C 3}. 
1 3aueTRM, .tiTO onRcaHHhiM cnocoOoM narpaHlmaH 1J nonyqae~cll He B 

HOpMaJII>HOlt qJOp118, H B 0011\eM cnyqae saBHCHMOCTl> :U(!f): . OT llOJlll P 
:aueer coBepllleHHO RHOJ.l BR,IJ;, · t~eM saBHCl1MOCTb U(~) /IO/. ··nna Bhlt~HcJie
HRJ.\ y,n;o0Hee, O,JJ,HaKO, l1CXO,]J,HTh 113 narpaRXHaHa, npHBe,n;eHHOrO' K HOp

MaJibHOti qJOpMe, H TIOCKOJibKY 1lhl He Oy,n;e:M 3,]J,8Ch saTparHBaTb BOTipOCOB 3K

Bl1BaJieHTHOCTH reopRJ.l, pacc:Marpnnaeuh!X B pasnut~HUX noneBhiX nepeueHHllX, 

Mhl 11 ~ocnonhsyeuca 3THY ynpo~euKeu. 
B pll)J.e cnyqaen ( eM~, HanpmJep,/01) B narpamwall -;f.~ · _BKJIEl'HUYI 

'2. 2 qneH -l y> • J:ro npHBO,lJ,HT K rouy, qro cynepnponararop nupalltaerca 

ne qepes :0"(:~~),, a ~jepe3 /Y."(x) • OOoCimemie nalllero uero,n;a Ha 3TOT cnyt~all 
M~ paccuoTpl1L! B .n.pyroll paOOTC. H11r.e ,r,o rjlO puynu (3. 6) l13Ytla8TCSI o0IJJ,I111 

'· 



J 

2. :1. 
cny~Iall, Kor,zia 'Xo co.ztepxRT 'IIJieH -~p a BCe ,ItaJILHe~WHe ~Op-

MYJibi npHrO,ItHU JIHillL B cny~Iae 'm..;O • 

. S -MaTpHl{a B. npe,ItCTaBJieHHR B3aiU!O,Itet.!CTDHJl· RMeeT · Bl'I,l(: 
'~· ' OcJo -1\ s = i + 1: J. .s... ; 

. h•l 

$~~ ~·~~SJ\.~-d~·IL T{:1JIY(x,U: ... :ll~!P(x .. )J:}. 

l~ccuoTpHM IIJieH BToporo nopJI,ItKa no f 
. 'II . ll . 

2 ~ u oo 111+n2 (:u . 1 . z S = i_ (Jx d.x "'\' a £ (x-x ): 1P(~t,) !P (Xt) •. 
2. . 2. J 1 ~~ o hn · 1 z t'll.

1
:\l (n )I· 

'II ll .. o 1 2 . \ lf· 2. • . f. z . 
lieTpy}:(HO npoBepHTD, liTO. 

(2)' e>c> 'I I u l 11. . £ ~(x) = 2 l-l"+.llt ~~+nz..[ 9 1J. (x)l 
'll1ll2. 'll•o ')t! . F J 7 

r,Ite no onpe,IteJieHHD UoeO H. 

. . . . - ~px Ill, 
· 1 (e ttp 

_b.F(x) =(l~t),ij p\ln't..if 
. . f 

Z>/x)=b.F'~x)L,=o .lfrt2(x;.i.£) 

(2.5) 

(2.6) 

(2.7) 

(2;8). 

(2.9) 

• . . (2) 

~. ,,0Ka3biBaeTcH, liTO BbiiiHCJISHHe Fn. n (x) npH JID6biX ni R 'n.i!. CIO,ItHTCSl K 
; ·, ~ 12 . 

.. 't. Dl~tJHC.'!eHHIJ ±~0 (X) : . 
,. • (1!.) . . C>o • 2. 2. 11. 

~o (x)=~ ~ [~ .b.~=(x)]. (2.10) 

EnR .ItOKasaTeJILCTBa sxoro socnoJih3yeuca npHeuou, KOTopbl~ cHcTeua~ 
TlltJeCKl! l!CfiOJih3yeTCSl B ,ItaJihHet!UieM.- fiOJIOlltHlf*/ . 

· il u' = 'l9{ n- i) 
u~~. n== 1,2.,3, ... , (2. II) 

. */ 3,n;ec:b npe)lf!OJiaraeTCR, tJTO Bee u ... c,;: 0 ( 'n= i ,;!., ... ). O,n;HaKO, ecnu, 
HanpHMep, U,z,.= 0 ,_'U:boH t=: 0 , TO MOli:HO BOCfiOJlh30BaTDCSl .TeM ll:e npHeMOM, 
BEie,n;R 0603HaiieHHe U" = U.znti • . 

6 

.l 

·',If· 

,., ,I;,., 

H npo,n;OJil!tHM ~YHKl{l!II /19(~: 
KOMfiJI6KCHble 3Ha'IJeHHR i: i 

.''; ~ 

l{Htt, y.ztonJienopRIOIIIHX Y9JI( 

~yHltl{RSl B fiOJiyrtJIOCKOCTH 

Re~ ;.o , A>o·; ;.;)I~ 
yCJIODUR, HaJIOl!teHHh!e. Ha ~ 

__ :q~~~~LH~;· TaK KaK OTHOillSJ 

. 6o~~~ ~Jia~H~; .· tieM 'U~. , 

u~~.ft.~=~c~~!~;.. <~~~)~-, 
I - " 

BH,n;Ho y.ztonneTBopReT ycio: 
. . Q. 

.· ,ItOJil!te~Re _fPYHKl{Hl! ('ttl)· 
RMe QqeEH,ItHO, 'liTO 

- . '111-l • 

tth+lll = n 'l9(tt,!· 
• · .. 'U~ 1:•0 . . . 

·.~'--
.. R ~YHKI.{HH 'l9111(~) O,li;H03Ha 

npu Re ~ ~o ·. TaKHM o 

. (2) • ·co 

f (x)=li U + ,L 
. 'h.i".t . "• nl . 11•1 

llBe.zteM Tenepi> cucTe 

·s:,: It~ . ·~· .· ~I 
ut= ~'lit , u~~.· ~ 

ll fiOCTpOHM ¢yHKUHII ~T 3T 

'III-I 

rt91l\ (b t-i) = 1 
~ 1;:( 

t!IO B0:3'MOi!tHO B CI!JlY per) 

mt (2!14) oneparopa .bJ: 
. 'l911l(o~l1)ill = 



see ,l(aJI:&HeitWHe ¢op-

eer Bl'l,l(: 

(2.5) 

(2.6) 

(2.7) 

(2~8)_ 

(2~ IO) 

~uou, Koropu~ c:~tcreua~ 

. , (2. II) 

. 
= !,2, ... ) • 0,1l;HaKO 1 eCJilt, 
IBaT:&CSI T6M xe npHeMOM, 

.. ·.: 

. .l . . ···t··· 

·' 
'l~ ... .; ~~\. 

I 

I 

H npo.l(OJilltHM ¢yHKUHJJ, ~(~) c uemnc 3Hil\IeHHtt i!.= n (n=o,1, ... ) ua modue 

KOMITJieKCHUe :3HatieHHSI ~- .". • 3:ro; npO.l(OJillteHHe 6,l(HHCTBeHHO B KJiacce lj.JyHK

U:I'[tt1 y.l(oane:rsopSIID!l\HX y~JI~B~SIM-~piicoirali21: I) tt9C~) - perynapuaa 

.. ¢y~K~~a ~- no~yriJio6K~c:rn R.e~.~h ~- 2) l'l9C~)f~Hexp(Aicl) . np11 

Rei~o , A>O.; '3) l't9Ci.~l)l~ M(.xp{Ctt-f)IYI}.,.~-oo"Y.:oo,' e>O • :Jr11 

ycJIOBliSI, . HaJIOllteHHUe Ha '\9(~) (a He Ha Uh. . . f) 1 He cii~IDKOM orpaHH

.. ,:iJUT~·JI:&HU 1,. T~K KaK OTHOIII~HHe tl~t1~~h. C ~3~eHeHl!6M ~ M~H.~~T~Sl ropa3,1(0 

· clonee nJiaBH0
1 

tieM \!.~~. • Hanp~tMep, ecJIH U~~.---(-n!) , ro · ._ ·. 

Uh+ftt.;::='l9(~-1) ... (Mit 11_l npO.l(OJillteHHe !lJYHKUHli 'UJ(~) =
1

(~t2.t oqe-

BH,ll;HO J,l(OBJieTBOpSieT YCJIOBHIIM KapJICOHa npH Jl!lcJOM Q 1 .. TOf,l(ll Ka.K npo-
. a. 

,n;onllte~He ¢y~KUHH . ~'rl!). , soodllle ronopa, He y,n;osnerBopaer 3THM ycnoBn· 

S!Mo QqeEH,IJ,H0 1 qro 
-. '111-i . 

i'Uln+ll\ = 11 'l9('h.-1+K)='W (n-1) nt"'1,2, ... ,f{90(ll-i)s'i: (2.12) · 
. . 1\. 1:•0 'II\ , ' 

. H !lJYHKUHH 'l1JII\(i!) O,IJ,H03HaqHQ oilpe,l(eJieHU i1 peryJISipHU no Kpa'nHeM Mepe 

npn. Re r. :;!: 0 • Ta.KiiM o6pa3ou "' 
. ~ ~- a ~ 

f..~2')-u,,u,; ~ 'l9,~·-~~i•-ll ~~ [ { t>, (xl] . 
.. 

(2.13) 

llBe,IJ,eM renep:& cHcreuaTHtiecKn HcnoJib3yeMun B ,IJ,aJI:&nenrneM orieparop 

H nocrpoHM ~yHKUH11 or 3Ttiro oneparopa 
.,._t 

't9'1n Co~t i) = t; 'l9 (b~.-1 + 0 , m = i) 2 I ... ' 

(2. 15) 

qro so3Mol!tHO s cn,1y perynapuocrn ~yHKUmt ll9(~) • lloJih3YHCb csoncrsa

mt (2.14) oneparopa (5f ', He:rpy,n;Ho noK~3aTh, _'t!TO 

· .· rwll\ c~~li)~r = £t9m c n-t) ~l!.ll , 
7 



T.e. (2} . . . (2) 

£:,nl(x) = Ull~U 112+. 'lP~(b3~.-.1)W .. Jof1)PooCx). (2.16) 

IIocJie,IJ;Hee cooTHalllerme noJiyqeao · B X -npe,IJ;cTaBJiemm, HO ·nM :MOlftHO noJIL-' . . . w 
30BaT:bCil H B HimyJILCHOM npe,IJ;CTaBJieHHH B OdJiaCTH, r,IJ;e f:o (x) - aHaJIH- · 

II. ;' 
THtzecKaii tPYHKUHR naprureTpa ~ · '* • 

,llJI.R npaKTHtleCKOro HCnOJIL30BaHHJl tlJOpMyJIH (2.16) noJie3HO 3a:MeTRTL 1 

tlTO B CaMOU Od!Jle:M CJiyqae .tPYHKUHH r::>(p2.) paanaraeTCH B. PH.It no CTene-

HSW (l")att.tr._K~2, .H HYlftHO BHtlHCJIHTL ,IJ;etlCTBHe. 'l9111 (li~,.-i) Ha TaKHe . 
·. . . 0 JIC ( 2.)Qil+t 

tzJieHH. Y.IJ;OdHee BCero C,IJ;eJiaT:b no, npe,IJ;C.TaBHB HX B BH,IJ;e i~~ Jtrr. ~.· . . 
Tor ,Ita 

( 
. 2GIIl 0 K 2 0. d." Jl . 2(QIItE)} 

'l9m &fiL-1)~ rn. ~ = t~ CJei< l'lO-(an+ €-1)3 = 

(~) · 2GIII. 2-an. o K 2 
='l.Om (an-i)~ + ... + 'Wtn(an-.1)9 · ~ 3 . 

"'(2) 

. 3TOT npHeM nOSBOJIHeT no l13!8CTHOMY paaJIOllteHHJO tPYHKUHH f'00 ( ra) 
'* n<2> ( 2' I · · · 

HatlTH paSJIOll:eHHe cpyHKUHH r ll n p :J ** . . 
12 :!. 2. 

3a:MeTHM, tlTO HaJIHtlHe OCOdeHHOCTH no s npH. ~ = 0 (HeU8JI08 Q. 

HJIH K -j:. 0 ) ,IJ;enaeT peaJILHO HOOdXO,IJ;HMOlt 3HaHHe HHTepnOJIHPYilntelt tPYHKUHH 

~~) B Henenux TOtzKax. Heodxo.IJ;HMOCTL HanoxeHHH ycnoBHtl KapncoHa 

BUTeKaeT Ha paccMoTpeHHH. tzacTHor6 cJiytzan 1..1....•1 • IIpH aTOM otzeBH,IJ;Ho, 
(2) {2) . . 

tlTO f"n II=: f 00 1 O,IJ;HaKO npO.IJ;OJillt8HHe '19(~) C UeJIIiX TOtleK, BOOdllle rOBOpH, 
12 f 

HeO,IJ;H03HatlH0 1 a H:MeHHO:'U>(i!) = 1 +~(~) &\h.Jt~ 1 r,IJ;e,_(~)- JIDdaH pery-

JIHpHaH B npaBOtl noJiynJIOCKOCTH tPYHKUHII. TaK KaK( .cM/
1/) cynepnponara-

"' (2} . . .. 2h.D :!. 
TOp f

00 
B aTOM CJiyqae CO,IJ;eplB:HT tlJieHLI ~ ~ m3 1 TO, HanpHMep, B pas .. 

-n-<2.) . . .. 
JIOllteHHH tPYHKUHH I

10 
dy,IJ;yT CO,It8pEaTLCH tzJieHLI BH,IJ;a 

*l KaK HSBeCTHo/I,6,8/, HMnYJILCHlle npe,ItcTaBJieHHH cynepnponaraTo
poB CO,IJ;eplltaT OCOdeHHOCTL no 9~ npH 9&•0 • HanHCaHHlle COOTHOllleHHH1 0tle-
BH,IJ;HO ij8JIL3H yTIOTpedJIHTL B 3TOR OCOdOK TOtzKe. · . 

'*~I EcJIH cpyHKIUI.R '19Ct) HM88T ,IJ;OCTaTOtlHO npq_gTOit BM,ll, .TO B · pH,IJ;e 
CJiyqaeB MOlltHO HaRTH aHa?mTHtzeCKHR BH,IJ; tPYHK~H . F~~2Cp2> , HCnOJib3YH · -
( 2.14) 11 He paaJiaraH ~~ <r2) no cTeneHHM 32 . H '-32 ( cu.ppHuepu, paaod· 
paHHHe HHllte) • . .. [I · 

,· .,, .. :2.11. ' '!{: \ 

~c't~i)~ en~+ q 

H Mll nonytzaeu ,IJ;odaBotzHu~ 

noa~OJIHIOT HadaBHTLCH.OT 

HCnOJIL30BaTL HX H B dORI 

§:3. rl ..., ................................... f) ... ... 

B .HMnYJibCHOM npe,IJ;CTa:i!Jie 
. rT(~) .. 

:T.e. samuiieM T00 \x · ri B 

(2.) -

Foo(x) · · 

H nepeit,IJ;eM K eBKJIH,IJ;OBCK 

nonaraH, tfiO Teopuri Ka.K 

· ''eBKJil1,Ji;'oBCKOit MeTpHKe K 

f:~Cx) = SeLP~ 
2 ._2 ~ 2.'• ·~· 

r,IJ;e X = x + xo , p = p 
2 2 

MepHOit nepeMOHHOit ~p .. 
Ko~dnuanun ~fxz. H tm1

,: 

npe,ItcTaBUTh. B Bn.IJ;e 

.. :r=r( .. " 
'y f 

qTodu nocrpoHTh ~: 

MOM 1 no,ll.pOCiHO pa3oCpall 

Cn:1' 
c.:= 

*?'7lionee no,ll.po6Ho 
, .. CKOil'JJetpHKH npu pellleH 

puax noJIH eM. B paOoTa 



(2.16) 

2.16) ITOH83HO 3aM8TRTb, 

~araerc.a B. p~ no crene

®111('64~- i) Ha TaKHe .. 
0 0 J~ CIR+£ 

C B B~e li111. de" <tJ . 
. E.~o e ... 

a 
PH ~ =0 (Hettenoe a. 
~HT8piTOHHPYBlDt8lt cpyHKltHH 
,,'; . 
BHHSI YCJIOBHiitKapHCOHa 

1_ o ~pH 3TOM Oll8B~HO, 

~ roqex, BOOOil{e ronop.a, 

, . r~el(:t)- Hllda.a pery- , 

( cM/11) cynepnponara
!. 
·, ,ro, HanpKMep, B pas .. 

a~a· 

'· aBJieHHH cynepnponararo-
caHH!ie COOTHOlli8HHSI1 0'18":" 

O.Q~~l BH,ll, TO B ·· p~e 
, F., .. aCf2) , HCITOJib3YSI , ·-· 
H '-.~a (cu.ppHuepii, pasoc5· 

111("- i)~"" e.~\ ~'c~-1)~'-t ~ $\ <-t)'"'-~ <·~ i)f 
I1 Mbl nonyqaeM ~ooaBollH.IiE:l (JU'IlJIHHe!) qneHbl (~1)x~(11-1)3~n YcnoBIHI- l{ap'ncona 

IT03BOJIHKJT HSOaBHTbCSl OT TaKHX ]!HlliHHX tJJIOHOB l1 ITO::JTOMY ecTeCTBOHHO 

HCI101Ib30BaTb HX H B donee 001l{8M CJiytJae. 

§3. YpanHeHHe nnrt cynepnponararopa 
. . .. . . ' (2) . 

B noM pas~ene Mbi 'noc~poHM YPaBHeHHe ,n.nSI cynepnponararopa foo(x) 

B -m~nyJibCHOM npe~cra:BneHHH. JlJISI ynpoll\eHIHI ooosHatJeHHll nonolltHM U~a tt1.C.,, 
~ - . 

r.e. sanmiieM f:o(x) B_ ni-~Ae 
(2:) 00 r 2. }'n . 

Foo (x) = 1 C'~~: l ~ .6.F(x) . ' (3.1) 
.• .. '11•1 ' . 

H nepet:l,neM x eBKJIH~OBCKOit uerpHxe saueHoll Xo- i. Xo, Po_,. i.po · */. Jlpe;~~ 
nonaraH, t~ro reopusi xaxHu..:.nuoo cnocoooM perynSip1130Bana, ·nepot:l,neJJ B · 

·'enkn11:ioncxoit :MerpHKe x HMIIYJihCHOMY npe~cranneHHJO 
. (:?.) •. -:-i.px..... ot'~ . ( e -~px d.~. . 

f:o (x) = Se fCp2J cJi)~ : L\F(x) =j tnz+ p2 ~~ ' (3. 2) 

2. ._2 ~ :t. -'2.. -2, ~ r~e X = X + X
0 

, P = P + P • Y~oOHO nepel1TH OT nepeMeHHOil P K c5o3jla3·· 
0 {2) . 

MepHoll nepeMeHHOll ~2p2. • <i>YHKltHSI Poo (x) saBI1CHT JIHlllb ·or Oespa:mepHL!X -

KO~OHHattHH 9/xz. H 3z.'fll'l. .• 0TC~,D.a .l'l 113 (3.2) cnegyeT 1 . t!TO f!cr~) :MOl!l:IIO 

npe~cTaBl'lTb' B Bli)J.O 
- _......, ~ 2. ~ ~ (. 

f(p:t) = ~ f(~ p, ~ mJ. -(3.3) 
•;. .• ' . .r •. •· .•· ,' ,'·'. ,......, , •' • ,'' .• I . 

l1Toou nocrpoHTh ypanueHne .n.nH ~!J'HKl~ilH P(f~· BoCnon~sy.~:Mc~ nr~ue-
uoM, no.n.po6Ho pasoCpaHHb!M B npe)J,U):yL;el! pa::.;~eJit, JioJJOjj(JlU 

y, = 1,2' ... J. 

(3.4) 

· *Clionee no.n.po6uoe 'oocyJK.IJ.OHHe nonpoca 00 ncnonljSOBaHJ,{U eBKJIH,D.OB·· 
, ' cKott- MetpuKn npH · perueHH\1., nul\enHux ypaBHelm!\ ~ nep~p~now~Hpxe~~. reo

pnSix nons eM. B pac5oraxl~-b/, 

'j 



... 

~ ;tonycT~M, llTO cymecTByeT aHaJI~T~Ilecxoe npo;tomteHHe cpyHK~HH R.C~) Ha. 

Ko:unJieKCHble 3HalleHHSI ~ , Y.ztOBJieTBOpSIIDlJlee ycJIOBHSIM Kap11coua. Tor,D;a 
. (2) . . . . 

HeTpy;tHo noKa3aTL, llTO f 00 (x) y;toBJieTBOpSieT ypaBHeHHil 
. . . (2} 2.. . .· l . (2) 

f'00(x) =CJ.·~ b.F(x)+ -~ .b.~:(x)R( bc1~.-9f!o (x). (:3~5) 

B mmyJILCHOM npe,D;cTaBJiemm no ypaBHeHHe sanHCb!BaeTCSI B BH,Ite 
. . . 2. . . . II .,..._ . 

·.rtf :1.)-~ 2-R( - ) ( ~ . P($1.) 
:r ~r - 1'111+ r'Z.. + g Dt 1 j (2tt)". til .. + cp-~>l. . . 

· · t:t_ · a. .. t. .'\ r. 'D l."D )rr( z.t z. .t.)· 
llocnOJIL30BaBWHCL COOTHOWeHHeM 9 ,3.F(ap~~~~~J=~r\, .. +IW-i;a. T 9P•3 111 

~ nOJIOliCHB 'l>,:= p2 ~t ~. CZ)Iot~ = ln1 ~~~~z. t J.!H rioJiytiHM ypaBHeHHe ,li;JISI cpyHKU.If.lf 
I'T( 12. 1. 1) . 
T 3P~~111 : . ' . 

. . lq ~ ~ t. 2. 'Z.) · ·r·c1'1..'2..t)- c, Rr'b 1> )s~ s-Fcsli-,slrl . . ~p,~m - [jYp\trtz.) + \. f~.+. ,... (2n)'~. 'nit+ Cp-CJt)~ .. , . (:3.6) 

Tip~ _lft#O HHTerpO.;,;tHqxpepeH~HaJILHOe ypaBHElHHe (:3.6) )tOCTaTOtiHO CJIOltHI 

;t"~SI HCCJie;toBaH>tSI, no3T~MY B ,ItaJibHeltwe:u Wl noJiaraeM hl=O. 3TO npHBO,li;HT 

K cJie;tyJJmeuy HHTerpo-,ItHcpcpepeHUHaJILHouy ypaBHeHHD .-Jiil cpyHKUHH V(lr~o) 

_p ( aip2 0'\ = £!. + R(1> ) ( c1
11
Cst> FCl-4\ o} (:3. ?) 

d ' ') ~7( . rz. J l2n)'t ~"t(p-cpl:-

BocnoJib30BaBWHCL te:u, tiTO 
.·. ·. . J' 

2 (A FcaV) _; .L S . J c J Q j(lo)'~ ( p-'\-) L - ! 
0 
ttF(t} t+ J f(1) I[, 

. . . . ! . ' 

00 

(:3.8) 

r.zte f(!) S r(Jp,o) , ~ = -~ , H no,IteltCTsOBaB Ha 06e tlaCTH ypaBHeHHII (Jo ~ 
onepaxopoM '05(6'1+ 1) . , w no11yt1HM .ItHft:!PepearutaJILHOe ypaBHeHHe ,ItJIII cpyu

IU!H .P(s.) :*1 

[<5s(~!+1) + 3 R(~+i)]f(s)= 0. (3.9) 

*I ,llJitf 6o11ee crpororo Bb!BOJJ;a noro ypal!HeiiHH Heo6xo,ItHJ.:o BBecu B .. 
('3.6)-(J.!jJ _peryJISipH:JaUKJJ, Hanp~tMep, o6pe:Jan HHTerpaJil.l no \ 2 Ha sepx- ·. 
HeM npe.D;eJie q.t. .. J..2. e . JTO IIl.t4KTHtleCKH 118 BJIHIIeT. Ha XO~ paCCyx,Jt8HKA K 
f!OJiyqeuH~e, pesyJILTaTu H w.r .m

7
:;:cxaeM o6cy~eHKe Bonpo~.:a o peryJinpn.3ar.tHH 

~cu. no :JTOMY noBO.ItY pa6orylo ). 
~J 

1 

·~ 
,} 

. . . 
·lloJiyt~eHHoe ;tHcpcpep 

-cJiyllae m.teeT 6ecxoHellHi 

peweH~SI. · ,llJISI noro 3aMI 

HHSI (J. 9), onpe;teJISIIOlJlHI 

MH cpyHKI.tHK Ct~·H) 1t no; 

Hbl C1IeJtYillll~e . BH)tbl DO Be) 
-J. 

~3 yCJIOBHSI [R(o!t+1)]_:= ( 

TO_:d.i.'-1 Ht CJie,D;OBaTe1IJ 

noKa3aTeJISIM d., 6o11ee · 1 
; . ' ..... ~ ·. 

' Bu6pall li xaqecTBe rpaH~ 

cBo6o,D;HW nponaraxopoM, 

litHe d.=O H ct=-1. 3TO ,ItE 

' ECJIH peweHHe ypaBl 

TO xapaKTepHCTHileCKOMy 

00 '')t. 

.f'i(s)=f.; 0~5 ,. 

KOTOpoe HOpMHpOBaHO yc~ 

)tO HOp:MHpOBOllHOrO MHOX~ 

(eCJI.If OT6pOCHTb'B Hei ~ 

.. . , 
,....,_, . 2. .. 

Imr (P~=cj_Jl.S ~i 

KOTOPYil MOXHO'Bblll.lfCJIHTb 

WeHHSI, COOTBeTCTBYDiltHe 

xaxo6iillHo, B·BH;te PMO 

. . *7 CJie,D;yllmKe Hltll:e 
peweHHH onpe,IteJIRJJTCII ex 



AgueHHe IPYHK~HH R.C-r.) Ha. 

CJIOBHSIM KapJicoHa. Tor)\a 

paBHeHBJJ 
(2} 

o(x). (.3~5) 

HCJiBaeTCSI B BH,l\9 

(.3.6) 

HHB (3, 6) ,1\0CTaTO'lHO CJ!OlltHI 

JlaraeM tit =0~ 3TO npHBO,l\HT 

eHHIJ ,J;Jiil <PYHK~H V(~r~o) 

~ (.3.7) -cpt. 

'oo. 

)FC1>Jt, (.3.8) 
! 

a ode qacr:.t ypasHeHHSI (.3.7J. 
AbHOe ypasHeHHe ,1\JIR <PYHK-

=0. 
' ',·' 

HeHHSl HeOdXO){HL:O BBeCTM B 
b HHTerpaJiu no .~2 Ha sepx
n Ha XO,J<.paCCyX,I(eHHR H 
H_e sonpo~.:a _o peryJIHpn_sanHM 

IToJiytieHHoe ,1\HqxpepeH~HaJI:&Hoe ypasHeHHEi ,1\JISI rpyHK~H_H f(~) n od~qeM 
-cJiytiae _HMee:r decKoHel.!Hiiil noiJSI.I\9K. HecMoTpH Ha no, JierKo HailTH ero 

peWeHHSl, l(JISl 3TOrO 3aMeTHM, '!J:J:O xapa:r::repHC:J:HileCKliS llOKa3aTeJIH ypaBHe

HHSl (.3.9), onpe,l\eJISilllll\lte noBe)\eHHe peweHHR npH ·s~O , ·coana,l\aiOT c P.YJISI

:wr IPYHKUHH ~~·H) H noJI!llCa:wt IPYHKUHR R(oL+1) *1. TaKHM oopasoM, sosMollt-
.. ' ' 0 .;.1. «· 

Hbl CJie,l\yJJtqHe BH)\Ii llOB8)\8HHSl npH s~O: ~, S H ~ •, r)\e·c(. onpe)\eJISl8TCSl 
' ' ~ ~ ' 

H3 ycJioBHSI [RCot;,.+1)] = 0 • TaK KaK IPYHKUHSI R(-z) peryJISipHa np111 Re ~ <!: 0, 

:J:O: .. d..<-1 H, CJI8,1\0Ba:reJI:&HO, pemeHHSl1 COO:rBe:rcTBYKllltHe xapaK:repHCT!IllleCKIIIM 
. . " . . . . . ·L 

UOKa3aTeJISIM di., dO.Jiee . CHHryJISlpHbl nplll 5-+ 0 , 'leU CBOdO,l\Hiiil. nponaraTpp f, 
BudpaB B Kallec:rse rpaHHilHoro ycJioBHSI npH s .. o noBe,l\eHHe, onpe,l\eJISieMoe 

CBOdO,l\HW.I nponararopo:M, Mli ,1\0JIJB:Hii nocTpOHT:& ,1\Ba peweHHSl, COOTB8TCTBYlll·• 

lllllle d.=O 111 d=-1. ·3ro )\eJiaercSI npocruM odoo~qeHHeM Mero~a <PpodeHHycaiiJ(. 

• EcJIR pewe!ure ypaBHeHHSI (3.9) HtqeTCSI B BH)\e creneimoro pSI,l\a no s , 
TO xapaKTepHCTHileCKOMY noxasa:reJIJJ c(:::O COOTBeTCTByeT pemeH!Ile ' 

"" a = c-•> !!,RCK> = ..L ch+2. , 

h. It! (nH)! c, 'II! (11+1)! ... 
(3.10)' 

KOTOpOe HOpM!IlpOBaHO YCJIOBHeM~(O)=!~ ilpH s<O 3:1:0 peWeHHe C :J:OilHOC~Lil 

.1\0 HopMHposollHoro MHOJ:H:reJIH co'sna,l{aer c MHHMOtl qacT:&Il cynepnponararopa. 

(eCJIH OTdpOCHTL B Hell MaHMYD llaCTb CBOdO,l\HOrO nponararopa) 

(.3.II) 

Ko:ropyD uoxHo BlllllHCJIM:r:& Henocpe,l\CTBt::HHO no npaBHJIY KyTKOCKoro1
14

/. Pe·

weHMJI, COOTBeTCTBYDntMe .l(pyrHU xapaKTepMCTMil8CKIIIM noKa3aTeJISIIl, HlllYTCSl, 

KaK. odlllllHo, s··sl{)\e P.MOB 

. *f CJI8.1(Yillllli8 HUl!:e paccyl!:.l(eHHi! npHrO,l\Hii JIHUJ:& B TOM City'!Jae, Kor.l(a 
peWeHIIISl onpe,l(eJISllOTCSI CXO.I(Slll!lfMI{CSl pSI,l\awt_no nOJIOliCHTeJI:&HblM CTeneHSIM S • 

!I 



· .. 1 •. ;· .. ~~.··.. . • • ' • .•. ·: · .• 

o.o 'll+d. (-1) R(ntd) R(ntcH)"· PJclt1) . .. . 
f(a,s) =1_ Q~(ot)~ , · ·On(o~) = (n+ct+l)(nn.~)t··· (ot+2lCcL+1) .. Qo(cl) (3. I2) 

h=o. ., .. 

I1p11 d. =0 -nonyt~aercsr pemeHlte, ·BunMcaHHoe BIIllle, · HO · np11 o( =-t pellleHHeM c: · 

. (3. 12). llOJibSODaTbCJI HeJibSH~. 3TO odCTOHTeJibCTBO CBHSaHO C TeM, .. QTO xa

paKTepHCTI1tl6CKl111llOKaSaTeJib . d. =~I orm1tJaerca or. noKasarena .· <X=O Ha 

11eiioe 'qncno, 11s-sa qero iHaMeHareJib' B peKyppeiirHoll t!Jopilyne.(3.12) odpa-

. ~aeTCII B HYJlbo 'TIO::JTOMY ).\JIH llOCTp09Hl1Sl pellleHHH,' COOTB9TCTBY!lll\9rO llOKa

saTeJIIO ·· ck =-I, BOC!l0JlbSY9MCSI,· KaK l1 B CJiyqae ypallHeHH~ KOHellHOro llO

pR,l\Ka, MeTO).\OM i.l?podeHI1yCa. J10JI(JlitHM · Q~(ot) = ol:l' 1 H llpO,l\HqxpepeHl\HpyeM ·. 

(3• 12) n'o ct. : · 

rof'(ct,s)= ~ dall(ci);+:_ ~~~a (ci)i_ 'll+ol 

' ·; 'l>d.. . ~ do{ 0 L...' h.· • 0 1, 

1\=0 11=0 

(3. 13) 

ITpli d~- i 3TO B!Ipal!teii11e onpe,l\eJiaer JIHH6iiHo He3aB11CHMOe c (3. 10)' pellle

HI1e ypaBHeHI1Sl (3.9): 
. . . ~· . ~ ~~ 

.f~(s) = ~\~,5)1ol.;:=; -R(o)~~~(s)+ 6~11(-5) , (3.I4) 

•T.I\e ~ = J ~ [cn+~+1)n11 • RC~+Ot). 1· } . ,· n = 1 ~ . . (3. rs). 
'l\ l (..lol ·· ' (K+ol+.1)Z· .· J , ... 

t"l ol=·-1 ~O:, i I 
.AlmnornllHUM odpasoM crpoarca pemeHHa, coorBeTCTBYBlll\116 xapaKrepHc

THtl6CKHM llOKaSaTeJIJIM C(.. , HO llOCKOJibKY OHH :.Ollp9,!\6JISIDT pememaa, pac-L . . . • • , .. . 

TYll\116 npv! s~O 01ICTpee CBOdO).\HOro. nporiaraTopa, TO Mbl 11X OTC!paCHBa6M · 

KaK He 11M61\J~I16 tPI13111leCKOro CMliCJia. P6memte (3. I4) BetneCTB6HHO npl1 s>O 
2,.· 

.11 Ollp6,1(6JI6Il0 BO BCell KOM!l116KCHOI1 llJIOCKOCTI1 S (r.e. P ) C pa3p9SOM 

-:-=..::: 5 <. 0 , nplttJeM c'Kat!OK ua pa3pese 'pa:BeH .:: RJtt R:(o)Pi_(5) ; ·T.6~ 
npn ·.I\011l!tHol1 uopMnpoBKe ·.n;aer MmtMY~ qacrl, ·cypepnpo'iiararopa. TaKHM·;bOpa

soM B KatJeCTB6 cyn6pnponararopa MU MOllt6M BSRTh impiUKen11e • ·· 

f(-s) AV
1
(s) + ~:rF1 Cs), ·, . · .. (3.i6} 

-.~· 

·'t. ~ ~1 ·; < ...... 

12 

;· _,. 

t 
' I 

\ 
' 

~ 

I 
;~ 

t 

. c 

A c .. , o· · 
r.n;e = - (ltn)2. , a o ~ r 

.ACHMllTOTHilCCKOe nOBE 

onpe.n;eJIHTD .HeJI6rKo. O~Hali 

TO 3TO MOliCHO C~eJiaTD, HCn 

ill6HHU ~H~ep6HU11aJibHUX YI 

Ba.HHSIPSI,l\OB. Hanp11Mep, Ba 

pux 
RC~57 

r,;6 <3'P .n G1, - noJIHHOMH , 

HeHHe (3. 9) l1M66T Bl1,ll;: . 

{ ose~l+ i)Q'I)~ 
Pasnaraa nonHHOMDI :q.>r H( 

.~Co~ti}' 
~2 

G cs) = nc~ Q-;t ! . . 
. .. J::l 

·. 
H6XO~HM, QTO pemeHHH ypaB 

M6R6pa1161 

C ~~{·. c-B1-•g I ~1 I 

Pi · 1,•· 

.ACl1MllTOTI1tl6CKOe llOBe,n;6HI1e 

rax/16/ H odll\aa T60p11a .no 

. Be,n;eHI1eM. np11 s~O I1 ~~c 

*7 Eudop rrpoHsBOJibllO. 
TpC00Bi:I,Hl1el.I,MI1HHL!.aJibHOC'!}{; 
KOIIYC e/6' ll!) • 3TQ TpeOOB< 
np11 pt_,._oo (cu.lb/) 11 0110 
o,n;HaKo, oKasaTbca, q:ro. np: 

& B (3.16) ~KCHpyerca 
Bonpoc o Budope e:, MO:I_e:r · 
11CCJJe,JJ;OBaH11Sl Eb!CIIJHX npMdJI: 



o'np11 o( -=-1 pemeHHeM '; 

CBS!3aHO C TeM, l.ITO xa-

·OT_UOKa3aTeJ1Sl ·. ol=O Ha 

THO~.tlJOpMyne.(3.12) odpa-

COOTBeTCTBYIJlllero noKa

YJla1lHeHI1~ KoHel.!Horo no

. 11 npo.n;11qxpepeHJ:~11pyeM ·. 

',•, ·.·· ... 
'IH·ol 

~~.Co() S .. 
. ·• •··' 

3saBHCHMoe c (3.10)' peme-

• 'tl-i 

~ ~1l(-3) , (3.14) 

~ .. 

,· 

orBeTcTBYIDllll1e xapaxrepHc

'npe.n;enSIDT pemeHi1Jt,. pac-

~, 'ro Mil, 11:ic orilpacuBaeM ·, · 

3.14) BeUleCTBeHHO npl15>0 
f!. 

(r.e. p ) c paspesoM 

:;.; lbt't.R:(o)I'i(5) · ~ ·'r.e.' 
epiiponaraiopa. · TaKHM·:odpa-

.. · .·: > 

.. · ;,.' 
(3~16} 

r.n;e A= - ~n)2 , a B - npoi13BOJI:&HaSI BemecTBeHHaSI nocTOS!HHaSI*I. · 

ACl1MnTOTI11.1CCKOe noBe.n;eHne pellleHI1Sl (3. 16) np11, ~ .. 00 B odUleM CJiyqae 

onpe.n;emu:o HeJierKo •. O.n;HaKo, ecJII1 R.('l) 11ueer .n;ocraTOl.IHO npocroii B~, 
TO :JTO MOliCHO c.n;enaT:&, 11CnOJib3YS! TeOpl110 aCI1MllTOTI1tleCKOro noBe.n;eHHS! pe

WeHI1it ,D;HqxpepeH~I1aJI:&HllX ypaB1IeHI1M im11 aci1MllTOTl1lleCKHe MeTO,D;fl 11CCJie.n;o~ 

BaHHS! pSl,D;OB. Hanp11Mep, BaliCHUR tlaCTH!lit CJiyqa}l COCTaBJIS!IDT TeOpl1~ B KOTO- . 

R (~) = fPrc~) , 
. ' Qt2(;!) 

pux 

. r.n;e <j)f uGi -: nOJII1HOM!l CTeiieH11 P l1 <J, COOTBeTCTBeH!IO. Tor.n;a ypaB

HeHI1e (3.9) 11MeeT BI1,D;: 

{ ~!(~1+ 1)Q't,C5s) + :s ~C&,+i)}rc~) = o. (3.17) 

PasJiaraS! nOJI11HOMH :g.>f 11, Q ~J.-2. Ha MHOXJtTeJIH 

~(03+ 1) = fi, O>s- aj+ i), 

HaxO,D;KK, llTO pellleHKS! ypaBHeHHS! (3. 17) BUpaliCaDTCS! • qepe3 ~ -rpyHK~I1U 
Meitepa/16/ 

C~~Jc-Bt-·~ I a1··· •... ,ar} 
P1l . tiJ ... ,gl\.- ' r.n;e. o~m.~CJ-; O~'ll~.P. 

AcKMnTOT11llecKoe noBe.n;eHae <l-0YHY.l\11H Jleliepa .n;eraJI:&Ho Hsyqeuo B paoo-

Tax/16/ K OelUlaS! TeOpH.R no3BOJI.IleT llOCTpOHTl 4 -<!JYHK~HH. C 3a).\aHH!lM no-

, Be.n;eHKeM npK s~O 11 ~--oo • 

*f :BLIClOp D}OK3B01lh!IOH DOCTO.RHHOil E.. MOliCHO llOIWTfiTbC.Il 3a¢11KCHpOBaTb. 
TpCOOB<:I,HHel.l ,MHHJ\Il.aJibHOCTV. CHHryJI.apHOC!l~ nvu I!J...,.oo ( _MJ111 Ha _£BeT9BOM 

· KOI!yce/6, ll/) • 3!0 TpeOoBaHHe CBO,I\11TCSi K yc JlOBlill Re F{p2)/I~nF(pl) - 0 
np11 p1-.-'oo (cM.fbl) 11 o11o l1CK1lD'lHTeJihHO y,noCiHo ,nJISI B!l'li1CJieimi1. MoliCer, 
O,D;HaKO, OKa3aThC.R 1 l.ITO np11 B~lli1CneHl111 B~ClliKX nop.a:.n;Kqi5no f KOHCTaHTa 

f, B (3. 16) rpHKCHpyeTC.Il YCJIOBJ1eU YHKTapHOCTI1 (cM.f /), TaK llTO . 
BOnpOC 0 BUClope & MO~GT Cl!lTb OKOH'laTeRbHO pe~eH JII1llib nocr.e ,neTaJI:&HOrO 
HCCJie.n;oBaHH.Il o!lCU!HX n:;mdJIHlll:eHHH. · • . 



G -tPYHF.~HH. Moryr HMeT.h npn · 3~ oo _ cyiJleCTBeHHYD ocodeHHOCTh · HJIH j!te 

tiUTp _nomnroMuaJihHO. orpaHHtJeHHh!ID!, TaKHM oOpasoM, yllte B: noM npocr.ett- . 

meM KJiacce TeO plllf MOl!tHO TIOJIYtJHTb JIOK6Jil13yeMy_D1 · H6JIOKaJU13yeMyD H CyiJleCT" 

ll9HHO HeJIOKaJibHYKJ aCHMnTOTHK/l?/, .liHTepeCHO OTM6THTL, lJTO 3a,D;aBaSI 

cynepnponararop B. nn,n;e Cf-tPYHK~Hl1 1 . MOlllliO. no,n;odpar~ ;rarpaHlimaH B3a.MMo

.n.encrm!SI1 r.e. pell!l1Th "oOparHyiO sa,D;atJy~ .. 3Tl1M cnocoOoM MOlltHO noc:rpol1Th 

HaOop :reopun, B Roropux cynepnponararopu l1_MeDT acl'!MnTOTl'IKY sa,D;aHHoro . 

nmu. 
Duwe npu nocrpoeHUH cynepnpouararopa MU nOJih30BaJIH_Ch JIHWh, rpa-. 

lllllJllbll.m YCJIOD>ISIMH np>! _5 _,. 0 1 TIOJIYtJ>IB np>! 3TOM peWeHHe C TOlJHOCTbll ,D;O 

o,n;HoU npo>t:JDOJihHOJ nocroSIHHoll. O,n;Ha:Ko ,n;RtPtlJepeHitHaJibHoe ypaBHeime (3,9) 

3ImllBaJieHTHO >IHTerpO-,D;>IqxpepeH~UaJibHOMy ypaBH6Hl1Kl (3, 6) JII'!Wb npl'l HaJIH

lJIUI rpaHHtJHoro ycJIOBllll yOunaHl'ISI .P(~) u}:m. 5...;,.+ oo • KaR BH,n;Ho 1'13 pac~ · 
, 

CMOTpeHHUX lll'!JI(e llpl!MepoB1 Ta:Koro yO!iBaHHSl MOliCHO ,D;OCll'I,TbCSl He. BCer,n;a. 

B. ciyqae pacTYIJll'IX peweHt-ln F(3) Mli Oy,n;eM rpa:Kronarh ,n;>~qxpepeH~HaJihHOe · 

ypanneHHe (3.9) Rat pacwHpeHl'!e l'!HrerpaJibHoro ypaBHeHl'!ll,(3.6), HM9DIJlCe 

CM!iCJI H ror,n;a, KOr,D;a HCXO,D;H06 ypaBHeHl'!e (3,6) HenpHMeHl'IMO, B 3TOM CJIY

qae (no,n;oOHo reop!m pacwHpeHHil Cl'IMMe:rpuqecKHX onepa:ropoB ,n;o caMoconpll

JI(e!IH!lX/IS/) cyulecrnyer KJiacc pacumpeHull, Kal!(,D;oe H3. KOTOp!ix 3a,D;aercll 

BHOopoM ioHcraHT!i ~ (eM. ~opMyJiy (J.l6)). I\ roMyxe pesyJiuary npl'l

no.n.~tr npe.n.napltTeJibllall peryJIHpHsa~llll reopn>~ 11 ee cHIITHe B KoH~e BlitJ>tc

Jienan, a ratllte HsueHeHue suar:a ~2. ( T ~e. ne pexo.n. K HespMHIOBOMY JiarpaH

xuaHy nsaltMO~ellcTBHil). Ilepexo.n. K .n.nljJ(pepemu1aJJbHOMY ypaBHeHI11l ecTh, 

rar:m.! oOpasoM, y,n;ociHh!l1 Mero,~; perynnpl!3aUHH reo.pHn n, noJih3YilCb :JTIH.I 

!.!eTO,ll;OM
1 

MOl!tHO l13ytJaTh reopHD JJ>Illlh ll l!HHYIIhCHOM npoCTpaHCTBe 1 He Oelpa

lilafl•~h K KOOp,D;l!HaT110MY
1 

lJTO 1103BUJJSieT OClOHTl1 BOllpOCii perynapl!3aUl'ill OClOCl• 

1Jl9HHUX !pyHKIU!ll neyMepennoro pocra. 

llf 

.•·: 

f· 
.I ... 

' 

f 
l 

r 

' 

§4, IlpHMepH, OOcyxneH 

I~ PaccMoTpHM cyneprip 

R.(;!) E i .. l1 ypaBH6HH 

. . HeHHD :SecceJISI, HopMHpySI pei 

rarop . P(p~)- 8/p~ npH r 
,.._ . . 'I 

.P(p2.) = - -L. 
. 161t1 

r,n;e: N/l) - rf>YHK~HH HenMaHi 

HaSI, UOCTOSIHHaSI. 3Ta fPYHK~HJ 
' • 2. .. . 

npH· ~ =01 H _CYill8.CTBeHHY~ 0( 

.(~.I) yO!inaex,-Ho npH p-: 
.c:raHTR C , TaK Kax ncer,n;a: 

O,D;HaKo, Bh!Opa:ri. ·xax, lJTO dl 
. 2. 

npli p-- 00 ( B COOI'B8TCI 

IlpH l'I3M8H8HHOM 3HaKe C 
. . G 

l1M88T 9.ll,HHCTB8HHOe peill8HH8 1 

3 ~ 0 H yd!iBaK>Illee npu · ~ 
. . . 'I . 

."' 2 - 9 (. f!(p J~ 8rta.ff Ki\2 

3ro peme1me yO!inaer npH I ] 
CHOlt UJIOCKOCTH, npl1ll6M. Ha p 

(MHHMaSI tJaCT:b TaiOie OC~l'IJIJIII. 

MOMY Tl'lny(cM/I?/)). PellleHH 

·. 0Ky0o/I/, 

2. PaccMoTpi1M. sr:cnoHeHJ 

RC~) = - 1 -· • l!e:rpy,l(~o· n1 
~+~ 

...._, l II {• 2o ~i. · 
fYp )=~~~1 Cl

03 
( :se I o,: t,: 



------------,.--------~~--:::-:-------:-~~-----;-----------

IYD ocodeHHocr»·HnH ~e 

, ~e B.· noM npocr.e~- · 

fanoKamtsyeMyD- H CYIIIOCT'" 

~ternn, qro saAaBaH . 

pan JiarpaHlltHau _BSa.HMO

ocodoM MOlltHO ·nocrpoHTL 

acHMnTOTHKY SaAaHUoro • 

1Ib30BanH_Cb J!Hlllb, rpa- · 

pellleHHe c. roqHOCT»D AO 

lian»iioe ypanHeHHe (3,9) 

D (3,6) JIHlllb npH HanH-
. . . 

+ 00 • KaK BHAHO 113 pac-

AOClHTDCH He_ ncerAa• 

OBaTb AHqxlJepeHUHaJILHOe 

,a.nueuHa . (3. 6), HMeiOIIloe 

lenpHMeuituo. B :noM cny-:

lneparopoB AO caMoconpa

) H3.KOTOpRX SaAaeTCH 

:oMy xe pesyJIL}aTy _npH

i.CHHTHO B KOHI..te BUqHC-
' 

lA K He3pMHTOBOMy-narpaH-

fOMY ypaBHOHiiD ecTD, 
' . 

p!ilt n, llOnb3YHCb' 3THM . 

11 npocr paHcTBe, He odpiJ.

ripoc!l per·ynl!pltsaUHit·oaod-:-

§4. llpHMepu, Odc~eHHe 

I~ PaccMorpHM cynepnponararop (3. I) c c .. == 1 • B noM cJiyqae 

RC~) = i . H ypanHeHHe (3.9) AJIH cpyHKUHH F'(3) CBOAHTCH x ypaB- -
-HeHHD EecceJia, HopMHpya pellleHne sroro ypanHeHHH rax, q:ro cynepnpona-

,-: rarop 'P(pt.)"' 8/p2. npn r2.~o ,· noJiyqHM 

PCp2) =- 1::« { N1(2.ff)+ c Ji(2JS')}, (4.1) 

__ rAe·· N/~) - cpyHKJ..tHSI He~Mana, ~(e) - cpyHKUHR Eeccenn, C - npoRsBon»

HaSI nocroSIHHaSI, 3ra cpyHKUHII HMeer. Jioraplicl>MMqecKoe nernneHHe no 92. 
• 2. . ~ ' 2 

ripH · ~ =01 H _CYIIle~TBeHHY~ OCOCl8HHOC!b npH P- oo , . llpH p-+-+ oo cpyHKUHSI 

( 4. l) yduBaer 1 · HO npH p-- 00-+ i.O OHa pacrer npH JIKJClOM Bb!Clope KOH

_CTaHTbl C , TaK KaK BCerAa pacreT l'l'n~(p2+~0) • !{OHCTaHTy C MOlltHO, 

OAHaKo' B.bldpau 'raK, qro dyAer B.blnOJIHiHO YCJIOBHe Re F" ( pt+ l o) ~ 0 
· 2. Irn :r-crz+io) , 

np.11 p-- oo ( B coorBercrBHH c npHueqauReM npeAhiAYIIlero naparpacpa), 
~ 

llpH H3MeHeHHOM SHaKe~ HHTerpO-AH¢qlepeHUHaJib~Oe ypaBHeHHe (3,6)_ 
HMeer eAHHCTBeHHoe pellleHHe, YAOBnerBopRDIIlee rpaHHqHoMy ycnonHD.npH 

-.- . 

(4.2) 

3ro pemeHHe ydHBaer npH Is 1- 00 no nDdouy uanpaBnemu> B KOMnneK-. . a 
-~ CHO~ llJIOCKOCTH, nplilleM. Ha paspese - OOc:: p .:: 0 ydliBaer, OCUHJIJIHPYSI . 

(MHHMaR qacr» !aKXe ocuHnJIRpyer). AcHMnTOTRKa npHH~JielltRr HenoKanHsye

MOMY Tlmy(cM/l7/)). PellleHHe (4.2) Cllino, no CYIIleCTBy, Ha~eHO OIIIO 

OKydo/l/, 
. . 1 

2. PaccMoTpnM sKcnonenulia.JILHiitt cynepnponararop: C n. = 1'1.! 

RC~) = _-_1- • HerpyA~O noKasau (cM/61), q:ro B noM cJiyqae 
- ~+a . . .. 

......, · 4 {. 2o R' · 2o -ai ;'\ ,-~10( I , :\} (1f,3) 
f(p2)=-~ CT (!e jo-f-2'+G (ie jo,-1,-2.) +C'fo\i0,-1;2J 

32R . 03 1 I ') Ol l • 
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2. 
CynepnponaraTop ( 4. 3) pacx_eT npn p~ oo no nceM HanpanJieHHHM, a ero 

. MH~i.Ya.f! tiaCTb ilOJIOlltHT8JI:bHa npH p2.< Q • (ilpH C =0 BUilOJIHHCTCH YCJIOBHe 
Re !=Cp•) · 2. 
Illl F'(p<) ;.:.~00 ) ,• . ilpH H3M8H8HHH 3HaKa 9 ilOJIYt!HM yelL!BaKl!I{CC · npli S-"P-t00 

pemeHne 

,...... . . . . II 2.o . . ~ 2. . 

fCp2.)= 1~1t~~05 (3lo,-1,-2), r~e · s= '16':1-. (4.4) 

Ha paspese -oo<3< o no pemeHne sKcnoHeHgnaJI:bHO pacTeT H ero acnMn

TOTRKa npHH~JielltHT JioKaJIHSyeMOMY TRny. TIO CYIJl8CTBY STO lite BUpa:z:eHHe 

ClL!JIO.ilOJiytleHO HaMH B paOOTaX/S, 6/. ,l(pyrHMCllOCOClOM pell!eHne (4.3) ClL!JIO

Ha«~eHO BOJIKOBHM /8/. 

3. PaccMOTPHM cJiyt~at:l C"= h.~ , R(r) = ~ + 2. , npH Ko:ropoM ypanHe

Hne (3.9) CBO~HTCH K BUpo~eHHOMY rHnepreoMeTpHt18CKOMY ypaDHeHHilo 

Pememre nueeT B~ 

f(p2)=- ~{wc~J2;gt)+ ty(o,2;3eR<} + ccpc~,2;-s)}c4.S) 
h. 

3~ecb cp(3,2.; 3)= l n;2 
; 1 - nupo~eHHaa: ·rnnepreoMeTpHt~ecKaa: <lJYHK-

. lo=O ' / 

una:, 
. :C ·oo· . . '1'1. 

lfJ(3,2;~) = ;c + ~rip(3,2;~)+ ke- I ~+n~'o/(tt+1)i: (4.6) 
· h=O 

H ~eTB:b JiorapH<lJMa nuopaHa :raK, t!TO ~~- BeiJleCTBeHeH npH r >O • AcHMnTo

THtlecKoe noBe~eHHe <lJYHKgHt:l <i)(3;2; i!:) H W (3,2; ~) XOpOliiO H3B8CTH6l
9

( 
' . -~ 

HanHcaHHoe pemeHHe npH moo oM C younaeT KaK 3 · npH · 3..,. oo n npa-

not:t ilOJiynJIOCKOCTH, O~HaKO B JISBOt:l llOJIYllJIOCKOCTH OHO 3KCilOH8HUHaJI:bHO. 
f!. 

·. paCT8To IlpH H3M8H8HHH SHaKa s ilOJIYtiHM e~HHCTB8HH08. pe1118HH8 ~(3,~;J), 
. . -! . . 

KOTOpoe npH ~ ,_ oO yelL!BaeT KaK ~ BO Beet:! KOMllJICKCHOlt llJIOCKOCTH 

• '1. ~2.1 . . ~ = 1911j~R)2.. • TaKHM oelpa30M, B CJiyt~ae HSJIOKaJIHSyeMHX TeopHt:l npH 

Ifi 

..L 

i. 
) 

t 
i 

I 

'2. 
o:rpitua:reuHLIX 9 . MOJ 

TOphle il03BOJIHDT onpe~ 

4. qHCJIO npHMepo 

HJIH paCTYIJlH8 KOSW<lJH~ 

p~ (3.1), KOH8t!HO, p 

HOro CYMMJifpOBaHHH 3TO 

Heo~H03Hat!HOCT:b (MOlicH 

llt8HHe_ KOTOpot:l B. p~ n 

KOStWJHgHeHTU Ch. pacT 

HaMH _M8TO~a il03BOJIH8T 

& ) pemeHHe, onpe~e 
pacTyT ClbiCTpee, _·118M (ti 

s =0 CYJll8CTB8HHO 001 
OC008HHOCT:b peryJIHpHa 

~e (3. 14) H Heodxo~HM· 

CTBYillllHe pellleHHa: cyille' 

TOt!KH ~ .:.0 H 3=00 · P; 

1!0. OKpYlJtHOCTVI 131 = Cc 
Hhlt:l BL!UIC M8TO~ fl03BOJI: 

KVIX CJiytlaHX H Ml1 npe; 

3a OOJI83Hl18 ~HCK' 

·TeJI:bHOCTb H.H.,·EoroJIK>I 

, B. II. OraenetiKoMy H A.l 

1. s. Okubo •. Progr~ .T 

2. C. Ceolin et al~, 

G. Furlan, G. Maho· 

J. R.F. Sawyer~ Phys. 

G. Domokos, P. Su~ 

.W. Guttinger, Fort: 



:eM HanpanneHRllM; a ero 

C =0 BUllOJ!Hlle.TCll YCJIOBR8 

lJIYt!HM ydUBaJD!l{ee npR _s~+OO 

~e 
-:g = ~~~IP' .. (4.4) 

16nL. · 

~aJihHO. pacTeT·R ero acRMn• 

l{8CTBY 3TO :m:e Bl1pruteHH8 

ocodoM pemeHRe (4~3) duno 

2. J npR KOTOpOM ypaBH8-

TpHt!8CKOMY ypaBHeHRilo . 

(4.6) 

rBeHeH npR ~ >O • AcHMn~o- · 

;,2; ~) xcipowo H3BecTH6
19( 

-3 
K ·~ • npR · 3.~ 00 B npa-

KOCTH o'Ho 3KcnoHeHlU1aJihHO 

CTBeHHOe pemeHHe ip(~J~;J), 
e~ KOMnJl6KCHOn llJIOCKOCTR 

KaJIH3Y8MHX TeopHn npH 

1··· I 

'2. 2. 
OTPR~aTeJibHHX ·~ MOlEHO llOCTpOHTb yduBaiDmfte npH r~ oo peWeHRa; KO-

Topue no3BOJIHDT onpe,JJ;eJIRTD cynepnponaraTop n•Koop,JJ;HHaTHO~ npocrpa:HcTBe. 

4. qRCJIO npRMepoB MOlEHO HeorpaHRt!eHHO yBeJIRt!RBaTb, depSI ydUBaromHe 
' . 

RJIH paCTYJ!lR8 K03qxpHW18HTU Ch. • B CJiyt!ae paCTYJ!lHX KoaqxjmttHeHIOB · Cn. 

PM (3.1), KoHet!Ho, pacxo,JJ;H~cSI, HO Haw MeTo,JJ; He.TpedyeT npe,JJ;BapHTeJI:b

Horo cyMMRpOBaHHSI 3!0rO pH,JJ;a, npH KOTOpOM B03HRKaeT XOpOlllO R3B6CTHal! 

HeO,JJ;HOSHat!HOCTb (MOlEHO ,JJ;OdaBRTb JIJodyD <!JYHKW1D, aCHMIITOTl14eCKO~ pnSJIO- . 

lE6HR8. KOTOpetn .B PM no cxeneHSIM ·~ TOllt,ll;6CTB6HHO paBHO HYJID). EcJIH 
. ·. . ~ . 

K03qxpR~HeHThl. Ch. paCTYT M8,JJ;Jl8HH8e, 46M (n.!} , TO npHMeHeHl18 OllHCaHHOrO 

HaMH M6TO,JJ;a ll03BOJ!Sl6T llOJIYt!HTb 6,ll;l1HCTB6HH06 (c T04HOCTbiD ,JJ;O KOIICTaHThl 

() ) pellleHHe, onpe,JJ;eJieHHOe pSI,ll;OM (3. 14) • ECJIR K03qxpHttHeHTbl Ch. . 
. paCT~T dUCTpee, t!eM (td{, TO pH,ll;U B.· (3. 14) paCXO,JJ;l!TCslo IlpH aTOM TO'tlKa 

S =0 cymecTB8HHO OCOOaSI TO'tlKa cynepnponaraxopa, a B T04Ke S = 00 

ocodeHuocTb perynSipua. B aTOM cJiy'tlae pemeuue HeJJbSSI npe,JJ;cTaBRTb B Bl1- . 

,JJ;e (3. 14) 11 ueoOXO,JJ;RMO HCllOJlbSOBaTb pa3JIOllt8Hl1e ,JJ;pyroro TUna. CoOTB8'I'

CTBYJOmHe pemeHHSI cyll{eCTBeHHO HeJioKaJibHU / 1?/; ECJIH C~~,-(n.D;t, TO. 

TO'IlKH 3 ;.o R 3=oo perynnpHo ocoduc, Ho. nonBJil!JOTCll Holme ocodeH!IOC'I'H 

l!ll OKpYJI'HOCTH 13\=COI\St."' 1 (:r.e. Ha 11 YIIHTapHOM npe,JJ;eJie 11 )o Usno.llteH

HUn nuwe MeTO,JJ; nosBoJISieT ,JJ;eTaJibHO HSYtJHTb cynepnponaraxopu.no ncex ra-

KRX CJiytiaHX 11 MU npe,JJ;nOJiaraeM C,JJ;8JJaTh 3TO B ,JJ;pyro~ padoTe. 

3a ll0Jl83Hiie ,JJ;HCKYCCHH H DO,IJ,.ll;eplll:KY Hall npHl!THO Bhlpa3HTb npl13Ha

T8JlbHOCTb H.H. Iioromodony, .It.!l. ])JJOXHHtteBy, U.It. :BoJIKOBy,. r.:B. Et!JRMCIBy, 

B.II. OrnenetiKoMy li A.B. Tanxem1,JJ;ae. 
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